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Preface

Here is a collection of notes which contain material relevant to the Course on “Non-
equilibrium quantum systems” held within the Spring College on “Physics of Complex Sys-
tems”. The material has no pretense of being coherently organized in any way. Being a
“collage” of different lecture notes, please be aware that even the LaTex is not perfectly
consistent: there might be undefined references, or multiply defined labels. Sorry, this is not
a book.
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Part |I.

Quantum Ising chains






1. Quantum lIsing chains

The present chapter presents, in a rather dry way, the technical machinery to deal with
Quantum Ising spin chains. We start with one of the basic techniques that allows an exact
treatment of many one-dimensional models: the Jordan-Wigner transformation.

1.1. Jordan-Wigner transformation

We first transform the Pauli spin-1/2 operators &Jof (with @ = z,y, 2z, and j a generic site

index) into hard-core bosons lsj, by identifying, at each site, [0) > [}) and |1) = bT|0) + [1).
Defining ! 6% = (6% 4 46Y)/2 which act as 6|} = |1), 6~ [1) = |{), we must evidently have:

~ AT N AT ~
] b; ]; bjf(fj A
;= b — Y= by (L1)
~Z ~Z
; ijbj -1 ; ijbj -1

These operators j);r commute at different sites — as the original 65* do — but are not ordinary
bosonic operators, 2 because they must verify the hard-core constraint (3;[)2|0> =0, ie,
at most one boson is allowed on each site. The hard-core constraint seems to be ideally
representable in terms of spinless fermions é}, where the absence of double occupancy is
automatically enforced by the Pauli exclusion principle, and the anticommutation on the

same site comes for free.

Unfortunately, whereas the mapping of &]9‘ into hard-core bosons 13; is true in any spatial
dimension (albeit of rather limited usefulness), the writing of the lA); in terms of spinless
fermions éj is really possible/useful only in one-dimension, where a natural ordering of sites
is possible, ? j = 1,2,---, L. In other words, because fermion operators on different sites
must anticommute, the exact handling of the resulting minus signs — which are absent in the
original spin problem — is possible only in one-dimension (1D), through the Jordan-Wigner
transformation. The Jordan-Wigner transformation of hard-core bosons into fermions reads:

j—1
. -1 .
b = Kjé; = X e — [Ta-20)]¢, (1.2)
j'=1

where the non-local string operator K; is simply a sign, K; = £1, counting the parity of
the number of fermions which sit before site j (i.e., between site 1 and site 7 — 1), which

"Notice the factor 1/2, which is not entirely standard. With this definition 6% = 5% /h.

2In particular, on the same site {65, [r;f} = 1 and this implies that {Ej, lA)j} = 1, while ordinary bosons would
have the commutator [lA)j, l;;] =1.

3We start by assuming a chain of finite size L, and take the thermodynamic limit L — oo only at the end.
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multiplies the operator ¢;. (Notice that K; = KJT = K;l, and KJ2 =1.) Here i; = é;éj is the

fermion number operator, but one can show that the phase-factor K; cancels out in it, i.e.,

n; = é}éj = lA)}LlA)] Let us prove that everything works fine. More precisely, we will now show

that if the éj are taken to be standard fermionic operators, with canonical anticommutation
felations {é;, é;,} = d;; and {¢;, ¢, } = {6;, é;r,} = 0, then the following two properties of the
bj follow:

P2 b. ,b. | = lfjl #jg, (13)

i.e., in other words, the IA)J- are hard-core bosons. Property P1 is straightforward because the
string factor K; cancels completely:

PN I [ PPN (N
bjbj—chjKch— G

7 9y
and, similarly, I;Jl;;r = é]é;[ In essence, on each site the l;j inherit the anticommutation
property P1 from the fermions éj. To prove P2, let us consider [Ejl,l;;f.Q], assuming jz > ji.
Using Eq. (1.2), it is simple to show that
A A s Jo—1 .
b bl = ¢, e "= Mgl (1.4)
Similarly, you can show that
A a1 L ~d2-l
b;[zbjl = é;r'ze mzj:jl njéjl =¢€ mz:j:jl njé;zéji
inS2Tly N —irS2Tla
NP "chch =+¢; e DI "Jc}; , (1.5)

where the change of sign in the second line is due to the fermionic anticommutation, while the
crucial final change of sign is due to the fact that #; = 0 at the beginning of the second line,

while ﬁjl = 1 in the final expression, because of the neighboring action of éjl' Comparing
Eq. (1.4) with Eq. (1.5), you immediately deduce that [le , I;}LQ} = 0. In a similar way all the
other commutations relationship of P2 are shown.

Here is a summary of a few useful expressions where the string operator K; disappears

exactly:
A;{BJ’ - @;(5] ’
piot,, = el —2ne,, =élel,,
Wb, = é—2n)e,, =de,,
AJAJ'Jrl = g =2ny¢,, =¢(1-2(1-¢ A}))éﬂ'ﬂ = 6%
BJB;[—H = (- Qﬁj)A}—H =¢;(1—2(1~ éjé;))éjﬂ - _éjé;H (1.6)

Notice the minus signs on the right hand side, which should not be forgotten. Notice also

that we have used
j—1

[[a—2a,) JJ(1—20,)=1-2n,. (1.7)

j/zl ]/:1
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since (1 —2f;,)(1 — 20, ) =1, and terms with different site-index commute.

Armed with these expression, it is simple to show which spin operators transform in a
simple way into local fermionic operators. Here is a short summary:

5 = 2, -1
ot = (Bb + bl He) = (el + e, - He)
Jj7i+1 +1 Jj+1 +1 41
59 | = (b*bT —btb, +Hc): (* et —éle, +Hc) (1.8)
77 j+1 j+1 7 J+1 c j j+1 3 j+1 ) :

One important point to note concerns boundary conditions. One often assumes periodic
boundary conditions (PBC) for the spin operators, which in turns immediately implies the
same PBC conditions for the hard-core bosons, that is, e.g., Z;TLBL+1 = ZJTLZ;I But now look
what happens when we rewrite a term of this form using spinless fermions:

bib, =" Timtrele = " Timityle = (—1)Nréte, (1.9)

where the second equality follows because, to the left of éL we certainly have 7, = 1, and

therefore the factor —e?™. = 1. Similarly, you can verify that:

A . L—1 - . L ~

B bl = &2yt gl o = TR Myl ot = (C)Nrgl el (1.10)
This shows that boundary conditions are affected by the fermion parity (—1)V*, and PBC
become antiperiodic boundary condition (ABC) when Np is even. No problem whatsoever
is present, instead, when the boundary conditions are open, OBC, because there is no link,
in the Hamiltonian, between operators at site L and operators at site L + 1 = 1.

1.2. Transverse field Ising model: fermionic formulation

Let us now concentrate on a class of one-dimensional models where the resulting fermionic
Hamiltonian can be exactly diagonalized, because it is quadratic: such a class includes the
XY model, and the Ising model in a transverse field. The model we want to study is the
one-dimensional random Ising chain, possibly with XY anisotropy, in presence of a transverse
field. After a rotation in spin-space, we can always rewrite the Hamiltonian as follows:

H:_Z< 070741+ Jj6] J+1>+Zh3 5 > (1.11)

J

where 6% are Pauli matrices. The couplings Jf’y and the transverse fields h; can be chosen,
for instance, as independent random variables with uniform distribution. For a system of
finite size L with open boundary condition (OBC), the first sum runs over j =1,--- , L — 1,
the second over j = 1,---, L. If periodic boundary conditions (PBC) are chosen, both sums
run over j =1,---, L and one assumes that 67, = o{". For JJZ.” = 0 we have the Ising model

in a transverse field, for J;’ = J7 the istropic XY model.
In terms of bosons, the Hamiltonian becomes:

g o5 Pt A
H=- [Jj+(bjbj+1 +H.c) + J; (8500, + Hee. } 3 k(20— 1).
J
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where the shorthand notation for the couplings J; * =Ji+J; ¥ should not generate confusion

with angular momentum operators. *

Next, we switch to spinless fermions, since all terms appearing in the previous expression do
not involve explicitly the non-linear string operator K;. In terms of fermions, the Hamiltonian
is essentially idential:

= =S [ @y + Hoe) + T (el + Hee)] + 3 hy2a; - 1),
j 4

The only tricky point has to do with the boundary conditions. If one uses open boundary

conditions, the first sum runs over j = 1,--- L — 1 and there is never a term involving site
L+1=1:
L-1 L
Hopo = = [Jf (@ley + Hee) + J5 (el + He)| + 3 w2, -1 (112)
Jj=1 J=1
In the PBC-case, however, terms of the type IBTB 41 = IA)TIA) = —(— 1)NFc ¢, and bl bEH =
IA)EIA)I = —(=1)NF CT T appear in the Hamiltonian, where Np is the number of fermions.
Therefore:
Hppe = Hope + (D)7 [Jf(@le, + Hoe) + Jo(elel + Hoe)| . (1.13)

Notice that, although the number of fermions is in general not conserved by Hamiltonian of
Eq.(1.13), the parity of N is conserved and (—1)VF is a constant of the motion with value 1
or —1. So, we need to apply anti-periodic boundary conditions (ABC), ¢, 41 = —€p, if there
is an even number of fermions and periodic boundary condition (PBC), ¢, | = ¢;, if there is
an odd number of fermions.

As a warm up, let us study the ordered case.

1.3. Ordered Ising model.

In the ordered case, it is customary to take J* = J(1+)/2 and JY = J(1 —~)/2, so that
JT =J and J~ = vJ. The Hamiltonian is then:

L
Hopc = —JZ (@ + Hoe) +(@el, + He)] +n3@de -1, (1)
j=1
for the OBC case, and:
Hppe = Hopo + (—)NrJ |(¢le, + H.c) + y(elel + H.c. )} : (1.15)

4Notice that there is no imaginary-i here: these are just real numbers.
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° We assume, from now on, that the number of sites L is even (this is not a big restriction,
and is useful). In the PBC case, if the number of fermions N is odd, then all J’s are the
same, and we can take ¢; ;= ¢;; if, on the contrary, N is even, then the L-th bond has an
opposite sign to the remaining ones, which can also be reformulated as ¢; , | = —¢;. Since the
Hamiltonian conserves the fermion parity, both the even and the odd sector of the fermionic
Hilbert space have to be considered when diagonalizing the model, i.e., H = H°+ He, where
He¢/° denote the even /odd subspace restrictions. ° Let us now introduce the fermion operators
in k-space, ¢, and é;, so defined:

—z¢ L

§ :e zk:jc
~ . +ikj A
C. = —= € C
k

; \Ezk

: (1.16)

where the overall phase €' is irrelevant for the canonical anticommutation relations, but
might be useful to change the phase of the anomalous BCS pair-creation terms. In the
following we will set ¢ = 0, which will lead to the appearence of an 4 in the final Hamiltonian.
Which values of k£ appear in the previous transformation depends on the boundary conditions.
If Np is odd we should take PBC for the fermions, which implies ¢, = ¢;: this in turn

implies for the k’s (from the expression for ¢; in terms of ¢,) that e’*l' =1, i.e., the usual

choice k = 2 with n = % +1,---, % (since we assumed L even):
Nrpodd <— PBC = k::%Tn with n:—§+1,-~-,§. (1.17)
If Np is even, then we have to take ABC for the fermions, ¢;  ; = —¢;, which requires a
different choice for the k’s, leading to e’*l = —1: k = i@ withn =0, -, é —1:
Npeven <— ABC = k:iM with nzO,‘--,£—1. (1.18)

2

In terms of ¢, and éL, H¢/° becomes (with the appropriate choice of the k-vectors):
0 =~ 7 Y [2cosk el + v (eelel, + H.c.)] +hz 26l — 1) . (1.19)
k

Notice the coupling of —k with k in the anomalous term, with the exceptions of £k = 0 and
k = 7w for the PBC-case, which do not have a separate —k partner. By grouping together
terms with k and —k, the Hamiltonian is decoupled into a sum of independent terms acting

® Notice that one can change the sign of the h-term by making a particle-hole transformation &; — (fl)jé;,
which transforms n; — 1 —#,, and 1 — 2n; — 2A; — 1, while leaving the hopping term untouched (same
sign of J). With the current choice of the h-term, the h — 400 ground state in the spin representation
44 -+ 1) is mapped into the fermionic vacuum, which will be useful in discussing the ground state. (Notice
that the phase factor (—1)7 exchange the roles of k = 0 and k = 7 in the discussion of the ground state.)
Similarly, the same particle-hole transformation but without phase factor (—1)7 would also invert the sign
of the J-term, from ferromagnetic to antiferromagnetic.

SHe/° act on different subspaces, and we should more properly write them as Pe/ofle/ope/o, in terms of
projectors P°/° in the respective sectors.
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in the 4-dimensional Hilbert spaces generated by k£ and —k:

ABC

o= S
k>0
PBC

H° = Z Hy, + Hyeo + Hy—r
k>0

where we have singled-out Hy_g = —2(J — h)ny — h and Hp—r = 2(J + h)nx — h for the
Np-odd (PBC) case, and:

iy = =27 [cosk(éfe, — e et ) +ivsink(eel — e e )| +2n(de - el ,)

Notice the transformation of the cos(—k) term, where we used ), cos k = 0, whose useful-
ness will be appreciated in a moment. Notice also that

@2efe, — 1) + (26T e, —1) = 2(ele, — e,y

With the Nambu formalism, we define the fermionic two-component spinor

~ c ~ .

U, = ( i ) . Ul =(e ) (1.20)
with commutation relations (o = 1,2 stands for the two components of \Tf)

{(I}kcw {I}L’a'} = 6a,a’5k,k’ . (1.21)
We can then rewrite each H L as:
N ~ ~ 4o —2Jcosk +2h —2iyJsink ¢
=SS0 HPT, = (& o)L (122
=2 ViaHap Vi = (6 0) 2ivJsink  2Jcosk — 2h et (1:22)

Let us denote Hg’i) = a = —2Jcosk + 2h, and Hgg) = —ibp with by = 2vJsink, so that
H®) = a,7% + by ¥, with 7%¥ standard Pauli matrices (in Nambu space). By solving the 2 x 2
eigenvalue problem for H®*) we find the eigenvalues €, = +¢; with:

h 2
ekzq/a%+bi:2J\/<cosk—J) +~2sin? k (1.23)

)T

with corresponding eigenvectors (ug+ vg+)”' . For the positive energy eigenvector, we have:

U+ _ Uk, _ 1 €, + ag (1.24)
Vgt Uk 2¢r (e + ag) iby, ’

where we have introduced the shorthands u; = ugs and vy = viy. Note, in passing, that

u_g = ug, while v_p = —uvy, since by is odd. The negative-energy eigenvector (u_ Uk_)T is

related to the previous one by a simple transformation. Indeed, write the eigenvalue problem
for e+ = +ex:

(1.25)

apup — tbpvy = €pug
ibpur — apvp = €LUg
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Now change sign to the first equation, take the complex-conjugate of both, and rewrite them
in inverted order, to get:

(1.26)

ar(—f) — by, = —ex(—vf) = e (—v})
ibp(—vy) — apup = —er( u)) = ex—(uy) ’

which is the eigenvalue equation for (uj_ vp_)T. Therefore:

k=) = Uk = ; iy . (1.27)
Vg— uy, 2ep (e +ag) \ €kt ak

The unitary matrix U, having the two previous eigenvectors as colums:

U, = ( Uk % ) : (1.28)

diagonalizes H®):
Ul H® U, = diag(eg, —er) - (1.29)

So, define new fermion Nambu operators ®; through

* A *AT ~
~ -~ Up.Cp. + V.CL v
@k:u,twk:< s ): < i ) : (1.30)

—VULC T URC_y, Yk

where, in the second term, we have made use of the fact that u_; = uy and v_ = —v. It is
straightforward to verify that 4, is indeed a fermion, i.e.

oAty = {uge, +vpel, unel + ore_,}
= Jup{e, e} + loel2{el ey = lu? + =1, (1.31)

the last equality following from the normalization condition for the eigenvectors. In terms of
.= (% ’AYT_J.;)T and ‘1’;1 = ‘PLUk = (’Ay,i ¥_1), we have:

gy ot t gk te _atf e O Y= /. ot

= & (3 +ati 1) (1.32)

The form of the two bands +¢j, as a function of k and for several values of h is noteworthy.
Figs. 1.1-1.2 show some plots that illustrate them.

Equally amusing is to see the behaviour of the “effective magnetic field” R(k) = (0, bx, ax),
of magnitude |R(k)| = €, that the system “sees” as the wavevector k spans the Brillouin
zone (BZ) (—m,n]: When h > J the z-component R,.(k) = ay is always positive, while for
h < J positive and negative values of R, (k) are visited: as a consequence, the magnetic field
direction R(k) = R/|R/ stays always close to the North pole in spin space for h > J, while
the whole meridian connecting North and South pole is visited for h < .J. Notice that R(k)
is singular, close to k = 0. at the critical point h. = J, because |R(k = 0)| = 0.
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Figure 1.1.: The two bands *¢; plotted by varying the transverse field h, seen from different

viewpoints.
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Figure 1.2.: The bands +e¢j, for three different transverse fields h: h/J = 0.5 (left, inside the
ferromagnetic region), h/J = 1 (center, the critical point), h/J = 2 (right, inside
the paramagnetic phase). Notice the remarkable behaviour at h = h. = J, clearly
visible in the central panel: a gapless linear spectrum. Notice also how you can
hardly distinguish the bands of the two gapped phases: but their topology is
distinctly different (see text).
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1.3.1. Ground state and lowest excited states of the Ising model.

The expression (1.32) allows to immediately conclude that the ground state of the Hamil-
tonian must be the state |(}), which annihilates the 4, for all & — the so-called Bogoliubov
VACUUIMN:

Y l0)y =0 Vk. (1.33)

In principle, one can define two such states, one in the Ng-even (ABC) sector, and one in
the Np-odd (PBC). However, it is not very difficult to show ” that the winner between the
two, i.e., the actual global ground state, is the one in the Ng-even sector, with an energy

ABC

EfPC ==Y e (1.34)

k>0

The ground state can be obtained explicitly as:

’®>$BC X Hi;ﬂk\O) (1.35)
k>0

where [0) is the vacuum for the original fermions, ¢, |0) = 0. So

IT5 do = TT (wieey+vmech) (wiey + vty ) 10)

k>0 k>0
- 1w (u*_k + viké,taik) 0) = T vi (uk + el el k) 0y, (1.36)
k>0 k>0

and by normalizing the state, we arrive at a standard BCS expression:
ABC

0025 = TT (uw +weclel, ) 10) (1.37)

k>0

The PBC-sector ground state must contain an odd number of particles. Since a BCS-paired
state is always fermion-even, the unpaired Hamiltonian terms H k=0 + Hj._, must contribute
with exactly one fermion in the ground state. It is simple to verify that, with our choice of
the sign of h, the ground state has f,_, = 1 and 7, __ = 0, resulting in an extra term of the
form Ey » = min(ﬁo + ﬁﬁ) = —2J. The PBC-ground state is, therefore:

PBC
‘®>5BC “L 0 H (uk—i—vkckc k)’()) (1.38)
O<k<m
The corresponding energy is:
PBC
EyPY =0Eix— > e (1.39)
O<k<m

And here come a very amusing subtelty of the thermodynamic limit L — oo. You would
naively expect that, when you considers the energy-per-site eg = Ey/L, then the ground state
energy should simply tend to an integral:

ABC
1 Tdk
— — lim E — _ 1.4
co LLoo =0 R 0 2T - ( O)

"Explain.
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It turns out that the whole subtelty is hidden in the way one treates the boundary points
at 0 and 7. If you refrain from being too cavalier with the L. — oo limit, you discover that
the energy splitting AEy = Eg BC _ E@BC is, in the whole ferromagnetically ordered region
—J < h < J, a quantity that goes to zero exponentially fast when L — oo: in other words, the
two sectors ABC and PBC provide you the required double degeneracy of the ferromagnatic
phase: you can see that easily for h = 0; less trivial, but true, for all |h| < J. On the contrary,
AEy is finite in the quantum disordered regions |h| > J, and goes to zero like 1/L at the
critical points h, = +J.

Regarding the excited states, the situation is simple enough within the Ng-even (ABC)

sector. Here excited states are obtained by applying an even number of '?,]; to |@)aBc, each

’y}; costing an energy €:

ABC ABC
[iny) = H [ﬁ;{t]”k |®>$BC with n; =0,1 and Z ng = even
k k
ABC
By = BB+ mer (1.41)
k

In the Np-odd (PBC) sector, some care must be exercised. One could apply an even
number of ’y}; to the ground state |()ppc, or, alternatively, remove the fermion from the
k = 0 state and apply only an odd number of ~;’s.

Do a careful analysis of the spectrum. Discuss also the OBC case.

1.4. Nambu formalism: general disordered case

As we have seen, in the ordered case the Hamiltonian can be diagonalized by a Fourier
transformation, reducing the problem to a collection of 2 x 2 “pseudo-spin-1/2” problems,
followed by a Bogoliubov transformation, as first shown by Lieb, Schultz and Mattis [1]. In
disordered case we can proceed in an analogous way, but we cannot reduce ourselves to 2 x 2
problems in a simple way. ® By using the Nambu formalism, we define a column vector T
and its Hermitian conjugate row vector l/I\IT, each of length 2L, by

8For the time-independent case, a theorem due to Bloch and Messiah guarantees that there is always an
appropriate basis in which the problem reduces to 2 x 2 blocks, but this is not very useful if you are willing
to tackle dynamical problems. See later on.
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~

or \le ¢; \IJJ+L = c and \I'T = ;, \T/L_L = ¢; for 7 < L. Notice that the T satisfy quite

standard fermlomc antl commutatlon relations

{0, 90} =650, (1.43)

for 7,7 = 1,...,2L, except that {@j,\ffﬁL} = 1 for all j < L, which brings about certain
factors 2 in the Heisenberg’s equations of motion (see later). In order to be prepared for
the general time-dependent case, assume that the couplings appearing in the general Ising
Hamiltonian are time-dependent, and rewrite H (¢ (t) as a general quadratic form ? of T as:

Ht) =T HEt) T = ( et e ) ( _%it()t) _i(f()t) ) ( 3 ) , (1.45)

For the general quadratic fermion Hamiltonian the 2L x 2L matrix H should be Hermitean,
and its L x L blocks A and B should be, respectively, Hermitean (A = AT) and anti-
symmetric (B = —B7T). In the Ising case, where all couplings are real, H is a 2L x 2L real
symmetric matrix, A is real and symmetric (A = A* = AT), and B is real and anti-symmetric
(B = B* = —B”) hence we can write:

[ A®)  B@®) i A(t)  B(t)
H(t) = ( —B*(t) —A*(t) ) ( -B(t) —A(t) ) ' (1.46)

The structure of the two blocks A and B is given, in the Ising case (omitting any ¢-
dependence), by:

Ajj=hj Bj;=0

J+ Ji J; v (1.47)
2

— A. R J . — . - _
Aj7j+1 = AJ+LJ = _7 == BM-H = _BJ+1,J - _7 - = 2

where we have assumed, once again, that J7 = J;(1 +v)/2 and JY = J;(1 — v)/2. In the
PBC-spin case, we have additional matrix elements

Ne L Ny JL
App = A=) = (1),
2 2
Jr J
Bui = —Bip=(-)"rZk = (-)Nr Ik (1.48)
depending on the fermion parity: (—1)* = +1 for the ABC-fermion case (¢, 41 = —¢, corre-
sponding to even Ng) and (—1)V* = —1 for the PBC-fermion case (ér41 = ¢, corresponding
to odd Np).
9Indeed one can show that the most general quadratic form in the fermion operators
H= ZZA c ,E —|—Z< ]/ch cJ +Bj/chcJ ) , (1.44)
where Aji; = A7, (A = AT is Hermitean) and B;; = —Bj/; (B = —B” is anti-symmetric, because ¢;¢; is

anti-symmetric under exchange of the two operators, and any symmetric part of B would not contribute)
has exactly the form given in Eq. (1.45), plus a constant term TrA.
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1.5. Diagonalization of H in the time-independent case.

