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Newcomb’s Theorem



ANNALS OF PHYSICS: 3, 347-385 (1958)

Motion of Magnetic Lines of Force™
WiLLiam A. Newcomgrf
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In 1958, Newcomb showed that in a plasma that satisfies the ideal
Ohms law, two plasma elements connected by a magnetic field line at
a given time will remain connected by a field line for all subsequent
times. This occurs because the plasma moves with a transport velocity
that preserves the magnetic connections between plasma elements.
This is one of the most fundamental and relevant ideas in plasma
physics.



Ohm’s law E + ¥ x B =0 implies

3t§=VX(VX§):E—(V-V)§



Ohm’s law E + ¥ x B =0 implies

8;§=VX(VX§):E—(V-V)§

Be dl = ¥ — % the 3D vector connecting two infinitesimally close
fluid elements.

%di: FE) = 5(E) = 9(& + dl) — 9(®) = (dl - V)7



Ohm’s law E + ¥V x B = 0 implies
OB=V x (¥xB)=— —(¥-V)B

Be dl = ¥ — % the 3D vector connecting two infinitesimally close
fluid elements.

%di: FE) = 5(E) = 9(& + dl) — 9(®) = (dl - V)7

Then

4
dt

-

(dl % B) = —(dl x B)(V - 7) — [(dix B) x v] x 7

Wich means that if df x B = 0, it always remains null






Pegoraro’s generalization
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Covariant form of the ideal magnetohydrodynamic
“connection theorem” in a relativistic plasma
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PACS 52.30.Cv — Magnetohydrodynamics (including electron magnetohydrodynamics)
PACS 52.27.Ny — Relativistic plasmas
rACs 95.30.0d  Magnetohydrodynamics and plasmas

Abstract — The magnetic connection theorem of ideal magnetohydrodynamics by Newcomb
(NEwcomB W. A., Ann. Phys. (N.Y.), 3 (1958) 347) and its covariant formulation are rederived
and reinterpreted in terms of a “time resetting” projection that accounts for the loss of simultancity
in different reference frames between spatially separated events.



Ohm’s law

F*u, =0



Ohm’s law

G
dr
F*u, =0
dF;w
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d/dr = u"0,



Ohm’s law

dx?
no_
! ar
F*u, =0
dF .,
ﬁ = (a/tua)Fl/(X - (8VMQ)F;1,U(

d/dr = u"0,

d (o3
Tl = dI" 0.,

where dI* is the 4D displacement of a plasma fluid element.



Ohm’s law

dx?
m_—
! ar
F*u, =0
dF .,
ﬁ - (a/Lua)Fl/Oé - (8Vua)F;wz

d/dr = u"0,

d
Edl“ = dl*Oquy,
where dI* is the 4D displacement of a plasma fluid element.

d
S (dI"Fyy) = —(0,u”)dI"F .5

This means that if dI*F,,, = 0, it always remains null



Relativistic Plasma
We extend the connection concept beyond



A plasma governed by generalized relativistic MHD equations. Effects such as
thermal-inertial effects, thermal electromotive effects, current inertia effects and Hall
effects.

Minkowski metric tensor 7., = diag(—1, 1, 1, 1), and an electron-ion plasma with

density n, charge density ¢ = ne, normalized four-velocity U* (U,U" = —1) and
four-current density J*
continuity

Iul(qU") =0

generalized momentum equation
v ] v [ v
d, (hU“U’ + By ) = —9"p L™
7
generalized Ohm’s law

h v Lyv Apt
a, {%(U“J’ LU — qu

v 1 Pa LV LV
J“I'} = 50“H+qU,,F‘ — ApJ, F* + gR* .

h denotes the MHD enthalpy density, IT = pAy — Ap, p = p+ + p— and
Ap=py —p_,pw=mym_/m*,m=my +m_, Ay = (my —m_)/m. The
frictional four-force density between the fluids is

Rf = —qnJ"+0(1+0)U"],

where O is the thermal energy exchange rate from the negatively to the positively

charged fluid, 7 is the plasma resistivity, and Q = U,J".



As usual, F*¥ = 0FAY — O¥A* is the electromagnetic field tensor (A*
is the four-vector potential), which obeys Maxwell’s equations

O FM = 4nJ# | O F™" = 0.

Of course, F** = (1/2)e"*PF 5 is the dual of F*, and e’
indicates the Levi-Civita symbol.
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and X = 0" [hQ/q* + ph/(qAp)] + (n/Ap)xH, with
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Curl of the Ohm’s law

Ao i i
‘”\f = PUM® = UM — S22 4 PR - 9°R,
dt 0
with d/dT = U, 9", and

2 =2 4 20+ 2)0 + 207

o - o (e () ()2 ()]

where

A
20 = Lo (pr 2n) - Lo (s )
q 2p 7
z? = aA( F¢”) a‘f’( JFA”)
q
2 = -9 {ﬁj"aa <%J¢)}+8d’ {ﬁjaaa (%ﬁ)}
q q q q

2 and Z}* are due to the thermal-inertial and thermal electromotive effects. The
contributions coming from the Hall effect in the generalized Ohm’s law are instead

retained by the tensor Z, 2. while Z)¢ appears owing to current inertia effects.



Displacement of a plasma element

Define a general displacement four-vector Ax* of a general element that is
transported by the general four-velocity

Axt " m
= K opr
AT U+ Ap

where AT is the variation of the proper time and D" is a four-vector field which
satisfies the equation

MDD, — MDD, = 2% .

The four-vector D* contains all the (inertial-thermal-current-Hall) information of
ZHY,
We introduce the event-separation four-vector di* = x'* — x* between two different
elements. Then (d/d7)dI* = U™ + (u/Ap)D* —U* — (u/Ap)DH =
UF (xo +dla) + (p/Ap)DH (xq + dla) — UY (xa) — (1/Ap)DH (xo ). Therefore,
the four-vector d/* fulfills
d I

di" =di®9, (U" + -—D" | .

d ) < N Ap >

T



Connections when resistivity is neglected!

Finally we find

% (dlww) _— (dlAMAV> ik (uy + A“MDV) .

This equation reveals the existence of generalized magnetofluid
connections that are preserved during the plasma dynamics. Indeed,
from this equation it follows that if d/y M*? = 0 initially, then
d/dr(di\M??) = 0 for every time, and so dly M*? will remain null
at all times.

The “magnetofluid connection equation” all previous results for a
relativistic electron-ion MHD plasma with thermal-inertial, Hall,
thermal electromotive and current inertia effects

ALM® = Al — o anwhe
Ap



Awesome, right?



Thanks!
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