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' Many-body quantum sytems

When many particles do not interact, their properties
follow straightforwardly from those of few

Interactions dramatically change this paradigm
especially in low dimensions



Unconventiona|
Superconductors

Mott insulators Topological states

The properties of many do not follow simply from those
of few: "more is truly different!”
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~ ““The complexity frontier”

| _ _ _

How to describe these many-body systems?
Numerically? Too difficult, e.g. for a spin-chain

T = Z Asiso. 5n|51,52,. .. SN) WII | ] I>
: Nl LA

S;=—1

2N coefficients:too many for a classical PC
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~ “The complexity frontier”

How to describe these many-body systems?
Numerically? Too difficult, e.g. for a spin-chain

‘\Ij> ~ Z A3<.8N31782,...8N> I I I ID
S;—=L -:-I | I | i

N

2N coefficients:too many for a classical PC

' We need a criterion that sets physical
| states apart from the others

:, * Entanglement is this criterion {



Con51der a system in a quantum state \\|1>(,0—NJ>(\|! )

‘ H = Ha® Hp
Alice can measure only in A, while Bob in the remainder B

Alice measures are entangled with Bob's ones: Schmidt deco
=)l Vn)alVa)s >0, ) ch=1

e If c1=1 = |y) unentagled
o If ¢ all equal = |y) maximally entangled




Cons1der a system in a quantum state \w)(p—\\vx\v )

H="Has® Hg

Alice can measure only in A, while Bob in the remainder B
Alice measures are entangled with Bob's ones: Schmidt deco

— ch‘wn>A’wn>B Cn = 07 ch =1

o If c1=1 = |y) unentagled
o If ¢ all equal = |y) maximally entangled

B

A natural measure is the entanglement entropy (p. =Trs p)

SA=-Trpaln ps = Si
=Y cilnci basis independent
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Entanglement in extended systems

If |y) is the ground state of a local Hamiltonian

Area Law

. Srednicki ’93
S.oc Area separating Aand B Do

+many more]

If the Hamiltonian has a gap
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, Entanglement in extended systems w

If |y) is the ground state of a local Hamiltonian

Area Law

. Srednicki *93
S.oc Area separating Aand B Do

+many more]

If the Hamiltonian has a gap

Inal+1 D CFT Holzhey, Larsen, Wilczek *94

B A B
+
l
SAZ%IHZ

This 1s the most effective way to determine the central charge



Importance

Area faw states

Only a tiny fraction of states satisfy the area
law (or small violations)

== )>If we can limit the search for the
ground state to this small subset, the
complexity of the problem 1s exponentially
reduced

> One meaning of Sx:

S gives the amount of classical information
required to specity |'¥)

Full Hilbert space
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| Tensor network states
| ] o e |
A new and powerful set of numerical methods based on

entanglement content of quantum states

MPS

\.__ e
MERA

<o

0’0’0’0’0’0’0’0 “Alphabet soup of proposals”

Subir Sachdev




For each site there are two matrices Alll of finite dimension yxy.
More entanglement can be stored as y increases.

The famous DMRG 1s a practical way to find a variational MPS
At fixed y, the maximum entanglement entropy of an MPS 1s Iny

1D area 1s a number = entanglement entropy constant = an MPS
with finite y can describe it

In d dimensions, area law N/ = y needs to be y~exp(N¢ )



Entanglement entropy and path integral
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| . PC, J Cardy 2004
The density matrix at temperature -/

(D1|p| D= |[3 = [ DI T s00x,0)-0a) TT0(60x, 9)-0n(x)) €

The trace sews together the edges along 7 = 0 and 7 = [ to form a cylinder
of circumference 3.

A= (u, v): pa sews together only those points x which are not in A, leaving an
open cut along the T = 0.
M\T
0

(P1(x)]palP2(x)) = 0, Y




— it e ————

1} Replicas and Riemann surfaces

i ,I‘d 2004
. a n

S54=—Trpalogpa = — lim —Trp}

n—1 0n

For n integer, Trpl is obtained by sewing cyclically #
cylinders above.
This 1s the partition function on a n-sheeted Riemann surface

F

Trp) = / | /

Renyi EE: Sa = 1/(1-n) In Trp?