We start considering the eigenvalue problem for a general Hermitean 2L x 2L matrix
showing the intrinsic particle-hole symmetry of the problem leads to the Bogoljoubov-de
Gennes (BdG) equations.

1.5.1. The Bogoljoubov-de Gennes equations.

Let us consider the eigenvalue problem for a general Hermitean 2L x 2L matrix H (for a
fixed time ¢, which we omit, in case there is a t-dependence)

()0 X)) () e

where u, v are L-dimensional vector and u index refers to p-th eigenvector. By explicitly
writing the previous system, we find the so-called Bogoliubov-De Gennes equations:

(1.50)

A -u,+B -v,=¢,u,
* * _
-B*-u, - A% v, =¢€,v,

We can see that if (u,, V“)T is eigenvector with eigenvalue €, then (v; uZ)T is an eigenvector
with eigenvalue —¢,,. Indeed:

{ A*-vi’j+B* u:é:—euvg} | 1.51)
-B -Vu—A u;, = —€uu,

coincides exactly with Eq. (1.50), after taking a complex conjugation, exchanging the two
equations and reshuffling the terms. In the Ising case, A = A* and B = B*, and we can

always take the solutions to be real. '° We can organize eigenvectors in a unitary (orthogonal,
if the solutions are real) 2L x 2L matrix
u - u oL oyt U Vv*
U W L V1 L) = . (1.52)
Vi oo Vg ‘ u - oul V U

U and V being L x L matrices (real, as we can choose to be, in the Ising case) and so
UT-H U= Ep = diag(e,, —€,) (1.53)
If we define new fermion '' operators & and ®' in such way that

v =U-® (1.54)

0Since H is a real and symmetric matrix, it can can be diagonalized by a real orthogonal matrix.
" S Hpe S -
We have ¢; = 3>, U;, ¥, and of =3 ;5 ¥;Ujk, and so

@8 = (UL, Y B0 = UL U, )
3’ J 3’

= > ULUj = (UTU)ix = 6ix
J



1.5 Diagonalization of H in the time-independent case. (Notes by G.E. santoro)

19

we can write H in diagonal form
H=¢'.H. o =" U".H.U. & =&'.Ep-® . (1.55)

Similarly to T = (¢ ¢NT, we can define new fermion operators 4 such that > = (¥ 'S/T)T.
By using the fact that

~ 5 ~ T T é
(e (BN o

* A *AT
(UJH 7 +‘/;# ])

we can write: 2

>
=

I
M=

i : (1.59)
= Wt + Uyt
j=1
which can be easily inverted, remembering that v =U-® , to express the éj operators in
terms of the 4,:
¢ = Z(Uj#% + Vzﬁu)
" . 1.60)
4 . . (
¢ = Z(leﬁu +U; u'yu)
o

Finally H in terms of the 4 operators reads, assuming we have taken €, > 0:

L
1
H Z <€H’7,ury,u 6#7#7#) Z 26# (’7#’7“ 7) (161)
pn=1

and the ground state is the state annihilated by all 4,, we denote it by |0), with 5, [0).,
whose energy is

Eo==) ¢u. (1.62)

Once again, the excited states can be expressed as:

Wiy = []EI™10) with n, = 0,1
I

By = Eo+2) nueu, (1.63)
w

12 The conditions for the transformation in Eq. (1.59) to be canonical are:

uT-u:{ ut.utvi.v | Uf. v v ]: { 10] { Ul u+viov=1
vi.u+U".v|Vvi.vi Ut U 0|1 vi.u+U"- V=0
(1.57)
since you realize that the block 22 is simply the * of block 11 and block 12 is the t of block 21. Similarly,
one must have:
TR { U.U+v VT U Vi4v .U ] _ { 1]0 ] { U UtV VT =
V.U +U V' [ V.Vi4U . U" 0|1 U-vitv .U’ =
(1.58)
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with the usual care on the parity of the number of fermions, in case the boundary conditions

are not open.

1.5.2. The BCS-form of the ground state.

The next problem we would like to solve is how to write the Bogoliubov vacuum |0) in
terms of the é}L in the general non-homogeneous case, in a way that generalizes the simple
BCS form we have in k-space:

ABC

022 = T] (Uk + UkéLéT_k) 0) . (1.64)

k>0

For that purpose, let us make the Ansatz that |(), can be written as a Gaussian state of the

form:
2 1T 7z (&t
10)., = N % 0) = N e2ENTZED |0) = N exp ( N Zjéh, ]2) 0,  (1.65)
J1je
where Z will be our shorthand notation for the quadratic fermion form we exponentiate.
Clearly, since c;r c;rQ = —é;gé}l we can take the matrix Z to be antisymmetric (but complex,

in general): any symmetric part of Z would give 0 contribution. The conditions that Z has to
satisfy should be inferred from the fact that we pretend that, Vu, we must have 4,[0), =
which read:

N Z (Ut + Vil ) 10y =0 v, (1.66)

Since Z is made of pairs of ¢'s, it commutes with é}, hence, é;r-ez’|0> = ezé;fIO). The first term,
containing éjez|0>, is more problematic. We would like to commute ¢; through €% to bring it
towards the |0), where it annihilates. To do so, let us start calculating:

{éj’ }Z* ¢ Zig,eh el Z e (1.67)
Jjije

where we have used the antisymmetry of Z. We see, therefore, that [éj, Z], being a combi-

nation of é}, commutes with Z and with any function of Z. It takes then little algebra '* to
show that:

[éj,ez} _ [éj,z] e* = & [éj,z} = et =d (éj n [éj,Z,]) . (1.68)

The conditions in Eq. (1.66) therefore read:

Nezi (U5, (¢5+1,,21) + Vel Iy =0 v (1.69)

13Simply expand the exponential in the usual way, realize that
¢;,2"] =nle;, 2] 2"

because [¢;

I Z] commutes with all powers of Z, and reconstruct the exponential to get the result.
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Noticing that éj|0) = 0, substituting Eq. (1.67), and omitting irrelevant prefactors we there-
fore have:

[ZU Zj;éh Zmﬂ 0)=0 Vg, (1.70)

where we have exchanged the dummy indices 7 and j’ in the first term. Next, we collect the
two terms by writing:

S [(UT Z)+ (VT)W»] dloy=0 = z=—@wh1.vi. (1.71)
J

This is the condition that Z has to verify in order for the state |0), to be annihilated by
all 4. This is the so-called Thouless formula. It takes very little algebra 4 to verify that,
indeed, such a form of Z is antisymmetric.

According to a theorem of linear algebra, an antisymmetric matrix can always be reduced
to a “standard canonical” form by applying a unitary matrix D as follows:

0 M| 0 o0
“A 0] 0 0
Z=D-A-DT with A= 0 0] 0 Ag|-- : (1.73)

0 0]—-X O

| : : : .
where in general the A\, are complex. If L is even, there are % blocks 2 x 2 with some A,

while if L is odd, A has an extra row/column of zeroes. The unitary matrix D allows us to
define combinations of the fermions c} which form natural “BCS-paired” orbitals,

df => (D7)l = ZDJPC (1.74)
J

Labelling the consecutive columns of D as 1, 1,2, 2, -+, p, P, - - -, with p up to L/2, one can
readily check that in terms of the d's the Bogoliubov vacuum |0)., reads:

L/2 L/2
0, =N exp (D Apdbdb) 10) = N TT (1+ Apdbdb) 10) (1.75)
p=1 p=1

14 Observe that: . )
7T — _(VT)T. ((UT)_I) —_V*. <(UT)T)* —_V*. (U*)fl .

However, from block 12 in Eq. (1.57) we get:

ul.vi=—vi.U = zZ'=—v . (Uu)y'=Uuht.vi=—z. (1.72)
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It remains to evaluate the normalization constant N. Now we calculate: °

L/2
L= (00), = INP (O T (1+dyd,) (1+Apd)d) [0)
p=1

el 1/2 1/2
= 2 2) = |NJ? |de W\ = INI? |de Al
N g(l—i-\)\p\) N [d t(1+A A)} N [d t<1+Z z)}
= N [det(1 LUV Y. U_lﬂm
= 2 aet (Ut U v vy o)) = e [ae (0ot

NP |det1[U” S N = /Jdet[T]]. (1.76)

Summarizing, we have derived the so-called Onishi formula, which states that:

2
| = IN? = [det[U]] (1.77)

o0},

If we express the Bogoljoubov vacuum in terms of the A\, we have:

L/2 L/2

_ 1 o ot _ 3 ot
10)., = pl;[l m(l + )\pd;dﬁ> 10) = ,,1;[1 <up + vpd;df)) 0) (1.78)

where we have defined u, = 1/4/1 + |A\p|2 and v, = A, /+/1 + |\, |2, which verify |uy|?+|v,|> =
1.

1.6. Dynamics in the time-dependent case

A time-dependence can come from many different sources. The simplest case, which is
used in the so-called quantum annealing approach, consists in assuming that the transverse
fields are time-dependent h;(t), for instance they might be slowly annealed from a very large

negative value towards zero:
t

hj — hj(t) = 7hj (1.79)

TQ
with ¢ € (—o0,0], or changed in some periodic fashion. In this way the diagonal elements
of matrix A become time dependent and consequently H— H (t). Alternatively, a time-
dependence is found from doing time-dependent mean-field approaches. We proceed now in

general, assuming A (t) and B(t).

15Tn the derivation we use that:

M2 0 0 0

0 M| o0 0

A-AT = 0 0 |)\2‘2 0
0 0 0 |Af?
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Start from Schrodinger’s equation:

i) = B (1.80)

Since the norm of |¢(¢)) must be conserved, this implies the existence of a unitary evolution
operator U (t,ty) such that

[4(t)) = U(t, to)[v(to)) - (1.81)
Therefore:

ih%U(t,to)W(to» = H(O)U(t,to)[vo(to)) Ve (to))

d ~ N o
= ih Ut to) = HOU(t to) - (1.82)

Next, consider the expectation value of a time-dependent operator O(t) in the Schrodinger’s
picture

O®) = WH|OW|WE) = @(t)|UT(t, t)O®)U(t to)¥(to))
(¥ (t)|On (t)[¥(to)) (1.83)

where we have introduced the Heisenberg’s picture

On(t) = Ul(t,t0)O()U(t, tg) . (1.84)

Therefore the equation of motion of an operator in Heisenberg’s picture for the general case
of a time-dependent Hamiltonian reads: '°

m%ég(t) = Ul (t, to) ([O(t),fl(t)} + mié(t}) U(t, to) (1.86)

1.6.1. The time-dependent Bogoljoubov-de Gennes equations.

Let’s write the Heisenberg’s equation of motion for operator ¢

J
d . PSS
ihep (1) = U1 (8, t0) [cj,H(t)} U(t, to) (1.87)
16 Here we use: 4 4
ihaﬁ(t, to) = H(t)U(t,tp) and  — ihafﬂ(t,to) =U"(t,to)H(t) .

Notice that lf ]EI and O are tlme independent
|: ~ o i| |: PSP i| ; 0 =
? T ) }t )

then Eq. (1.86) takes the well known form:

ih%éH = [OH,ISI] . (1.85)
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By calculating the commutator

e B®] = D Haslt) [, 955,
a,f=1
2L
_ RS t{e T
= 2 Hap ({Cj’ ‘I’a} Vg — ¥ { i 5})
a ,8—1
= Z Haﬁ ( a,j 5 ‘I/a(sﬁ,HL)
a,f=1
- 22[ e +Bﬂ()j] (1.88)
we see that we have a linear equation of motion
d L
it () =2 [Ajj,(t) & (1) + By (1) e},H(t)} (1.89)
=1
and analogously for the operator é; With a more compact notation, one can write the linear
Heisenberg equations of motion for the elementary fermionic operators as:
L d = =~
zhd—\IlH(t) =2H(t) - Ty(1), (1.90)
the factor 2 on the right-hand side originating from the off-diagonal {\f/j, T i+ .} =1. The
initial condition for these equations can be written as
ot =T — v
gt=t)=¥ =U 4t ] (1.91)

where 4 are the Bogoljubov fermions that diagonalize H (to), and Up the corresponding

rotation matrix.
We are not quite done: We have an explicit linear equation for W, (t), but we need an

explicit solution for this equation, obtained by some “simple enough” integration of a finite-

dimensional linear problem.
There are now at least two ways of getting the desired result. Historically, the first one 1

was aware of runs roughly as follows.

First route. We make the Ansatz that |1 (t)), the time-evolved state of the system, is a Bo-
goliubov vacuum annihilated by a set of time-dependent quasi-particle annihilation operators

Au(t)
Yu() [(2)) =0 Vo vt (1.92)

This requirement immediately implies, by taking a total time-derivative, that
d
0 = ine (3 )
i (3u(t) [0 (2))

— (ihi%(t)) |(t)) + 4,,(t) (ihjt|¢(t)>>

1(6) ~ H(03,()) 10(0)

= (ingaue) + 0RO - 030 (199
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where we have added, in the last step, a term 4,(t) [¢(¢)) = 0. In turn, this last expression

implies: 17

’hgﬂu( £ == |50, 1)) . (1.94)

By considering the equation of motion of the Heisenberg operator ﬂ/u (t) we have

zh;;qu( t) = U'(t, to) ([Wu(t),ﬁ(t)} + z‘hgtfy“(t)) Ult,tg) =0, (1.95)

where we have used Eq.1.94 in the last step. So, since %H does not depend on ¢, it must
coincide with its ¢ = to value; let’s call this value 5, =4, = Fu(t = to).
Let us assume now, inspired by Eq. (1.60), that the ¢ ; ;(t) are indeed expressed by
L
Z( 4, + V() A“), (1.96)
pn=1

and let us see if this expression solves the required Heisenberg equations in Eq. (1.89) for
an appropriate choice of the time-dependent coefficients Uj,(t) and Vj,(t). Substituting in
Eq. (1.89) we get:

i%(i%“(t))%“h(i‘%( ))%] — 2214” ) [T 03, + Vi3]

p=1

+ 223” ) Vi3 + U038 1.97)

By equating the coefficients of 4, and &L we obtain the time-dependent Bogoliubov-De Gennes

equations:
d L
i Upn(t) = 23 | Ay (OUzu(8) + By ()Vyut)
=t (1.98)
Vi) = 23 [ By (0U(0) + A3 (V1)
j'=1
or in a more compact way, collecting together = 1,--- , L solutions in L x L blocks U and
.18

d{uw ) U(t)
ihe ( Vi ) =2 H(t) - ( Vi ) . (1.100)

17 A mathematician would cry, here, that this is not a valid implication: an arbitrary linear combination of
Fu(t) could be added that, acting on [1)(t)), gives 0. We are a bit swift here, but the result is essentially
correct. We will get to the same result by a second quicker route in a short while.

18 Tn the time-independent case, the solution is equivalent to solving the time-independent Bogoliubov-De

Gennes equations. Indeed in this case the time evolution of the solution is

u, _ u, u,(t) _—2ie t/h [ Up
()~ () (z) e

and, as you can easily verify, the same result can be obtained by using directly Eq. (1.100) with H(¢) = H.
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Notice that if (u,(t) v,(t))" is solution of Eq.1.98 then (v (t) uZ(t))T is also a solution, so
we need to find only = 1,---, L solutions, as indeed alluded by the compact form (1.100),

not 2L. Once we have the first L, it is automatically guaranteed that:

d [ U@) V() \ _ Ut) V*(1)
zhﬁ ( V() U ) =2 H(t) - ( Vi) U ) . (1.101)

Second route. It is reassuring to get to the same time-dependent Bogoliubov-de Gennes
equations by a second, quicker, route. Let us recall the linear equation we want to solve, with

its initial condition:

hdi\i: (t) = 2H(@t) -, (t)

)
T
e~
|
=
M
)
Il
C
()
VR
b =2
~

where 4 are the Bogoljubov fermions that diagonalize H (to), and Uy the corresponding
2L x 2L rotation matrix. Inspired by the form of the initial condition, let us search for a

solution of the same form:

W, (t) = U(t) - ( ZT ) (1.102)

with the same 4 used to diagonalize the initial t = ty problem. In order for this to be a
solution, the time-dependent coefficients U(t) must satisfy the linear Bogoliubov-de Gennes
time-dependent equations:

m%ua) = 2H(t) - U(t) (1.103)

with initial conditions U(t = tg) = Up. The latter form is just a compact way of expressing
Eq. (1.101).

It is easy to verify that this implies that the operators 4,(¢) in the Schrédinger picture
are time-dependent and annihilate the state [¢(¢)): this was indeed the starting point of the
Bogoljoubov Ansatz presented in the first route. Indeed, since

i\ _ i [ e M\ _yi. [ €
(ﬁg)_uu) <ég(t)) = (7T(t)> u'(¢) - (J) (1.104)

we can immediately write, in the Schrédinger picture:

L
- (U5 &+ V0 &) (1.105)

Jj=1

If we go back to Sec. 1.5.2, we realize that the algebra carried out there is perfectly applicable
here, and allows us to write the time-dependent state [¢(¢)) in the explicit Gaussian form:

[9(0) = N(1) €7 ZOC) 10) =N(1) exp (3 30 Zss 0L 100, (1.106)

JiJ2

with the anti-symmetric matrix Z(t) given by:

Z(t) = —[UT )] - Vi) . (1.107)
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It is not very hard to explicitly verify that such a state satisfies the Schrodinger equation:

) = A0 e() (1.108)

provided U(t) and V (t) satisfy the time-dependent BdG equations in Eq. (1.100). Indeed,
the time derivative of the state [¢(t)) is simply:

miwu»:mB®U“Z@w®U+§gﬂwww

On the right-hand side, the Hamiltonian terms can be rewritten by using that, for instance:
S el Ayee® 00y =S el (A Z),eke0)0)
73’ Ji
Rewriting in a similar way all the Hamiltonian terms we get:
H)|w(t)) = [(éT)T : (B +A-Z+Z A+Z B z) -(@h) — TrA — TvB* - z} (t) .
By explicitly calculating the derivative of Z(¢) using the BAG equations one can check, after

some lengthy algebra, that the two expressions indeed coincide.

1.6.2. Calculating time-dependent expectation values.

Once we have a solution of the time-dependent BdG equations, we can calculate time-
averages of operators quite easily. Consider, for instance, the elementary one-body Green’s

function: 2V
Gyi(t>to) = (Wb)lele,lv(t) = @W(to)le, ()¢, (D (to))
Fyj(t>t) = (@(b)]e;e, (1) = (¥(to)|e;5 (£)e; 1 (1) (t)) - (1.109)

We assume that the initial state [¢)(¢9)) is the Bogoljoubov vacuum of the operators v which
diagonalize H (to), i.e., |¢(to)) = |0)-. Then, simple algebra shows that:

Gj’j (t > to)

[V(t) . Vf(t)]

Fij(t>t) = [U@)- Vi)

- [V*(t).VT(t)} o) [G(t)]

J'3

- [V*(t) : UT(t)] 2 [F(t)}

3’3

3y’
JJ’
More generally, you can define the Nambu Green’s function

Gaalt > to) = (1) TLW,[0()) = (W (t0)[¥] 5 (1), (1)] 8 (t0)) (1.111)

and show that the four L x L blocks of this object read:

G(t) | Fi)
F(t) [ 1-GT(t)

R ACR A OR A0
Ve UTe) Ut Ut |

G(t > to) = (1.112)

19 Tndeed, the equation for Z(t) is interesting: it is mon-linear, and can be written without much difficulty in
the case of imaginary-time dynamics as well.

20The reason for the definition of the Green’s functions with apparently interchanged indices j'j, leading to
G = V* . V7T rather then G = V - VT, is that, with this definition, the time-dependent Hartree-Fock
equations have a more natural matrix form, see the chapter on time-dependent mean-field methods.
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Averages of more complicated operators can be reduced to sums of products of Green’s
functions through the application of Wick’s theorem, which generally applies in the present
context. Moreover, time-correlation functions with Heisenberg operators at different times
can be calculated in a similar way.

1.6.3. Floquet time-dependent case.

A particular case of dynamics is that in which the Hamiltonian is periodic in time, i.e., a
period 7 exists such that H(t+7) = H(t). The Floquet theorem (see Chapter on the Floquet
dynamics) guarantees the existence in the Hilbert space of a complete basis of solutions of
the time-dependent Schrodinger equation which are periodic “up to a phase factor”, i.e., such
that:

[hra(t)) = e Pt/ ihpy (1)) with  [¥pa(t)) = [Upa(t+ 7)) .

