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Quantum quenches and many-body localization

Q Introduction
@ Eigenstate thermalization hypothesis (ETH)
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Eigenstate thermalization

Eigenstate thermalization hypothesis (ETH)

[J. Deutsch, PRA 43 2046 (1991); M. Srednicki, PRE 50, 888 (1994) & JPA 32 1163 (1999);
MR, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).]

@ Matrix elements of observables in the basis of the Hamiltonian eigenstates
Omn = O (E) 6 + ¢ 5B 6 (E,w) Run,
where E = (E,, + E,)/2, w = E,, — E,, and S(E) is the thermodynamic

entropy at energy E. O (E) and fo (E,w) are smooth functions of their
arguments, and R, is a random variable with zero mean and unit variance.

L. D’Alessio, Y. Kafri, A. Polkovnikov, and MR, From Quantum Chaos and Eigenstate
Thermalization to Statistical Mechanics and Thermodynamics, arXiv:1509.06411
(Advances in Physics, in press).
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Integrability to quantum chaos transition in 1D

Spinless fermions with nearest and next nearest neighbors in 1D

L
IA{ = Z {—J (f;rf1+1 + H.C.) + V’fli’fli_i_l —J (fjfz—i—Q + H.C.) + V/fli’ﬁ,i_i_z}
=1

L. Santos and MR, PRE 81, 036206 (2010).
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Integrability to quantum chaos transition in 1D

Spinless fermions with nearest and next nearest neighbors in 1D

L
IA{ = Z {—J (f;rf1+1 + H.C.) + Vﬁi’fli+1 —J (fjfz+2 + H.C.) + V/fli’ﬁ,i_i_z}
=1

Level spacing distribution (J =V = 1)

1 T T T T 1
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L. Santos and MR, PRE 81, 036206 (2010).
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Matrix elements of Hermitian operators within RMT

Let O = 32, 04li)(i|, where Oli) = O;l3),

Oagp = (a|018) = Zo (ali){ Zown e

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): ()* (%) = 5008
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Matrix elements of Hermitian operators within RMT

Let O = 32, 04li)(i|, where Oli) = O;l3),
Oagp = (a|018) = Zo (ali){ Zo () 9!

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): ()* (%) = 5008

This means that:

_ 1 - I
OQQZEZOi:O, while 0&320 for a;éﬁ
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Matrix elements of Hermitian operators within RMT

Let O = 32, 04li)(i|, where Oli) = O;l3),
Oagp = (a|018) = Zo (ali){ Zo () 9!

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): ()* (%) = 5008

This means that:
_ 1 _ = . _
Oaa = 520,» =0, while O.5=0 for a#§8.

With more work one can show that (n = 2 for GOE and n = 1 for GUE):

- . _
0% — Oua” = 1l0asl® = 75 > 0= 202,
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Matrix elements of Hermitian operators within RMT

Let O = 32, 04li)(i|, where Oli) = O;l3),
Oagp = (a|018) = Zo (ali){ Zo () 9!

|o) and |B) are eigenstates of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): ()* (%) = 5008

This means that:
_ 1 = . _
Oaa = 5201» =0, while O.5=0 for a#§8.
With more work one can show that (n = 2 for GOE and n = 1 for GUE):
2 A 2. 2. 1 2 _ 73
O%o = Oaa” =1[0as? = =3 ZO" = 50%
Combining these results one can write

= |02
Oaﬂ ~ O5a5 aF 5Ra5,

where R.g is a random variable (real for GOE and complex for GUE).
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Diagonal part of ETH (2D AF-TFIM)

Hamiltonian: H = JX:U1 65 +g20'1 +8ZU”

(i,3)
N =10 - N=12 - N=16 N =18 N =20
20 " ) 1 " )
(a) . (b) (c) (€]
15 '. .. "
¢
=10 Sos e=g=00 e=g=20

5 BTN
SR RS N
L i,

2

-04 00 0.4 0.8

—04 00 0.4 0.8

o1 00 04 0%
Eo/[(IJ] + g+ ¢e)N]

o1 00 04 08
Eo/[(|J] + g +¢)N]

-06 —03 00 03 0,6‘
Eu/[(l'” +9+ E)]V]

-08

00 0408
Eo/(17]+g+¢)N]

R. Mondaini, K. R. Fratus, M. Srednicki, and MR, Phys. Rev. E. 93, 032104 (2016)
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Width of the energy density after a sudden quench

