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Why D=3? And why higher spins?

~ Motivation |: beauty

» In D=3 the local BMS group is an Inonu-Wigner contraction of
the AdS3 local conformal symmetry at spatial infinity  Brown, Henneaux (1986)

- Motivation ll: ...and the beast

» Several ways to obtain BMS as a limit of conformal symmetry:
are they all equivalent?

| in fi i H 'Rey; A.C., Pfenninger,
» Higher-spin fields — non-linear W algebras F;’(‘j’;ﬁ]‘;’;e:!rheisen (zegpg;ger

» Extension of the symmetry — techniques that may be useful in D =47
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Asymptotic symmetries in flat space

© Asymptotic symmetries at null infinity in Minkowskis

_ c

(s Il = (m—n)Jpin + é m(m?* — 1) Omtn.0 5
_ c

I, Pl = (m—n)P, + 1—; m(m® — 1) Smgno

[Pma Pn = 0 3

~ Define new generators and central charges

Pm (Lm + E—m) ) Jm — Em o Z—m

1
14
| Co =

B g

~ Same result directly from flat gravity  sarnich, Compere (2007)

& Everythlng eXtendS -to hlgher Sp|nS Afshar, Bagchi, Fareghbal, Grumiller, Rosseel;

Gonzalez, Matulich, Pino, Troncoso (201 3)
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The bms; algebra

© The centrally extended bmss algebra (m € Z)

C1

Ty Il = (m—n)Jpmin + D m(m2 — 1) dmtno
T, Pl = (m—n)Pin + f—; m(m2 — 1) 0imtno
[Pm, Pn: = 0

© c2 plays an important role in representation theory

and doesn’t vanish in gravity: co = %



The bms; algebra

© The Poincaré subalgebra (m = —1,0,1)

[Jma Jn] — (m — n) Jm—l—n +— Lorentz
[Jmapn: — (m_n)Pm+n
[Pma Pn = 0

|

O RRA ORI —

© Pm — translations; Ji1and J-1 = boosts; Jo — rotations
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Poincareé unitary irreps in a nutshell

- lrreps of Poincaré group classified by orbits of momenta

- all p* that satisfy p* = —M? for some mass M

© Pgo gives the energy and P1,P-1 commute with it

» build a basis of eigenstates of momentum: |p*, s)

- All plane waves can be obtained from a given one via

U(w) =exp|i(wJ; +w*J_1)] is a unitary operator



Rest-frame state & Poincare modules

~ Massive representations
» Representative for the momentum orbit k* = (M, 0,0)

» The corresponding plane wave |M, s) satisfies

P()‘M,S>:M’M,S>, P_1’M78>:P1‘M,S>:O,
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- |M, s) is annihilated by all P, aside Po!
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Rest-frame state & Poincare modules

- Rest-frame state:

| P()‘M,S>:M’M,S>, P_1’M78>:P1‘M,S>:O,

\
~ __ _ _

P» and Jn act linearly on these states

Irreducible? Yes, Casimirs commute with all J,

Unitary? Change basis! [p#,s) = U(A)|M, s) — (p*,s|¢",s) = 0,(p,q)
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bmss modules

~ Representation theory of BMS3 group Barnich, Oblak (2014)
» Irreps again classified by orbits of supermomentum p(y) = Z Pre'™?
nez

» It exists a basis |p(y), s) of eigenstates of supermomentum

» Orbits with a constant p(¢) = M — ¢3/24 — rest-frame state!

o @Given the rest-frame state A.C., Gonzalez, Oblak, Riegler (2016)




bmss modules

N Group theory teChanueS do nOt apply see however
neither to higher Spins norin D = 4 A.C., Gonzalez, Oblak, Riegler (2015)

o @Given the rest-frame state A.C., Gonzalez, Oblak, Riegler (2016)




bmss modules

~ Group theory techniques do not apply .. rowever
neither to higher Spins norin D = 4 A.C., Gonzalez, Oblak, Riegler (2015)

~ Unitarity and irreducibility not clear in this basis
— turn to a basis of eigenstates of momentum!

o @Given the rest-frame state A.C., Gonzalez, Oblak, Riegler (2016)
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Ultrarelativistic limit

