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anti-de Sitter (AdS)/conformal field theory(CFT) correspondence

One of the most promising
approaches to a quantum theory
of gravity 1s via the anti-de Sitter
(AdS)/conformal field theory
(CFT) correspondence.

(AdS)/ (CFT) correspondence, 1s
a relationship between two kinds
of physical theories. On one side
are anti-de Sitter spaces (AdYS),
which are used in theories of
quantum gravity on the other side
of the correspondence are
conformal field theories (CFT).
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In 3D how does it works?

Einstein’s gravity: It has a healthy boundary structure but suffers from
bulk triviality.

Topologically Massive Gravity (TMG): It does not have a unitary dual
CFT 1n asymptotically AdS spacetimes. In the sense of AdS / CFT
correspondence it 1s not viable as a quantum gravity.

New Massive Gravity (NMG): It also has the bulk/ boundary unitarity
clash and hence does not posses the expected holographic description.

Minimal Massive Gravity (MMG): It 1s unitary both in the bulk and
on the boundry.



TMG [2] field equations derived from the action:

§= [ Pay=g(R=20)+ LT (0,17, + 5T,

as,
%C’W +0Gpuy + Mgy =0

This model modifies the field equations of general relativity by adding a
new term with three derivatives.

1

Chw = 1 *PV0.Sj

1
S,uV = RMV - ZgAuVR

[2] S. Deser, R. Jackiw and S. Templeton, Topologically Massive Gauge Theories, Ann. Phys. (N.Y.) 140 372 (1982);
185 406(E) (1988).



MMG [3] field equations have an additional symmetric J -tensor 1n it.
B =G+ Ao gu + icu,, + 5w =0

I = = 788,y = 06 = 3960 4 10 R + 598"

VB =V, (6GM + Mo g + 1O 4 gy =V, T

VI =78, 7C, ..

The MMG field equations do not obey the Bianchi Identity and
therefore cannot be obtained from an action with the metric being the
only variable. But the covariant divergence vanishes for metrics that are
solutions to the full MMG equations. Therefore, one has an ”on-shell
Bianchi Identity.

[3] E. Bergshoeff, O. Hohm, W. Merbis, A. J. Routh and P. K. Townsend, Minimal Massive 3D Gravity, Class. Quantum
Grav. 31, 145008 (2014).



Since MMG has remarkable properties which the other three
dimensional theories lack, it bring to mind:

* Can we find any different rank two tensor, which satisfy on shell
conservation at quadratic order?

* Is MMG unique or 1s 1t part of a large class of theories?

* Are there any deformations of TMG or MMG at the cubic, quartic
and higher orders?



1) QUADRATIC EXTENSIONS OF TMG

Let €., =0 be the ficld equations.

1

and the trace equation:

—a§+3A+yY=O

The main question 1s to find all possible Y-tensors, which satisfy
the on-shell conservation.

Ve =yV Y =0



The most general quadratic tensor:
Y™ =aSy" +bg"™'S, +cS"S +dg"' S’

Sy = ShsPY
Sy =SS

The trace and divergence are respectivly,

Y = (a + 3b)S2 + (¢ + 3d)S?,

VY = ((a+¢)Sp” + (2d + ©)S6, ) VPS + 547 (aV .S, ¥ + 26V Sy,).-
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In order to get a on shell conserved tensor,we must write the last term in
terms of Cotton tensor.
By using the definition of the 3 index Cotton tensor 1in any dimension,

(g,wv R— guwV R)

Ca,uz/ — vaRp,v - V,U,Roa/ - 2(n — 1)

1n 3 dimensions one has,

)
Cauv = VaSuv - VuSav = n/luacv
a= —2b

VY H = ((a +¢)S, " + (2d + 0)555) VPS + any¥"S,PC, ",
Y = bSy + (c+ 3d)S>.
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i) b0

Second term with Cotton tensor vanishes on shell, but first term
does not, but 1f we set,

a+ c = 0, 2d + ¢ = 0,

the first term will vanishes too.
Also a=-1 choice gives us the J-tensor.