Initial state [r) = ", Cin|m) is an eigenstate of Ho. AtT =0

Hy—~H=Ho+H,  with H =Y h(j) and H|m)= En|m).
J

MR, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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Width of the energy density after a sudden quench

Initial state [r) = ", Cin|m) is an eigenstate of Ho. AtT =0

Hy—~H=Ho+H,  with H =Y h(j) and H|m)= En|m).
J

The width of the weighted energy density AFE is then

AE= \/Z ER|Cm|* = (Z En|Cm|?)? = \/<¢0|ﬁ12|’¢0> — (0| Hi[ho)?,

or

AB= |3 [Wolh(in)h(i2) o) — (Wolh(r)lwo) ol h(2)lwo)] "™ VA,

where N is the total number of lattice sites.

MR, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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Width of the energy density after a sudden quench

Initial state [r) = ", Cin|m) is an eigenstate of Ho. AtT =0

Hy—~H=Ho+H,  with H =Y h(j) and H|m)= En|m).
J
The width of the weighted energy density AFE is then

AE = \/Z E2|Cnl? = (3 Bm|Conl?)? = y/ (0l B2a00) — (w0l Hi )2,

or

N A 2 ., N — o0

AE= [> [<¢0|h(ﬁ)h(]2)\¢o> - (1/)0|h(J1)|¢0><¢0\h(J2)|wo>] <* VN,
Ji,J2

where N is the total number of lattice sites.

Since the width of the spectrum W o N, then the ratio

AE N — o0 1

WS UN
S0, as in any thermal ensemble, it vanishes in the thermodynamic limit.
MR, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).
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Quantum quenches and many-body localization

e Non-equilibrium dynamics in the presence of disorder (ED)
@ Spinless fermions with random hopping
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Model Hamiltonian and the MBL transition

Spinless fermion Hamiltonian in 1D
, 2 & 1 1
H = ZJ” <f;rf] + HC) aF VZ (ﬁz = 5) (ﬁi—i-l = 5)
17 7

E. Khatami, MR, A. Relafo, and A. Garcia-Garcia, PRE 85, 050102(R) (2012); arXiv:1103.0787.
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Model Hamiltonian and the MBL transition

Spinless fermion Hamiltonian in 1D
. A 5 1 1
_ T A N
H = ZJ” (fZ fj + HC) aF VZ (nz — 2) (TlH_l — 2)
1] 2
E. Khatami, MR, A. Relafo, and A. Garcia-Garcia, PRE 85, 050102(R) (2012); arXiv:1103.0787.

Hopping amplitudes
Gaussian random distribution (.J;;) = 0

o ° 2a | —
V=0
@ Properties depend on « but not on
B8>0

@ « < 1, eigenstates are delocalized

@ o > 1, eigenstates are localized

@ o =1, eigenstates are multifractal
Mirlin et al., PRE 54, 3221 (1996).
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Model Hamiltonian and the MBL transition

Spinless fermion Hamiltonian in 1D
& A 5 N 1 R 1

E. Khatami, MR, A. Relafo, and A. Garcia-Garcia, PRE 85, 050102(R) (2012); arXiv:1103.0787.
Hopping amplitudes Ergodic-MBL transition

Gaussian random distribution (.J;;) = 0 n = [var — varwp | /[ varp — varwp)

-1
(: _)2> s li — 5\ var: variance of level spacing distribution
e B 10
V=0 081
@ Properties depend on « but not on 06l
B8>0 =
@ o < 1, eigenstates are delocalized o4r
@ o > 1, eigenstates are localized 02

@ o =1, eigenstates are multifractal
Mirlin et al., PRE 54, 3221 (1996).

