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Outline of the talk

RG theory: what we know about the flow?
Fixed points and Wess-Zumino actions
Away from criticality
Weyl consistency conditions and Local RG
Exact RG flow for the c-functions

Some examples



RG theory

RG flow

every theory consistent with the symmetries

J

theory space



RG theory

RG fixed points

-

needed for continuum limit

describe continuos phase transitions

can be solved exactly

conformal invariant theories (CFT)

J

theory space



RG theory

scaling regions

-

under the reach of (CFT)
perturbation theory

L7

relevant vs irrelevant perturbations

Q

universal quantities:

critical exponents,
universal ratios,
scaling functions

o

CFT data: scaling dimensions,

structure constants

J

theory space



RG theory

RG flow

c- and a-theorem
in even dimensions

eyl consistency

t f FRG
exact flows ( ) conditions (LRG)

the flow goes on until all fields
have been integrated out:
theories with mass scales

77
the flow reaches S

gg a fixed point

flow between CFTs

J

theory space



Exact RG flows

RG flow of the effective average action
r N

quantum action

microscopic action

the EAA interpolates smoothly between

N the bare and the quantum action )

theory space
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c- and a-theorem

RG flow

IR

uv

flow between CFTs
\_ J

theory space

Ac and Aqg are universal quantities depending on a whole trajectory!

Integrated (or weak) c- and a-theorems:

Ac > 0 Aa > 0



c- and a-theorem

RG flow

IR

uv

flow between CFTs
\_ J

theory space

Ac and Aqg are universal quantities depending on a whole trajectory!

Strong ¢- and a-theorems:

8tC>O 5’ta>0



Fixed point action

Tk




Fixed point action

Tk

Cuv/irle, 9] = SCFTUV/IR[SOa g| + cuv/rrSplg|

= T

Weyl invariant Conformal anomaly
(covariantization of the CFT action) (Polyakov action)
1, |



Wess-Zumino action

Cle“ @, e’ g] — @, 9] = Scrrle” ¢, € g] — Scrr(e, 9] +c (Sr[e* 9] — Srlg])
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Wess-Zumino action

Tk

FP Wess-Zumino relation:

['[e“ ¢, eZTg] — I, g] = cFWZ[T, g

FP Wess-Zumino action:

1
W2ir g = Sy /d2$\/§[TAT + TR]




Away from the fixed point

I'rr
I'vv

I'x

Wess-Zumino relation away from criticality:

Cre—[€"Tp, € gl — Tilp, 9] = T% “[7, 9]

Running Wess-Zumino action:

1

Iy 2T, g) = i

/ Vg [ékTAT + Ck’rR] + [B-terms

/ |

Running cfunction(s) Everything that vanishes at a FP...



Running WZ action
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|dentifying the running central charge

1 -
FWZ |
L 2T, g = dr / V9 [CkTAT +Ck'rR] + [—terms Which

the form of

. , the beta
Cr — Cr = O(B) — O(ﬂ) = 24mw;B* + ... terms?

/

1 .
F};VZ [7-’ g] = Y /\/g [(Ck + 247rw,;5z) TAT + CkTR] + ,B—terms

N
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Scale anomaly

Scale anomaly (classical + quantum):

[ vaize) = =36 - dig) [ vao.

. vantum classical
1

Dimensionless couplings and beta functions:

S .

fp—terms = — Z k% 3¢ / VaTO; + ...

First interaction contribution to the flow of ¢!



Derivative expansion for the running WZ action

079 = [V [() + Zu(n)9,r0 + Fu(r)R] + 0(@"

We already know:

Vk(’T) — —T,Bzoz-l-
C .
Zp(T) = 24’; Fw; B + ...
C
Fo(t) = 24’;T+....

How do we determine the next terms?



Stuckelberg trick

Stuckelberg trick:
k—e "k
Couplings become spacetime dependent!
1 1
9k 7 ke
Natural way to introduce beta functions:

glzce—T — g;c(l—7—|—...)
= gi — TkOrgh + ...

:g,iC —Tﬁ]i—l—...

Apply to the cfunction:

Crre—r = Cr — 70:Cp + O(77)



Stuckelberg trick

The CFT actions
delete each Recovering the scale anomaly:

others \

Le-ri[e“p, €77 gl — Tilp, 9] = /\/5 (g1, — 78Y)0; — g;O;] + O(77)

— / VT8 O; +0(7%).

New higher order terms:

1

g =g — B+ 5726j6j6i + O(1°)
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Stuckelberg trick

f-terms = /\/5 { [ — 7-52' + %7-259'33.52' + ] O;
+ (—wiB) 0,01 + |0y (wiB) + ...] TO,TOT} + O(T7)

Non-trivial structure emerges:

- 1 . ]
V;C(T) — —,BZT + 5,8‘76]',87'7'2 OZ + 0(7'3)
— - Ck () - - Ck? | 1 | 2
Zp(T) = e w; B + _Bt (247r | wzﬁ) + 7+ O(7°)
Fi(r) = . T+ -B G + | 72 + O(7°)
g 247 i "\ 247 '

... = missing terms that are not scale derivatives of lower
order terms and define new RG quantities



Local RG

All possible

terms involving dilaton,
Osborn’s ansatz: couplings and curvatures

- / -

Y2, g] = /\/5 —768'0; + xijﬁﬂgfc(?“gi'r + L‘JZ-BMTG“Q}';c 247I_TR + O(7%)

LRG: insert Osborn’s ansatz in WZ consistency conditions
away from criticality to derive non-trivial RG relations

Connection with the derivative expansion:
augi = —B@NT + O(1%)
Xi;0u9' 0" g’ = xi;8' 37 0, TO*T + O(1°)
WD, TOr G = —w; 310, O
+ O (wiﬁi) 70,701 + O(7?)



