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Motivation

Evidence for asymptotic safety of gravity from the ERG
Impact on cosmology (at early and maybe also at late times)
Inflation possibly originating from the fixed point regime
Assess reliability of approximation
Reliable determination of stationary solutions
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f(R)-approximation

Use f (R)-approximation
Flow equation for arbitrary functional form
Truncation well-studied to very high polynomial order
(up to 35 couplings)
Fixed point with only three relevant directions
Critical exponents with small deviations from Gaussian values

A. Codello, R. Percacci, C. R. (2007,2008)
P. Machado, F. Saueressig (2007)
A. Buonanno, A. Contillo, R. Percacci (2011)
D. Benedetti, F. Caravelli (2012)
K. Falls, D. Litim, K. Nikolakopoulos, C. R. (2013, 2014)
J. Dietz, T. Morris (2013)
N. Ohta, R. Percacci, G. Vacca (2015, 2016)
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Ansatz

∂t Γk =
1

2
Tr

1

Γ
(2)
k + Rk

∂t Rk

Ansatz:
Γk =

Z
d4x
q
| det gµν | Fk (R̄) .

f (R) = 16π F (R̄)/k4 with R = R̄/k2

df ′′(R)

dR
=

37
756 R4 + 29

10 R3 + 121
5 R2 + 12R − 216

181
1680 R4 + 29

15 R3 + 91
10 R2 − 54

f ′′(R)

R
−

37
756 R3 + 29

15 R2 + 18R + 48
181

1680 R4 + 29
15 R3 + 91

10 R2 − 54

f ′(R)

R

+
(R − 3)2f ′′(R) + (3− 2R)f ′(R) + 2f (R)

R
“

181
1680 R4 + 29

15 R3 + 91
10 R2 − 54

” ×

×

24R
“
− 311

756 R3 + 1
6 R2 + 30R − 60

”
f ′′(R) +

“
311
756 R3 − 1

3 R2 − 90R + 240
”

f ′(R)

3f (R)− (R − 3)f ′(R)

−
607R2 − 360R − 2160

15(R − 4)
−

511R2 − 360R − 1080

30(R − 3)
+ 48π

`
Rf ′(R)− 2f (R)

´#
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Eigenvalues to order N = 35
3

IV. QUANTUM GRAVITY

We now apply our strategy to a simplified version of
quantum gravity also relevant for cosmology [5], where
the action (1) is taken to be a local function of the Ricci
scalar only. In Step 1 we specify the terms On in (1) as
powers of the Ricci scalar

√
gRn,

Γk =
N−1∑

n=0

λn k
dn

∫
d4x
√
g Rn . (6)

The Ricci scalar contains two derivatives of the metric
field and the Gaussian exponents in this theory are

{ϑG,n = 2n− 4, 0 ≤ n ≤ N − 1} . (7)

Classically the theory has two relevant and a marginal
coupling associated to the vacuum energy, the Ricci
scalar, and the R2 term. The canonical mass dimensions
of the terms in (6) are bounded by [On] ≤ D = 2(N −1).
For Step 2, we adopt Wilson’s RG [6] for the gravita-
tional action (1). The RG flows (5) for all couplings in
(6) are obtained using techniques developed in [3, 7–10],
also adding suitable gauge-fixing and ghost terms within
the background field formalism in the conventions of [10].
We then fix N , identify the interacting fixed points, and
compute the set of N universal eigenvalues

{ϑn(N), 0 ≤ n ≤ N − 1} (8)

which characterise the critical theory. The eigenvalues
are ordered according to magnitude (of their real parts,
if complex). In Step 3 we then increase D, which is equiv-
alent to increasing N → N+1, perform a new fixed point
search, compute the scaling exponents (8), and compare
with results at lower N .

We have iterated our procedure from N = 2 to N = 35.
A numerically stable fixed point is found to each and ev-
ery order. Earlier results up to order N = 9 [10] and
N = 11 [11] are reproduced, and serve as an important
consistency check. Occasionally, a spurious fixed point is
found at a few specific orders, which is discarded. The
stable fixed point converges rapidly, and is used to com-
pute the scaling exponents (8) for all N . Our results are
shown in Fig. 1 for 34 consecutive orders N . We find
that the theory has three relevant (negative) eigenvalues
with ϑn < 0. For fixed n, we note a good convergence
of ϑn(N) with increasing approximation order N . We
also note the occasional appearance of complex conjugate
pairs of eigenvalues, in which case we have plotted their
real parts. Complex eigenvalues hint towards a degener-
acy induced by strong correlations. In a more complete
treatment these degeneracies may be lifted through in-
teractions beyond those retained here, eg. Weyl tensor
invariants [12, 13] or dynamical ghosts [14]. Note also
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Figure 1: The complete sets of eigenvalues at the ultraviolet

fixed point (8) for all N , sorted by magnitude. The results at

the highest order (N = 35) are linked by a line to guide the

eye. The long dashed line indicates Gaussian scaling. The

inset (upper panel) relates the data sets at approximation

order N with the symbols used in the lower panel.

that if the largest eigenvalues ϑN−1(N) and ϑN−2(N)
per data set (8) are a complex conjugate pair, their real
parts tend to deviate more strongly from their asymp-
totic values. The reason for this is that the values of
the largest exponents per approximation order are sen-
sitive to the couplings neglected at order N , eg. λN or
higher. This pattern is well-known from analogous stud-
ies of critical scalar theories [15]. In fact, as soon as the
next few couplings are taken into account, the exponent
converges well, see Fig. 1. To conclude, the main result
of Fig. 1 is that the ordering of scaling exponents (8) is
indeed controlled by the underlying canonical dimension
even at an interacting fixed point, thus supporting the
working hypothesis.