0
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Breakdown of ETH

Eigenstate thermalization
Observables:

~ 1 (3 —m) pt p

ak) = £ > e
lm

N(k) = %Zei’“”*m)ﬁmm
l,m

Maximal normalized difference:
_ 22k 105a (k) — Ome(k)]

AOT =
> Ome(k)
Disorder average:
(A0S )dis

Constant effective temperature:
(T =10)

Eve = %Tr[ﬁ[e_H/(kBT)]
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Breakdown of ETH

Eigenstate thermalization
Observables:

~ 1 ik(l—m) £
ak) = 7 > e f i
lm

N(k) = % SR,
l,m

Maximal normalized difference:

max __ Zk |022¢X(k) - OME(k)|
AOM — = O h) /4_/'
.’40—\‘\‘

Disorder average: 2
(AOFY )dis £y
Constant effective temperature: % ol; 1
(T = 10)
_ gy - H/ (kBT ‘ ‘ ‘
Bue = ZTr{He 8] 07y 12 15 18
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Quantum quenches and many-body localization

e Non-equilibrium dynamics in the presence of disorder (ED)

@ Hubbard model: quasi-periodic lattice vs disorder
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Experimental results

Hubbard Hamiltonian in 1D: [e; = A cos (2737 + <Z>) and 8 =~ 0.721]

H = —JZ Czac'b"rl & TF H. C + UznzTan, + Zsznuf

SchrAaiber et al., Science 349, 842 (2015).
WYY
VIV =1 S
L v A v < n non-ergodic localized,
e o e o e o e o 2 =
=
c <
% ergodic delocalized =~ 7T
WA WAM
o R
20 oo
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Experimental results

Hubbard Hamiltonian in 1D: [e; = A cos (2737 + <Z>) and 8 =~ 0.721]

H = —JZ Czac'b"rl & TF H. C + UznzTan, + Zsznza

SchrAaiber et al., Science 349, 842 (2015).

VAW
VN1 o SN
L v A v < { non-ergodic localized R
e o e o e o e o 2 =

=
c <
% ergodic delocalized =~ 7T
TVA MM
o X
20 oo

We add: (J' = J/2, and also consider ¢; € [-W/2,W/2], at quarter filling)
L—2
H =—J"Y (el éi42,0 +HC) + po(Rrg + fin,y) + ho(fa gy — )
R. Mondaini and MR, Phys. Rev. A 92, 041601(R) (2015).
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n

Results for r,, = min[6Z |, 6&]/max[6F |, 6F
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Results for r, = min[6Z |, 6Z] /max[6Z |, 67

,,,,,,,,,, e e S S 30
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g 1
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U=02 F W, -Anderson {25
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0.5
- =420
= 045 w
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Dynamics and thermalization: |¢;) = |10, 0104 .

Relaxation Dynamics

o,

1 im(i—7 A A~ ~ ~
S=7 > eI ((Rup—ray ) (g —s))

i,J
July 26, 2016 14 /26

Quantum quenches and MBL

Marcos Rigol (Penn State)



Dynamics and thermalization: |¢;) = |10, 0104 .

Relaxation Dynamics

Thermalizati

on

0.75

{18 Sy Do/ ISyeais
o o
o o
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Quantum quenches and many-body localization

e Non-equilibrium dynamics in the presence of disorder (NLCEs)
@ Numerical linked cluster expansions
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Linked-Cluster Expansions

Extensive observables O per lattice site (O) in the thermodynamic limit
0= Z L X W(g

where L(c) is the number of embeddlngs of cluster ¢

Marcos Rigol (Penn State) Quantum quenches and MBL July 26, 2016 16/26



Linked-Cluster Expansions

Extensive observables O per lattice site (O) in the thermodynamic limit
0= Z L X W(g

where L(c) is the number of embeddlngs of cluster ¢ and Wy (c) is the weight
of observable O in cluster ¢

Wo(e) = O(c) = Y Wo(s)

sCc
O(e) is the result for O in cluster ¢
Oc) = {0 AGC}
R 1 2
pC = 74G P ~(Hemplic) ket
ZEC = Tr{exp_(ﬁc_“NC)/kBT}

and the s sum runs over all subclusters of c.
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Linked-Cluster Expansions

Extensive observables O per lattice site (O) in the thermodynamic limit
0= Z L X W(g

where L(c) is the number of embeddlngs of cluster ¢ and Wy (c) is the weight
of observable O in cluster ¢

Wo(e) = O(c) = Y Wo(s)

sCc
O(e) is the result for O in cluster ¢
Oc) = {0 AGC}
R 1 2
pC = 74G P ~(Hemplic) ket
ZEC = Tr{exp_(ﬁc_“NC)/kBT}

and the s sum runs over all subclusters of c.

In numerical linked cluster expansions (NLCEs) an exact diagonalization of
the cluster is used to calculate O(c) at any temperature.

