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Introduction

Polchinski equation

1 [ 5S[g) 65[¢1 S
=3 | 5ot S 5aty) ~ 2, 6¢> 5a(y)

Local Lagrangian truncation

Salé] = / £(x, 6(x), 06(x), 26(x), P(x), )

it comprehends also some nonlocal terms (by Taylor series about x)
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Polchinski equation
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Local Lagrangian truncation

Spld] = / £(x, 6(x), 86(x), PH(x), Pb(x), )

Derivative Expansion
keep every contribution from S[¢] to O(8™), up to m < n
Alternative idea

keep some contribution from S[¢] to O(8™), up to m — oo
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Notations

For any function ¢(x)

d d d

¢M = ¢/L1.../Lm(x) = dxxkm " dxa (b(X) = W¢(X)

M = (p1, p2, -y ftm), mEN ()M =(-1)m

M = () corresponds to ¢pum(x) = ¢(x) and m=0
repeated multi-indices are summed over

if £ depends on ¢y and also separately on x

d 0 0
o 8>‘+¢M>‘¢



From S to L

Functional derivatives: first order
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and second order
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From S to L

Polchinski equation for £

NG LN o . 0L
[2e0-5 {Xym(x)cmu—y)am(y)—CMN(O) Xamam‘”}

no x-derivatives act on L, but the flow equation generates nonlocalities
through the first (classical) term

Expand non-localities to higher derivatives

oL oL (y-x)td oL

8¢N(y)= 8¢N(X)+ I @%N(X)

where L #£ 0.



From S to L

oL , oL (y—x)td oc
8¢N(y)*a¢N(X)+ LI dea¢N(X)
where L # 0.
dx* x> M ddm



From S to L

oL, . oc (y—x‘d oL
8¢N(y)7 8¢N(X)+ LI dXL 8¢N(X)
where L #£ 0.
40 0
A oxr M oom

We restrict to pointlike interactions: no explicit x-dependence of £



From S to L

oL oL (y—-x)td oL
where L # 0.
L 0 +o 0
A oxr M 9w

We restrict to pointlike interactions: no explicit x-dependence of £

2 2
4 =¢ L_,_ b é -
dxMdxre M1 6¢M1 MiX1 P Moz a(lead)Mg

In general

L .
lod
= ;¢(Ml~..¢Mj)La¢Mlu'a¢Mj



Exact RG equation for £

. oL . 0L
/5 x) = { y 5415/\//( )CMN(X_Y)%(Y) — Cun(0) : W\/(X)}
Taylor-expand:
oc . oc (y—x)td oc
Jimn = fnyCMN( )
and obtain
. 1: aL\? (=N . O*L
L = §C(O) (%) - TCMN(O)78¢M8¢N
(*)MJLMN oL O ARYS
T du M MG 0o

still integrated over x



Exact RG equation for £

: 1, (0L\° (=N . L
£ =30 (f)aﬁ) — o 55 o
N (=W un OL 5 oL
2L Agu M M G Dm0
Sums over:
j=1...,1

L#£0, L={A\, (MA), (Ahods), ...}
My, ..., Mj,M,N >0

Do truncations make the sums finite?

Only if they remove the generation of infinitely many higher derivative
interactions during an infinitesimal RG step



Truncations for L

Truncation criteria:

1. neglect the dependence of £ on ¢, ., for m>n

2. truncate the explicit dependence of £ on ®ur...u, UP to some power



Truncations for L

Truncation 1: project on L(&, ¢,.)

we need My = --- = M; = 0 but still the infinite sum over j remains
; 1x oL 1 0L oL
¢ = 3e0(55) 305 + 505 g0
n J)\l...,\ju¢ L % otir B 87561‘5‘1[,
ot NN 0 0709, 0, I
ey 0L DL
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D0 oL L
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Truncations for L

Truncation 1: project on L(¢, ¢,,)

input: Ly = %QS#(;S“ + v(o)
. 1 oL\ ? 9L 1. 2L
£ = 5¢() (a¢> C(O)a¢2 + = CU(O)T)H&%
+ J)\l«u)\J /1 gb % 6‘,+1£ _ %8’*%:
2j1 Y\ 8¢ 0190, 90, DIt
- Jkl...kj,wq5 » oL oL
21 MM Bg, 0didg,
Y 9, oL YL
T N g ot

output: Lire =L +0L(0,0,)



Truncations for L

Truncation 2: the explicit ¢,-dependence of L be quadratic

: 14 oL 1.,.0°C 1. 0L
¢ = 30 (5) 3605 + 360050 55
RN Y
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Truncations for L

Truncation 2: the explicit ¢,-dependence of L be quadratic

. 1 oL\’ 1., 0L 1. 9°L

L = 5¢(0) <6¢> - §C(0)8¢2 +5 C/Lu(o)m
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Truncations for L

Truncation 2: the explicit ¢,-dependence of L be quadratic

; oL 0’L L 9*L
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Truncations for L

Truncation 2: the explicit ¢,-dependence of L be quadratic

: oL 0L L 0L
= _A\"2 d—2+n d+n 'L
L A K<8¢) +A Ia¢2+/\ d 56,00"
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upon integration by parts, the last term becomes

0L
+ /\77 4/’<1 (ZS;L(ZSM (8¢2)



Truncations for L

input: Le=31¢.0" + v(9)
. oL 0L / L
— _A\T™ 2K /\d 2+n/ /\d"”'?i1
£ 0 (a¢) * a2 """ d 95,000

Lo g (P8 2L 0L oL
0%\ 06 0606, 06, 00
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output: Lire=52(0)pud" + v(9)




Truncations for L

input: L:= %qﬁuqﬁ” + v(9)