Wess-Zumino consistency conditions

Weyl transformations are Abelian:

W27, e*?g] — TV, g] = TV ?[rp,e* g] — TV 13, g]

Infinitesimal FP WZ consistency conditions:

T2, e*™g]l =TV ?[r, g] + 572FWZ[7'1, gl + ...

N

0, = fQTg#,,ﬁ

5’7’2 FWZ [Tla g] — 57‘1 PWZ [T2a g]




Wess-Zumino consistency conditions

The Wess-Zumino consistency conditions
are also valid away from criticality

V2 lo,e*g] = Y20, 9] + AT} %[0,g9] + O (72)

N\

A= /dsz {QQMU% — ﬁzéig‘}
7%

Infinitesimal WZ consistency conditions
away from a FP:

ALY 2, gl = AnTY (12, g]




Local RG

Consistency condition deriving from the terms 7'5’“7'(9'“7'

Orcr, = 247y 8" B

Consistency conditions (LRG) don’t tell us
how to compute things...



The flow of the c-function

Oy 2 [, g] = Ol 1], e*"g] — B:Tk[, g

52 -
Oicr, = —12m Tr Tw[e“", e 8] + Ri[6] |  O.Rx[6]
dpdp
J(0r)?
Exact flow for the c-function!
~ §3TWZ 53TV Z ~ TV Z
= — 127 Ir
Oicy = 12m Tx O, {G’“ F L } P % {G"’ 51670000

The flow is driven by matter-dilaton interactions...

}




The flow of the c-function

Oy 2 [, g] = Ol 1], e*"g] — B:Tk[, g

52
Yol

-1
Oicr, = —12m Tr ( T'w[e“ @, e 6] + Ry [5]) O Ry |6]

J(97)?

Exact flow for the cfunction!

8tck — 127 '\/\O\N 127TJ~Q,¥
D

The flow is driven by matter-dilaton interactions...
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ZamolodchikoVv’s metric

OiCck, = 127 '\/\Q\/\» —127



ZamolodchikoVv’s metric

Oicr, = 12 '\/\Q\/\» 12wJﬁ¥ N
/N p

B’ B’




ZamolodchikoVv’s metric

Orcr, = 247y 8" 37

1 d*q
- 24w | (2m)?

Xij 0, {Gr(@*)Gk (4 +1)*) } 0 (0,9 + p) O (—¢ — p,—0q)

Explicit representation of RG quantities!



Massive deformation Gaussian FP

Culd,ol = 5 [ Vao(B+m?)o— & [ GRLR

T'x[0, e8] = /qb A—l—e2'r 2 il /TAT

247
dak?*m?
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Massive deformation Wilson-Fisher FP

el w9l = [ Va3 +m)v— o [ JGRLR

I‘k[e"/zzZ, e™ /%, e 4] :/z/) V+e‘m)y — C—k/'rA'r

24T
L 2
B, = akm :
(ak +m)
1 m?
Cl =
2 (ak +m)



\ﬂ-\

‘\\

7/

theory space



Conclusions & Outlook

Understanding of how to parametrize
the effective (average) action
away from criticality

Non-perturbative definition of the c- and a-functions

Framework to calculate approximated c- and a-functions

A proof of the strong
c- and a-theorems using the fRG!?



Thank you



The c-function in the LPA

extend a given truncation:

| 1 |
Culel = [ Vilo) + 500000 + .

\4

Lkle, g] Z/\/E {Vk(¢)+%%@5’“g@+...
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The c-function in the LPA

non-perturbative flow for the c-function:

Oicr, = —24m O ' [e " ¢, ezTg]

AT

the c-function with in the LPA:

Ok = +172ﬁg)4 (BW)Z

. 2
12 1 AL
= . 27> - i
(14 m%)4 ( k4 (1+ m%)2>

the ctheorem is satisfied within our truncation!

atCk Z 0
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at CL

universal quantity that depends on the full
RG trajectory between two fixed points

\A
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1.0

0.8

0.6

0.4

0.2

Sine-Gordon model

m2

Sscl¢) = / BCbAGb ~ (cos (B9) — 1)

at Ck
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100000 200000 300000 400000



c- & a-functions in the loop expansion
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c- & a-functions in the loop expansion

Diagonal contributions:
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c- & a-functions in the loop expansion

Diagonal contributions:

e

Ar >0

00

(diagonal) =9

67501« — g Aoi—q 52@
1=1

The ctheorem is satisfied by the diagonal contributions:

atcdzagonal >~ 0



c- & a-functions in the loop expansion

Sry[d] = / dx %¢A¢+ig¢3

/-\\/V\/\/\/
’\/\/\/V\U
5’tCk — —./42 Bg < 0

.A2>O



c- & a-functions in the loop expansion

8tal(€diagonal) _ ASBZ 4+

1
91276 (41)2

A3

Scheme independent!
d1 [
atakza,gona > ()

The a-theorem is valid in the loop expansion



Switch on gravity!
O=R
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atck —

Switch on gravity!

3 ng
2G2 (at@ G, 2 G

minimally coupled scalar:

)




1.0

0.8

0.6

T

T

Switch on gravity!

minimally coupled scalar:




Switch on gravity!
interacting scalar:

B ak?
N ak2 -+ bka/(gﬁ())

Ck

abk? (0, V' (¢0) — 2V} (#0))

atCk —
(ak? + bV} (90))°
~ 2
(siggbk)? ordered phase
k
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broken phase.

(a—2bm3)?



Switch on gravity!

interacting scalar:




