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Pion Superfluidity @ Finite Isospin Density

Background > Motivation:

* isospin imbalance in the interior of neutron stars

[S. Barshay et al, Phys. Lett. B 47, 107 (1973)] [V. A. Khodel et al, Phys. Rev. Lett. 93, 151101 (2004)]

* free from lattice sign problem — model comparison

* relativistic BEC-BCS crossover
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* free from lattice sign problem — model comparison

* relativistic BEC-BCS crossover

> Thermodynamics in theoretical methods:
T Perturbative QCD

<T >0 <ﬁ'y5 d>#0

Mg |usl

[D.T. Son and M.A. Stephanov, PRL.86,592 ]
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Pion Superfluidity @ Finite Isospin Density
Background » Motivation:

* isospin imbalance in the interior of neutron stars
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Pion Superfluidity @ Finite Isospin Density
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Pion Superfluidity @ Finite Isospin Density

Background

» Motivation:

* isospin imbalance in the interior of neutron stars

[S. Barshay et al, Phys. Lett. B 47, 107 (1973)] [V. A. Khodel et al, Phys. Rev. Lett. 93, 151101 (2004)]

* free from lattice sign problem — model comparison

* relativistic BEC-BCS crossover

> Thermodynamics in theoretical methods:
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[L. He, et al., Phys. Rev. D 71, 116001]
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> Thermodynamics in theoretical methods:
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Pion Superfluidity @ Finite Isospin Density
Background > Motivation:

* isospin imbalance in the interior of neutron stars

[S. Barshay et al, Phys. Lett. B 47, 107 (1973)] [V. A. Khodel et al, Phys. Rev. Lett. 93, 151101 (2004)]

* free from lattice sign problem — model comparison

* relativistic BEC-BCS crossover

> Thermodynamics in theoretical methods:

T Perturbative QCD
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1.5‘ e ‘ \
) . - Random Matrix
T 5

Nambu- Jona-Lasinio model
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Pion Superfluidity @ Finite Isospin Density

Background > Motivation:

* isospin imbalance in the interior of neutron stars

[S. Barshay et al, Phys. Lett. B 47, 107 (1973)] [V. A. Khodel et al, Phys. Rev. Lett. 93, 151101 (2004)]

* free from lattice sign problem — model comparison

* relativistic BEC-BCS crossover

> Thermodynamics in theoretical methods:
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Pion Superfluidity @ Finite Isospin Density

> BEC-BCS crossover in pion superfluidity

-

* ultra cold atom e, |/ / ° °,°°.
& condensed matter : g b 1 :. =
attractive strength
BEC « : > BCS
1/]€FCL +00 o
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Pion Superfluidity @ Finite Isospin Density
BGCkgl"OUl’ld > BEC-BCS crossover in pion superfluidity

4 < = )
* ultra cold atom * 5 // sl
& condensed matter : g ® 1 :° Ny
& 4] @ o
attractive strength
1 / Loq BESr ;O I > BCS
— 0
g F 0 Y,
(- : - )
* QCD system (relativistic) : color-superconductivity & pion superfluidity...
density induced: Tc < T*
T<Tc:
bound state loose bound
BEC BCS
He | i >
Lhe + A 1= e
g Y,
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Pion Superfluidity @ Finite Isospin Density
BGCkgl"OUl’ld > BEC-BCS crossover in pion superfluidity
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* ultra cold atom o |l / sl
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attractive strength
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* QCD system (relativistic) : color-superconductivity & pion superfluidity...
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T < Te : same symmetry, same order parameter, no phase transition
bound state loose bound
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Pion Superfluidity @ Finite Isospin Density

Backqground > BEC-BCS crossover in pion superfluidity
P P
4 )
* ultra cold atom * 5 : J /? sl
& condensed matter : g © 1'\?‘ Jor 5
e @ o
affracfive Sfreﬂgfh fMolecules  Resonance Super fluid
1 / Lra BE_C|_ < : » BCS
— 00
- F > _J
g L. . : - )
* QCD system (relativistic) : color-superconductivity & pion superfluidity...
density induced: Tc < T*
T < Te : same symmetry, same order parameter, no phase transition
bound state loose bound
BEC BCS
e | : ...CTOSSover... >
Lhe + A 1= e
cooling
condense condense
T*>T > Te: strongly overlapped
tightly bound I
oosely bound
i soft mode  thermal excitation MMHNITIN )
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Pion Superfluidity @ Finite Isospin Density