This way of writing is closely reminiscent of the time-independent case, except that the state
|pa(t)), known as Floquet mode, is now periodic in time rather then a time-independent
eigenstate of the Hamiltonian; the f,, which plays the role of the eigenenergy, is known as
Floguet quasi-energy. There are 2, as many as the dimension of the Hilbert space, Floquet
solutions of this type, and these solutions can be used as a convenient time-dependent basis
to expand states. Their usefulness consist in the fact that if we expand a general initial state
as [¥(0)) = >, [¥Pal(0))(¥pa(0)[1(0)), then the time-evolution can be written, for free, in a
form that is reminiscent of the time-independent case, i.e.:

2L
0(t) = > e Falll |4hpo(£)) (pa(0) [15(0)) - (1.113)
a=1
o)

An explicit construction of the many-body Floquet states can be obtained through a Flo-
quet analysis of the time-dependent Bogoliubov-de Gennes equations, in a way similar to that
used to construct the energy eigenstates from the solution of the static Bogoliubov-de Gennes
equations (see Sec. 1.5). To do that, let us write the Bogoliubov-de Gennes equations (1.115)

Ld U@\ U(t)
ih— ( Vi > = 2H(t) - ( Vi) ) . (1.114)

Since H(t + 7) = H(t) is a periodic 2L x 2L matrix, the Floquet theorem guarantees the
existence of a complete set of 2L solutions which are periodic up to a phase. L of them have
the form:

e Hat/h ura(t) for o =1---L with upa(t+7) = upa(t)
VPa(t) Vpal(t + T) = VPOé(t) 7

and the remaining L, by particle-hole symmetry, are automatically obtained as ! (v _(t) u’,, O
Collecting all the quasi-energies p,, into a diagonal matrix g = diag(ua), and the various col-
umn vectors upq(t) and vp,(t) into a L x L matrices Up(t) and Vp(t), it is straitghforward
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to show that the structure of the Floquet solutions of the Bogoliubov-de Gennes solutions is
21

Up(t) = Ur() \ Vi (t) Up(t) - eirt/h ‘ Vi (t) - etht/h
F\) = Vi(t) ‘ Ur(t) T\ Vp(t) et/ ‘ UL(t) - iRt /h

Using these solutions, we can construct the Bogoliubov operators 4, (t) which annihilate a

(1.115)

vacuum Floquet state |0z (t)) through the standard method employed in the general time-

ig ) = Ul (1) - < ;C:T ) (1.116)

dependent case (see Eq. 1.59):

or, more explicitly, for a =1,--- |

L
Tralt) = Y (Ubial0)e; + VEiaE]) = Apalt+7) = e¥T3p, () VE. (1117)
j=1

The Floquet vacuum state |@x(t)) annihilated by all the 4, (t) has the Gaussian form (see
Eq. (1.106)):
05 (t)) = Nip(t) 2" Z2r 0D o) (1.118)

where, see Secs. 1.5 and 1.6, the Thouless and Onishi formulas hold:

Zr(t) = —[UL @) Vi) and Np(t) = /|det[Ur(1)]] . (1.119)

Let us show that the Floquet vacuum state is periodic, i.e.,

0r(t+ 7)) = [0r(2)) ,

or, to put it differently, its many-body quasi-energy is fig = 0. To this aim it suffices to show
that Zp(t) and Np(t) are both periodic. From Vi = Vp-e #/" and Up = Up - e /" we
immediately derive that V}(t) = emt/h. V}Lg(t) and [U}(t)]*l = [U]Lp(t)]*1 - e t/h - From
these relationships, in turn, it follows immediately that the quasi-energy phase-factors cancel
inZp, ie.:

Zp(t) = —[ULO] " VR = =[UL@)] - V(D) (1.120)

which is manifestly periodic in time, Zp(t + 7) = Zp(t), because both Up and Vp are
periodic. The periodicity of Ng(t) follows because

[det[Ur(t)]] = |det[Up(t)] detle /]| = |det[Up(t)][|e ™" et/ = |det[Up(1)]] ,

i.e., once again something manifestly periodic in time. At this point, we can easily, in
principle, construct all the 2% many-body Floquet states by simply applying any product of

Akalt) to [0p(t)): >
L

Wi ) = [[FEa @™ 0F1) (1.121)

a=1

2INotice that the quasi-energy phase factors have to stay on the right of the periodic part, in order for the
ordinary rules of matrix multiplication to give the correct phase-factor to each column of the matrix.

223ome care should be exercised if the boundary conditions depend on the fermionic parity. In that case,
one should work separately in the two subsectors with even and odd fermionic parity, starting from the
corresponding vacuum state.
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where n, = 0 or 1 is the occupation number of the 'Ay}a(t) operator. From Eq. (1.117) and
the periodicity of the Floquet vacuum, it follows that the quasi-energy of [, 1 (%)) is given
by:

L
finay = D Mokl - (1.122)
a=1

1.7. Overlap between BCS states in Ising/XY chains

Sometimes, for instance in the context of quantum quenches, where the Hamiltonian is
abruptly changed, it is important to know how to calculate the overlap between BCS states
belonging to two different Ising Hamiltonians Hy and H;. Let us start considering the two
BCS ground states of Hy and H;. These two states are Bogoljoubov vacua with respect to
the fermionic operators ’you and 9, w and we donote them, for a more compact notation, as
10).,, = |0o) and [0),, = [01) We will first compute (01 |0o) 2, and then we will extend the
result to the overlap of general excited states. The two sets of fermions can be written in
terms of the original Jordan-Wigner fermions as:

. t t )
( Yony ) T ( Yooy Vo ) : ( ° ) . (1.123)
Yo(1) VO(l) UO(l) ¢

We can write the direct unitary transformation from one set to the other as follow:

Y1 Yo Yo Ve U Yo
where:
U v
U = , 1.125
(V U*> ( )
with:

U=U}-U +V)-v, vV=vl.U +U}-v,. (1.126)
We will prove that, if |(ly) and |@;) are not orthogonal, then:
01100) 2 = |det (U] | (1.127)

a relationship which is known as Onishi formula. Indeed, we have already given a proof of
this relationship in Sec. 1.5.2, for the special case in which one of the two sets of fermions
where the original Jordan-Wigner fermions ¢; with associated vacuum state |0). There we
showed that, with the present notation:

P0(1)) = No(y 03 (€N Zo) (€1 |0) (1.128)

with:

Zooy = —[U} 71 V] (1.129)

) (1
and [(0[0g(1))|> = [Noey|*> = |det[Ug(y]|. With exactly the same algebra, we could establish,

for instance, that:

1B1) = N eX[0g) = N e3 VO ZV0) |9y | (1.130)
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with:
Z=-[Ult.vi, (1.131)

and [{Pg|01)|?> = |N|? = |det[U]|. But there are a number of points where we were a bit swift,
in this derivation: for instance, we assumed that U is invertible, which is not guaranteed.
The issue about a possible orthogonality was also not raised. Moreover, the case in which
the resulting ground state is a pure Slater determinant without BCS-pairing, a case which is
relevant for the XY model, is not clearly discussed in this way.

We will now give an alternative proof which makes use of an interesting theorem due to
Bloch and Messiah [2], and which clarifies all these issues. We will perform an intermediate
canonical transformation which first allows us to write an explicit equation for |(1) in terms
of |0o), and then to compute easily (f;|@). The theorem that Bloch and Messiah proved [2]
shows that matrices with the structure of U above can be decomposed into a product of three
unitary transformations as follows:

D o U V) /[(C o0
U= (0 D*) (V U) (0 C*) ’ (1.132)

where D, C are L x L unitary matrices and U, V are L x L real matrices of the form:

0
0
(3] 0
0 U1
U=
un 0
0 up,
1
1
1
1
0 U1
—U1 0
V= (1.133)
0 v,
—v, 0
0
0

in which u, > 0, v, > 0 and u? + v2 = 1. From these relations we have:
P p p T Up

U=D-U-C V=D"-V.C. (1.134)
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The idea is the following. Since:

Yo\ 4\ (D 0 U V) /[(C o 4
)= G)-C )@ a6 e)(3) e

we can think of the transformation as the product of: (1) a first unitary transformation C
which does not mix particles and holes for fermions 4, defined by

& \_(c o) (% |
(2)-(¢)(3)

followed by (2) a simple “canonical form” of a transformation leading to new fermions:

S ) (U V) (o). .
()6 o) ()

The final transformation (3) leading to the fermions 4, is again a unitary D which does not

o)

In essence, what the theorem guarantees is that one can always find a basis such that the

mix particles and holes:

transformed fermions, &, and &, are coupled by a particularly simple matrix in which
there are only three possibilities: (i) for some indices, which we denote by [, there is no
transformation at all (the ones in the diagonal of U), ie., d;; = &; (ii) for some other
indices, which we donote by k, the transformation is a pure particle-hole dJ{k = qy,: these
indices correspond to the zeroes in the diagonal of U, and the ones in the diagonal of V;
(iii) all other indices, denoted by (p,p), are BCS-paired in a simple way, and they form 2 x 2
blocks in the matrices U and V' with coefficients u,, and v,, such that:

L At N
Ay = Uplgy — UpQgp
Al = wads +vydy, - (1.139)

We must stress that the theorem does not tell us how many indices belong to the three
cathegories above: in some cases all the indices might be 2 x 2-paired, but it is also possible
that the transformation is a pure particle-hole transoformation without any pairing at all.

The construction of the relationship between |(y) and |();) becomes particularly simple in
terms for the fermions d(](l)' The key idea is the dO(l) is related to '?0(1) by a transformation

which does not mix particles and holes, and therefore it is still true that &, [0o) = 0 and
&y, [01) = 0. Since (1) is the state which is annihilated by any ¢, we can write it as:

01) = NTT 1, 100) = TT b TT (e + vuidaf) 100) (1.140)
n k p

where N is a normalization constant. Notice that we included only BCS-paired indices and
particle-hole transformed k-indices but not [-indices, since &;; = &, and the inclusion of such
terms would give zero, since G, |0p) = 0. Since, by hypothesis, the two states |}g) and |0;)
are not orthogonal there should not be pure particles-holes k-indices either, and therefore:

(00 101) = (0ol T] (up + vpagpdgp) 100) = [Tup = [T] w2 = \/det[O] . (1.141)
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Finally, since U = D- U - Cf, and D, and C are unitary transformations:
|(Po 01) |2 = | det[DT - U - CT]| = | det[U]|, (1.142)
which is what we wanted to show.

The extension to the calculation of the overlap between |(p) and any eigenstate |[{ni,}) =
[er ﬂ .. 101), where I is the set of occupied states (n1, = 1), is in principle straightforward.
Here is a possible way to tackle the problem. This state can be thought as an empty set with
respect to the following new set of fermions:

Bl=4l, ituegl Bl =4, ifuel, (1.143)
in which we have performed a particle-hole transformation for the occupied modes. Now we
can use the equation obtained for the scalar product between empty states, i.e.,

[(Bo| {n1,})* = |det[U"]] , (1.144)
where the matrix U’ is:
U =U} U+ V-V, (1.145)
in which:
Ulj,LL Ulj“ 1f/£¢] U{j,u:Vf‘(j;L lf,UJEI

A second approach to calculate these overlaps with excited states makes explicit use of the
Gaussian nature of the states. The relevant algebra follows directly from that of Sec. 1.5.2.
Let us start by considering the overlap bewteen @SM%WM()) and |01) = Ne*|(o). This is
given by:

<@0"A70M2’AYQMM1> = N<®0”A}’ou2%mez|®0>
= N{Dole* ('YOuz + Z uzuﬂou ) <%m + Z Zmu’ﬂgug) Do)

74

=N%wm42%wmyw D0101) Zyyp
my

where in the second step we have made use of the commutation property:

Joue” = €* (% + (o Z}) =¢” (%u +)° waygu,) : (1.147)
l’l’/

Notice that, in order for the overlap to be non-vanishing, we were forced to contract ’yom
T

opy
2n of operator, the result is highly reminiscent of a Wick’s theorem sum-of-products of

against 4. , in the final step. A similar calculation shows that, if we have an even number

contractions:

y y _ T
B0l 00 = NOOIe® (o, + 3~ st B, ) @%+Zuwm)m

/’1’2n

P
- <®0W)1> Z(_l) Z#P1H»P2 ZIJP3IJP4 "'ZMPQn_llLPQn
P

= (Dold1) Pt [Z]y,,,0, » (1.148)
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while the overlap vanishes for an odd number of 4,,,. In the last expression, the Wick’s
sum is rewritten in terms of the so-called Pfaffian of the anti-symmetric matrix Z (or more
properly, of the 2n x 2n elements of Z required by the indices pq - - - pap):

0 Zmuz ZM1H3 Zuluzn
PH(Z]y,,, = Pr| U e S
Zuzwn Zuznuz Zuznus e 0
def Z(_l)P Zyipiupy Zupgury - Zipy, pipy, - (1.149)
P n factors

Notice that the Pfaffian is really defined by a Wick’s sum which contains n products of Z-
matrix elements, and not 2n, as the familiar det [Z],, .o,
exists (see the book by McCoy) which links the two objects:

P
det [Z],,,5, = Z(_l) ZumplzuzuPQ“‘ZmnuP%
P

However, a remarkable identity

2n factors

= (Pf[z]2n><2n)2 : (1150)

Notice, however, that the link exsists only if the dimension of the antisymmetric matrix we are
considering is even: The determinant of an odd-dimension anti-symmetric matrix is simply
zero, while the Pfaffian is not defined. Summarizing, we have obtained the generalization of
the Onishi formula in the form:

(00lA0,, *~ Fop 101) = (B0]01) PE[Z]y,00, = (Do|01) (det Z)510m) (1.151)

1.8. The special case of Slater determinants

The approach so far has treated on an equal footing generalized-BCS states and Slater
determinants, but the latter are clearly a very special case of the former, when no pairing
exists. We devote this paragraph to showing how this special case, of great relavant to
many problems including XY chains, can be dealt with in a way which is computationally
less intensive (albeit formally less appealing, because of the lack of an explicit particle-hole
symmetry). The Bloch-Messiah theorem clearly applies even when no pairing is present, but
the form of the matrices U and V is particularly simple:

_ oy |0 _ 1y, |0
U=tk and V=2 : (1.152)
0 1N, 0 0r-n,

where Np, + N, = L. This in turn implies, using Eq. (1.137), that:

Qg = dJ{k for k=1,---,N,
Gy = Qy for =N, +1,---,L.

In words, there are N, occupied states, meaning that if [0) = |();) is the vacuum state of the
fermions ¢&;,,, then a properly defined vacuum state for the fermions &,,, is just the Slater
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determinant:

Np
100) = ] é1,.10) = Gopl00) =0 Vn . (1.153)
k=1

Transformations of this type are called particle-hole transformations. We see very clearly
that U cannot be inverted, because of the N, zeroes in the diagonal.

Now suppose |0} and |@1) are both Slater determinants which are the ground state of two
quadratic Hamiltonians Hy and H; without anomalous BCS-like terms. We then ask: how do
we write a Thouless formula relating these two Slater determinant states? ** The answer is a
special case of the general expression. If |(y) = H,ivﬁ 1 d2|0>, where we have denoted &, = a,,
then:

Np L Np L
00 =NTT 11 (1+ijak) |®0>=N6Xp<z 3 Zklajak) 00) . (1.154)

k=11=Np+1 k=11=Np+1

Notice that there is no requirement on Z; being antisymmetric in the present context, since
by definition k are the N, occupied indices in the Slater determinant |@p) while [ runs over
all the remaining unoccupied indices.

Let us see how this can be rederived by assuming, from the start, the absence of BCS
terms. We will hence the Hamiltonian to be of the general quadratic form:

H(t) =" hj;(t) éhe; (1.155)
i

where hj; = b7, (i.e., h = h' is Hermitean). Suppose that, at t = ty, we diagonalize lﬁI(to)
and find its eigenstates wu;,, which can be regarded as the columns of a unitary matrix Uy,
with increasing energy as the column index increases. The structure of the matrix Uy can
be schematized as follows:

Uy = [ Fo | B } , (1.156)

where Fg is an L x NN, matrix, N, being the number of particles, i.e., the number of filled

eigenstates, while Eq is an L x (L — N,) matrix containing the empty states. 24 The operator

&L associated to the u-th eigenstate is:

S N T1 At
aj =D _uojucy = 3 [U3],,;6)
J J
In matrix form, this can be written as
al =ul . éf = ¢ =Up-a . (1.157)

To study the dynamical case, let us write the Heisenberg’s equation of motion for the
operator éj

ih%éﬂq(w = UMt t0) [ W] Ut t0) = D g (1) (1) (1.158)
-

%Indeed, Thouless original derivation applies to Slater determinants, and not to general BCS-states.
24 Although in principle L = oo, in actual practice L is finite.
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We search for a solution of the form:

where & are the same operators diagonalizing H (o), and U(t) is a time-dependent unitary
matrix satisfying the initial condition U(tg) = Up. It is straightforward to show that, in order
to solve the Heisenberg equations for ¢, (t), the matrix U(t), which we again decompose as

U(t) = [ F(t) ‘ E(t) }, has to satisfy:

mth( t)=h(t) - U(t) = [ h(t) - F(t) | h(t) - E(t) } . (1.159)

Notice the similarity with the BdG equations, with an important difference (apart from an
explicit factor 2 in the BAG equation which is missing here): U(¢) is an L x L matrix, while
U (t) was 2L x 2L, although in the end one can always study a 2L x L BdG problem. Solving
Eq. (1.159) with initial condition U(tg) = Uy is enough to calculate averages of operators.
For instance, the Green’s functions are given by:

Gi(t) = (W(t0)E] ()2 (1) 8 (t0) Z 0= |F@) F)
G () = ((t0)|&; (D) (Bl (to) ZUM 0= B0 B, (1160
pu>Np

where the superscript h/p in Gj/; refer to the hole/particle case. A further reduction of
computation cost occurs if one is interested only in quantities that depend on the occupied
orbitals only, i.e., on F(t). The equation for F(¢) is indeed an L x N, system:

d
ih=F(t) = h(t) - F(t), (1.161)

with initial condition F(¢9) = Fy.

The final point of our discussion is how the Slater determinant |¢(¢)) at time ¢ is related to
the initial Slater determinant [ (¢g)), i.e., the Thouless formula. Going back to the Scrédinger
picture, we have:

a=Ul(t)-¢,(t) = alt)=U'(t)-¢,

or, with explicit indices:

=N Uty el (1.162)
J

The operators a,(t) are such that, by construction, they annihilate [¢(t)) for p=1--- Np, at
any time ¢, i.e.:

Np Np
= [ all0) and |p(t)) =[] ak@®)]0). (1.163)
pu=1 pn=1
Substituting Eq. (1.162) one can write, at any time t:

W)= D det[F)iu, &, &, [0) (1.164)

J1<ga<-<jn,
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where det[F(¢)]},...y, is the N, x Np-minor of F(¢) extracted taking the rows ji -+ jn,. The
latter expression tells us the Slater determinant |¢)(¢)) in terms of the vacuum |0), and is not
the Thouless formula we are looking for, expressing [1(¢)) in terms of [1(to)).

The Thouless formula derives from appreciating that there is a direct unitary transforma-
tion between a(t) and a which reads:

ait)=U'(t)-¢ =U'(t)- Up-a = af@t)=0UT. a'. (1.165)

def UT
- t

Written explicitly, the unitary transformation U, is given by:

F'(t)-Fg | FT(t) - B
ET(1)-F; | ET(1) - Ej

(1.166)
We now observe that the N, x N, matrix Q(t) = FZ(t) - F}; is invertible 2> and therefore we
can define new operators

) -1
Bty = [ Q9]0

F)-F(t) | F|-E(1)
E)-F(t) | E} - E(t)

U, =Uf - U(t) = = Ul =

1|z
E'(t) - Fg | ET(t) - Ej

-af(t) = -al (1.167)

where Z(t) = Q7 1(t) - FT(¢) - Ej. ?° Using these new operators, one can write an explicit
expression for the occupied orbital indices p = 1--- N, in the form:

pt _ At AT
bu<Np (t) - au<Np =+ Z [Z(t)],up/au/ . (1168)
w'>Np

And now comes the final crucial observation that, since the occupied BL(t) are simply a
mixture of the occupied dL(t), we can equivalently express the Slater determinant as:

Np
() = oL o)
pn=1
N, Ny
= IT|ai+ > zolwala.al]ioo =TT [(1+ > Z@hwala,)al]0)
p=1 W>Np p=1 >N,
N, Ny
- exp(Z 3 [Z(t)]uu,ai,@u) I1 4. 10
pu=1p'>Np pu=1
Np
= ep (Y Y ZWlwala,) i) (1.169)
p=1p'>Np

which is the desired Thouless formula.

25 Explain why.

260ne would be tempted to write an explicit expression for Q™! in the form [F§]~! - [FT(#)] 7!, which would
then lead to Z(t) = [F§]~" - E§, independent of ¢. This is, however, wrong, because the matrix F is not a
square matrix, and cannot be inverted. What is easy to prove is that, at time ¢ = to, we have Q(to) = 1,
hence Z(to) = F§ - B = 0, because of the orthogonality of empty and occupied states.
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2. Floquet and tight-binding systems

The plan/summary of this Chapter is the following. We start by reviewing the Floquet
theorem for time-periodic Hamiltonians H(t) = H(t 4+ 7). This theorem generalizes a well-
know fact of quantum mechanics: if H does not depend on ¢, then you can find its eigenstates
|po) and the associated energies F, and, in terms of them, express the evolution operator as:

O(t) = e 1 =37 e et g gl

Floquet theorem guarantees that, if H(t 4+ 1) = H(t) with some period 7 then:

U(t,0) =Y e atP|ga(t))(¢a(0)] ,

where the states |¢q(t)) are periodic, and form a complete set. Moreover, one establishes
also that U(t + nr,0) = U(t,0)U"(r,0). Next I derive and discuss the Standard Map for a
periodically kicked pendulum, one of the easiest examples of classical chaos in one-dimensional
driven systems, showing that the probability distribution of momentum, in the chaotic regime,
is a Gaussian which broadens in the way which is characteristic of Brownian motion and
classical diffusion. Finally, we apply the Floquet machinery to discuss the quantum version
of the same Hamiltonian, discussing the mechanism behind a suppression of diffusion due to
quantum interference that goes under the name of dynamical localization.

2.1. Time-periodic Hamiltonians: The Floquet theorem

There are many proofs of Floquet theorem: the one I reproduce here mimicks, I believe,
the original Floquet-Lyapunov analysis of the stability of the linearized motion around a
periodic orbit solution (see for instance the book by Gantmakher, Theory of Matrices). We
take here, for convenience, i = 1 and abandon, for a while, the ket notation for quantum
states, in favor of a vector notation, for which we will make a bold use of boldface types.
The Schrodinger equation (SE) reads:

ip(t) = H(t) - (1) , (2.1)

with a given initial condition at time ¢ = 0: 9 (0) = 1. As well known from Quantum
Mechanics, one can formally solve the dynamics by introducting a propagator U(¢,0) such
that () = U(¢,0) 1, (this is a consequence of the linearity of the problem), where U(0,0) =
1 to account for the initial value condition. ' Take now, as initial value states, a complete

! The basic properties of U are that U is unitary (because H is Hermitean) and that U(t”,¢') - U(t',t) =
U(t",t). Both properties are true quite generally even for time-dependent Hamiltonians.
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basis set of orthonormal states of the Hilbert state, and collect all such 1) as column vectors
of a “matrix” ¥y (in general this is an co-dimensional matrix) which is unitary since its
columns are orthonormal vectors. In the same spirit, collect all solutions of the SE Eq. (2.1)
starting from such a basis of initial values into a “matrix” W(¢) which will obviously satisfy:

W (t) = H(t) - () (2.2)

with initial condition ¥(0) = ¥(. ? The reason why one does that will be more clear in a
second. Since the propagator is unitary, it conserves scalar products between states, which
immediately implies that ¥(¢) is also unitary (its colums are orthonormal vectors at any time
t). In terms of the propagator we therefore have:

W(t) = U(t,0) ¥ , (2.3)

where all the objects appearing are unitary. Until now we have not assumed periodicity of
the Hamiltonian. Assume now that H(t + 7) = H(¢) with some period 7, and consider the
states ®(t) = W(t + 7). It is a simple matter to prove that ®(t) obeys exactly the same SE
in Eq. (2.2):
i®(t) =iW(t+ 1) =Ht+71) - Ct+7)=H@t) Tt+71)=H(t) ().