This Riemann surface is mapped to the planeby “PC, J Cardy 2004

W—)C WUC—>Z—C1/HZ>W—>Z_(W—U)1/H

@/\C@/\@

/ /_Cn‘u_v| <(n—1/n)
Trpi= _— - / u-v|=1¢

Tr p4 is equivalent to the 2-point function of twist fields

Trp’y = (Tn(u) To(v)) with scaling dimension |[Az, = 1—62 (n - l)
n

— — | _T — |
ninl on T,OA Ogé
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ARTICLE

doi:10.1038/nature1l5750 Nature 528, 77 (20 I 5)

Measuring entanglement entropy in a
quantum many-body system

Rajibul Islam'!, Ruichao Ma', Philipp M. Preiss', M. Eric Tai!, Alexander Lukin', Matthew Rispoli' & Markus Greiner!

Entanglement is one of the most intriguing features of quantum mechanics. It describes non-local correlations between
quantum objects, and is at the heart of quantum information sciences. Entanglement is now being studied in diverse
fields ranging from condensed matter to quantum gravity. However, measuring entanglement remains a challenge.
This is especially so in systems of interacting delocalized particles, for which a direct experimental measurement of
spatial entanglement has been elusive. Here, we measure entanglement in such a system of itinerant particles using
quantum interference of many-body twins. Making use of our single-site-resolved control of ultracold bosonic atoms
in optical lattices, we prepare two identical copies of a many-body state and interfere them. This enables us to directly
measure quantum purity, Rényi entanglement entropy, and mutual information. These experiments pave the way for

using entanglement to characterize quantum phases and dynamics of strongly correlated many-body systems.

Product state Entangled state
(3% o s) (Fenvays)

|W)=|W)A®|¢)B |¢)¢|¢)A®|¢)B

77 ) 7777
Trace Mixed Trace
(11111

Figure 1 | Bipartite entanglement and partial measurements.

A generic pure quantum many-body state has quantum correlations
(shown as arrows) between different parts. If the system is divided into
two subsystems A and B, the subsystems will be bipartite entangled

with each other when there are quantum correlations between them

(right column). Only when there is no bipartite entanglement present,

the partitioned system |15p) can be described as a product of subsystem
states |5) and |1p) (left column). A path for measuring the bipartite
entanglement emerges from the concept of partial measurements:
ignoring all information about subsystem B (indicated as “Trace’) will put
subsystem A into a statistical mixture, to a degree given by the amount of
bipartite entanglement present. Finding ways of measuring the many-body
quantum state purity of the system and comparing that of its subsystems
would then enable measurements of entanglement. For an entangled state,
the subsystems will have less purity than the full system.

a
) ) ) Even particle number
Two identical N-particle

” in Output 1
bosonic states N
7 N
o Py ) o0
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b »4 P
\ <Pi) = Tr (01 /02) p1=:p2 Tr (02)
':/ o Average Quantum state Purity
P P, parity overlap
(k)
Pi =”p/

k

Figure 2 | Measurement of quantum purity with many-body bosonic
interference of quantum twins. a, When two N-particle bosonic systems
that are in identical pure quantum states are interfered on a 50%-50%
beam splitter, they always produce output states with an even number
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"~ PC, J Cardy, E Tonni 2009/10
A = Disconnected regions:

More complex Riemann surface:




~ PC, J Cardy, E Tonni 2009/10

U1 — ef|vi — v g n =t/
Trph = c; F
i Cn(|U1—V1||U2—V2HU1—V2HU2—V1\> %)

X = (u— U2)(V1 V2)

Fu(x) 1s a calculable function depending on the full operator content

) Z (AJ‘|‘A )

( 12V
Tr’OA_C 8122 1)Z<n;r22
{ki}

H (/bk 27ry/n

Can we get F(x) for some explicit models??
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PC, J Cardy, E Tonni 2009/2010

Using old results of CFT
on orbifolds Dixon et al 86

[isan (n—1) X (n— 1) matrix

n—1
21 k k
[, = s sin (77—) Bk cos [27r—(r — s)]
n — n n n

H,(1— x)
Hy(x)

with By = Hy(x) = 2F1(y,1—y;1;x)

Riemann theta function ©(z|lN) = Z exp [ itm-T-m+2wim- z|

m E Zn—l

Nowadays generalized to many other cases: Ising (P, Cardy, Tonni),
Askhin-Teller (Aiba, Tagliacozzo, PC), Fusion-twist (Rajabpour, Gliozzi),
merged models (Fagotti).....
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The RDM of two intervals is not trivial because of JW string Igloi-Peschel
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@® Detect and characterlze quantum crltlcahty
In random quantum spin chains Sx « In ¢

Refael and Moore, Laflorencie, Santachiara, Jacobsen, Saleur ...