1 3 5
Y" =J" =R¥R, -—¢""R _R" -=RR" + —g"'R’
P8 T 4 16°
ii) b=0
YMV — CS“VS + dgu,,S:z,
Y =(c+3d)S’

gives a shift of TMG parameters.
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2) UNIQUENESS OF MMG

Suppose X-tensor 1s divergence free and symmetric
V,.X# =0
Using this tensor we can build symmetric Y-tensor (is not in the most

general quadratic form) as,

1 — —
Y = St T X pr Xom

where, Xon = Xon+a9-X By using the identity,
17 Nag = —0%, (070075 — 0750%0 ) + 6 (07,0%5 — 6750°, ) — 85 (87,870 — 07ads ),

£, =X, 11, =0

we can write Y-tensor in the form:

Vi = X0X o + 19w Xpe X" + 00X X + 300 X
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v o _VUTN v v  — UNT Vv
we defined a new tensor as,

ZHY — n”a,@vaiﬁ v
£ =XW+YW+ZW=O

uv
Z-tensor 1s traceless but it 1s not symmetric.

nlJ«VO'Z'u’V — _vu)?o' Y+ vo’j\f-
a

V, X = )¢

(14 3a)
With the choice a=-1/2 1t becomes symmetric. With this choice

VuZt =n"PRonXpg * = 1" GanXp * = 1"*P San X .
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If
X3 A — a055 A +ang A -+ 61,2323 A +a3835 A -1~ a4843 A -+ Zaisiﬁ A

=5

divergence of Z-tensor vanishes, then X tensor 1s
Xan — _2ganaO + al(San — gonS) + a2 (82077 - gan82)a

we assumed that the covariant derivative of the X tensor vanishes.It 1s
possible only 1f a.=0.

ZH = al(]‘“’
which vanishes on shell for the field equations.
C;w = C19uv T+ C2S;u/ + C3Y;u/
Y = JH

This calculations shows uniqueness of the MMG at the quadratic
order.
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3) EXTENSIONS OF TMG AND MMG
Suppose we have the following deformation of TMG and MMG

1

R
_GE +3A+yJ+y,K=0 , trace equation.

A) CUBIC EXTENSIONS

The most general two-tensor which can build form powers of
Ricci tensor 1s

K" = a1RM Ry R™ + azg“”RpaRagRﬂ p+a3RR"R” ,+ asR* Ryp 24 a59" RR,p 2
+agR" R* + a7g"™ R’

K = (a1 + 3a2)R3 + (a3 + a4 + 3a5) RRo + (ag + 3a7)R3,
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its covariant divergence 1s;

3 ) 3
VK = v,g.rz((a,1 + ag)RY + (% 20 + a2—4)RR“ + (% +as + %) guRo

+ (% + a2—6 + 3a7) gWR2) + RSP (3a2V”5pa +a1VaS, ”) + R" Rog (alvasﬂu + 204Vu5ﬂa)

+RRHP (a3V“SZ + 20,5VVSW).

Again, 1n order to get an on shell conserved tensor, we must write
Cotton tensor 1n the expression.

a1 + 2a4 = 0, a1 + 3as = 0, az + 2as = 0,

8 2 3 5)
a1+a3:k, a3+§a6+§a4:—k, a4+2a5+§a2=—k a6—|—a5+6a7:§k.
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These reduce the divergence of the K-tensor to

V.K* = kJ*V R+ ainy "*RagR® ,C + a1nauaR* RogC™ + agny, YRR*CH ,

the third term vanishes because of symmetries.By using the three
dimensional 1dentity

EEP = gMPnPreEs + gvPPEg + g PP ER,

we can combine the remaining two terms and we get,
V. KH =k (J‘“’VMR + N, Y RRHPCH p).

K = —;R(Riﬂ - %RQ) ~ —kRJ.

18



i) k=0

K tensor 1s conserved and traceless without using the field equations.

1 1 1 1 1
K = RE” — 29" Rs — RRY” — SRRy + 59" RRy + SRR — 29" Y.

From Cayley-Hamilton theorem

A3 — (TrA)A?% + % [(TrA)? — Tr(A®)] A —det(A)I3 = 0.

detA = — [(TrA)® — 3Tr(A?)(TrA) + 2Tr(A%)] .

O =

A = (RY)

this tensor 1s identically zero.
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i) k20

The second term vanishes both for TMG and MMG mass shell, but the
first term does not. From the trace equation,

—G§+3A+y1]+yzl(=0

1 1
J==(R_R"” -—R°
2( Pe 16 )

R 1s not constant.

There does not exist an on shell conserved tensor for TMG and
MMG, which build from the third powers of Ricci tensor.
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B)QUARTIC EXTENSIONS

1
oG, +Ag,, + ;CW +vJ o vV L, =0

R
_0'5 +3A+y,J+y, L =0 ,trace equation.