And here comes the usefulness of having worked with matrices that embody all possible
linearly independent solutions of the SE, and not just a single one. Indeed, if ®(t) obeys
the same equation as ¥(¢), then there must exsist some other initial value ¥{, such that
®(t) = U(t,0)-¥(. This is so because all solutions of the SE in matrix form should necessarily
be of that form. Indeed, putting ¢t = 0 and recalling that ®(0) = ¥(7) and that U(0,0) =1
we immediately deduce that ¥(, = ¥(7). Therefore, we have just deduced that: ¥(t + 7) =
U(t,0) - ¥(r) = U(t,0) - U(7,0) - ¥y, which, together with the always valid relationship
U(t+71)=U(t+7,0)- ¥y, implies the following identity:

U(t+7,0) =U(t,0) - U(7,0) . (2.4)
Notice that, on general grounds, you would have split the propagation from 0 to ¢t 4+ 7 as
U(t+7,0)=U(t+7,7)-U(7,0) .

Therefore, what we have just proved can be rephrased by saying that U(¢t + 7,7) = U(¢,0):
in words, the propagation by t starting from time 7 coincides with the same propagation
starting from time 0. ® The proof now goes on along lines which you can easily anticipate.
Consider ®(t) = ¥(t+n7) and again prove that is satisfies the same SE as ¥ (t), which almost
immediately leads you to write that U(¢t + n7,0) = U(¢,0) - U(n7,0). An easily constructed
induction-proof leads, finally, to the following important relationship:

U(t + nr,0) = U(t,0) - [U(r,0)]" . (2.5)

It is obvious that, although the previous equation is true for any value of ¢, you can restrict
t tot € [0,7]: n7 is the multiple of the period which is closest to the final propagation time,

2 In the classical Floquet-Lyapunov theory of first-order linear time-periodic systems, ¥(t) is usually called
a matriz integral.

3 This should not induce you to believe that U(#,t) depends on t' —¢t: it doesn’t. Neither you should believe
that, for instance, U(¢ + 7,t) = U(,0), which is wrong.
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and ¢ is the residual time within the (n + 1)-th period. The practical value of Eq. (2.5) is
immense: you can propagate a state up to an arbitrary large time ¢ 4+ n7 by just knowing
U(7,0) (which is applied n times) and U(t,0) with ¢t < 7. *

This ends the first part of the story on the Floquet theorem. Now comes an equally useful
and important second part. First of all, the important actor in the game is evidently U(r,0),
the propagator over one period, sometimes called the Floquet operator. ° If you know how to
integrate, for instance numerically, your SE for a time 7 you can obtain U(7,0) as the time-
evolved state matrix W(7) with initial condition ¥(0) = 1. Indeed: ¥(7) = U(7,0) - ¥(0) =
U(7,0). Now, every unitary operator can be diagonalized by a unitary matrix. © Therefore,
there must exist a complete set of states ¢, such that

U(7,0) - ¢g = Aty = ¢ 17, , (2.6)

where we have used the fact that the complex eigenvalues A, lie on the unit circle in the
complex plane, |[\y| = 1, and we have introduced the phases p, by extracting (for later
convenience) a 7. Collecting all the y; in a diagonal matrix p, and all the eigenvectors ¢,,
as column vectors of a (unitary) matrix ® we can rewrite the eigenvalue problem as:

U(1,0)- & = P - e "H7 — U(7,0) =& - e M. o1, (2.7)

Notice that the matrix multiplication rules force you to write the diagonal term e~*#7, in the
first expression, to the right of the eigenvector matrix ®: if you put it to the left, it does
not work! The ® and the p just introduced, eigenvectors and phases of the unitary operator
U(7,0), are very important: they are called Floguet modes (the ®) and Floquet quasi-energies
(the p). And now comes the final piece of the story. Look again at the eigenvalue problem
defining ®, U(7,0)-® = ®-e~#7: it tells us that, by evolving over a full period 7, the states
® get multiplied by a phase factor e “*7. Consider now U(t,0) - ® for t < 7. By a seemingly
trivial manipulation, write it as:

U(t,0)-® = U(t,0) - @ - eTH. 7 = P(t) - e M| (2.8)

®(1)

where the newly defined quantity

&) Y Ut 0) @ etint (2.9)

is time-periodic because ®(7) = ®(0) = ®. Eq. (2.8) is the promised result: we have found
a complete set of states ®, the Floquet modes, which evolve with a time-periodic part ®(t)
times a phase factor e~*#*. Equivalently, we can rewrite Eq. (2.9) in the form:

U(t,0) = ®(t) - e ™. 7(0) , (2.10)

* Notice, once again, that the order is important. It would be wrong to write something like U(t + nr,0) =
[U(r,0)]™ - U(t,0).

5In the derivation of Stéckmann, U(7,0) is just the unitary operator T, that performs a time-translation
by one period, and which can be diagonalized by the Floquet modes while still solving the Schrodinger
equation, see explicit proof below.

Indeed, any normal operator, i.e., such that ATA = AA" can be diagonalized by a unitary operator V,
writing A = VDiag[)\a]VT. In particular, this implies that unitary operators and Hermitean operators can
be both be diagonalized by a unitary operator.
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which holds true for any ¢, and even adventure in proving (easy) that:

Ut t) = ®(t) - e 1) . @f () (2.11)

Summarizing: 1) if we are able to construct U(¢,0) for all ¢ € [0, 7], then we have all the
information we need to carry out an arbitrary long time-propagation; 2) the eigenstates ®
of U(7,0), and the corresponding eigenvalues phases p, give us states which propagate as a

periodic part ®(t) times a phase factor e~ 7

2.2. Dynamical localization

2.2.1. The kicked pendulum

The solutions of the periodically driven pendulum outside the region of stability of the
linear Mathieu problem are evidently solutions that starts growing and likely display chaotic
behaviour, except that they loose any meaning as soon as 6 starts growing: in reality, the
non-linearity of the siné term is crucial to describe such chaotic behaviour. If we want to
keep the non-linear term we have to pay some price and simplify the equation. To that
purpose, consider a rather peculiar driven pendulum in which ¢(¢) is mostly 0 except at
periodic intervals of time, in which it is a d-function:

def

9(t) = g 6p(t/7) " 93" 5(t/r —n) = g7 36t 7). (2.13)

where the second expression comes from recalling that 6(t/7 —n) = 76(t —n7). This equation
defines the periodic delta-function dp(t/7). Notice that here 7 is the period between the kicks
but also serves as a coupling strength for the kicks. You might be worried by such a singular
shape, but you should be amply accustomed to such extreme (impulsive) forces since the
early days of your study of mechanics: a collision of a particle on a wall is usually thought
to have a neagligeably small duration At, during which the (impulsive) force F'(¢) due to the
wall becomes very large in such a way that the integral ft?JFAt dtF(t) = I remains finite: by
assuming At — 0 we are in practice assuming that the F(t¢) has a singular delta-function
nature F'(t) = I6(t—tp). Nothing really upsets us so much: the important thing is that we can
meaningfully calculate, from p = F'(t), the finite change in momentum Ap = p(to+e¢)—p(ty) =
I. Here, as well, you can think of the g(t) giving sharp, large but finite kicks in a small time-
interval At, with time-integral g7, and then take At — 0 keeping 7 finite. Having understood
that, let us write the Hamiltonian of the kicked pendulum as:

2
Hyp(0,p0,t) = 27]7310l2 —mlg ép(t/T)cosb . (2.14)
from which the following Hamilton’s equations follow immediately:
] Py
0 = —
mi?
pg = —mlgdop(t/T)sinb . (2.15)

" For those of you who cannot renounce to the Dirac notation, here is how Eq. (2.10) looks like with bras
and kets:

U(t,0) =Y e "¢, (1)) {$a (0))] - (2.12)
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So, py(t) is piece-wise constant in time, with jumps at time ¢ = n7 from some value p(nT—¢) =
p,, to a new value p(nt+¢€) = p;". 0(t) is piece-wise linear and continuous, with discontinuities
only in the slope. Defining 6, = 6(n7) and integrating the equations from ¢ = nt — € to
t=(n+ 1)1 — € we get:

_l’_
6n+1 - en - %
pl —p, = —mlgrsinb, . (2.16)

Now define a dimensionless (angular) momentum as L, = 7p,, /(mi?) = Tpg(nT — €)/(mi?)
and observe that L, is also related to the value of p;, which is conserved in the interval
[nT + €, (n + 1)7 — €]. Therefore, we can write the equations as:

9n+1 = en‘i'LnJrl
Lnsi = Lp— Ksind,, (2.17)

where we have defined the dimensionless kick-strength K = g72/l = w32, Notice also that
time is now measured in units of the period 7. Eq. (2.17) defines a discrete map in phase
space (0, pp), known as standard map, or Chirikov map. Formally, we have:

(Oni1, Los1) = Zic (O, Ln) - (2.18)

Obviously, a similar equation might have been written for the periodically driven pendulum,
because the values of 6 and pg at time t = n7 univocally determine their values at time ¢t =
(n+1)7: the difficulty with a general periodically driven pendulum is that the map itself has
to be constructed numerically, in general, which makes the analysis of the chaotic behaviour
much more cumbersome. On the contrary, by trading the regular periodic driving with a
singular kicked driving we have been able to construct the discrete map Zx analytically, with
very little effort. Similar maps, generally known as Poincaré maps, are often constructed to
analyse continuous-time dynamical systems in a simplified way. ® A few comments about the
relevant region in phase space are essential. First, notice that you can always restrict 6 in a 27
interval, for instance 6 € [—m, ), and write the first equation as 0,41 = (6, +Ly,+1) mod(27).
L in principle can assume any value, and increase without bounds. However, because of the
mod(27) restriction in the equation for 6, we can always fold back whatever value we have of
L1 into a [—m, ) region as well. Therefore, we can safely plot the map in the finite region
[—7,m) X [—7,m), although the actual dynamics of L,, has to be kept track of in analysing,
for instance, the evolution of the total kinetic energy L2 at time n7. We will discuss this
point later on, showing a crucial difference between classical and quantum dynamics in that
respect: quantum dynamics shows a phenomenon called dynamical localization, which is
absent in classical physics. Returning to the standard map, we plot iterations of the map for
different values of K in Fig. 2.1. To fix the ideas, suppose you have the non-interacting map
with K = 0 (no kicks): Zy. This simply gives:

9n+1 = 9n+Ln+1
Loyi = Ln, (2.19)

80ften the Poincaré map is constructed not by a stroboscopic observation of the system at discrete times nr,
but rather by observing the points reached by the evolution on a certain 2-dimensional manifold in phase
space, known as Poincaré section.

Standard map
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i.e., L is conserved by the map (in Hamiltonian mechanics of integrable systems you would
call it the action variable), while 6, increases in a simple way: if L denotes the conserved value
of the momentum, then 6,, = 6y + nL. So the 0 (called the angle variable) increases linearly
with time at a rate controlled by L. Now you appreciate easily that if L is a rational multiple
of 27, i.e., L = 2mn/k with n and k integers, then 0, = 0y + k(2mn/k) = 6y + 2mn = 6y, i.e.,
the map periodically repeates itself after k steps, k being the denominator in the rational
L/(27): by iterating the map from an initial point 6y you will get only a finite numeber,
k, of points. On the contrary, if L/(27) is irrational, then the 6, fill uniformly the region
[—7, ] without ever returning to the same point: by iterating the map you will get a straight
segment densily filled with points: these are the irrational invariant Tori. Now, a theorem due
to Poincaré and Birkhoff shows that the rational values of L are very fragile to perturbations,
and adding even a small K breaks them into an alternation of hyperbolic and elliptic points
(see José&Saletan, for instance). On the contrary, the famous KAM theorem guarantees
that the most irrational Tori survive perturbation, until, when the last of them gives up
upon increasing K beyond some critical value K., full chaos develops. Without pretending
having explained KAM theorem, let us give a look at the results of iterating the Standard
Map, shown in Fig. 2.1 (in class I showed animations, due to Simone Ziraldo, which illustrate
the dynamics in a more clear way). In each plot, the initial values of Ly are 62 equispaced
points in the iterval [—m, 7] (so, very rational multiples of 27), while the corresponding initial
values of 6y, for each Lo, are 62 randomly chosen points: then the map is let evolve for
n = 1000 iterations, and all points obtained are drawn in the diagram (shifting, whenever
necessary, L, by the appropriate multiple of 27 so that L,, is visualized in [—7, 7]) Notice
first, for K = 0, the trajectories consisting of a finite number k of points, the k of the
denominator of L = 27n/k. Next, Notice that for low values of K the “trajectories” followed
by the map are essentially gently curved almost horizontal lines (invariant Tori of the map),
with a few regions associated to closed orbits around some points (elliptic points) and saddle
orbits around other (hyperbolic points), which originate from breaking of the invariant Tori
for most rational values of L. A full discussion of this is given, for instance, in the book
by José and Saletan. It suffices here to say that for values of K < K, =~ 0.9716 surviving
Tori exist (look at the K = 0.75 plot) which run horizontally although in a gently curved
way: due to a uniqueness-theorem for the map iteration, no trajectory can ever cross those
“highways”, which behave as impenetrable fences for the “sheeps” inside: therefore, the
values of L cannot go wildly large. For K > K, the last surviving Torus has given up and L
can increase without bounds, in a kind of Brownian way (see below), leading to an increase
in kinetic energy roughly linear in n: the fences are gone and the “sheeps” diffuse away all
around.

Let us give here an argument showing that, for K > K, one expects (L?), ~ Dn with
a diffusion constant D = K?/2. Suppose you iterate the Standard Map by starting from
Lo = 0 but in the deeply chaotic regime K > K.. Given some initial 6y you will get:

Li = —Ksinfy — =0+ L
Ly = —Ksinf — K sinf — O =0+ L, (2.20)

Due to the large value of the kick parameter K, one can easily appreciate that the various 6,
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Figure 2.1.: Standard map iterations for increasing values of k (from top left to bottom right):
K =0,0.25,0.75,1,1.5,4. For each K, the initial values of Ly where 62 equis-
paced points in [—7, 7), while the corresponding initial values of 8y where selected
randomly in [, 7). The map has been iterated for n = 1000 steps for each of the
62 initial values of (6, Lo).
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are largely uncorrelated one from the other! Therefore, if I evaluate the average L2 I get:

n—1n—1

K2ZZsm9 sin @) KQZ sin? 0;) —n—Dn (2.21)

Jj=0j'=

where we have disregarded correlations (sinf;sin6;.;) ~ 0, and assumed that all §; even-
tually cover uniformly the interval [—m, 7], i.e., (sin®#@;) = 1/2. You should recognize here
the law of large numbers, leading, via the central limit theorem, to the expectation that the
distribution function of L at time n, f,(L), will be, for large n, a Gaussian with a second
moment increasing as Dn. Indeed, with the same assumptions used above, we can calculate
the distribution of angular momenta when one starts from Lg = 0:

+o00 +00
fn(L) — <5(L _ Ln)> — (/ ﬂ eit(Lan)> — </ @ itL H 61Ktsm9

oo 2T _
/+OO dt th H thsmH / *d th H
/+oodt eitLe—nK2t2/4 _ 1 e—L2/(K2n) _ (2.22)
—oo 2T TK?2n

In the derivation we have used that:

Ktsi dao
<ethsm9j> QJ‘/O 27T61Ktsm6 Jo(Kt)

and also that [Jo(Kt)]™ is dominated, for large n, from the region of small K¢ where it is
legitimate to expand Jo(Kt) = 1—K2¢2/t. Writing [Jo(Kt)]" ~ em108(1-K*#/4) and expanding
the log leads you to the goal.

2.2.2. The quantum kicked pendulum

Consider now the quantum version of the periodically kicked pendulum. Its Hamiltonian

reads: 5

~ Dy B

Hy,(t) = 52 mlg op(t/T)cosb (2.23)
but now

. 0
Dy = —Zh% =hlL,

is an operator, which we have rewritten in terms of the dimensioness angular momentum.
This Hamiltonian is an example of a class of periodically-kicked problems that you might
write as:

Hy yiac(t) =T+ dp(t/T) V (2.24)
where T is the kinetic energy, and V the potential energy. To define the evolution operator
over one period U(7,0) it is convenient to regularize the J-function by taking dp(t/7) to
be 0 in the interval [0,7 — A¢t] and 7/(At) in the interval [r — At,7]: the limit At — 0
taken at the end. With this regularization the propagation is exactly expressed in terms of
time-independent evolution operators as follows:

U(r,0) = Al}tmoe AT+ &V ) At (=AY — o= VT—3Tr (2.25)
%
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This holds quite generally for any 7" and V. In the kicked pendulum case 7' = h2L? /(2ml?)
and V = —mgl cos 0, leading to:

U(r,0) = eikcoste—il®a (2.26)
where the two dimensionless parameters k and ¢ have the following form:
Eo— mlwiT
B h
hr
= ) 2.27
1 2mi? (2.27)

Notice that the product of k and ¢ is a familiar object:
2kq=wit? = K | (2.28)

i.e., the dimensionless kick-strength leading to chaos, in the classical case, when K > K, ~ 1.
Indeed, while A and the mass m explicitly appear in both k£ and ¢, they cancel in the product
2kq. Interestingly, k o< m/h while ¢ o< ii/m, which means that when m decreases ¢ grows and
quantum effects are likely more important, for a fixed value of K = 2kq; viceversa, when m
increases classical physics should play a dominant role.

According to the Floquet analysis of the previous section, if [¢(0)) denotes the initial state
of the system, the state at time ¢ = n7" (the + reminds us that the §-function has acted
already) is simply:

[ (n)) = U™ (0)) - (2.29)
As it turns out, a very convenient basis set in which to perform calculations, especially when
the quantum kinetic term o< ¢ is large, is that of angular momentum eigenstates ﬁ\m) = m|m)
with m integers from —oo to 4o0:

1 .
f|m) = eimf 2.30
blm) = —= (2:30)
Inserting identities in the form
+00
1= % |m)m|,
m=—o0
we easily arrive at:
“+o0o
A 0
1(7?) = Z [Un}mm’ wﬁnr) ) (2.31)
m/=—o0

where 1/)5,?) = (m|y(nT)), and 1/17(7?,) = (m/|1(0)) are the wave-functions at time ¢ = n7 and
t = 0 in the angular momentum basis, and [U"],m = (m|U"m’). A very useful quantity to

monitor is 9

, (2.32)

—+o00

m/'=—o0

Po(m) = [pi)]? =

i.e., the probability of measuring a value of angular momentum equal to m at time nr, in
terms of which the expectation value of I:Z, and hence of the total kinetic energy, at time
t = nT is expressed as:

“+oo

(L) = (W(n7)|LPlp(nT)) = > m’Pu(m). (2.33)

m=—0o0
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It is instructive to calculate the matrix [[]mm:
(Ol = (€250 ') = a2 mm’ g (k) (234)

where we have made use of the Bessel identity:

2m de )
/ zkcos@ezmﬁ _ ijm(k) ) (2‘35)
0 o

By looking at the modulus of |[U]m|? = J2_, ., (k), one easily discovers that this is peaked
at values of |m — m/| ~ k, and decreases very fast when |m — m/| > k: the matrix [U]
is therefore banded, with values decreasing very fast past a certain width ~ k away from the
main diagonal m = m’. Until now, we have used only the first part of the Floquet-theorem
story: the fact that the evolution at any time can be written in terms of a U(r,0).

To go a bit deeper into the struncture of the quantum probability P,(m), let us express U
in terms of its eigenstates, the Floquet modes |¢;(0)) = |¢;), and corresponding eigenphases
e TIHT

0) = Z ey (i (2.36)

with p;7 € [—7, 7]. Since the different Floquet modes are orthogonal and normalized, we can
immediately take the n-th power of U:

0" =3 e (g gl (2.37)

i

which is the great advantage of working with Floquet modes! Therefore, the matrix elements
we need [U™]ms are simply given by:

07 = 3 b (') = 3 € @@ (2.38)

where we have defined [®],,; = (m|$;) to be the matrix, in the angular momentum basis,
containing the different Floquet modes as column vectors. Let us now go back to P,(m) =
W,(g )]2, and reexpress it as:

2

Po(m) = ST N @] [0 )

m/

(2.39)

Let us specialize our calculation to the important case where the initial state is the ground
state of the kinetic energy term, i.e., is it all centered at m = O: wﬁ,?) = 0m,0 Then the sum
over m’ in Eq. 2.39 can be done easily, obtaining:

2
Po(m) = > e T [D]i[®1]io (2.40)
It is a simple matter to verify that, indeed, P,—o(m) = 0pm.0:
2 2
Po—g(m) = Y _[®]mi[®]i0| = ‘[<I><I>T]mo’ = 6m.,0 (2.41)
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since ®dT = 1.

The question now is what happens when the time n increases. Will the P, (m) keep
brodening, in the classically chaotic region of parameters, as the (Brownian motion) classical
diffusion would predict? We will see several surprises emerging! On general grounds, one
might write the |}, z;|? appearing above as a double sum, on i and j, and then split the
sum into one containing only diagonal (i = j) terms and one with off-diagonal (i # j) terms
as follows:

2
= Z ZiZ Z |Zz’2 + Z Zz . (242)
Y]

i#£]

In some sense, you could call the off-diagonal contributions interference terms. ° If we apply
this simple idea to the expression in Eq. 2.40 we end up splitting it as follows:

Z\ mil®/io| + D T @), @ @), (0] . (2.43)
Gall
PDiag(m) p%nt;:f(m)

Notice that the time-index n completely disappears from the diagonal terms, i.e., PP1#8(m)
does not depend on n, while it obviously survives in the interference part, indeed multipling
the difference of Floquet quasi-energies in the phase-factor e ™ #i—Hi)T  This oscillating
phase-factor, as you would guess, can lead to constructive or distructive interference effects.
Let us see what happens for m = 0, for instance. Here you simply find that:

PP (1 Z] 0i[@i0 Z @lol?]* =S I@lol* <1, (2.44)

i.e., we have found what is known as inverse participation ratio (IPR): it gives information

on roughly how many Floquet modes enter in the decomposition of the original |m = 0)
states. So, in order to have P,—o(m) = ;0 we need, for n = 0, a constructive interference
contribution which increases PP#8(m = 0) < 1 to 1. For large time n — oo, however, the
rapidly oscillating phase-factor e~ ™Hi=#)7 tend to cancel out the interference terms, with
important exceptions, known as quantum resonances, which occur when the value of the
parameter ¢ measuring quantum fluctuations is a rational multiple of 27: we will see this
below in the particular case of ¢ = 2w. When such resonances occur, the average <ﬁ2>n ~ n?,

i.e., the quantum dynamics is ballistic rather than diffusive.
Summarizing, for values of ¢ which are irrational multiples of 2m we expect that:
P, (m) = PP () 4 plterf () "3 pDiag(yy) (2.45)

which implies that the distribution does not broaden indefinitely, and the average kinetic en-
ergy saturates to a finite value. This saturation is often referred to as Dynamical localization.