Universal corrections to the scaling
PC, Essler, Cardy, Ravanini, Franchini,Ercolessi, Alcaraz....

® Topological entanglement entropy
SA :OCL-)/ y 1s the topological charge

Kitaev and Preskill, Levin and Wen, Fradkin and Moore, Schoutens et al....

Haldane, Regnault, Read, Ludwig, Bernevig,
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@® Holography: Ss=length of the geodesic in the AdS bulk

Ryu and Takayanagi. Headrick, Maldacena, Myers

@ c—theOl‘el’n analogues Wlth SA Casini and Huerta, Myers,

® Entanglement out of equilibrium (quenches)
PC and Cardy, Vidal, Schollwoeck, Kollath, Eisert, Cirac...

@® Other measures of entanglement (eg mixed states)

Fazio, Amico, Vidal....

» Entanglement negativity pc, cardy, Tonni 2012/13
» Shannon information Stephan, Pasquier, Oshikawa Alcaraz

® Too many more to be mentioned here
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;{ Many partlcles out of eqmllbrlum

How do the Gibbs dlstrlbutlon emerge in QM?

von Neumann in 1929 posed the question [1003.2133]

Quantum Quench idea:

1) prepare a many-body system 1n a pure state that 1s not an eigenstate
of the Hamiltonian

2) let 1t evolve according to QM laws (no coupling to environment)

P(t)) = e~ [o)
Questions: ® How can we describe the dynamics?

® Does 1t exist a stationary state? In which sense?

'¥(¢)) remains pure for any ¢



The Reduced densit

@® |¥(r)) time dependent pure state

‘ Reduced density matrix: pa(?)=Trs p(¥)
@ The expectation values of all local

observables within A are

(P(1)|Oalx) |F(2)) = Tr[pa(?) Oa(x)]

@ Stationary state: if exists the limit
lim pa(?) = pa(eo)

[—00




The Reduced density matrix

@® |¥(r)) time dependent pure state
‘ Reduced density matrix: pa(?)=Trs p(?)
@ The expectation values of all local
observables within A are
(P(1)|Oalx) |F(2)) = Tr[pa(?) Oa(x)]

@ Stationary state: if exists the limit
lim pa(?) = pa(eo)

[—00
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6 Thermali_zation Vs Gerd ibbs |

|

but this 1s another story/talk....



 Entanglement after a quench

— =

In a CFT (i.e. exactly linear dispersion relation E=vk up to a cutoff)

( ety

i 2vit<t <
Ge o)
Su(L,f)= < A
Tl oyt
\ 126

b2 C)2

PC, Cardy 2005
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- Entanglement after a quench

PC, Cardy 2005

In a CFT (i.e. exactly linear dispersion relation E=vk up to a cutoff)

i 2vit<t <
Ge o)
Su(L,f)= < A
Tl oyt
\ ].26

- | ' 0.2  €)/2 vi

Exact results for the

0 20 40 60 S0 100 Lo ML ISing mOdel
ol | i Fagotti, PC 2008

S4(¢,1)

Curvature: eftfect of the
non linear dispersion




~ Physical explanation |

| PC, Cardy 2005

lyo) has large energy: source of quasi-particles v

Pairs of quasi-particles move 1n opposite
directions with velocity £ vi

Particles emitted from the same point are
entangled




~ Physical explanation

lyo) has large energy: source of quasi-particles v

Pairs of quasi-particles move 1n opposite
directions with velocity £ vi

Particles emitted from the same point are
entangled

Vi — dk Vmax ex1sts

Light cone: Points at separation £ become entangled when left- and
right-movers originated from the same point reach them

correlations form at = €/2vmax

If all particles move at the same speed, entanglement and correlations
are frozen for >¢/2v