Background > BEC-BCS crossover in pion superfluidity
4 )
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- F > J
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* QCD system (relativistic) : color-superconductivity & pion superfluidity...
density induced: Tc < T*
. same symmetry, same order parameter, no phase transition
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bound state loose bound
BEC BCS
e | : ...CTOSSover... >
Lhe + A 1= e
cooling
condense condense
T*>T > Tc: tightly bound soft mode strongly overlapped
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> Functional Renormalization Group (FRG)

- meeflwetwatiow

: * strongly coupled many-body system hase transition
Theoretical S corprec manymoey 5 i
* scale transformation (fixed point) critical phenomenon
Sei'up * based on effective action r—»1r® . . .7r"
* Analytical continuation real-time observables
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" Functional Renormalization Group (FRG)

w0 flwetwatiow

: * strongly coupled many-body system hase transition
Theoretical S corpiec MamyTRocy oY "
* scale transformation (fixed point) critical phenomenon
Sei'up * based on effective action r—1® .
* Analytical continuation real-time observables
> Linear Sigma Model & Quark Meson Model
_ 1 1
[P = / {\IJS(Z'(?)\IJ + 5((%0)2 + 5((%%0)2 + Up(F?) — co
+ [(@L - 25%:‘”)”—} [(au + 25M4MI)7T—I—} }
$(i9) — ( i(@ + Yapr) +ih (o + ivsmo) —V/2hrysm_ )
—V2hysmy i@ — yapr) + th (o —iysmo) )

Two flavor chiral effective model W = ( Z )

Symmetry breaking pattern: 0O(4) — O(3) — O(2) — z(2)

" RG Flow Equation &
|
akrk — 5 :‘\\. ,',’:' B @
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>  Symmetry breaking pattern: 0O(4) — O(3) — O(2) — z(2)

> Second order phase transition

Goldstone mode

> Critical exponents & Universality class

W T
(m) =0

Goldstone mode
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> Symmetry breaking pattern: 0O(4) — O(3) — O(2) — Z(2)

> Second order phase transition Goldstone mode

» Critical exponents & Universality class

A
Goldstone (m) =0 Goldstone mode
Mode
(m) #0
& > [T
iti ¢ ZyW, Pengfei ZHUANG,
Critical LINEAR SIGMA Model + ISOSPIN 2yW, Pengfel ZH
Phenomenon FRG & MEAN FIELD

> Fit critical exponents [,V

along the phase boundary @ 1. — AT
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> Symmetry breaking pattern: 0O(4) — O(3) — O(2) — Z(2)

> Second order phase transition Goldstone mode

» Critical exponents & Universality class

al
<7T> — 0 Goldstone mode
7 0
@ o
» LINEAR SIGMA Model + ISOSPIN ZyW, Pengfei ZHUANG,

arXiv:1511.05279
FRG & MEAN FIELD

> Fit critical exponents [,V

along the phase boundary @ 1. — AT

* Compare with a general O(N) MODEL, N=2, FIXED POINT

» O(2) Universality Class with a dimension crossover
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e FRG:

1

Taylor expansion

* MEAN FIELD :

Large-N expansion

Condensate (MeV)

1501 T=0 ——FRG Large N 1201 1=140MeV  ——FRG Large N
+ T=100MeV — — FRG — — LargeN u=160MeV  ———- FRG - - - LargeN
| T=200MeV .-.-. - FRG ------. Large N <m > 100} 1=180MeV ~ ----- - FRG ------ Large N
100 k <o> ) % 80 :--—"""""""“-'---.-.-_:'.:'_:-_ .......
T T T = gty g T T T === \\\::: ''''''
S g Y TEIsL TR
[ SeSsssmis.l, & ~ N SN N ~\~ (N
50} Yoo TN
L h \\ ‘\“‘
, 20} \ Y
, \ .
| rererere——————— TJT'T"‘""'T‘ ““““““ Ot - = ‘ it
0 50 100 150 200 250 300 0 50 100 150 200
11 MeV) T (MeV)

Order Parameter

™

ERG 2016
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RSN Order Parameter \