T mention here another simple n-independent bound that you can write by making use of the triangular
inequality | >, zi| < >, |zi|. By applying it to the P,(m) in Eq. 2.40 you easily show that:

Pa(m) < | 3 [[@)mil@ "o

One easily shows also that P”°"™(m = 0) = 1 but I have not been able to use it for other purposes.

2
‘ _ Pbound(m) .
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The limit should be intended with some care: it is not an ordinary limit, since a lot of time-
fluctuations generally persist. We will see in the next lecture its relationship with the more
conventional Anderson localization for disordered one-dimensional tight-binding models. The
resulting “limiting” distribution PP (m), moreover, shows a behaviour that is clearly non
Gaussian, but rather compatible with an exponentially localized “particle”:

. 1

_PDwgon)m/fe—ﬂmV%, (2.46)
S

with a localization length s which appears to be connected with the classical diffusion con-

stant D as [y = oD, with a numerical coefficient o ~ 1/2.

Let us go back to the role of the parameter ¢ multiplying the kinetic term. As mentioned
above, only K = 2kq enters in the classical dynamics, while ¢ controls the quantum kinetic
term. One can show that if ¢ is a rational multiple of 2w funny things happen and the
“particle” rather then localizing, moves in a ballistic way. I will now show this explicitly for
q = 2m. The problem is best tackled directly in reals space . We can write:

OOTw(O)| = eibeoste2nly0)(g) (2.47)

q=27
Since L? can have only integer eigenvalues of the form m?, it will give a phase factor ei2rm? — 1
and you can disregard it altogether, obtaining;:

OO (O)| = etestyg). (2.48)

q=2m
This implies that U is, for ¢ = 2, diagonal in the real space representation: (0|U|6") =

. q=27
ek cos05(9 — 0'). Therefore:

O0) = (BT (0))| = emrenty©(g). (2:49)

q=27

a remarkable result which immediately implies (using integration by parts) that:

R 2 2 —on 2
(i2), = / = /
0 0

—or - 2 2
2 @%+Mﬁ/ mww@@‘+om% (2.50)
0

2

eik cosegd)(()) ((9) — inksin eemk cos@w((]) (0)

550" 0) e

00

where you see a term increasing, ballistically, as n?, and originating from the derivative of
the phase-factor e?*7<°%  Similar phenomena occur for all ¢ which are rational multiples of
2m. So, in order to see the “dynamical localization” you should in principle stay away from
such ¢ and consider only g which are irrational multiples of 2.
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3. Berry phase

I present in this chapter the essential properties of the so-called Berry phase [3] in quantum
mechanics, concentrating on the crucial example of a spin-1/2 system. Traditional condensed
matter applications, like the dynamical Jahn-Teller effect and other Born-Oppenheimer-
related aspects are discussed in the literature — see, for instance, the very nice lecture
notes by Raffaele Resta [1] — and will not be touched upon here. For references on the early
experiments revealing the Berry phase, you can consult Ref. [5, Chap. 5].

3.1. Adiabatic theorem in quantum mechanics

I start with a statement of the adiabatic theorem, and a glimpse of the crucial ingredients
in the proof. A full proof, quite heavy to digest, is given in the book by Messiah [, p. 747].

Suppose the Hamiltonian depends on some external parameters R, living in some n-
dimensional space, which are changed in some prescribed manner along a path in parameter
space Ry, with s € [0, 1], starting from Ry and ending in R;. We will assume that the pa-
rameters are changed very slowly, in a “suitably long” time T (see below for more details on

the meaning of “long”), for instance by making a linear ramp of s = ¢/T, i.e., R(t) = Ry /.
1

Consider the instantaneous eigenstates |®,,(R)) of the system for a given value of R,
assumed to be non-degenerate, > and the corresponding instantaneous eigenvalues E,,(R.).
Clearly, they satisfy:

H(R)|[®m(R)) = En(R)|[®m(R)) . (3.1)

Notice, however, that the overall phase in front of each |®,,(R)) is rather arbitrary. Let us
assume that an arbitrary choice of phases is made in such a way that |®,,(R)) is continuous
enough that we can take derivatives with respect to R. ® The problem we would like to
study is the time-dependent Schrodinger equation

() = ARO)W() (32)

with initial condition |¥(0)) = |[®o(Ry)), i.e., starting from the instantaneous eigenstate
|®g), which we arbitrarily labeled 0 (usually the ground state, but this is really not crucial)

"More general non-linear monotonic ramps can be considered as well.

2The generalization of the concept of Berry phase to a degenerate case has been studied by Wilczek and
Zee [7].

3Indeed, any diagonalization routine would provide eigenstates with rather arbitrary phases. We will discuss
some numerical aspects later on. We will also address the issue of defining smooth phases over all the
manifold of the parameters, which can usually be done only locally.
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at the initial value Ry. It is useful to introduce right-away (they will be useful later on) the
projector IP(R) = |®o(R))(®o(R)| and its orthogonal complement Q(R) = 1 — P(R) =
> om0 [Pm(R)) (2 (R)[.  Changing variables from ¢ € [0,T] to s = t/T" € [0,1] we can
equivalently re-express the time-dependent problem as:

i |(s)) = TH(R)[F(5)) (3.3)

where |U(s)) = |¥(t = sT)). The statement of the adiabatic theorem is that if Eo(Rs) is non-
degenerate and separated from all other eigenvalues E,(Rs) by a finite energy gap hwno(s) =
E,(Rs) — Ep(Rs), then, for large enough T, the state essentially remains proportional to

|®o(Rs)), up to a phase-factor. *

To justify this result, start by writing the natural time-dependent Ansatz for |¥(s)) based
on the instantaneous eigenstates:

[U(s)) = > Cn(s) e= % 0 PnBe) @, (R,)) | (3.4)

where Cp,(0) = y,0. For a more compact notation we will often shorten E,(s) = E(Rs).
The dynamical phase-factor e~ Jod'En(s) does its job in canceling, upon taking its s-
derivative, against the right-hand-side TH(Rs)|W¥(s)). The equations that the coefficients

Cin(s) have to satisfy are then given by:

Zef% Jo ds' Em(s") [Cm(s) | (Rs)) + Crn(s) R, - \VR‘I)m(Rs»] =0, (3.5)

where C,,, and R, denote derivatives with respect to s, and we have explicitly used the fact
that the states |®,,(R)) are differentiable with respect to R, i.e., the overall phase is chosen
in a sufficiently smooth way. Taking now the scalar product with the state |®,(Rs)) and
rearranging terms we arrive at:

Cls) ==Y Cin(s) e Jods (En=En) R (D, (Ry)|VR®m(Rs)) - (3.6)

Let us look more closely at the diagonal term appearing in the previous expression, which we
can take out of the sum

Cn(s) = —Cn(s) R (2n(R)|[VREH(R) + | D -+ (3.7)
i (s) mEn
where --- indicates all the other terms with m # n. ° Observe that the factor R, -

(Pn,(Rs)|VRD,(RS)) is purely imaginary; more generally, (®,(R)|Vr®,(R)) is a purely

41f you define by ﬁT(s) the evolution operator, satisfying

md%UT(s) — TH(R.) Ur(s)

with ﬁT(O) = 1, then a mathematically more precise statement of the adiabatic theorem is that:

lim Ur(s) P(Ro) = P(R.) lim Ur(s) .
T— 00 T—oo

5 In the following, we will show that these off-diagonal terms go to zero at least as 1/T for large T, due

iL [5ds' (Bm—En

to rapidly oscillating phase factors e~ ). This is, in some way, the essence of the adiabatic

theorem.
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imaginary vector, due to the normalization condition. Indeed, if you consider its real part
you get:
(D,|VR®,) + (VRD,|P,) = VR(D,|P,) =0

Therefore, if you define

n(s) < /0 ds' Ry - (@,(Ry)| VR, (Ry) (3.8)

the quantity =, is automatically real and

Co(s) = i4n(s)C(s) + | D=+ | - (3.9)

m#n

Let us pause for a moment to discuss the very important quantity 7,. It is evident that , is a
line-integral along the path from Ry to Ry of the real vector field i(®,,(R)|Vr®,(R)), a field
which, however, depends on the arbitrary (smooth) choice we made about the phases of the
instantaneous eigenstates |®,,(R)). As such, the quantity ~, is gauge dependent, synonymous
in the present context of the arbitrariness in the phase of |®,(R)). We will see how things
change completely if we consider a closed path in parameter space with R; = Rg. Then the
quantity v, (1) will turn out to be independent on the choice of phases for the |®,(R)). ¢ We
shall return to this important quantity in the following. For the time-being, let us proceed
with our adiabatic theorem “sketch of proof”.

The previous considerations suggest that we can take off a further phase-factor from the
coefficient C,,(s) by writing C,(s) = €n()¢, (s). If we do that, the diagonal term cancels
exactly and we are left with the following system of differential equations:

in(s)= Y e® Jod En=Bm) B (s) cn(s) (3.10)

m#n
where the coefficients F,,,,,(s) are given by:
Fp(s) = —em) =Gl R (@, (R,) [ VRPm(Rs)) - (3.11)

Upon integrating from 0 to s we get a system of integral equations:
_ 5n0 + Z /ds e " i Jo dSI/(En Em) an(sl) Cm(S/) :
m#n

where we used the initial condition, ¢, (0) = d,,0. Consider now n # 0. The most important
contribution originating from the sum on the right-hand-side is expected to come from the

5 1 should stress that the fact that an extra phase factor has to be included in such a way that |, (¢)) =
e |P,, (¢)), whatever smooth choice of phase is made for |®,), is orthogonal to its own time-derivative:

d

(Wa(8)] =

dt\Iln(t)> =0,

as you can immediately verify, was well clear to many, long before Berry’s paper, see for instance Messiah [,
footnote on p. 754] or Thouless [8, comment below Eq. 2.3]. The importance of Berry’s contribution was
to understand the deep meaning of this extra phase in certain circumstances.
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term with m = 0, because ¢ starts from 1 at s = 0. © Therefore:

cn(s) = / ds' e Jo ds"(En=E0) |7 () co(s') + Z I (3.12)
0
m#(n,0)

Let us examine in detail Fjo(s):
Fpo(s) = —e0E)=mEl R, (@, (R,)|[VRPo(Rs)) -

The crucial assumption in the statement of the adiabatic theorem is that the energy gap
hwno(s) = En(s) — Eo(s) is never zero along the whole path. In other words, the eigenvalue
FE)y is assumed to be non-degenerate and separated by a finite gap from all other states. Then,
by taking the derivative of the time-independent Schrédinger problem in Eq. (3.1), and taking
the scalar product with (®,], it is immediate to prove that:

<(I)n(RS)|VRfI‘(I)O(RS)>

(Pn(Rs)| VRP0(R,)) = —-—F- R -nR) (3.13)
which, upon substitution in Fjg gives:
Fro(s) = el =u(s)] Bs* (Pn(Rs)[VRH|Do(Rs)) (3.14)

En(Rs) - EO(RS)

So, the larger (in modulus) is the gap Awng = E, — Ey, the smaller is F,g. But this is not

all. Integrating by parts the phase-factor in Eq. (3.12) brings down a factor Twyg in the
denominator: ®

/ s ’
einOS ds" wno . einOS ds"wno g

WFM)(S/) co(s) O —/0 ds Tl ds (Fao(s') co(s)) -+ + m;;m

cn(s) =

showing that the coefficients ¢, 2o have an overall factor 1/T in front. One might be tempted

to even put down a condition for adiabaticity by requiring the smallness of the first term, °
ie., for all s € [0, 1]:

F, B Rs- (®,(Rs)|VRH|®o(R,

Twno(S) T [En(RS) - EO(RS)]

The procedure outlined above is a possible starting point for an adiabatic perturbation
theory [0, p. 752], which we will later on explain in more detail and use to derive, following

Thouless, an expression for the Hall conductivity of a two-dimensional insulator.

"One should be very careful in thinking that what we are giving is a “proof”: indeed, there is an infinity of
contributions with m # (n,0) and it is not clear that you can actually neglect them so easily. We stress it
again: this is only a “gist” of the proof.

8In integrating by parts, we neglect and collect under the --- a term coming from the derivative of the
denominator iTwro(s).

9Somewhat surprisingly, a lot of controversies have appeared in the recent literature about the nature of such
a condition (i.e., its being sufficient, or necessary, or both, or neither). These controversies were initiated
by a PRL by Marzlin and Sanders in 2004 [9]: look at the literature quoting this paper, for instance [10],
if you are curious about this issue.
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Summarizing: Whenever the eigenvalue Ey(R(t)) is non-degenerate and well separated
from all the other eigenvalues E,(R(t)) by a finite gap hwyg, the Schrodinger dynamics ap-
proximately “conserves the eigenstate manifold” |®¢(R)). That is, in the limit of a sufficiently
long time T employed in going from Ry to Ry, one can disregard the possibility that the
system gets excited into different states |®,,), and the approximate state of the system, if the
evolution starts from |®o(Ry)), is given by (switching for convenience from s to t):

[W(1)) & 00 R o PR |0 (R(1)) (3.16)
where the non-trivial extra phase you have to include is given by:

t

(®) i [ e ) - (@R Trto(R) (317)
0

The fact that this extra phase is geometrical in nature can be seen, mathematically, from

the property that o (7') is invariant by re-parametrization of the curve R(¢): for instance if

t = sT', then a factor T appears from the Jacobian dt = T'ds but is exactly canceled by a

factor 1/T given by the derivative R(t) = %RS. 10" Physically, you see that (T has a strict

mechanical analogy in the total work done by the force field

A(R) = i{®(R)[VRPo(R)) = —Im(®o(R)[VRPo(R)) , (3.18)

in going from Ry to Ry along the path R(¢): as such, the “work” depends in general on the
path, but not on the “velocity” with which you travel in it. The second important property of
the geometrical phase 7o(t) is that it depends on the choice of phase (assumed differentiable)
we made for the eigenstate |®o(R)), except when we make a closed path in parameter space,
ie., R(T) = R(0). We will see this in detail in the next section, where we will show that
the “force field” introduced above — the so-called Berry connection A(R) — changes as
A — A’ = A+VA(R) when a smooth change of phase |®o(R)) — |®)(R)) = e *A®)|dy(R))
is performed.

If you assume adiabaticity, i.e., that the state evolves by always staying in the ®p-manifold,
it is a simple matter to show that the geometric phase y(t) has to be included in order to
satisfy the Schrodinger equation. Such a statement can be given a precise formulation, as

shown in the following exercise. '!

19 More generally, you can easily prove that the same is true for any monotonic change of variables t = g(s)
where the function g(s) is such that g(0) =0 and g(1) =T.

1A note on the idea of parallel transport, often introduced in the present context. Let us define a new
Hamiltonian 3o(R) = H(R) — Eo(R)1, which has the same eigenstates as H, and eigenvalues shifted in
such a way that |®o(R)) is now an eigenstate of UTCO(R) with 0 eigenvalue, i.e., fJ/'\CO(R)|<I>0 (R)) = 0. Then,
as the exercise guides you to do, searching for the state |¥(t)) = > |Do(R(t))), that satisfies on average
the Schrodinger equation

d

W) (ing - Fa(®RW)) [00) =0 = in(@O|FEw) =0,
since <\If(t)|9?CO(R(t))|\If(t)> = 0. Now, normalization of |¥(¢)) implies
d d d

W) = (L) + @

dt dt W (1)) = 2Re(W(1)| 2 ¥(t) =0.

dt
Solving the Schrédinger equation with the correct phase A(t), which is now purely geometrical, since the
dynamical part due to Ey has been explicitly dropped out, is therefore equivalent to finding the correct
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Exercise 3.1. Impose that:

(w () (hjt - ﬁ(R(t») (1)) = 0

where |T(t)) = 2D |®o(R(t))), and verify that the phase (t) you have to include is precisely
given by the dynamical phase supplemented by the geometrical phase (), i.e.,

AO =) - + [ WERE)).

Let me end this section with a brief comment on adiabaticity for an extensive many
body system, with an exponentially large number of states. In such a case you should
not expect that adiabaticity can be strictly satisfied, even in presence of a gap, in the
thermodynamic limit. This is possibly exemplified by recent results on the quantum Ising
model in one-dimension [11]. The reason behind this failure of adiabaticity, no matter how
slowly you change your parameters, is, I believe, related to the fact that the true overlap
[(®@0(R(t))|¥(t))|? almost invariably goes exponentially to 0, like e=*¥, in the limit of large
sizes L — oo; in turn, this is possibly related to the presence of an exponentially large number
of states |®,(R(t))) with n # 0: you can think of making each coefficient ¢, small, but the
cumulative effect of an exponentially large number of them can be dangerous for adiabaticity.

3.2. Berry phase: generalities

Let us explore another route to get the geometrical phase we have found in the previous
section. Consider the phase-difference between two (0-th) eigenstates at points Rs, and Rs,:

e—iA¢12 — <(I)0(R81)|(I)0(R82)>
[{(Po(Rs, )| Po(Rs,))|

It is clear that:
Ag12 = —Imlog (Po(Rs,)[Po(Rs,)) ,

does depend on the the arbitrary choice of phases for the eigenstates. However, consider, for
instance, three states and calculate the change of phase in the triangle in parameter space
connecting the states:

A¢12+ Aga3+ Ags1 = —Imlog (Po(Ri,; )| Po(Rs, ) (Po(Risy ) [P0 (Res; ) (Po(Riss ) [P0 (Rs,)) -

A moment reflection will lead you to conclude that this quantity is indeed independent on
the choice of phase you make for the eigenstates, because each state appears as a ket and as
a bra in the expression. More generally, imagine having a closed polygonal path in parameter

phase A(¢) for which
d

(W) L) =0,
(i.e., not only the real part of it, but the whole thing is zero!) a condition that is often called of parallel
transport. This prescription on the phase of the instantaneous states was indeed known and used before
Berry’s paper, see for instance Messiah’s book [6, footnote on p. 754].
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space with s; € [0,1], j = 0,... P, such that s) = 0 and sp = 1 with R; = Ry. Then the
phase difference accumulated along the polygonal path:

= Z Adj i1 = —Imlog (®o(Ro)[Po(Rs;)) (Po(Rs; )[Po(Rs,)) - - (Po(Rsp_, ) [ Po(Ro)) ,

does not depend at all on the arbitrary choice of the phases of ®¢(R), as long as the path
is closed. Notice, that you do not even have to assume that the phase choice is smooth! It
does not matter: the arbitrary phases cancel in the loop. If you further assume that the
phase-choice is such that |®o(R)) is differentiable, then one can show that:

— —Imlog(1+ (B[R, DIVR®o(Rs;)) - AR+ ---)
_ i<(I’0(st)|VR<I)O(RSj)> AR+ -, (3.19)
with AR = R, — R, where we used that log (1 + z) = z +---, and that Tm(®o|Vg®o)

can be replaced by —i(®¢|Vr®g) because the scalar product is purely imaginary, as discussed
before. In the limit in which the number of intervals P goes to oo, the Riemann sums turn
into a closed line-integral:

hmyp)—y 7{./[

where C denotes the closed path, and the so-called Berry connection A is defined as:

A(R) = i{®o(R)[VRPo(R)) = —Im(®o(R)[VrPo(R)) - (3.20)

The Berry connection A depends on the (smooth) choice of phases we make on |®y(R)).
Suppose indeed we consider a new |®)(R)) = e *A®)|®y(R)). Then the associated Berry
connection A’ is given by

A =A+VRAR), (3.21)

i.e., a form identical to the change of gauge for the standard vector potential in electromag-
netism. Obviously, A is irrelevant when we integrate A over a closed loop C, and therefore
the closed-path Berry phase v is gauge invariant! As such, you expect v to be experimentally
measurable, through interferometric and spin-polarization-type experiments, as indeed was

verified [5, Chap. 5.

The vector field (or 1-form) A can related, by Stokes’ theorem, to another important
quantity: the analogue of the magnetic field B. Suppose, indeed, that the parameter space
in which R leaves in dimension n = 3. Then, we can calculate the “curl of A” as:

FR)=Vr x A(R) = -Im(VRrPo(R)| x [Vr®o(R)) , (3:22)

where we used the fact that Vg x |[Vr®) = 0. Now, if the curve C' is the boundary of some
surface ¥ (i.e., C' = 9%), then Stokes’ theorem guarantees that:

= ¢ AMR)-dR = / FR)-n do . (3.23)
ox b
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In general dimension n, one cannot deal with the familiar “curl”: one has to introduce the
so-called 2-form to write Stokes theorem. Let us return to the expression in d = 3, where the
curl works wonderfully well. The three components of F(R) read:

F1(R) = —Tm | (9:20(R) 50 (R)) — (9500 (R) 19220 (R)) | , (3.24)

and similar equations for F5 and F3 in the usual cyclic way. For a more compact notation
we have indicated, as we will do from now on, d, = 887&. Notice that the Im-part is totally
irrelevant, because the expression in parenthesis is manifestly anti-symmetric, and hence its
Re-part vanishes by construction. Therefore we can equivalently write:

F1(R) = i[(0220(R)|0320(R)) — <33‘1>0(R)\32‘1>0(R)>] = —2Im(02®0(R)[03Po(R)) . (3.25)

It is now evident that a manifestly anti-symmetric object of the same form, known as Berry
curvature, can be written in any dimension by defining:

Fop(R) = ~2Im{0,o(R)[0520(R)) = i (0a20(R)|0520(R)) — (350(R)|0aPo(R))]
(3.26)

the only difference being that in general this object has more components, n(n—1)/2 for gen-
eraln > 1. By construction F,5 = —F g4, hence Fpo = 0. ¥ Recalling that (®o(R)|93Po(R))
is purely imaginary, it is evident that:

In (a0 (R)| B0 (R)) (%0(R) 9580 (R)) | = 0.

This shows that we can freely insert a projector Q(R) = 1 —|®o(R))(Po(R)| in the definition
of Fo5(R) as follows:

Fos(R) = —20m (9, (R)|Q(R)|520(R)) - (3.27)

The advantage of this way of writing is the manifest gauge-invariance of such an object.
Indeed, let us see what happens if you do a smooth change of phase (gauge, in the new
language) to the state

[@0(R)) = |BH(R)) = e A P[@o(R)) .

Then:
02(R)) = —idgA e A P®)|Dy(R)) + e ®)|9s00(R)) .

This shows that the new derivative has an extra term proportional to dgA, which, however, is
along |®¢(R)) and therefore cancels out exactly when meeting the projector Q(R). In other
words, you can easily convince yourself that:

Fap = Fop = —2Im(0aP)(R)|Q(R)[052((R)) = Tap ,

211 dimension n = 3, the new tensorial notation is related to the traditional curl notation by F; = Fas,
Fo =Tz = —TF13, T3 = F1o.
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i.e., the Berry curvature is manifestly gauge invariant, a result that should not surprise you

from the knowledge of electromagnetism, if you think that F plays the role of a magnetic
field. '3

We are now in the position to write a further expression for F,5(R), perhaps mathemati-
cally less elegant, but still physically very useful. If you recall that discussion on the adiabatic

theorem, see Eq. (3.13), you will remember that for all states with E,, # Ey we have (in the

new notation): '

(®n(R)|05H|®o(R))

(@(R)000(R)) = = TR (331)

But this restriction on n # 0 is precisely that imposed by the projector @, hence:

Fop(R) = —2Im> (0aDo(R)[®n(R))(Dn(R)|0sD0(R))
n#0
B (®o(R)|0nH|®,(R)) (., (R) |95 H|Do(R))
D > R e —

(3.32)
n#0

This expression for F,3, involving standard energy denominators, often appears in physical
calculations and also reveals some interesting aspects related to singularities of F,5(R). In
particular, on notices that F,3(R) is singular whenever the gap between E,, and Ey closes at

3 Indeed, you can easily see that the Im-part prescription played no role in this proof. If you define, more
generally, the tensor
Jap(R) = (0aPo(R)|Q(R)|9sPo(R)) , (3.28)

of which F,p is the Im-part (or, equivalently, the anti-symmetric part), then Go5(R) is manifestly gauge-
invariant. We can show that the Re§ (i.e., the symmetric part) is related to a metric tensor associated to
the distance
Dk, r, = 1 — [(®0(R1)[Po(R2))|” .
Moreover, one can show that G.s can be written fully in terms of projectors (the most manifestly gauge-
invariant way of writing):
Gap(R) = Tr [ (9aP(R) QR)(5P(R))| -

See Ref. [1].

14Recall here the similarity with the results of first-order perturbation theory. If fl()\) = Ho + )\‘Aﬂ we know
that, for a non-degenerate state |®,(\)) we can write:

[@,(\)) = |®n(0)) + A Z |,,,(0)) (®m (0)|V]®(0))

mn “Ba0) — B(o) O (3.29)

From this expression, and the fact that GAI;T(A) =V, you immediately deduce that, for m # n:

_ (@ (0)[0x H(N)|24(0))
A=0 E,(0) — Exn(0) A=0"’

(@1 (0)[ 02 @ ()] (3.30)
which closely mimics the result given in the text. However, what you almost invariably never learn when
studying first-order perturbation theory, is that there is an important contribution to the change of the

state in the direction of |®,(0)) itself, i.e., <<I’n(0)|6A<I>n(>\))’ , which, sometimes, should be accounted

for. This term, for which the first-order formula cannot be applied because of the energy denominators, is
exactly at the origin of the Berry phase.
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some point R*, which might be away from your physical trajectory R(t), but will nevertheless
have important physical implications.

3.3. Berry phase: A spin S in a magnetic field

Let us consider an important example which allows us to carry out explicit calculations.
Consider a spin S subject to a magnetic field B(¢) which varies slowly in time. We will in
the end consider the case of a S = 1/2, but carry out first the calculations for a general S.
The Hamiltonian is:

H(B(t)) = —guS - B(t), (3.33)

where ¢ is the gyromagnetic ratio and u = gh/(2Mc) the magnetic moment, ¢ being the
charge of the particle and M its mass. Notice that the spin operators S are in units of A
which is now hidden inside p. Evidently, here B(t) plays the role of R(t) in our previous
discussion.

We first tackle this problem in a traditional way, as you find it, for instance, in Sakurai,
by calculating directly the Berry curvature without much discussion about how precisely the
phase of the eigenstates are selected. We select the eigenstates when the magnetic field is
B(t) as the eigenstates of S.., where 2’ is in the direction of B(t), i.e., S. = S-B, and indicate
them as |®,,(B)), with m = —S,--- , S rather than with the standard expression |S, m(B)).
The energy of such states is E,,(B) = —guBm where B = |B|. In the previous notation, we
should also calculate E)afl = —g,uga. Let us focus on a given eigenstate m (which we denoted
with 0 in the general discussion) and calculate accordingly the associated Berry curvature:

7 (B) - —otm 3" 2 B)|Sa | (B)) (@ (B)| S5/ ®m(B)) (3.34)

B2[m — m/]?
m'#£m

where a factor (gu)? cancelled in the numerator against the squared energies in the denom-
inator. It is clear that when either « or 8 is 2/, then the results is zero because |m’) are
eigenstates of S,,. Therefore, the only non-vanishing term is:

5 (B) — o1 Z B)|Se (% (B)) (@ (B)|Sy[@m(B)) g 00y

B2[m — m/]?

If you recall that S, = (S, + S_)/2 and §y/ = (8. — 5_)/(2i) and that (11|54 |®,) =
VS(S+1) —m(m £ 1), it is easy to calculate that:

m

(m) _
g ’(B) - _E 9

o (3.36)

but remember that this choice of spin direction is related to the direction of B. Returning to
the usual definition of curl in n = 3 dimension we have, therefore, a F which is in the radial
direction B and proportional to —m/B?:

Fm)(B) = —m (3.37)

? .
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Evidently, the Berry curvature has a singularity at the degeneracy point B* = 0 where all
25 + 1 eigenvalues are degenerate. Stokes’ theorem then gives:

(@) = [ FB) ndo=-m [ o BB = -mC),  (3.38)
Yo Yo B

where (C) is the solid angle subtended by the circuit C' from the degeneracy point B* = 0.

3.4. Berry phase: A closer look at the spin-1/2 case

Let us consider in more detail the case S = 1/2 which occurs particularly often, for instance
in the discussion of the Haldane model. The reason for doing that (after all, the previous
calculation was made for general S) is that we will better appreciate some subtleties about
the choice of phase of the eigenstates which were somehow hidden in the previous approach:
Remember that we selected the eigenstates as those of S - B but we did not have to discuss
what phases they had, since the Berry curvature was gauge-invariant: this time, we will
address questions about phases and the form of the Berry connection A in more detail.

So, let us take as Hamiltonian the typical one of a spin-1/2 electron in a magnetic field
H(R(t)) = gusS B(t) =R(t) - &, (3.39)

where we have reabsorbed a gup/2 inside a general vectorial parameter R(t) = (gup/2)B(t).
Assume now R to be parameterized by the usual spherical coordinates: R, the “distance”
from the origin, and two polar angles 6 and ¢. The two eigenstates of the spin in direction
R can be chosen to be:

0
g

¢ gip ¢
e'?sin 5

e @gin g
R))n = ( 0’ ) : (3.40)

1
2 —Cos 5
with corresponding energy E 1= +R. Again R* = 0 is a degeneracy point. Notice that
this choice of phase of the eigenstates is not the only one possible, hence our subscript N
to indicate that this choice is well defined everywhere around the North pole (6 = 0) but is
singular exactly at the South pole # = 7 because there sin (7/2) = 1 but the term e*® is
totally undetermined. We will see how this singularity reflects itself in the form of the Berry
connection. An alternative choice of phase is obtained by multiplying by e™*?, giving:

e % cos ¢ sin ¢
!‘I)+;(R)>s=< 0 > [©_ (R)>s=< 5 2 3) ; (3.41)

VI

sin 5
which is now regular all around the South pole, but singular at the North pole (8 = 0).

Let us first calculate the Berry connection of the states |®_ 1) . Using spherical coordinates
2
we have:

A=AgR+ A0 + Ay, (3.42)

where we have introduced the standard unit vectors along the spherical coordinates, and then
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calculate
.Ag\g: = i<q)i%|3R(I)i%>N:0
N 1,
Ag),i) = §Z<q):l:%‘89(p:t%>]\f =0
1 sin? ¢ 1 —cosf
A — TN SR P 2 4
bk Remd P10 0N = F s = F R ang (343)

which as a clear vortex singularity at the South pole. In a similar fashion, we can calculate:

1
2

Ag%,i = i<q):|:%‘aR(I):l: >S:0
)

s 1.
Ayl = 7124110 ® 1)s =0
20
37 3 1+ cosf
AS) o L D, |0,B 1) = e 2 3.44
LS Rsin02< i%’ ¢ ié)s Rsiné 2Rsinf ’ ( )

with a vortex singularity at the North pole.

To get the Berry curvature F = V x A, we calculate the curl in spherical coordinates:

R . 071 g
F = Romg (O 0As) — 0ol + [Sing%ﬂR - aR(R/%)} + 3 [Or(RAg) — OpAR] -

This immediately gives:

ﬁ 1 —cosf 1 f{
Fe = momo [39 <$2R)] =ToRe (3.45)

which coincides with Eq. (3.37) for m = i%. This F looks like the magnetic field generated by
a magnetic monopole at the origin. One immediately realizes that the same result is obtained
by calculating V x .Af). In other words, the Berry curvature, which is gauge invariant, is
singular at the origin R* = 0 but otherwise regular everywhere else and totally independent
of the choice of the phases of the wave-functions, while the Berry connection has to have a
vortex singularity somewhere on the sphere, for instance at the North pole, or at the South
pole, the position of the vortex singularity depending on the choice of the phases of the

wave-functions.

Notice that this calculation provides an answer to the point raised long ago by Dirac
regarding the quantization of electric charges if a magnetic monopole exists. Since this is,
in itself, a piece of fundamental physics, which is, moreover, strongly related to our subject,
let me recall it for you, in the version devised by T.T. Wu and C.N. Yang. If a magnetic
monopole of strength ej exists, i.e., V- B = 4mwep(R), then the magnetic field around it is
given by

R
B= eMﬁ )
exactly as the electric field generated by a charge. Contrary to the electric field case, where
we search for a potential V such that E = —VV | it is impossible to find a regular-everywhere

vector potential A such that B =V x A. ' To be more precise, one cannot find a single A

'5The argument given in the book by Sakurai, Sec. 2.6, is not very convincing. It goes as follows: if such a
regular A would exist, then automatically V - (V x A) = 0, so that by Gauss theorem the flux of magnetic
field around a surface enclosing R* = 0 should vanish, contrary to the fact that such a flux is 4wens for
the monopole we have postulated. The objection to this is that nobody really assures that the regularity
of A would eliminate the possibility of a delta-function emerging at R = 0 from V - (V x A) = 0.



3.4 Berry phase: A closer look at the spin-1/2 case (Notes by G.E. Santoro)

67

which is regular everywhere, except possibly at the origin R* = 0, which gives B =V x A.
The proof of this fact is very instructive and quite pertinent to our discussion. Consider a
sphere S? of radius R = 1 enclosing the monopole, and denote by ¥y and ¥g the North and
South hemisphere, having, as a common frontier, the equator C. Assume an orientation on
S compatible with the application of Stokes’ theorem to Xg, i.e., such that

B-nda:/A-dR.

YN C

In a similar way, one can apply Stokes’ theorem to calculate the flux of B through g, but
one has to be careful in noting that C' is now traveled in the opposite direction and therefore:

/B‘nda:/ A'dR:—/A‘dR.
s —c c

Summing together the two fluxes we conclude that

B-nda:/A-dR/A-dR:O,
S2 C C

contrary to the fact that the flux should be 4wey;.

Yet another way of appreciating the inescapable necessity of a singularity, physically more
transparent. Consider a small circle C, of radius Rsinf, encircling the North pole of the
sphere at an angle #. The magnetic flux through the solid angle 27(1 — cos ) enclosed by C
is simply ®(6) = epr27(1 —cosf). We can obviously represent such a flux by the line integral
of a vector potential AN) tangential to the circle C' in such a way that:

AN 27 Rsin = ®(0) =epm2n(1 —cosh) = A(N)(G) = eum (1 — cosf)
¢ ¢ R sind
As the angle 6 increases, the total flux enclosed steadily increases towards ®(w) = 4meyy,
while the total length of the circumference of C first increases, for 0 < § < 7/2, but then,
once we pass the equator, steadily decreases to shrink towards 0 when we are around the
South pole: the vector potential AN) has to compensate for the shrinking to 0 of the path-
length by a divergence of its strength around the South pole, in essence, a vortezr singularity.
The same argument can be used to show that, no matter what point you chose to construct
the vector potential, you will find a vortex singularity at the opposite point on the sphere.

The two solutions we have found above for A are exactly two possible choices of A, one
regular around the North pole (with a vortex at the South pole), and one regular around the
South pole (with a vortex at the North pole), both giving the monopole field:

1—cosf ~
A €M 2~ CcosY
R sind
14+ cost ~
A _ &M 2T CosY 4
R Rsinf (3.46)

I plot them in Fig. 3.1. Observe that the two choices are related by a gauge transformation
A =2epr¢:

1 ~
(N) _ A(8) — VA=
A A =2ey 5 ¢ = VA =V (2e010) (3.47)
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Figure 3.1.: Two of the possible choices of monopole vector potentials: AW) (top, including
a view from above and a front view) which is regular at the North pole and with
a vortex at the south pole, and A (bottom), vice-versa. Notice the opposite
direction of rotation of the arrows in the two cases.

Consider next the orbital wave-function ¥(R) of an electrically charged particle of charge e
subject to the previous monopole field. As you know, the wave-function ¢ must be single-
valued everywhere, '© but their phase depends on the choice of gauge. You can therefore

write a ) and a ¥(%) which must be related by:

VF(R) = exp (—z’ > ¢> Y (R) . (3.48)

Consider making a full turn by 27, ¢ — ¢ + 2. Since both V%) must be single-valued,
then you immediately conclude that:

2eens
hc

=n withn = 0,+1,+2, - (3.49)

So, magnetic charges must be quantized in units of % and, vice-versa, if a magnetic monopole

is assumed to exists, then all electric charges in the universe must be quantized in units of

hc
2len|”

We stress that the previous discussion does mot imply that quantum mechanics predicts
the existence of magnetic monopoles. However, it unambiguously shows that a magnetic
monopole, if ever found in nature, must be quantized in units of h—g, where e is the electronic

charge.

One last note which is of some relevance to the discussion of Chern insulators. Returning
to the calculation of the flux of the B field through S?, we can now amend our previous

16Recall that the wave-function is nothing but the amplitude in a position eigenkets expansion: there must
be a unique amplitude associated to a given position ket, and a phase ambiguity is not possible.
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calculation by saying that:

B ndo = /A(N)-dR
C

YN

B-nde = — [ A®) . 4R
Y C

B -ndo = /[A(N)—A(S)]-dR:/ 2e0/V - dR = dmey; . (3.50)
52 C C

Notice that the line-integral of V¢ around the equator C gives 2w, and not zero as one might
be tempted to conclude: it gives 27 times the winding number of the angle ¢ appearing in
the gauge transformation A = 2e,7¢.






4. The Haldane model

4.1. Tight binding, magnetic fields, and currents

The full many-body problem for electrons in solids is quite formidable. Even neglecting
the interaction between electrons and ionic vibrations (the so-called electron-phonon coupling
terms), the Hamiltonian for the interacting electrons (in second quantization) would have the

form:
Ha = 3 / dx B (x) [1 (~inv + %A)2 4 v(x)} ¥, (x)

+ Z ;/dxdx’ lf/l, (X/)\fli,(x) S — \I/O'(X)\/I}o—/ (%), (4.1)

where \/I\/o(x) is the second-quantization field operator, i.e., the operator that destroys a
particle of spin ¢ at position x, and the last Coulomb interaction term makes the problem
essentially unsolvable. For future reference, we have included in the kinetic term a vector
potential A, describing an external electromagnetic field acting on the electrons. Possible
scalar potential terms can be included in v(x). Observe also that the kinetic energy term can

be equivalently written in the more symmetric form: '

L ()

. [ (—mv + ZA) T, (x)

T
Hin =) % /dx [ (—mv + %A) U, (x)

where we see that the relevant operator is the ordinary momentum supplemented by the field
term (e/c)A (related to the classical velocity times the mass):

= —ihV + %A . (4.3)

One thing that is easy to derive, at this stage, is the form of the current density operator
j(x). One way to derive it, is to start from the density operator

a(x) =Y Uhx)T,(x), (4.4)

and write down its Heisenberg’s equation of motion in the form of a continuity equation:

1

—npg(x,t) = ﬁ[ﬁH(x,t),ﬁel] = -V -ju(x,t).

dt

! This forms manifestly shows that the kinetic energy is Hermitean and positive definite.
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The final result has a form which is reminiscent of the familiar current density in ordinary
quantum mechanics:

509 = 5 37 (60 [118,00] + [[18,(00)] ) (15)

while the electric current density has an extra factor —e: j¢(x) = —ej(x). 2 Notice that
potential terms do not influence at all the current operator. Notice also that you can write
the current operator as a functional derivative of the Hamiltonian with respect to A:

(Sﬁ g: 1.

5Apg = 0= 500, (47)

which in turns leads to the following way of writing the Hamiltonian:

H = Fiag— % / dx §6(x) - A(x) . (4.8)

The field operators \Tlg(x) can be expanded in any one-particle basis set of orbitals labeled
by quantum numbers «, call them ¢, (x), and associated destruction operators ¢qq, as:

To(x) = ba(x) Coy - (4.9)

There is a large freedom in the choice of the basis ¢, (x). Consider, for the time being,

a system in absence of vector potential, A = 0, for simplicity. One could select plane-
waves ¢k (r) = %e"k'r, which are eigenstates of p?/2m. The alternative choice of ¢, (x) as

the Bloch states of the particle in the periodic potential vper(x), where n is a band index
and k a wave-vector running in the Brillouin Zone (BZ) of the reciprocal lattice, evidently
diagonalizes the p?/2m + vper(x) part of the Hamiltonian. One could write an expression of
H, in terms of such states, introducing destruction operators ¢, , but, without even doing
the calculation you realize that the Coulomb many-body mixing of states is inevitable. There
is no way around. To treat the Coulomb potential in a some fair way, one possibility is to
use basis states (approximately) localized around each site. Technically, this is done by a
transformation from Bloch states to Wannier states. Without going into details (see a Solid
State textbook, if you are curious), we simply state that we can in principle form appropriate
states wpr(x), as many as there are bands (labeled by n), around each lattice site r, and
in terms of the corresponding é,r, express in the usual way the Hamiltonian ﬁel. The full
expression with all possible bands n is useless, in practice.

A particularly important approach in many-body theory is, however, the following: single-
out a few important bands in the problem you want to treat, and disregard all other bands
altogether. For the case of a single band, we label by wy(x) the corresponding Wannier
orbitals (neglecting any band index n), and by é, the corresponding destruction operators,
and approximate the field operator as:

Uy (%)~ Y wr(X) by - (4.10)

2You can make the A term explicit by writing:

0 = 5o S (B0 [pTo 0] + [pT (0] T () ~ < A ) (4.6)
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In this rather drastically restricted basis set, setting for a while A = 0, the Hamiltonian

f{el = Z Z hr’,ré;f"oélm + Z Z Eréiaéra + ( ) ) ’ (4'11)
o r

o r#r/

reads:

Hy
where h,  represents the amplitude for the electron to hop, conserving its spin, from orbital
wy to some neighbor w,s on the lattice, 3

2

- / e () [ 2 4060 un() (4.12)

ey is the diagonal (“atomic”) energy of the orbital w, at site r, while (---) hides all the
interaction-generated terms (see, for instance, a discussion of the Hubbard model physics),
which we shall not discuss in the following.

How do we treat a magnetic field in a tight-binding scheme? One would be tempted to
simply substitute p — II = p + €A in the previous expression for hy p, but that would
not lead to a gauge invariant expression, and is therefore a wrong thing to do. It is not
infinitely hard to get convinced that a reasonable gauge-invariant * way of introducing the
J

vector potential is by modifying the hopping amplitudes according to the so-called Peierls
substitution:

Pyt r — hlj},r = hyry e e Je A ) (4‘13)

where the line-integral is calculated on a straight line connecting r to r’. Such a line-integral
suggests that we can introduce an average vector potential living on the link (r,r’) as follows:

App-(f'—r)= / A-dl, (4.14)

where evidently A,/ ., = A, /. For an elementary justification of the Peierls’ substitution, see
for instance Feynman’s Lectures on Quantum Mechanics, Chapter 21. °

3The reversed process has to have amplitude Ry vt = h:/,m in order for H to be Hermitean. Very often, one
can make a choice of phases for the Bloch/Wannier orbitals such that h, , is real, in absence of magnetic
fields.

41f you change A — A + VA then the phase factors change as:

e—i(s/hc) S5 A-dl

- e—i(e/ﬁc) N A-dle—i(e/ﬁc)(Ar—Ar,) ,

and you can easily get rid of these extra phase factors by a unitary transformation that changes é,, —
61‘0‘ — érgefi(e/hc)Ar.
5 Here is the essence of the argument, written in first quantization. Consider a single electron wave-function
1(r) in two dimensions, and discretize the Laplacian on a square grid of side a. Including the Peierls’

substitution phases we have:

_t Z e e/ I Al 4 gt 1 o(e)]ope = B (4.15)
r’€N(r)

where t = 1?/(2ma?) and N(r) denotes the four neighbors of site r which we can also express as r’ = r+6
with § = £ax, £ay. First notice that, for small a, we can calculate f:, A.dl= -8 A(r), where § =1’ —r,
and hence expand the phase factor as

1 e?

S (@AY

e—i(e/ﬁc) 5 A-dl ~1+ iié A —
he
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It remains to address the issue of how to construct a current density operator in the
tight-binding approximation. Once again, the naive approach of substituting \/I}J(x) ~
> p Wr(X) éro in the continuum expression for j(x) is plagued by many problems. A sen-
sible way of deriving a physically sound expression for the current starts again from the
Heisenberg’s equation of motion, this time written for the local density n, = > éltgém.
From the continuity equation for the density, ® omitting to indicate the time-dependence of
all Heisenberg operators, we have:

. #r
d . 1. A ? A4 A 4
P ﬁ[nr,Ho} =z E E (hl‘f‘?,rci,acw - hﬁr/clgcr,a) . (4.16)
ag r/

Here we have assumed for H only the “kinetic-energy” term of the Hamiltonian. * The
right-hand side has to be interpreted as the lattice version of —V j More precisely, we
define the following current operator on each link from r — r’ where hf}r #0:

: i KR :
Jvr = —%(r' —r) Z [hﬁrcl/gcm —H.c.| =jpy - (4.17)

o

Then, denoting by a = r’ — r the vectors connecting r to its tight-binding “neighbors”, is
clear that what the continuity equation in Eq. (4.16) is telling us can be rewritten as:

d . 1 5
AT 2 e (419

where the right-hand side, the lattice version of —V ~j, suggests a simple interpretation in
terms of fluxes of current going through the surface normal to the unit vector a/|al, and
indeed reproduces the standard discretization of a divergence on a cubic lattice with nearest-
neighbor couplings. The total current is given by the sum of the currents on all bonds,

j— % S erar (4.19)
r a

Next, Taylor-expand up to second order ¥ (r’ = r + §) as:

counted only once:

1
e :¢r+5.vw,+5¥5aaﬁaaagwr+-.. )

Finally, put together these ingredients, in the calculation of

—t Y e NI Ay gty

r'=r+4

collecting terms of different order in &, taking due notice of the fact that ¢ = %/(2ma?) contains a factor
a? in the denominator that must be cancelled for a — 0 by the numerator. Indeed, the terms of order 0
are —4t 4 4t = 0. The terms of order 1 in § are odd in § and therefore cancel when you take the } 5. The
terms of order 2 in & have a factor a? that cancels against the denominator of ¢ and - -- ezactly the right
terms expected: (1/2m)(p + (e/c)A)?y. This shows that, indeed, the tight-binding-like form with Peierls
phases reproduces, for a — 0, the correct continuum equation.