K. Falls, D. Litim, K. Nikolakopoulos, C. R. (2013)
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Convergence

Singularities

R = −9.99 855 ,0 , 2.00 648 · · · , 3 , 4

Polynomial ansatz

f (R) =
N−1∑

n=0

λnRn .

Radius of convergence:

Rc ≤ Rmax = 2.00648 · · ·

Eight-fold periodicity pattern

(+ + + +−−−−)
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Convergence pattern

Λn

0 5 10 15 20 25 30 35

-2

-1

0

1

2

3

n

N = 35 and four-parameter fit

λn = A
cos(n φ+ ∆)

(Rc)n

A = 0.1172 , Rc = 0.9182 , φ = 0.7863 , ∆ = −0.2919
Dashed lines: extrapolations of the fit.
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Convergence radius estimate

Generalised ratio test

Rc = lim
n→∞

∣∣∣∣
λn

λn+m

∣∣∣∣
1/m

Average over m for (8 ≤ m ≤ N −m)

N = 11: Rc ≈ 1.0± 20%, N = 35: Rc ≈ 0.91± 5%
A. Buonanno, A. Contillo, R. Percacci (2011)

Lower bound

RL(m) ≡ min
n

∣∣∣∣
λn

λn+m

∣∣∣∣
1/m

For N = 35 average over m for (8 ≤ m ≤ N −m)

RL ≈ 0.82 ± 5%
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Improved solutions

Improve on polynomial approximation by resummation:

fresum.(R) =
m−1∑

n=0

λn Rn +
∞∑

n=m

λn Rn .

E.g. reduction to four parameters

∞∑

n=5

λn Rn = A
R4

R4
c

R Rc cos(∆ + 5φ)− R2 cos(∆ + 4φ)

R2 − 2 R Rc cosφ+ R2
c

Improve on polynomial approximation by Padé approximants:
Rational functions of polynomials in R of degree M ≥ 0 and K ≥ 1
Take the first M + K + 1 Taylor coefficients of f (R) as input
No reduction of parameter number
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Numerical, polynomial, truncated, resummed solutions

f HRL trunc.

N=30

N=34

resum.

full

0.0 0.5 1.0 1.5 2.0
-7

-6

-5

-4

-3

-2

-1

0

R
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Numerical, resummed, Padé approximant solutions

f HRL

resum.
full

Pade

approximants

-4 -2 0 2 4
-30

-20

-10

0

10

20

30

R

Thick red line: full numerical integration; resum./dashed: resummation; Padé approximants:

dotted: [20/16], dashed-dotted: [17/14], long-dashed: [15/13], thin full: [16/15], short-dashed: [16/17]
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Constant curvature solutions

Stationarity condition:

Rf ′(R)− 2f (R) = 0

Constant curvature solutions:
Always for f (R) ≈ R2

infl
Algebraic solutions for specific RdS,
e.g. Einstein-Hilbert with RdS = 4Λ
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Real (anti-)de Sitter solutions

Å Å
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Å
Å

Å
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Å

Å
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Å
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Å

Å Å Å

Å

Å Å Å

Å

Å

Å
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Å

Å Å Å

Å

Å

Å

Å Å Å

Å

RdS

0 5 10 15 20 25 30 35

-1

0

1

2

3

4

N

Absence of real de Sitter or anti-de Sitter solutions for polynomial approximation order N and small curvature scalar
within the radius of convergence of the polynomial expansion
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Complex de Sitter solutions

RdS

RL Rc

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

10

20

30

-6-4-20246

N
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Near-stationarity

near-stationarity

G*HRL

0.0 0.5 1.0 1.5 2.0

-150

-100

-50

0

50

100

150

R

real root

compl. root

approx. real root

RdS

1.0 1.2 1.4 1.6 1.8 2.0
0.2

0.3

0.4

0.5

0.6

0.7

c

Left: the fixed point effective action as a function of scalar curvature
Right: solutions RdS to the stationarity condition modifying λ∗ by a
fudge factor c > 1, all other fixed point couplings unchanged,
becomes RdS ≈ −2λ0/λ1 = 4λ∗ (blue line)
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Stationarity condition in various approximations

EHRL resum.

Pade

approximants polynomial

expansion

full

-2 -1 0 1 2

0.0

0.5

1.0

1.5

2.0

R

E(R) = 2f (R)− R f ′(R); thick red line: full numerical integration; Padé approximants: ([20/16]: dotted line, [17/14]:

dashed-dotted, [14/12]: long-dashed, [16/15]: thin full, [16/17]: short dashed): resummation (resum)
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Summary

Estimate for convergence radius of polynomial fixed point solution
of f(R)-gravity
Slow convergence requires going to high orders
Numerical integration, resummation and Padé approximants give
good fits
No stable (real) de Sitter solutions within the radius of
convergence
Near-stationarity indicates that the inclusion of further interaction
terms might lead to stationary solutions
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