1
\ FRG ak Fk N 5 ‘\ /' 150L T=0 ——FRG Large N 1201 u=140MeV  ——FRG Large N
NS . T=100MeV — — FRG — — LargeN [ u=160MeV  ——— FRG - — - LargeN
Taylor expanSion S T=200MeV --.-- - FRG ----.-. Large N <m> 100} u=180MeV ~ ----. -FRG - -._. Large N
S 100] <0> 1z g
g -~ "77—= B B A o ST
R S g A0 RN
< TS, X ,./"/,/" & [ ~3 So \‘\:’\\
e MEAN FIELD z ~ v SRS
; 20\ \\ 3
\\ 1 I _J_._._._._._"’: k _ ) E\\
Large N expansion N T e R T T E
ur (MeV) T (MeV)
K Fit critical exponent: Critical Exponent \
pur — 15 \” T.—T\"
m) o~ (P o (m)~ (=57
d ¢ AR R R
* FRG: T(MeV) 0 10 50 100 150 200 250
Bdrops fast, then saturate at high T pG(MeV) | 135.0 | 135.2 | 138.0 | 146.3 | 164.5 | 199.4 | 248.9
T B 0.5 | 0.445 | 0.380 | 0.347 | 0.328 | 0.318 | 0.314
A
Y
() =0 7
* MEAN FIELD: 0.5
T(MeV) 0 10 50 100 150 200 250
pi(MeV) | 135.0 | 135.2 | 137.8 | 146.0 | 163.5 | 195.9 | 242.5
(m) # 0 B 05 | 05 | 05 | 05 | 05 | 05 | 05
» L]

\_ J
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RSN Order Parameter \

1
\ FRG ak Fk N 5 ‘\ /' 150L T=0 ——FRG Large N 1201 u=140MeV  ——FRG Large N
NS . T=100MeV — — FRG — — LargeN [ u=160MeV  ——— FRG - — - LargeN
Taylor expanSion S T=200MeV --.-- - FRG ----.-. Large N <m> 100} u=180MeV ~ ----. -FRG - -._. Large N
S 100] <0> 1z g
g F-—-——==2 B B A o ST
2 ................ A 60 B :::: ~ \\\\
3 i < //,//,. = : \\\\\\ \\:.\\
 MEAN FIELD z o ~ v SR
; 20\ \\ 3
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Large-N expansion N T e R T T E
ur (MeV) T (MeV)
K Fit critical exponent: Critical Exponent \
pur — 15 \” T.—T\"
m) o~ (P o (m)~ (=57
d ¢ AR R R
* FRG: T(MeV) 0 10 50 100 150 200 250
Bdrops fast, then saturate at high T pG(MeV) | 135.0 | 135.2 | 138.0 | 146.3 | 164.5 | 199.4 | 248.9
o] 0.5 | 0.445 | 0.380 | 0.347 | 0.328 | 0.318 | 0.314
* Dimension Reduction
-1
/“’ e / L / ® iy * MEAN FIELD: 0.5
0 0 0 T(MeV) 0 10 50 100 150 200 250
. . ) g1 g1 pi(MeV) | 135.0 | 135.2 | 137.8 | 146.0 | 163.5 | 195.9 | 242.5
T=0 fo high T limit:  §% x R - R 3 N A A
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T=0 to high T limit:

> General O(2) MODEL

0.505
045}
Q. 0.40]
0.35[

030

> Dimension Reduction
deﬂ::d%deﬂf:d—l

Same symmetry

O(o0)

> PION SUPERFLUIDITY @ finite T

@ continuous d

T-d Correspondence

O(2) universality class

with a

dimension crossover

T-d relation
not universal

T=0,d=4, B=0.5

J
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* BEC-BCS Crossover: density & chiral symmetry restoration

Soft-Mode

e Soft mode @ T* > T > Te

BEC-BCS
Crossover

tightly bound
thermal excitation

ERG 2016
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* BEC-BCS Crossover: density & chiral symmetry restoration

Soft-Mode
* Soft mode @ T* > T > Te
BEC-BCS
2T strongly overlapped
Crossover Soft mode @ o loosely bound
CX + resonance
‘ '''''''''''''''
tightly bound 8 e
thermal excitation b BCS
B.EC Goldstone mode

s
* Meson SPECTRAL function in QUARK MESON model @ T* > T > Tc

Free particle: pole — mass
Interaction:  pole, branch-cut — mass, stability, decay channel
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* BEC-BCS Crossover: density & chiral symmetry restoration

Soft-Mode
BEC-BCS

e Soft mode @ T* > T > Te

2T strongly overlapped
Crossover Soft mode @ o loosely bound
CX + resonance
‘ '''''''''''''''
tightly bound 8 e
thermal excitation - BCS
B.EC Goldstone mode

s
* Meson SPECTRAL function in QUARK MESON model @ T* > T > Tc

Free particle: pole — mass
Interaction:  pole, branch-cut — mass, stability, decay channel

[K. Kamikado, et al., Eur. Phys. J. C 74, 2806 (2014)]

° Flow equaﬂon of meson z_poin'l' function [R. Tripolt, et al, Phys. Rev. D 89, 034010 (2014)]
[R. Tripolt, et al, Phys. Rev. D 90, 074031 (2014)]