Slower particles change entanglement and correlations
after ¢ = €/2vmax: large t 1s driven by slowest particles
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M. Cheneau et al, Nature 2012

quench

posmon

RAVAAAVAVAVAY
VA AR o AVAME

< d=vt >

FIG. 1. Spreading of correlations in a quenched atomic
Mott insulator. a, A 1D ultracold gas of bosonic atoms
(black balls) in an optical lattice is initially prepared deep
in the Mott-insulating phase with unity filling. The lattice
depth is then abruptly lowered, bringing the system out of
equilibrium. b, Following the quench, entangled quasiparticle
pairs emerge at all sites. Each of these pairs consists of a
doublon (red ball) and a holon (blue ball) on top of the unity-
filling background, which propagate ballistically in opposite
directions. It follows that a correlation in the parity of the
site occupancy builds up at time ¢t between any pair of sites
separated by a distance d = vt, where v is the relative velocity
of the doublons and holons.
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PC J Cardy 2005

® The entanglement entropy of an interval A of length ¢ 1s proportional to
the total number of pairs of particles emitted from arbitrary points such
that at time £, x€E Aand x’E B

® Denoting with f(p) the rate of production of pairs of momenta £p and their
contribution to the entanglement entropy, this implies

~ / d:z:’/ dm”/ dx / F(p)dpd (2" — z — v,t)d (2" — x + v,t)
x' €A x"'eB —00

X t/o dpf(p)2v,0(f — 2u,t) +€/OO dpf(p)0(2v,t — 1)

0

® When v,is bounded (e.g. Lieb-Robinson bounds) |v,|<vmax, the second

term 1s vanishing for 2 vmax <<€ and the entanglement entropy grows
linearly with time up to a value linear in £
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One example
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Transverse field Ising chain PC, J Cardy 2005
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Analytically for t, £ > 1 with t/€ constant

do do M Fagotti, PC 2008
S(t):t/ %2‘€/|H(COSA¢)—|—€/ gH(COSASO)
2|e’ |t<l 2|e’|[t>4
cos A, — l—cosgo(h:(—)ho)+hh0 H(x):_l—lz—xlogl—;—x_1;x10g1;x

€p€
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Physical interpretation at 1=

0,0

?

5

The extensive value at = 1s the
0,<t; thermodynamic entropy in the
mixed state because

lim pa(t) = pa(ec)

[—00

Su(¢,7)

0.2 02 vi

For large time the entanglement entropy
becomes thermodynamic entropy

Understood even in more complicated situations
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Quantum thermalization through
entanglement in an isolated
many-body system

Adam M. Kaufman, M. Eric Tai, Alexander Lukin, Matthew Rispoli, Robert Schittko,

Philipp M. Preiss, Markus Greiner*

quantum quench
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FIG. 1. Schematic of thermalization dynamics in
closed systems. An isolated quantum system at zero tem-
perature can be described by a single pure wavefunction |¥).
Subsystems of the full quantum state appear pure, as long
as the entanglement (indicated by grey lines) between sub-
systems is negligible. If suddenly perturbed, the full system
evolves unitarily, developing significant entanglement between
all parts of the system. While the full system remains in a
pure, zero-entropy state, the entropy of entanglement causes
the subsystems to equilibrate, and local, thermal mixed states
appear to emerge within a globally pure quantum state.
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FIG. 3. Dynamics of entanglement entropy. Starting from a low-entanglement ground state, a global quantum quench
leads to the development of large-scale entanglement between all subsystems. We quench a six-site system from the Mott
insulating product state (J/U < 1) with one atom per site to the weakly interacting regime of J/U = 0.64 and measure the
dynamics of the entanglement entropy. As it equilibrates, the system acquires local entropy while the full system entropy
remains constant and at a value given by measurement imperfections. The dynamics agree with exact numerical simulations
with no free parameters (solid lines). Error bars are the standard error of the mean (S.E.M.). For the largest entropies
encountered in the three-site system, the large number of populated microstates leads to a significant statistical uncertainty
in the entropy, which is reflected in the upper error bar extending to large entropies or being unbounded. Inset: slope of the
early time dynamics, extracted with a piecewise linear fit (see Supplementary Material). The dashed line is the mean of these
measurements.