5In the derivation, one has to take the commutator of [élaéra,éi,,d,ér,a,}, which proceeds by first using
[A,BC] = [A, B|C + B[A, (], and then using {AB,C} = A{B,C} — {A,C}B to exploit the canonical
commutation relations of fermions.

"Hubbard-like interaction terms, depending on density-density operators, would not change the result, but
general interaction terms which do not commute with 7, would give extra contributions. Moreover, one
might be puzzled by the fact that, strictly speaking, the tight-binding kinetic term includes one-particle
potential contributions as well, and is not of purely kinetic origin.
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An alternative derivation of all these expressions should be possible by working in momen-
tum space, where one can deal with continuous variables, and the divergence reads q - jq. A
further alternative derivation uses the fact that the current operator should be a derivative of
the Hamiltonian with respect to the vector potential, as in the continuum case of Eq. (4.7).
From the Hamiltonian written in the tight-binding form Eq. (4.11), with the Peierls’ substi-
tution hy p — hA
introduced above, we easily establish that:

- taking a partial derivative with respect to the link vector potential A/

OH ze T : €. 1.

This is probably the easiest and most transparent derivation, once the Peierls’ substitution
is adopted.

4.2. The Haldane model

Consider now a graphene sheet (two-dimensional system) with atoms sitting at the sites
of a honeycomb lattice (see Fig. 4.1), and a tight-binding electronic hopping Hamiltonian.
Since the spin will play no role in the present discussion (although it will reappear soon,

Figure 4.1.: The honeycomb lattice (left), and the associated reciprocal lattice with a possible
choice of a rhombic Brillouin Zone (right).

when discussing the Kane-Mele model), we will ignore it from now on in the present chapter.
The honeycomb lattice is made of two inter-penetrating Bravais triangular sublattices, which
we denote by A and B. Starting from an A-site, the nearest-neighbor sites are B-type

and they are reached from the A-site with the three displacement vectors d; = d(%, —@),
dy =d(3, %) d3 = d(—1,0) = —(d; + d2), where d = |d;| is the nearest-neighbor distance.
If you call a; = dy — d3 = a(@,%), ap, = ds —d; = a(—?,%) and a3 = d; —dy =

—(a; +as) = a(0, —1), with a = v/3d, then the next-neighbors of an A-site are again A-sites
at the 6 points {taj, tay, *as}. Similarly for the B sub-lattice. We can take any two of the
a;s, for instance a; and as, as basis vectors of the Bravais lattice, which will have two atoms
(an A- and a B-site) in the unit cell. Assuming the hopping matrix elements h ; connect
only nearest-neighbor (AB) and next-nearest-neighbor (BB and AA) sites, we can write the
Hamiltonian as:

fI:ZZ( r+d; rcr+dC +Hc>+ZZ( rJra],rcHac +HC>+Zer

I‘EA d]'
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Haldane [12] considered the possibility that that two sublattices are chemically not equivalent,
in which case one might take, without loss of generality, take e¢;cq = +M and epep = —M.
Haldane also assumed that there is a magnetic field, which will modify the hopping amplitudes
according to the Peierls’ substitution:

hyr y — hﬁ,r = hyy e e J Al ) (4.21)

More precisely, he assumed that the total flux of the magnetic field over every hexagon of
the lattice is zero. ® This means that the line-integral of the vector potential A around
the hexagon has to be zero, and therefore, by 27/3-rotational symmetry, the line-integral

of A on every nearest-neighbor bond vanishes: hence Ay q,,» = 0 and the nearest-neighbor

A
r+d;,r

a real hopping amplitude. ? The next-nearest-neighbor hoppings, instead, are modified by

hopping is not modified at all by the magnetic field. We denote h = t1, where t; is
the magnetic field. If you look at Fig. 4.2, you realize that the line-integral of A along each
(dashed) triangular path in the direction of the arrows (clockwise) has to be negative, i.e.,
—®p, where ®7 > 0 is the flux through the each triangle; 'Y hence, again by rotational
symmetry, a phase-factor etile/he)®r/3 — oi2n®r/(3%0) — ¢ ig agsociated to each hopping
amplitude in the direction of the arrows: here we have introduced the shorthand notation
¢ = 2nPr/(3¢0), ¢o = hc/e being here (twice) the flux quantum, in cgs units. A closer
inspection of Fig. 4.2 reveals that this makes the second-neighbor hoppings hﬁaj,r +id
where the + sign applies to the r € A, and the — sign to the r € B. We write this, with a

i¢Vr—>r+aj

= tge

slightly baroque notation, ' as tse , where vy ypya, = +1ifr € A and tpypia; = —1
if r € B. We also denote M, = =M, where the + applies tor € A, and the — tor € B. We

8 The present footnote is written in SI units because I find them easier to calculate numerical estimates. The
argument by Haldane is as follows: if you put a magnetic moment p at the center of each hexagon, all of
them pointing up in the z direction, i.e., ferromagnetically arranged, then the magnetic field (in SI units,
with 42 = 1077 N/A?) produced by each moment

o |ml,

po 1
B = =7,
47 73

—Eﬁ[S(N'f‘)f—N] —
will point down at any point on the plane. However, the total flux across the plane generated by each
single p must be 0. (The negative flux away from p is compensated by a strong positive d-like contribution
at the location of the magnetic moment, since field lines must be closed.) Therefore, while the flux
produced by a single p is still positive if you restrict the integral to the hexagon where p is located,
the negative contribution from all the other moments will necessarily create a field distribution that has
zero flux when integrated over every hexagon, and with all the symmetries of the lattice. Let us try to
estimate this effect. The total negative flux produced by a single p on the plane, from a distance r.

. 2
to 00, is @(re,00) = —Z—g%

— The positive flux produced by g within a region of radius r. must be
just the opposite of this. If re =d =142 A = 2.4ap is the graphene nearest-neighbor distance d, and
lp| = pp = £+ = 9.274 x 107>* J/T is the Bohr magneton (in SI units, where J/T=A m® is the unit
of magnetic moment), you can estimate the flux produced inside the hexagon in which p is contained as
—®(d, 00) = 0.46 x 10~ Wb, where Wb=Tm? is the ST unit of flux. If you recall that the flux quantum is,
in SI, ¢o = 2% = 2.07x 107 *® Wb, you realize that these are small effects. Nevertheless, the effect predicted
by Haldane has been experimentally observed in 2013 [13], in ferromagnetic Topological Insulators, and is
known as Quantum Anomalous Hall Effect (QAHE).

91 ~ —2.8 eV for graphene.

10 The flux ®r through these triangular paths is positive, hence the line-integral of A in the counter-clockwise
direction is positive.

1T introduce here this notation to make a bridge with the notation used by Kane and Mele [14] in their
discussion of the spin-orbit coupling, and the Spin Quantum Hall effect, in graphene. Kane and Mele call

v;; what we call here Vr—r+ta; with the identification r <> i, r + a; <> j. With our sign convention, we
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therefore write the Haldane model as: 2

T ( A G ) Tt ZZ ( el o4 H.c.> +3 Meéfe, .

rcA d; r
~ _ N ——

F;:n Hnnn Hsite
(4.23)

Figure 4.2.: The magnetic fluxes in the Haldane model. See text for details.

We construct the reciprocal lattice vectors b; and b2 in the standard way, i.e., such that
a;-b; = 27d;;. One finds by = \4/—”(%, %) and by f T (1 —%) see Fig. 4. 1(r1ght) where
a possible choice of the Brillouin Zone (BZ) is shown.

When periodic boundary conditions (PBC) are applied in all directions, one can fully
exploit translational invariance, defining the Bloch-Wannier transformations:

T ik-r AT N —ik-r AT
kB = Z e CreB = Z e kB
I'EB kEBZ (424)
N ik-r AT AT —iker AT
Cxa = Z € Crea = Z Cra
I'EA k€BZ

could express this factor

2
Vr—r4a; = _ﬁ [da X dﬁ}z P

where do and dg are, in that order, the d;—1 2,3 nearest-neighbor vectors that you have to sum to r to
obtain r + a;. It is simple to verify that, if r € A then vy—ria, = % [de xd3], = +1, rorta, =
% [ds x d1]Z = +1, Vrsrqay = % [d1 x dg]z = +1, corresponding to the fact that you always take a
first step (for instance by d2), and then you make a right turn in the second step (for instance —ds). For
r € B you have instead vr—yrqa;, = % [ds x d2] . =1 and cyclic permutations, corresponding to always
making a left turn in the second step.

12WWe also report the explicit expression for the corresponding current operator J:

J= Z > [ &l a6+ He. ] %2 SN [(fiaj)ew”mw ey bt H.c.] . (4.22)
roaj

reA d;

Jnn Jnnn
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Here N = N1 N> is the number of unit cells, constructed for instance from a; and ag, making-
up a big periodically-repeated lattice (i.e., wrapped-up on a torus in both directions): as a
consequence, the discrete wave-vectors allowed are

Ebl + ﬁbQ with ni,ng € Z, (4.25)
with the understanding that only NV of them are independent; for instance ny =0--- Ny — 1
and no = 0--- Ny — 1 make up a possible choice of independent k-points, as shown in the
rhombic BZ of Fig. 4.1(right). Inserting these expressions in the Haldane model, we can
transform it in the form:

BZ .

- 4. - ¢

i =Y |es o] [F010)] [ e ] (4.26)
k kB

where, for each k € BZ, the Hamiltonian f]:C(k) is a 2 x 2 Hermitean matrix, which one

can always parameterize, in terms of the identity 1 and the three Pauli matrices &, as

H(k) = Ro(k) 1+ R(K) - &, or, more explicitly, as:

Hy1(k) Hiya(k)

= ) Ha (k)

= Ro(k) 1+ R,(K)6, + R, (k)6 + R.(k)6. (4.27)

with Hi1 = Ro+ R., Has = Ry — R, and Hi3 = R, —iR,. It turns out that, if you actually
perform the calculation '* with the specific choice of éL p Wwritten above, you would find that

3 3
Ro(k) = 2ty(cos¢) Y cos(k-a;) and R.(k) =M +2ty(sing) Y sin(k-a;), (4.28)
j=1 J=1

which is nice, because the direct lattice vectors a; appear: hence R/, (k + G) = Ry,.(k) for

any reciprocal lattice vector G = ni1b; + noby. However, with this choice of é;r( p you would

13Here is sketch of what you do. For the ¢;-term:

BZ 3
Hon ZZZ [ Ty gt réT’BékA + H. C] =l Z |:<Z eik‘dJ) éLBékA + H.c.
k

reA] 1k, k/ j=1

)

where we exploit the Kronecker delta:
B Z etk r _ &
N = Ok,k’ -
rcA
For the t2-term, separating the A and B sublattice contributions, we have:

3
; t2 Z ZZ +i¢ —ik!-(r+a;) ikr At R
HnnnA/B = N |:€ e e Ck/A/BCkA/B +HC]

r€A/B j=1kk’

BZ 3
ts Z [(Z eiz¢e—zk.aj) éLA/BékA/B +H.e.

k j=1

For the (on-site) M-term, again separating A and B:

BZ

—ik’-r 7,k ra AT ~
HblteA/B = iM Z Z [ Ck’A/BCkA/B] iMZ [CkA/BCkA/B] .
reA/Bk K’ k
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get Ry(k) —iR,(k) =11 Z _elkdi e
3 3
k)=t » cos(k-d;) and Ry(k)=t Y sin(k-d,) (4.29)

which is not infinitely satisfactory, because R, /,(k+G) # R/, (k). This makes absolutely no
difference if you are simply interested in the band dispersion (it contributes irrelevant phase
factors), but it proves inconvenient in the present context of calculating the Chern number,
because we would like to have R(k + G) = R(k) in such a way that the mapping from the
BZ to the R-space is actually periodic over the BZ. If you really insist in having a periodic
R(k + G) = R(k) then there is a simple way out, however. Simply make, for instance, a
canonical transformation

g =g =elodd p = N ektdaal (4.30)
\/7 reB

with the inverse transformation now reading:

= o e(r—de)at (4.31)
rGB kaZBZ kB

and this will make: 1%

Ry(k) =t1[1+cos(k-a;)+cos(k-az)] and Ry(k) =t [sin(k-as) —sin(k-aj)] ,
(4.32)
which has the desired periodicity k — k + G. '°

Diagonalizing H (k) for any given k € BZ is a simple spin-1/2 problem. The two eigenvalues
are
et = Ro(k) + [R(K)| (4:34)

The two eigenvectors are exactly the two spinors we have discussed for the spin-1/2 prob-
lem, for which the story of the choice of the phase and the unavoidable presence of vortex
singularities applies as well (see discussion in Sec. 3.4). Let us denote by |uxy) the spinors
corresponding to the two bands. Notice that we can parameterize them by simply knowing
the angles 0y and ¢y that the “magnetic field” R (k) has on the (Bloch) sphere in spin space.
In all cases, unless the parameters are specially tuned (see below) the two bands are sepa-
rated by a gap, which implies that the system is an insulator if the number of particles is
so chosen that the lower band is completely filled and the upper band is empty: for that,
you need a half-filling situation, i.e., the number of electrons has to be half the number of

14Simply notice that now:

3 BZ 3
Hyn = Z Z Z [ ik’ (rd; —d) gk réLBékA + H.c.} =t Z {(Z e (9 '_d3)> & pé, +He.

I‘GAJ 1k, Kk k =1

)

and recall that dy —ds = a; and d; —ds = —ay. Equivalently, observe that (R, —iR,)e 93 = R, —iR,,.
Y5 Expanding R, (k) — iR, (k) near the two Dirac points, taking k = K4 + q, you get:

R.(K+ +q) — iR, (KiJrq)—zfl

[qz F z'qy] . (4.33)
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available orbitals (lattice sites, if you neglect spin, as we are doing). The crucial point (we
will see this, with illustrations, later on, don’t worry) will be if, when k spans over the BZ of
the lattice (a torus, due to PBC), this “magnetic field” R(k) will wrap around the origin of
the Bloch sphere in spin-space or not. In the second case, we will see that the insulator is a
trivial insulator; in the first case, it is not. More about this, in connection with the physics
of the Hall conductivity in the Haldane model, in section 4.4. '

Returning to the discussion of the band dispersion, we find band degeneracies at the k
points where R(k) = 0: if you go back to the discussion about the spin-1/2 in a magnetic
field in Sec. 3.4, you realize that degeneracies occur exactly where the magnetic field vanishes,
R* =0. When M = 0 and ¢ = 0, the standard graphene case (where one usually puts t3 =0
as well), these degeneracies occur at the two famous Dirac points, located at the hexagonal-BZ
corners, i.e., the two points labeled K; and K_; (or simply K and K_) in the rhombic-BZ
of Fig. 4.1. Defining the label o = %1, one finds that K, = K4+ = (%, j:%), and is indeed
a simple matter to show that K, -a; = —«a(27/3). At the two Dirac points (and only at
those points!) one has R, (K,) = 0 and Ry(K,) = 0. ' Since the presence of a degeneracy
requires/implies R(k) = 0 — R,/ (k) = 0, we immediately conclude that a degeneracy can
only occur in one of the two BZ corners K. The matter is then decided by what is the value
of R,(K,). However, since:

3
D sin (K, - ay) = —a% : (4.36)

. 2
7=1
we see that the presence of degeneracies is all linked to:
R.(K,) = M — 3V3atysing = 0. (4.37)

These two equations, for &« = =+, define two curves in the M /ts versus ¢ plane, the phase
diagram of the Haldane model, where the gap closes either at the K -point, when M /ty =
+3+/3sin(¢), or at the K_-point, when M /ty = —3v/3sin(¢): see Fig. 4.3. Everywhere else
in the M/ty — ¢ plane a gap is present, and the system is therefore an insulator.

What type of insulator is exactly the matter now: we will see that outside the colored area
in Fig. 4.3 we have indeed a trivial band-insulator of the Boron-Nitride (BN) type. Inside
the colored area in Fig. 4.3, however, --- Just keep reading the next two sections.

16 Since it sometimes useful in the context of calculating the Hall conductivity of our problem, let me mention
here that the current operator is readily obtained by noticing that a gradient of ff'((k) with respect to k
brings down precisely the right factors (—id;) or (—ia;) in the current expression. Therefore, with the
original choice of phases for the ¢, gs we can compactly write:

J= ikzj (el ) (%vk%(k)) < Cia ) (4.35)

kB

Notice that, while the canonical transformation éLB — ELB = e kds éLB transforms H(k) — fR(k) where
ﬂff(k +G) = f]TC(k)7 the previous nice form of the current operator is a bit ruined. I am pretty confident
that the physics should be the same in the two pictures, but a discussion of the conductivity is better
carried on in the original picture.

Tt is elementary to check that also Ew/y (K.) = 0. Indeed, one can show that |R(k)| = |R(k)|, i.e., the band
dispersion is not modified at all by the canonical transformation, as it should.
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M/t, O6

—3+/3

Figure 4.3.: The phase diagram of the Haldane model. Points marked are those for which
details are shown in other figures.

By

Figure 4.4.: The bands for the Haldane model. Labels refer to the points marked in the
phase diagram of Fig. 4.3. The central upper plot shows the two-Dirac bands
of standard graphene. The left upper plot is obtained with M/t; = 0.3 - V3
and to = 0 (ordinary BN-type insulator), the right upper plot for ¢ = 7/2 with
M =0 and t2/t; = 0.1 in the topological insulator region. Notice the superficial
similarity of the bands in the latter two cases. Lower plots show similar results
for points marked 4, 5, and 6 in the phase diagram: notice again the superficial
similarity of point 4 and 6.
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4.3. The Hall conductivity: A derivation a la Thouless

I give here an “adiabatic derivation” of the Hall conductivity — in spirit due to Thouless
and followers, see for instance [15, Sec. 4.3] — which clearly shows the role that the Berry
curvature plays in transport. This role has been made explicit in the theory of semi-classical
transport in crystals by Q. Niu and coworkers. I prefer this derivation to the more traditional
one, using linear response theory and Kubo formula, which you can find in Appendix A.

Suppose you have an insulator — which has some magnetic field B(x) '® represented by
a vector potential A — and you put an extra uniform-in-space, constant-in-time and small
electric field E. If you want to keep the Hamiltonian with the same translational invariance
it had in absence of E, you better avoid using the scalar potential gauge E = —V ¢, because
the resulting scalar potential would break translational invariance. A far more convenient
choice is to represent E in terms of an extra uniform vector potential Ag(t) such that

E=——Ag(t) = Ag(t)=-Ect. (4.38)
This in turn means that, if you are working on the continuum, you should substitute
f)+§A—>IA)+Z[A+AE(t):| :15+§A+R(t) :
where R(t) = hik(t) = —eEt. If you are working with a tight-binding description, then —
remember Peierls substitution —

e — b e R RO
In both cases, you realize that R = hik is a momentum and R = Ak is the electrical force felt
by each electron: so, you are essentially boosting the momentum of each particle by R(t), or

k — k + k(t). Let us see better, for instance in the continuum case. If you have the Bloch

ik-x 9

solutions 1y (x) = e’**uy (x) of the original problem '
1 /. e 2
5 (P+2A) + 060 |va(x) = aci()

2m

then it takes little algebra 2" to show that ¢y (x,t) = eik'xukJm(t) (x) solves the instantaneous
problem in presence of R(t), with energy € ()

o (B4 SA+RM) 4060t 1) = acrny il )

8Generally speaking, the presence of a magnetic field makes the use of Bloch theorem very complex, because
the vector potential A would not respect the discrete translations of the solid; but if you have, as in the
Haldane model, a vector potential A (x) with the full symmetry of the crystal, because the magnetic field
has zero flux over every unit cell, then no problem arises.

19 Then w (x) verifies the associated problem

2°Simply observe that if you make the Ansatz i (x,t) = e’ *uy (1) (x) and substitute it in the Schrodinger
equation, then the equation for uy ;) comes out to be

1 /. e 2
[% (p + EA + h(k + "-'/(t))) + U(X)] Uk +k(t) (X) = €kt r(t)Uk+r(t) (X) 5

which is indeed the correct equation that the periodic part has to satisfy, for any fixed instantaneous value
of Kk(t).
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In all cases, the price to pay for having translational invariance respected is that the Hamil-
tonian becomes time-dependent H — H(R(t)). The notation chosen for R(t) should remind
you of our general discussion of adiabatic theorem: and indeed, if |E| is small then R(¢)
varies slowly — equivalently, R = —eE is small — and if the system we are considering is
an insulator — hence the initial ground state |®g) is separated by a finite gap from all other
states |®,,) — an adiabatic approach should work. A noteworthy expression which we will
eventually use is that, at the operator level, we can always express the total particle current
operator as

J=VrHR). (4.39)

See, for instance, Eq. (4.17) for the tight-binding case.

Our starting point will then be expansion of |¥(#)) in terms of instantaneous eigenstates
|®,,(R(t))) of H(R(t)) we have written when discussing the adiabatic theorem: 2!

Zc en(®) o= o Enlt) 1@, (1)) (4.40)
where the initial condition is ¢, (0) = d;,0, with the compact notation E,(t) = E,(R(t)), and

®,,(t) = ¢,(R(t)). You will remember, see Eq. (3.10), that we derived the following system
of differential equations for the ¢, (¢):

= e i o Eal)=En@] | (1) eon(t) (4.41)
m#n
where the coefficients Fj,,(t) are given by Fun(t) = —ellm®O-m® R . (®,|VRr®,,), or
equivalently:
Fum(t) = —/0mO=m 01 (@ (£)[8,01a (2)) - (4.42)

Eq. (4.41) is the starting point for an obvious perturbative expansion, where you substitute
the ¢, (t) appearing on the right-hand-side with some order-k approximation ck )( t) to get
the cgﬁl)( t) on the left-hand-side to order k + 1. To lowest order, ) (t) = em(0) = 0m.0,
hence we can write the following first-order expression:

C%l) (t) _ (1 o 5n,0) e% fgdt’[En(t’)—Eo(t')] Fn(](t) , (443)

Integrating over time, by parts, we can then write:

V(1) = —ih(1=6,0)

n

o Jodt'[En(t)~Bo(t")] b ok Bl Bo()]
FnO(t) + / / FnO(t,)
0

E,(t) — Eo(t) En(t') — Eo(t')

where the - - - collect a term which comes from the derivative of the denominator E,,(t)—Ey(t),
which we are neglecting. The final term in the previous expression contains a time derivative
of F,,o and is therefore less relevant in the adiabatic regime we have in mind. Keeping only
the first term, we finally write an approximate expression for the state |¥(¢)), to first-order
in the time-derivatives, as follows:

_ o) i [l By |[Dn(£))(Pn(t)[0: Do (E))
1T(t)) = e70®) o= Jodt Eolt [ycpo +zh§0 (D) Eo(t)o ] (4.44)

2INotice that we switch back to t here, rather then using s = t/T.
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which coincides with Eq. (2.3) of Ref. [8]. The second term contains an important correction
to the adiabatic state which will play a crucial role in transport, as we shall presently see.