*  Analytical continuation T®-F(w, p) = lim TEE (pg = —i(w + ie), P)
e—

. 1 D)2 (w)
* Spectral function  plw)=—— (ReT@ () + (I @ (o))
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* Flow equation of meson 2-point function

Truncation: LPA, neglect momentum dependence of T'3) T'(*)

Q- RO R Q- Q- X
2 o 0N 5 1 SO s o 1 7o 2 mo « TO T s 0% 7
3kr( ) = 2.4 S L0 g o.r®  — 0.4 70 4 0 b0
(oX0) O S 2 . S ST K 2 TOTO . ’
e <. TQ. iger. .. g
o o o o
. .. X
® N 1 ® N ® . 1 '?_“\‘ 1 oo \‘ 1 §+\ 1 K 7‘(‘_\“ ]_ 0 N

®\ ®\ (2) "‘(§~\\ %\
2 T _ e . T T T_ e
8kI‘7(D27T = ~t4 Pt -t - Oy’ n, = "=d 0 Pt 4+ o |
B N g N ‘g
.R. .. 03] -R. R .. ..
| %i_) ™ 1 @Q 1 1/ m* 1 o™ 1, @Q 1 7 1 / mo?
_5 _— _§ ' ,, - \‘~~." 2 ‘\ 2 .
N ki ST ittt ST i 8 AT, e TR b I S
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* Flow equation of meson 2-point function

Truncation: LPA, neglect momentum dependence of T'3) T'(*)

f N ) LN 1 %@ f%% 1 - ) o @0 % W \
Oplgg = T4 P75 i 454 P oI — T 70
5T ’ 5 ‘-0"(\0“ “ ® ®
® N 1 ®.\ ® . g ®~ es*o ) . 1 ',,‘(%_;\‘ 1 "/ ﬂ__"\‘ 1 ',,‘ 7[_0“\‘
+ 0.4 7T+} g __ T+ + 0.4 T p-Z 1 *rv R 9 | ,:' _5 : _5 \ :‘ _5 | ‘
T, 2 et — me -.‘:-.--'.- __‘_‘:.-='___ --::.:‘.'.- -:.‘:.:2--
o o \ Svm 7o 7o o o o o o o
e /N, 0 on\re 210l D\ 1 om D m
K @/ . \a/ \d/ J
,"® N l,’%\\ 5 ",*g\‘ "/%\‘ \
O TP, = T4 7 P4 Tl I Oy e, = Tod PR Tnd T P
+7= Ny g N g
Q. : . , .®. . .®.
17 %S) N 17 §>+\\ L (?—\‘- 17 g% ) _Ly (? 3 N\Od C L omn
Ty Tz Tah 4 Tay R e 25
D it ST it b N it bt 8 SOP( T o mER gL
4 T4 /Q’U?\ T _4 T_ /%\ T+
\&/ \_ N /
» Initial condition & Input 15 1 9
P Ur(p) = 57774/\,04— ZAAP
(2),R _ 2 2 (2),R  _ 2
Togn = —w +2Uj +4¢7Uy, Lor ' = —w +2Uy
2),R 2),R
IR = —(w-2un)?+20;, TOF = —(w+2ur)?+2U,
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4 N[ B

Phase diagram Spectral function of soft mode
08 (ur,T) MeV

I — (65,10) — (110,173.2)

~, 0.6} — (80,133) — (120,175.6)

S — (100,161.1) —(190,194.2)

T (MeV)

50-43
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0O 100 200 300 400 500 600 700

50 100 150 200
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T MeV)

Phase diagram

\_
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100
1y MeV)

> Sharp peak in BEC limit
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150 200

*t is suppressed

» Broad resonance in BCS limit

X
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» 2-quark channel opened already at

~

Spectral function of soft mode
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' Goldstone Mode — Critical Phenomenon |

300} p

ERG 2016






[Backup I Flow Equation of 2-point function ]

1 1 1
AT (ps) = — STD,, I~ Ir, 1@ L (10 1 1o)

OOTT T 2 OO0T T —

(00,2 o (04) + (T (agmo (04) + T4 (02) + T (1))

_2Nch2 (F_€-|-(p47 :uI) + Ff—(plla UI))

0T, (ps) = — ST TP — ST 1 T (18 4 19)
+ SO0, (oo (2) + Troo (0)
—2N_h? (FI+(p4, pr) + F7_(pa, MI))
O, (ps) = —5TW, 1P STO 1@ - orW (184 12)
+ (02 (Jo-(pa) + Tio(pa)
—ANh*F™ , (p4, pir)
O, (pa) = — T, 19— 1@ 1@ e (12 4 12)