MR, T. Bryant, & R. Singh, PRL 97, 187202 (2006).
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Finite size effects

@ In unordered phases, not all ensemble calculations of finite systems
approach the thermodynamic limit the same way
There is a preferred ensemble (the grand canonical ensemble) and preferred boundary
conditions (periodic boundary conditions, so that the system is translationally invariant) for
which finite-size effects are exponentially small in the system size. All others exhibit
power-law convergence with system size.

D. lyer, M. Srednicki, and MR, Phys. Rev. E 91, 062142 (2015).
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Finite size effects

@ In unordered phases, not all ensemble calculations of finite systems
approach the thermodynamic limit the same way
There is a preferred ensemble (the grand canonical ensemble) and preferred boundary
conditions (periodic boundary conditions, so that the system is translationally invariant) for
which finite-size effects are exponentially small in the system size. All others exhibit
power-law convergence with system size.

@ NLCEs convergence is also exponential, but a faster one!

D. lyer, M. Srednicki, and MR, Phys. Rev. E 91, 062142 (2015).
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Finite size effects

@ In unordered phases, not all ensemble calculations of finite systems
approach the thermodynamic limit the same way
There is a preferred ensemble (the grand canonical ensemble) and preferred boundary
conditions (periodic boundary conditions, so that the system is translationally invariant) for
which finite-size effects are exponentially small in the system size. All others exhibit
power-law convergence with system size.

@ NLCEs convergence is also exponential, but a faster one!

Kinetic energy in the J-V model

—
T=1.0 |

KK VK,

D. lyer, M. Srednicki, and MR, Phys. Rev. E 91, 062142 (2015).
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Quantum quenches and many-body localization

e Non-equilibrium dynamics in the presence of disorder (NLCEs)

@ Numerical linked cluster expansions for quantum quenches
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Diagonal ensemble and NLCEs

The initial state is in thermal equilibrium in contact with a reservoir
> e~ (BG—piNg)/Tr lac){ac|

zI -
la.) (EC) are the eigenstates (eigenvalues) of the initial Hamiltonian A/ in c.

N _ c_ , Inpre
pg = , where ZcI = Ze (BEg—w ]\/va)/TI7

MR, PRL 112, 170601 (2014).
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Diagonal ensemble and NLCEs

The initial state is in thermal equilibrium in contact with a reservoir

1 _ 2ge” FarrND/ Mg ) a
Pc = ZI

lac) (ES) are the eigenstates (eigenvalues) of the initial Ham|lton|an Hlin c.

,  where Zfzze—(Eé—uIN;)/Tz

At the time of the quench Hg - H,, the system is detached from the
reservoir. Writing the eigenstates of H! in terms of the eigenstates of H.

1
RE = limy gy [t (1) = 3 Welaoad

where D e_(Eg_MNg)/T,|<ac|ac>|2
Wa: ZI 9

la) (€2) are the eigenstates (eigenvalues) of the final Hamiltonian A, in c.

MR, PRL 112, 170601 (2014).
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Diagonal ensemble and NLCEs

The initial state is in thermal equilibrium in contact with a reservoir

1 _ 2ge” FarrND/ Mg ) a
Pc = ZI

, where Zz!= Ze—(ES—uIN;)/TI
lac) (E5) are the eigenstates (eigenvalues) of the initial Ham|lton|an Hline.

At the time of the quench Hg - H,, the system is detached from the
reservoir. Writing the eigenstates of H! in terms of the eigenstates of H.

1
RE = limy gy [t (1) = 3 Welaoad

where D e_(Eg_MNg)/T,|<ac|ac>|2
Wa: ZI 9

la) (€2) are the eigenstates (eigenvalues) of the final Hamiltonian A, in c.

Using 52E in the calculation of O(c), NLCEs allow one to compute
observables in the DE in the thermodynamic limit.

MR, PRL 112, 170601 (2014).

Marcos Rigol (Penn State) Quantum quenches and MBL July 26, 2016 19/26



Quenches in the XXZ model (Neel initial state)

B. Wouters et al., PRL 113, 117202 (2014); MR, PRE 90, 031301(R) (2014).
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Quantum quenches and many-body localization

e Non-equilibrium dynamics in the presence of disorder (NLCEs)

@ Hard-core bosons with binary disorder
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Hard-core bosons with binary disorder

Hamiltonian with diagonal disorder

H= Z [ (bib; 1 +He) +V (n - ;) (ﬁm — ;) + hy (n — ;)]

binary disorder (equal probabilities for h; = +h).