- New generators:

© Inthe limit £ — oo the conformal algebra becomes bmss

~ What happens to highest-weight representations?
» HW state: Lolh,h) =0,  Lylh,h) =0 whenn >0

- Vermamodule: L_,,---L_p, Lz, - L_z|h h)

h+h

h—h
g )

» New quantum numbers of the HW state: M = s

- Rewrite £L_,,, -+ L_,, L_5, -+ L_z|h,h) inthe new basis as

Jn1Jn2 JnN‘M, S> with T 2 o Z Z N

» Jn don’t annihilate the vacuum — invertible change of basis!



Ultrarelativistic limit

- Matrix elements of P, and J, A.C., Gonzalez, Oblak, Riegler (2016)

Pn|k17"'7kN> — Z P](;Z;)kj(M,S,Z) ‘k/177k./7\7>
k'

Jn|k17"'7kN> — Z Jl(c?,)kj(Mvs) ’k/177k.,7\7>
k'

|

» ¢ comes from the “old" CFT HW conditions: (Pin + %Jin) \h,h) =0

- only negative powers of ¢ appear: limit exists!

M _
o If h= €2+s FA RO, h= FA+OU

the highest-weight state |4, h) satisfies in the limit

Po|M,s) = M|\M,s), P,|M,s)=0form=#0, Jy|M,s)=s|M,s)



Galilean limit

Bagchi, Gopakumar,

o Alternative contraction conformal = bmss Mandal, Miwa (2010)

N

Ly, L,] = (m—mn) Ly, + B m(m® — 1) Smgn.o
(L, M| = (m—mn) M1, + 01_1\24 m(m2 — 1) dmtno

(M, My = 62("')
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A=h+h, {=e(h—h)
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Galilean limit

Bagchi, Gopakumar,

o Alternative contraction conformal = bmss Mandal, Miwa (2010)

© What happens to highest-weight reps?
A=h+h, §=e(h—h)
Lo|A€) =0, M,|A ) =0, n>0

‘{[z}, {m]}> = L_[l c e L_[iM_ml c. M_mj‘A, §>

> HW reps are mapped into other HW reps
- Cool! We can define a scalar product using (M,,)" = M_,,, (L)'= L_,,
» These reps are typically non-unitary and reducible

» Ok for condensed matter applications but bad for gravity!



The bmss algebra and its unitary irreps

Ultrarelativistic vs Galilean limits of CFT

Higher spins

Characters & partition functions




Gravity in D = 2+1

~ Einstein-Hilbert action
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~ Einstein-Hilbert action

e =e*J,

1 1
I = t NR N e N |
167TG/ T (6 R eNe 6> with <\ o Wi,

~ A couple of useful tricks...

1
a a b,c
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“Higher spins” in D = 2+1

~ What happens with other gauge algebras? E.qg. sl(3,R)?

[

167G

302

1 1
/tr(e/\R+ —e/\e/\e) 4

[ e = (eMaJa + euab Tab) dxt

W = (wua’Ja + wu“b Tab> dxzt

sl(3,R) algebra:

[Jaa Jb] — EachC

[Jaa Tbc:

[Tab7 Tcd:

— 6ma(btz—'c)fm

- (na(ced)bm T nb(CEd)am> !

m

|

R OO I I



“Higher spins” in D = 2+1

~ What happens with other gauge algebras? E.qg. sl(3,R)?

[ e = (eMaJa + euab Tab) dxt

W = (wua’Ja + wu“b Tab> dxzt

no-problems inv

sl(3,R) algebra:

[Ja7 Jb
[JaaTbc:

c
= €abc J

— 6mob(biz—vc)m

— — (na(ced)bm + nb(ced)am)J

m

|

ORI I
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» AdS: s0(2,2) = sl(2,R) @ sl(2,R) Chern-Simons action Achicarro, Townsend (1986)
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“Higher spins” in D = 2+1

~ What happens with other gauge algebras? E.qg. sl(3,R)?