+ (0802 (T-o (pa) + a0+ (pa) )
—AN P FT_(pa, pr)
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[Backup 2 Threshold Function-I ]

2) k* 1 (14 ng(Ey —2ur) + np(Ea +2u1)  n5(Ea —2u1) +n'g(Ey + 2pu1)
I ) = 557 73 - 52

k21| 12E2 + p3
Jozoc(pélnuf) — 37‘(‘24{E3 (4E2 _|_p42)2 (1 + nB(Ea + 2#[) + nB(Eoz - 2;“[))
o le" 4
! (B — 201) + L (B + 2u1)
T n o . ] n «
E2(2E, — ip4)ipy B HI E2(2E, + ip4)ipy B HI
k4 1 [ E%2 — (Ea — ips)(3E, — ip4) E% — (Eq +ips)(3Eq + ips)
Jaﬁ(p4) = 5 o & . 5 <1+nB<Ea)> + 0 . 5 nB( oz)
3724 | E3((Ea —ip1)? — E2)? E3((Eq +ips)?)2 — E
1 / 1 /
_I_ . Ea + . Ea
E2((Ea —ipa — £2) "B T B (E, yapaye — By "B
" ’ (Ep) + . (1 + np(Es))
; n - n
Es((Es —ipa)? — E2)2 "7 7 Es((Eg + ips)? — E2)? B
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[Backup 2 Threshold Function-11 ]

k* 1| E2 — (Er —ips — 2u1)(3E, — ipy — 2u1) n'g(Er —2ur)
J1o (P4, = 5 9 = il . u 1 E,—2 BT
) = e 4{ (B — s -2y~ B2 ) g
E? — E.+1 2 3E. +1 2 (B + 2
5 (3 + ipa + pr)( 2 +ZP;;F MI)nB(EWJFQM)JF : nB(. + HI)z :
Ew((Eﬂ' + P4 2,&[) - Ea) Ew((Eﬂ' T 1p4 + Z/LI) T Ea
N 2np(FEy) N 2(1 +np(Es))
Ea((EJ — P4 — 2:‘”)2 - E72r)2 Ea((Ea + 1ps + 2:‘”)2 - E72r)2
k* 1| E? — (E; —ips — 2u1)(3E, — ipy — 2ur) n'g(Er — 2ur)
J+o(pa, = ——_{ e u u 1 E.—2 EAS
+ (p4 ,LLI) 37‘(‘24{ E%((Eﬁ—ip4—2,u[)2—E§)2 ( "‘nB( MI))"’E?QT((EW_Z]M_QMI)Q

E? — (Ex +ips + 2p1)(3Ex 4 ipa + 2p1) n'g(Exr +2ur)
E2((Er +ipsa + 2ur)? — E2)? EZ((Er +ipa + 2u1)* — EZ

o (E,) 2(1 + np(E,)) }

nB(ET(' + 2,“[) +

+ : + :
Eo((Ey —ips —2p1)* = E2)*  Eo((Eo +ipa + 2p1)° — EZ)?

ERG 2016 backup-2



[Backup 2 Threshold Function-III ]

F (paspr) = i [—m? — @ — (qa +ipr)(qa + 2ps + ipr)| D3(¢) Dy (q + p) 4kO(K* — 3°)
q

4k,4 4E2 _p2
— { : - (nF(Eq+N1>+nF<Eq_H1)_1>

672 | Ey(4E2 + p3)?

1 , 1 ,
— —Np (g — — —np(E, +
25, (2B, —ipy) " E0 T 1) T 3B GE, +ipy) " e /”)}

FY (pa,pr) = i D3 (q)D4(q+p) 4kO(K* — ¢*)

AK* | 12E7 + pi i :
672 | 4E3(4E2 + p3)?

Ey+pur) —nre(Eq — pr))

1 1

+ : . nm(E, — — : : n'-(E 4

FI_(pa,pr) = i [—m? — & — (qu + ipur)(qa + 2ps — 3ipr)| D3 (@)D (g + p) 4kO (K% — @)
q

1
2E,(2E, — ipy — 2u7)

4k4 1
= {2Eq( 5(2np(Eq + pr) — 1) +

2np(Ey — pur) — 1
672 2B + ips + 2411) 7 (2nr(Eq — 1)

1 , 1 /
- : np(E, + — - . (F. _
2EQ(2EC]+ZP4‘|‘2ILLI) F( q ,LL]) 2Eq(2Eq_2p4_2,uI) F( q MI)}
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