For large time the entanglement entropy
becomes thermodynamic entropy

Idea: We could use the knowledge of the entropy 1n the stationary
state to go backward 1n time for the entanglement entropy.

Alba & PC, 2016
Making a long story very short: after a quench 1n a Bethe ansatz
integrable model, the TD entropy has the Yang-Yang form:

Syy = L Z /dA@,t(A) In Pn,t()‘)_pn,p()‘) In pn,p()‘)_ﬂn,h()\) In Pn,h()‘)D

\/Sn(ju)

Assuming that the Bethe excitations are the entangling quasi-particles:

conjecture:> S(t)y =Y {Qt/dAUn(A)Sn(A) +5/d>\5n(>\)}a

"ol t<t 2| vy, [t>0

Warning: Determining v,(4) 1s non-trivial



For large time the entanglement entropy
becomes thermodynamic entropy

conjecture: S(t) =Y {Qt/dkvn(k)sn()\) + ﬁ/d)\sn()\)},

n

2|vn [t<l 2|vn [t>0

Check for quenches 1in the XXZ spin-chain

o=~
o

----- O=n/3 A=4 |7
-—- O=mn/6 A=4 []
— U=n/3 A=2 |]

-—- Conjecture o.75(1~~
¢ Extrapolations | 05E~
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| Conclusions

The entanglement entropy 1s a very useful concept for many-
body systems:

® [t encodes all universal properties of critical 1D many-body
systems (1.€. central charge, operator content, etc.).

e Note: the entanglement in the vacuum encodes all this.
There 1s a lot 1n the vacuum (ground-state)

® [tisa tool to design better performing numerical algorithms
® [t provides a mechanism for thermalization

® Many other things that do not fit in one hour



Sa,ua, gives the entanglement between A and B

The mutual information Sa, + Sa,-Sa,ua,
gives an upper bound on the entanglement
between A1 and A»
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Entanglement of non-complementary parts
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Sa,ua, gives the entanglement between A and B

The mutual information Sa, + Sa,-Sa,ua,
gives an upper bound on the entanglement
between A1 and A»

What is the entanglement between the two
non-complementary parts A1 and Az?

A computable measure of entanglement exists:
the logarithmic negativity [Vidal-Werner 02]



Let us denote with |67; > and

(2)> two bases in A; and A»

p 1s the density matrix of A{UA? , not pure

The partial transpose 1s

1 2 1 2 1 2 1 2
(e e pT2le ey = (et ef? [pleyel?)

And the logarithmic negativity

¢= Inf| p2 [|= In Tr |p™

Tr|pT2|—Z|A|—ZA -\

Ai >0 A <0

It measures “how much” the eigenvalues of p’z are negative
because Tr(p'2)=1



PC,J Cardy, E Tonni 2012
@ Let us consider traces of integer powers of p?2

= > A=) A"+ ) A" me even

A; >0 A <0
c= D A= N =) ™ p, odd
) A >0 ;<0
@ The analytic continuations from n. and n, are different
E = lim1 In Tlr(,OTQ)”e hm1 Tr(p'2) = Trpl2? =
Ne— No—

i} = n, odd
® For a pure state p=ly)Xy| Tr(p"*)" = { (;an/z) ) e
rp

n = N, even



,t * Negativity and QFT :

B Ajq B

Tripartion:
188 V1 u2 V2
Trph = (Tn(u1)Tn (v1) Tn (u2) Tn (v2))
| S 5
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n . T
Tr(p})" = |
l [

= (T (u1)Tn(v1)Tn (u2) 7, (v2))

The partial transposition exchanges two twist operators
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’» Pure States in QFT |
R —____ _PC,J Cardy, E Tonni 2012

Uj V] Uz V2
2 =2
T ' T,

n

L (TR = (L) T ()

T, connects the Jj-th sheet with the (j+2)-th one:

For n=n. even, the R-surface

O :
decouples 1 two n./2 surface

For n=n, odd, the n,-sheeted
surface remains 7,-sheeted
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: ~ Pure States in CFT
T/ T, 7_;;1\;77"

Uj VI ' Uz V2
2 —)
T T,

Tr(pi2)™ = (Tn,(u2)Tp, (v2)) = Trpl
Thus in a CFT:

7;,/2 has dimension Ar2 =
o no
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