B. Tang, D. lyer, and MR, Phys. Rev. B 91, 161109(R) (2015).
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Hard-core bosons with binary disorder

Hamiltonian with diagonal disorder

1 1 1
H = Z[ bjbl+1+HC)+V(nl 2) (’fli+1_2)+hi (ﬁi—Q)]

binary disorder (equal probabilities for h; = +h).

Disorder average restores translational invariance (exactly!)

O(c) = (TOp])

dis

where (-)q4is represents the disorder average.

B. Tang, D. lyer, and MR, Phys. Rev. B 91, 161109(R) (2015).

Marcos Rigol (Penn State) Quantum quenches and MBL July 26, 2016 22/26



Hard-core bosons with binary disorder

Hamiltonian with diagonal disorder

1 1 1
H = Z[ bjbzﬂ"‘HC)‘f‘V(nz 2) (’fli+1_2)+hi (ﬁi—Q)]

binary disorder (equal probabilities for h; = +h).

Disorder average restores translational invariance (exactly!)

O(c) = (TOp])

dis

where (-)q4is represents the disorder average.
Initial state: J; = 0.5, Vr = 2.5, h; = 0, and T; (no disorder)
Final Hamiltonian: J = 1, V = 2, and different values of h # 0

B. Tang, D. lyer, and MR, Phys. Rev. B 91, 161109(R) (2015).
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Disordered systems and many-body localization

Ratio of consecutive energy gaps
0.55 T T T

0.5¢
~045r-

0.4

F20.39

0.35

Ratio between the smaller and the larger of two consecutive energy gaps

= min[0F | 65]/max[s¥ | 6], where 6% =FE,,, — E,

n—1 n—1»

we compute r = ((rdis) ) .
Continuous disorder: h. = 7.4 [Luitz, Laflorencie & Alet, PRB 91, 081103 (2015).]
he ~ 9 [T. Devakul & R.R.P. Singh, PRL 115, 187201 (2015).]
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Disordered systems and many-body localization

Ratio of consecutive energy gaps Diagonal vs Thermal
0.55 T T T T
05" 0.6
~0.45} §0-5"__"“""
DE GE
o h=0.6 — h=0.6
04} 04f o h=fo =ik
r=0.39 + h=6.0 —- h=6.0
o [nitial
035 05 ] 5 7 s 0 4 72 32 p:
h k

Ratio between the smaller and the larger of two consecutive energy gaps

= min[0F | 65]/max[s¥ | 6], where 6% =FE,,, — E,

n—1 n—1»

we compute r = ((rdis) ) .
Continuous disorder: h. = 7.4 [Luitz, Laflorencie & Alet, PRB 91, 081103 (2015).]
he ~ 9 [T. Devakul & R.R.P. Singh, PRL 115, 187201 (2015).]
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Scaling of the differences: 6(m),

8 = h=0.6
o ] ah=1.0  h=35
2 _ *h=4.0 |
1074 vh=2.5
<h=3.0 +h=6.0
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E (€]

—(mu) Ty |

Scaling of the differences: 6(m); =

T T T T | T | T | T
he=— L A A A a4
10 —+—+ ¢ oo+ [, . . st t

--------------- B T T A s 2
4 4
'\"/A—‘M\‘\‘ 0.081 i
Y . .
T - - . .
~ = n O *
= 1=0.6 5
E ! Ap=].0 h=3.5 50077 ° n [ ] o 1
-2 _ *h=4.0 | .
10 74 vh=2.5 [ ]
<h=3.0 +h=6.0 ° .
* .
[ ° h=32 _ ,_ .
006F = h=33  1=35 .
¢ h=34 , h=3.8 d
\ h=3.5 o TI= 2.0
L L I | | |
6 8 10 12 14 6 8 10 12 14
1 1
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@ Signatures of MBL, no eigenstate thermalization and/or failure of
the system to thermalize after a quench, in three different models
involving spinless and spinful fermions, and hard-core bosons.

@ MBL for spinful fermions requires a disorder strength that is sev-
eral times the single-particle bandwidth. This might be hidden by
finite-time and finite-size effects in the experiments.

@ Numerical linked cluster expansions (NLCEs) provide an alterna-

tive way to look into these problems starting from a thermody-
namic limit formulation.
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