[ e = (eMaJa + euab Tab) dxt

W = (wua’Ja + wu“b Tab> dxzt

- Yet another trick: Einstein-Hilbert <~ Chern-Simons

» AdS: s0(2,2) = sl(2,R) @ sl(2,R) Chern-Simons action Achicarro, Townsend (1986)

» Flat space: iso(2,1) = sl(2,R) & sl(2,R)ab Chern-Simons action witten (1988)

» Higher spins: sI(N,R) '}‘AsI(N,R) Chern-Simons theories Blencowe (1989)




Spin-3 extension of the conformal algebra
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5

- < (m* —4)(m° —m) Omtn, 0 ;



Spin-3 extension of the conformal algebra




Spin-3 extension of the conformal algebra




Spin-3 extension of the conformal algebra

Loy L] = (1= 1) Lonsn + ~— (M3 = 10) G0+

12
[Lma Wn — (2m — TL) Wm—l—n 7

- 9 6 / o 3
Wi, Wy = (m —n)(2m* 4 2n° — mn — 8) Lpin - Lz (m — ng LL g

+ E (m* — 4)(m° — m) gm0,

~ Normal ordering now needed:

=Y Loply+ ¥ Lyl p—— (m + 3)(m + 2)Ln

p>—1 p<—1



Spin-3 extension of the conformal algebra

Lons La] = (m = 1) Lorin + 15 (0° = 1) i
[Lma Wn — (2m — n) Wm—l—n 7
: 96
Wi, Wh] = (m —n)(2m2 + 2n% — mn — 8) Lynsn P (m—mn):LL: in

5

+ E (m* — 4)(m° — m) gm0,

~ Normal ordering now needed:

=Y Loply+ ¥ Lyl p—— (m + 3)(m + 2)Ln

p>—1 p<—1

S UItrareIat|V|st|c contractlon




Spin-3 extension of bmss

~ Limit ¢ — oo: bmss algebra plus...

96
Wi, Wil = (m —n)(2m?* +2n% —mn — 8)Jpmin + — (M — n)Apgn
C2
— T 2 (m —n)Onppn + — (M” —4)(m” —m) dpiin0,
c5 12
96

Win, Qn] = (m —n)(2m* 4+ 2n* — mn — 8) P4y + — (m —n)Oin
2

- % (m2 — 4)(m3 — M) Ot 0 5

[Qma Qn] — 07

~ Non-linearities survive in the limit!
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Spin-3 extension of bmss

~ Limit ¢ — oo: bmss algebra plus...

W, Wil = (m

[Wma Qn] — (m
+ % (m* — 4)(m® — m) gm0,
[Qma Qn] — 07 GW@M/W

~ Non-linearities survive in the limit! \\%}

Grumiller, Riegler,
Rosseel (2014)




Higher-spin modules

-~ Representations as for bmss and Poincaré

» Introduce a rest-frame state P,,|M,qy) =0, Qm|M,q0) =0 for m # 0

» Build the vector space which carries the representation as

Wk1kaJllL]ln‘M7qO> /ﬁZZk’m llZZln

» No problems with non-linearities (construction based on the
universal enveloping algebra)

~ Construction compatible with nhormal ordering:

. {0]©,,]0) = (0[A,|0) = 0

» Not true if one uses “Galilean” highest-weight reps!
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Vacuum characters

A.C., Gonzalez, Oblak, Riegler (2015)

~ One-loop partition function for a field of spin s

B 1 B
Zs| B, 0] = exp Z — X .50, inf] chawactery of the
n=1 n \/POW\W@WOMP
[——

5 1 I S%G “ '
Vacuum character for a "flat" Wn algebra Wi]
5 N o0 1 \

Xvac[ea 6] = €8¢ ]:[2 (H ‘1 _ ein(Q—l—ie)Q)

~ The vacuum character matches the product of partition
functions of spin 2,3,...,N



Conclusions & outlook

~ Higher-spin extensions of the bmss algebra admit
unitary representations (no “no-go” as claimed earlier)

~ Realised as induced modules

» existence relies on very mild assumptions

» unitarity & plane wave basis

~ Check: characters vs one-loop partition functions

~ Towards a sensible bmssz quantum theory?

~ Hints for representation theory in four dimensions?