. oL 0L / 0L
_ n—2 d—2+4n d+n 'l
L —A K°<dq5> + A 18¢2+A d 96,00
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Truncations for £

Pt Le= 30u0" +v(9)
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Truncations for L

Given the approximate RG equation

. oL 0L / 0%L
= —A\172 d—2+4n dtn L
L A K<3¢) + A Iy 8¢2+/\ d@%f)qﬁu
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how can we account for the flow of the infinitely many couplings inside
L, both in the ¢ and in the ¢, sector?

if ¢,, = const then ¢(x) = ¢, x* + const’ and the x-integral is hard to
compute



From L to H

Natural solution: a covariant Hamiltonian formalism
¢, and ¢ cannot be simultaneously constant, but 7# and ¢ can!

so let us describe the RG flow in phase space H(¢, 7")

(G.P.Vacca, L.Z., Phys. Rev. D 86 (2012))



From L to H

Replace derivatives with fields at any scale
introduce tensor fields 7" (M #0)
H(x, 6.7) = exty, {imom + L(x,6,6u)}

oL . OH
Sl oml) =~ ()

7rM(x) =i

equations of motion
()"0 () = G4
OH

if 7™ £ 0 is a solution = rotations/Lorentz SSB



RG equation for H

Setting 7™ and ¢ to constants the x-integral factorizes
the ERGE becomes a PDE for a function of infinitely many variables

any truncated version reduces to a standard PDE



RG equation for H

Setting 7™ and ¢ to constants the x-integral factorizes
the ERGE becomes a PDE for a function of infinitely many variables

any truncated version reduces to a standard PDE, e.g.

oL 0L / oL
Ad 2+77/ /\dJrni1
a¢>> - 052 " d 99,00

oL 0%L oL 0%L
n—2 hdadihdi et dadhdiad
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+

in terms of H (w = 77, /2, ¢)



RG equation for H

Setting 7™ and ¢ to constants the x-integral factorizes
the ERGE becomes a PDE for a function of infinitely many variables

any truncated version reduces to a standard PDE, e.g.

01 11

H{10) + 257 (20)

o H(01)2 + 2@7‘[(10) (

(10)94(11) \ 2 2
- (7—[2(?0)7{ + 2;{71(20)) ] - K (H(m)%(m))

AT 41 1
d—2+n (02)
+ A hH + d h (H(m) T 74(10) 2@7‘[(20))

in terms of H (w = 7''n,/2, ¢)

Rescaling H, w and ¢: Ko, lo,h — 1and K1 — B



RG equations for Z and V

Dimensionless renormalized fields: dy = (d —2+1n)/2, d. =(d—n)/2
H — NH w— N é — N

Project on: H(w, ¢) = w/Z(¢) + V(¢)

: —2
vV = dV—%¢V’—(V’)2+V”+Z

: -2 z'y?

Z = —nZ- %qﬁzl —2ZV" 4+ 27" — 2% +2B (V"



RG equations for Z and V

Dimensionless renormalized fields: dy = (d —2+1n)/2, d. =(d—n)/2
H — NH w— N ®— A% ¢

Project on: H(w,¢) = w/Z(¢) + V(¢)

. d—2
v o= dvf%qﬁv’—(v’)%v’%z

: -2 7'y

7 - _nz_%ﬂ'—zzvuz”—z% +2B (V")

the O(0?) derivative expansion gives (Ball et al., Phys. Lett. B 347 (1995))

: -2
V = dV - %qsv’ — (V' + V" 4247

. -2 ~

Z = —nZ- %¢Z’ —4z7V" 42" 27'V' — g +B(v"Y



RG equations for Z and V

Dimensionless renormalized fields: dy = (d —2+1n)/2, d. =(d—n)/2
H — NH w— N ®— A% ¢

Project on: H(w,¢) = w/Z(¢) + V(¢)

. d—2
v o= dvf%qﬁv’—(v’)%v’%z

: -2 7'y

7 - _nz_%ﬂ'—zzvuz”—z% +2B (V")

the O(0?) derivative expansion gives (Comellas, Nucl. Phys. B 509 (1998))
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—nZ 0Z' —4ZV" + 7" 27"V + 4V + 2B (V")



Wilson-Fisher FP

(Ball et al., Phys. Lett. B 347 (1995), Comellas, Nucl. Phys. B 509 (1998))

In the O(9?) derivative expansion:  no preferred value of 7

0.050

0.040 -

0.030 L L L
0.30 0.40 0.50 0.60

B

requiring V(0) to be close to the LPA value:  1(A, B, Z(0)) ~ 0.042



Wilson-Fisher FP
(A.Ugolotti and G.P.Vacca, Master Thesis, Bologna U.)

In a scheme with B =0:  no preferred value of 7

0.06¢ ‘ ‘ ‘ -
0.05/
0.04;
1 0.03"
0.02;
0.01F

0.00k ‘ ‘ ‘
-0.0035 -0.0030 -0.0025 -0.0020

Az

where Z(¢)™t ~ Az 720



Wilson-Fisher FP
(A.Ugolotti and G.P.Vacca, Master Thesis, Bologna U.)

In a scheme with B # 0
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minimum at: 7 = 0.0408



Summary

» We enjoyed the freedom to devise truncations inspired by the
derivative expansion, retaining less information for each O(9™),
but including some information for any order

» This poses the challenge to simultaneously describe infinitely many
derivative and non-derivative interactions. We addressed this issue
by means of a covariant Hamiltonian formalism

» We derived a first example of a PDE that accomplishes this goal
» Wen truncated to O(7?), this PDE does not contain all the

information of an O(9?) derivative expansion. We compared
the two truncations by analyzing the 3D Wilson-Fisher FP