The most general rank two tensor, which can build from powers of Ricci
tensor, 18,

LMY = a1 REY + agRE"Ro + asRREY + a4 R*RE” + asR*™ R® + ag R R3
+a7RY RRo + agg"”" R4 + agg"” RR3 + amg‘“/R2’R,2 + a1lg“"R4 -+ algg“”’l?,%.
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and 1ts covariant derivative:

5 v 3 3 v v ]- v
V. LF = ((4(11 + a3)RE” + (=a2 + —ag + a7) R*REY” + (a3 + 2a4 + §a2)RR§L

4 4
3 1 9y 1 1 w3
+(Za4 + 50,7 + 3a5)R RMY + (50,5 +4aq11 + 50,10)g R+
1 uv 1 3 uv
(586 + a9 + ag)g" ' Ra + (a7 + a12 + 2a10 + 7 ag)g" RRy | VR

+RFRy(aaV 1S ¥ + 4012V S,0) + RRY 5(a3V ,,8P” 4 3a9V” S, P)
+RR*RPY(a3V ,S0p + 207V 5S4,) + RERF(a4V S0 ¥ + 2010V S,0)
+RY sR, Y (a1V 8PP + 3a6VPS,, P) + REP(a1V S, ¥ + 4agV”S,,,)
+RFORYP (a1V 1808 + 205V 3S oy )-
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The terms in the last four line can be written in terms of Cotton
tensor by relating the parameters as;

@y = - L @ _ %8  _ & __ a3 o N
2 - 2 b) 6 3 b 7 2 b 8 - 4 b 9 3 b 10 - 2 b 12 - 8 .
and for stmplicity, we can choose the other parameters as;
daq 1 3k 1 3 ok 1 1 17
1 +as k as 4a1—|—2a4 1 4a3+3a5+4a4 16’ 4a4+2a5—|— a1l 192
v Qa v 1 v(pap 1 1 k ai 2 v
Vil = k(R Jo " = 5¢" (R Jag — SR | VR + | JarRe+ (5 + )R | V¥

—alRRWVaJﬁ + a1mk g uRngk P

723



i) k=0
We get an on shell conserved tensor as;

1 5 3 7 1

122 » Y e ») _ v 4 Y p2puy wY R3 T pupy
L =Ry — SRE" Ry — ;RRE” + [ R*RY” — o R¥R® — S RMRs
5 1 5 3 1 1
Y puv T pv uv Y uv p2 . uv R4 T o pra2
+8R RRo 19 R4+ 199 RR3 39 R“Ro 199 R™ + 39 R5.

which is 1dentically zero.

1 1 1 1 1
RV = SR Rs + RRYY + 57%5”722 — 5 R*"RR2 — 572'2“’}22 + 6Rﬂ"Rf‘,

(we get this 1dentity by using K- tensor)
_ o~~~ ~ 1 ~
O i B RUS RULRYL = 2Ry — 2R3 =0,

(1 pe2 a3 4] 8

(Schouten 1dentity)
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i1) k#0
As a result of the trace equation

—G§+3A+le+y2L=O

k
L= —R2J.
8

1 1
J==—(R R -—FR’
2( po 16 :

R 1s not constant, since the J tensor has the square of the Ricci tensor in

it. The first term 1n the divergence of the L-tensor does not vanish.

There does not exist an on shell conserved tensor for TMG and
MMG, which build from fourth powers of Ricci tensor.

?5



C) HIGHER ORDER EXTENSIONS

By using the Schouten i1dentities, we can write higher order powers of
Ricci tensor 1n terms of the lower ones.

1 1

V1VoUsVe D2 DU3 D4 DL D 1l ~ S (> S (T
Sirrmn BUE BLS RUSRU R = 2 (Rs)l — SRa(Rs)l) — 5 Rs(Ra)l =0,
SY1V2V3VA Do K3 QH4 QE RE1 _ 1 R 17€ R - 1 Ra(R)E = 0

[u1u2u3u4]RV1 Rl/2 Rl/3 RV4 v Z( 5)1/ - § 2( 3)1/ — ﬁ 3( 2)1/ — Y

There does not exist an on shell conserved rank two tensor except
the quadratic one.
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CONCLUSION

In this work,
we prove that at the quadratic order 1n the curvature MMG is the
only deformation of TMG and it 1s a unige theory.
We have also showed that there does not exist a deformation of TMG
or MMG on to the qubic and quartic orders.
It 1s diffucult to construct on shell conserved rank two tensors in
three dimensions.
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