Consider the total particle current J = Vg H and evaluate its average over |¥(t)). You
will get, to lowest order in the corrections to adiabaticity, two contributions:

()| VRH|®n (1)) (®0(1)|0:Po(t))
En(t) — Eo(t)

(W)WY = (@o(t) TrABo() +in Y |20
n#0

You recognize in the first term, through the Hellmann-Feynman relationship, the derivative
of the total “ground state” energy Fo(R(t)):

(o (t)| VRH(R(L))|Po(t)) = VR (®o(t)| H(R(1))|P0(t)) = VrE(R()) .
In the second term we recognize a familiar face, see Eq. (3.13)

(®o(t)| VR H|D, (1))
En (t) - EU (t)

= —(VR®o(t)|®,(1)) ,

valid for all n # 0. Whence we get:

(P(OIU(1) = VrEo—ihy
n#0

(VR®o(1)|®n (1)) (Pn(t)[0:Po(t)) — C-C-] (4.45)

= VrEy—ih [<VR®0(t)at®o(t)> - C-C-] ;

where in the final step we have used the fact that a term with n = 0 can be freely added
because it is real hence it cancels when you subtract the complex conjugate; hence the whole
unrestricted sum over n can be eliminated, since it is an identity. Now, recall that R(¢)
simply boosts every momentum by R(#). But in an band insulator all momenta are either
completely filled, or empty: hence Fy(R(t)) does not depend on R(t) at all. For a band
insulator, therefore, the only remaining term of the electric current is:

(W (1) T W (1) = —ih[ (00 ®|01Bo) — (D1B0|0a o) | (4.46)

But |9,®9) = R-|VRr®g) and R = —eE. Inserting into the previous expression we finally
get:
(WOFa (1)) = ieh Y [(0u00ls00) — (9500l0nb0)] s (4.47)
B

Now recall that the average electric current density is given by

—€

ja= W<\P<t>‘j\a|‘1}(t)> ,

and the conductivity oqp is defined from the relationship ji = > 5 0agFEp. Inserting all the
factors we finally get that the conductivity tensor of a band insulator must be:

e2h

OaB = _ﬁi [<8a<130|8ﬂ(1)0> = <85(I>0|8aq>0>] ° (4‘48)
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This expression clearly shows the crucial role played by the Berry curvature. Notice that
Oaa = 0 — the longitudinal conductivity must vanish — and 0,3 = —0g, — the transverse
conductivity is antisymmetric.

Let us make this expression more explicit by using translational invariance and the fact
that we deal with an independent particle Hamiltonian. If k are the wave-vectors of the Bloch
states, and n the (filled) band index, then the initial state is a Slater determinant, which in

second quantization reads:
BZ filled

|®0(0 H H et oy, (4.49)

Tk are the creation operators of Bloch states, and ¥,k (x) = <x]éILk\O>. Correspond-

where ¢,
ingly, the instantaneous ground state in presence of R(t) is the Slater determinant:

BZ fille
|q)0 H H >
k n

where <X‘é;k(t)‘0> = ni(x, 1) = M * U ) (x), with instantaneous energy

BZ filled

= Z Z Enk+k(t)
k n

Clearly, in the thermodynamic limit Ey does not depend at all on R, as previously dis-
cussed. Now we should take derivatives with respect to R to calculate the Berry curvature.
Suppose we had a single particle. Then, in first quantization language we should calculate

[<6Rawnk‘8Rg¢nk> - <8Rg¢nk|8Ra¢nk>]- But:

ORatnk = €™ Op, Uniesr/n = € haka Unk{R/h »

from which you see that:

(OR,nk|OR s ¥nk) — <8R5¢nk‘aRawnk>} 72 [<8kaunk‘6kgunk> (Ohs Unk| Ok Unk)

So, as anticipated, the boosting hk — hk + R(¢) really means that derivatives with respect
to R are equivalent to derivatives with respect to hk. Now, the second quantization way of
writing Slater determinants makes it reasonably simple to conclude that if you have many
independent particles, then all you have to do is to sum over them. Without going into many
details, one can show that:

BZ filled
6

oup =~ Z Z [(Oh el k) — (O el )] (4.50)

In the thermodynamic limit one can transform the sum over k into an integral over the BZ
in the usual way. For a two-dimensional system % ZE — fBZ 2 and, recalling that
Oye = —0Ogzy We can finally write:

o2 filled ,
Oyx = ﬁ?ﬁ Z /Bzd ki (6k unk\akyunk) <8kyunk|8kzunk>] ° (4‘51)
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4.4. The Hall conductivity of the Haldane model

From now on we will stop denoting R = —eEt — which was instrumental to deriving the
form of the Hall conductivity in the previous section — and resume the usual meaning of R
for the Haldane model, i.e., of an effective magnetic field for each k, R(k). In the Haldane
model, working with PBC, there are two bands, a lower band ex_ and an upper band ey
separated by a finite gap over most of the Haldane phase diagram, i.e., away from the critical
boundaries in the phase diagram in Fig. 4.3, where Dirac cones form and the system is
metallic. If the number of electrons is therefore half the number of lattice sites — a situation
commonly called as half-filling — then the system is a band insulator, and the lower band
of energy ex_ is fully occupied. For electrons on the continuum the associated |ux—_) would
be a function uk_(x) periodic over the unit cell of the crystal, but here we are working in
tight-binding and |uk_) is simply a two-component “spinor” telling the amplitude for staying
on the Wannier orbital centered on sublattice A or B in the unit cell. This identification has
already been used before. So, at half-filling the spinors |ux_) constitute a completely filled
band, while |uy,) is an empty band. Hence:

er 1 9

Oyx — ’Lﬁ% Bzd k {<8kzuk,\8kyuk,) — <6kyuk,\8kzuk,)] . (4.52)

Two observations are in order. The object we have obtained looks like an antisymmetric form

closely reminiscent of a Berry curvature integrated over the whole BZ. We will see soon that

indeed it is a Berry curvature form of the spin-1/2 problem, pulled back into k-space by the

map k — R(k) (more about this below). Second (we stress again): the o, just calculated

in this way looks pretty much as a bulk property: we have used PBC and even taken the

thermodynamic limit. There is no trace anywhere of the edges of our system, to which an

experimentalist would attach contacts and leads to measure currents and voltages. More
comments on this bulk-edge duality in a while.

The |ux—) appearing in Eq. (4.52) must be viewed as a composite function |ux_) =
lu—(R(k))), where |u_(R)) is the “down spin” state when the magnetic field is in the direction
of R. Simple algebra of change of variables shows that:

(O, e | Oy ure—) — <3kyuk—\3k1uk—>} =Y (Or,u—(R))|0r,u-(R))) R=R(K) Jij(k)
tj

where the Jacobian

Ok, Ri Ok, Ri
Jii(k) = det a::Rj a:sz X (4.53)
appears. But J;; = —Jj; and therefore you immediately deduce that:
i (O, s 10, 1) — (OO, i) = D7 T (R(K) iy (k)
i<j
in terms of the Berry curvature of a spin-1/2 problem:
Ty (R) = [(0n,u-(R)IOn,u-(R)) ~ (O, u-(R) o u-(R))] = ¢ gt (454

where we have introduced the totally antisymmetric tensor €% and adopted the convention
of summing over repeated indices. This in turn implies that the Hall conductivity oy, of the
Haldane model can be finally expressed as:
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2

e
B = Saall dk,dk, = —c1 . 4.55
Oy h 271' /BZ; .7 ( ) Yy hcl ( )

C1

The quantity ¢; appearing is known as first Chern number. 1t is simply the integral of the
Berry curvature of the whole surface spanned by R(k), the Haldane’s spaceship. You can
explicitly write it as:

1 1 OR  OR
/BZZ?” Jij(k) dkpdk, = 47r/Bz |R|3R'<ak oF) > dkdk,

1<)
(4.56)

What is really crucial is that this object is topological in nature, i.e., it must be an integer:
in the Haldane model case ¢; can be 0, 1 or —1. But adding an appropriate third neighbor
hopping term t3, which modifies R, (k) and R,(k), one can also obtain regions of the phase
diagram where ¢; = £2 [16, 17].

Here, let us try to guess the result. Fig. 4.5 shows, for instance, how the closed surface R(k)
looks like when k € BZ at two points in the phase diagram: a trivial insulator point (top and
bottom-left figures, notice the origin R* = 0 outside the surface), and a topological insulator
point (bottom-right figure, notice the origin R* = 0 inside the surface), both obtained for
¢ = /2. Suppose that the Haldane’s spaceship R (k) lies all away and outside from the origin
R* = 0 of the monopole field. Then you expect that the total Berry flux through this closed
surface outside the singularity is exactly 0, and you would be right: ¢; = 0 in that case. When
the Haldane’s spaceship encloses the singularity at R* = 0, see bottom-right part of Fig. 4.5,
then the solid angle through which the Berry flux goes is 47, but the monopole “charge” is
1/2, and there is an extra factor 1/(27) in the definition of ¢;: therefore you expect ¢; = 1.
Almost right: there is a sign that depends on how the surface R(k) is oriented, which, as
you know, is important in calculating fluxes. The orientation is decided by <8R X %Ik{ )
and points outward for ¢ > 0, in which case ¢; = +1, and inward for ¢ < 0, ¢; = —1, as
illustrated in Fig. 4.6

It is perhaps worth summarizing the story, from the mathematical side, like this. You have
the BZ of the system, which is a torus — a closed two-dimensional surface — and k lives
in it, k € BZ. Then you have a mapping k — R(k) from the torus to R®, which defines
a closed two-dimensional surface R(k) in R3: there is nothing particularly special or tricky
about this mapping. But then, for each value of R(k) you have a spinor |[u_(R)) leaving in
the two-dimensional Hilbert space C?: the spinor really wants to know about the direction
R of the field R — a point on the two-dimensional spin Bloch sphere S? parameterized by
the spherical angles 6 and ¢ (not to be confused with the Haldane flux) — and you know
from the discussion on the Dirac monopole that it is impossible to make a perfectly smooth
choice of phase for |u_(R)) valid over the whole sphere. So, the highly non-trivial issue is if

the mapping
k—-R—->R= R
IR
is such that the system is forced to visit the whole sphere, or only a portion of it. If R visits
the whole sphere as k runs over the BZ, it must necessarily encounter a vortex singularity
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Figure 4.5.: The Haldane spaceship R(k) when k spans the BZ, for ¢ = 7/2 in the trivial
(top, bottom left) and topological (bottom right) insulator region. Labels refer
to the points marked in the phase diagram of Fig. 4.3.

© | ®

7

s 2k

Figure 4.6.: The Haldane spaceship R(k) when k spans the BZ, with the orientation vectors
explicitly shown: on the left ¢ = —7/2, on the right ¢ = +m/2. Both have M = 0,
and are therefore in the topological insulator region (the origin is concealed inside
the spaceship). Labels refer to the points marked in the phase diagram of Fig. 4.3.
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Figure 4.7.: Center: the rhombic BZ with lines running over the torus at certain special
directions. Left and right: the corresponding regions of the Bloch spin sphere
R(k) generated at a trivial (left, point 6 of previous figures) or topological (right,
point 3) insulator point. The color codes of the lines refer to those indicated in
the central panel. Notice in particular the green line going through the Dirac
points K4, which in the topological case runs along a full meridian of the sphere,
visiting the North pole at K, and the South pole at K_.

of the phase, otherwise not. Fig. 4.7 summarizes my effort to try to highlight the trivial vs.
non-trivial nature of the mapping on the spin directions sphere.

4.5. The Haldane model on a strip: edge states

Until now we have worked with PBC and calculated the Hall conductance as a bulk prop-
erty. Let us see what happens if we imagine that the model really is defined on a finite strip
in the x-direction, while in principle infinite in the y-direction (or rather, wrapped on a very
large cylinder).

Let me label the sites r;, ;, with two integers j, = 1,---, N, and j, = 1,--- , Ny, in the
way I show (for N, = 10) in Fig. 4.8. As you see from the Figure, the zig-zag lines of constant
Jy run through the strip not quite along the X-direction, but rather at an overall angle of 7/3
with the x-axis: the reason for this choice will be understood in a while. The lattice constant
separating two nearby zig-zag lines, along the y-direction, is simply a, and the length of the

whole strip along y is L, = Nya. Along the y-direction I assume PBC, i.e., Cio Nyt = i
anywhere in the Hamiltonian. If the system is actually translationally invariant along y (as
it is, in absence of disorder), the value of N, will simply be a finite-size discretization of the
ky-vectors that I will introduce in a short while, but I can easily take N, — oo without much
difficulty. Indeed, it is expedient to imagine that the PBC along y are actually realized by
a “Laughlin” cylinder geometry, i.e., the strip wraps-up along the y-direction into a cylinder
of radius L,/(27) with the cylinder-axis lying along the X-direction, as sketched in the right
part of Fig. 4.8. This cylinder is also pierced at the center, along its X-axis, by an inaccessible
magnetic flux ®, — not to be confused with the physical flux going through each plaquette

of the strip, discussed before —, realized for instance by an infinitely long and thin solenoid.
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Figure 4.8.: Left: The honeycomb lattice on a finite zig-zag strip. In red I show the numbering
(Ja» Jy) for the j, = 1 zig-zag line discussed in the text. Right: The Laughlin
cylinder geometry with the inaccessible flux piercing the cylinder.

The extra flux, which will prove immensely useful in a short while (just wait and see) can
be modeled by a constant-in-space vector potential pointing along y, call it A,, such that
AyLy, = ®,, and leads to an extra Peierls’s phase factor for all bonds having some component
along y. This extra phase factor amounts to simply replacing;:

hr’ = hq’/y — e—z‘(e/hc) j‘rr/ Ayy-dl hr’ .= e—myy.(r/_r) hr/ . (4 57)
) rr ’ [LA .
where: o
TPy
Ky = —— . 4.58
Y Ly ¢0 ( )

This should appear as a kind of déja vu: it is somewhat similar to the electric-field related
R(t) = hr(t) of section 4.3, except that now it has only the y component, and — at least for
the time being — is not time dependent. These similarities should not obscure the fact that
the geometry of the two settings and the physical interpretation of the fields present are a
bit different. ?? If you go back to Eq. (4.17) expressing the tight-binding prescription for the
current on a given bond, you realize (neglecting spin indices) that:

- i, K A A
Y e =¥ (r' —r) hf,f’rci,cr - H.c.} =—— [hf,f’rci,cr +H.c|. (4.59)

Summing over all bonds we realize that the total current along the y-direction can be simply
written as:

22In section 4.3 we had a planar two-dimensional geometry and R(t) — necessarily time-dependent — was
associated to a small uniform electric field, but no extra magnetic field whatsoever was present, and no
notion of an associated flux quantum. Here, the geometry is that of a cylinder, and there is a magnetic flux
®, on the cylinder axis, but no electric field whatsoever, unless ®, is made time-dependent, as we shall
indeed do in discussing Laughlin’s argument. A time-dependent magnetic flux ®,(t) varying linearly with
t will indeed generate, by Faraday’s law, an axial constant-in-time electric field which appears uniform and
along y if looked on the surface of the cylinder.
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A

s 19,

St =

Notice that this equality holds true even in presence of disorder — where I cannot Fourier
transform along y and introduce k,-vectors, as we will do in a second — and even when you
have Hubbard-like interactions in your tight-binding problem. If |¥((x,)) denotes the ground
state of the system for a given value of x,, then the Hellman-Feynman theorem guarantees
that you can write:

(Woley) |, [Wol,) = - i (o) | H (ry)[o(ry))

10 _ 19Ey(ky)
- h Oky '

= om, (4.61)

So, if the total energy of the system does not depend on the inaccessible flux ®,, then there
must be no total current in the ground state. If you recall that the (space-averaged) electronic
current density is:
PR OEALO)
Y L,L, ’

the total current flowing along the strip is I, = Lyj;, and , = %’;%, see Eq. (4.58), then

you can equivalently recast the previous expression in the following form:

I — _ianmy) _ _CaEO((I)y)
Y hLy 8:‘£y Ky=0 8<I>y ®,=0 i

(4.62)

A totally equivalent way of seeing the inaccessible flux ®, is that you have twisted the
boundary conditions along the y direction. Indeed, you can actually eliminate the appearance
of ®, anywhere in the Hamiltonian if you make a canonical transformation

A~

.. c. . = i“iyy'rjzyjy ;.
c]x:]y — CJac:Jy € ¢

JaJy

(4.63)

as a simple calculation will show: remember that, after all, we are dealing with a constant-
in-space vector potential A, which you can eliminate by a gauge transformation of the phase.
And indeed, if the system had open boundary conditions along the y-direction, as we are
assuming for the x-direction, then you might eliminate the effect of the flux ®, leaving no
trace of it. But, if you really have PBC (i.e., the system lives on a cylinder) then eliminating
the presence of @, in all internal bonds thorough the canonical transformation in Eq. (4.63)
will inevitably lead to a twist of the boundary condition along ¥. Indeed, before the canonical
transformation we had PBC, i.e., éjm,Nerl = éj%l, but now:

ikya(Ny+1) 4

ikyLy ikya i2m
€ Ny + €

— b0 &
c; 1=¢ 0 C.

o, ol (4.64)

Ejz,Nerl:e | =e
a relationships that defines more general twisted boundary conditions along y, unless the
inaccessible flux ®, is a multiple of the flux quantum ¢g, in which case the canonical trans-
formation (4.63) completely eliminates ®,, still retaining PBC. More about currents and

fluxes in a while.

Let us get back to our Haldane strip geometry, and change, accordingly, notation from

Cr — C.
€T

ordy” I assume that the atom with j, = 1 belongs to the A-sublattice. Since the
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problem (in absence of disorder) is translationally invariant along y, we introduce a Fourier

transform of the operators along ¥:

Ny 1 BZy
At Z eiakyjyé;[zyjy and éT = 7N Ze—iakyjyé;[z’ky , (4.65)

1
C. = — ..
]z,ky JzsJy
\/Ny Jy=1 V 'y ky

Inserting this expression for éj:z iy in the Hamiltonian and using translational invariance along

),

y one arrives at the following form:
BZ,
HHal = Z Hk‘y ;
ky

where, for each given wave-vector k,, we have to diagonalize a Hamiltonian working only
on the N, operators & ky along a zig-zag line. The transformation is tedious but rather
straightforward. 2° We get, for each ky, a tight-binding problem with hopping up to second-

230ne needs to distinguish sites (jz,7j,) with jz = j, odd, from those with j, = je even. Start from j, = jo,
and collect all the terms of the Hamiltonian which do not change j,:

Ny
4 At PN —i¢ —iary At A i¢ _iaky AT .
Hitejo = ) [Mcjo,jycja,jy +ize e Cloviy+1Ciog, T 126 € 7C5 5 165, 5,
dy=1

Upon Fourier-transforming in y we get:
BZy

k:‘/

€jo (ky)
Similarly, for the nearest-neighbor terms:

Ny

2 . _ —iaky /2 AT ~ iaky /2 AT ~

Hungy = ) [tle Clot1dy Cioiy T 1€ 785 415,85 5y 11+ Hee
Gy=1

BZy

Z [tleiiwy/z(l+em<ky%y)) é;o+1,kyéjo,ky + He
ky

hjot1,50 (Ky)

Finally, for second-neighbor hoppings:

Ny
3 ) _ ip —iaky /2 AT ~ —i¢ iaky /2 At ~
Honnjo = ) [t2e e Clo+2,7y Ciongy T 126 7€ Clot2.5y Clogy+1 T Hee
=1
BZy
_ —iaky /2 i) —i¢_ia(ky+ry)y\| At ~
= E [tze (e +e "% )| €ty Gk, + Hee
ky

hjot2.50 (Ky)

The j. = je even cases are treated in an entirely similar way and differ just by a change M — —M, ¢ — —¢
and the fact that the nearest-neighbor term is now simply hj, 41,5, = t1 without any phase factor. This
is the appropriate place to observe that, had I chosen as basic lines the arm-chair ones, running parallel
to the z-axis, instead of the 7/3-inclined zig-zag lines, then the apparent periodicity of the resulting chain
would be four rather than two: obviously the two choices can be shown to be equivalent, as usual, by a
unitary transformation.
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neighbors of the generic form:

Ngz—1 Nz—2
5 4 R
Hy, = Z [hj—kl,j(ky) Cit1,ky G ky +H'C'] + Z [hj+2,j(ky) Citrok, Ci, T HeC.
j=1 j=1
Ng
* Z;ej(ky) & ki, (4.66)
=

where the parameters are found to be (see previous footnote for details), using the shorthand
Jjo and j for odd or even values of j:

€, = M + 2ty cos la(k, + ny) + 9| €. = —M + 2ty cos [a(ky + ky) — @]
hjo+17jo _ tlefzany/Q[]_ + ela(ky‘ﬂﬁy)} hjc+1,jc =1 X (467)
_ tze—iany/Q[eid) + e—id)eia(ky-i-ny)] _ t2€—iamy/2[e—i¢ + eiqﬁeia(ky-‘rmy)]

hj+2,5, hjet2,.

Notice how the inaccessible flux , appears only in combination with k,, apart from an overall

—iaKky/2 24

phase-factor e that might be eliminated by a canonical transformation.

To appreciate in a simple way why edge modes occur for the strip, let us consider the case
of graphene, that is assume to = M = 0, i.e., the previous model with ¢; only, and put x, = 0:
then the strip Hamiltonian has ¢; = 0 and all second-neighbor hoppings vanish, h;2; = 0.
The nearest-neighbor hoppings are hj, 41, = t1 for the even sites, but hj 1, = t1[1+ elaky]
for the odd sites. We notice that if ky = 7/a then ho; = 0, i.e., the site with j =1 is totally
decoupled from the rest of the chain. If N, is even, i.e., the right-end edge is again an A-site,
then a similar fate occurs to the hopping Ay, n,—1 = 0, and the j = N, -site is also decoupled.
Now, for every finite N,, there is a (small) gap in the dispersion of the graphene strip bands
(i.e., strictly speaking no Dirac-cone touching of bands), and in the middle of this small gap
an essentially non-dispersive band of edge modes appears. We are not going to show these
results. If you are curious, see for instance Ref. [18]. Now let us consider a finite to > 0 (we
take to/t; = 0.3), and plot the bands obtained for a finite Haldane-model zig-zag strip at
¢ = m/2 for four values of M/ty = 4v/3,3v/3,2v/3,0. Fig. 4.9 illustrates the result of such
calculation. Notice that there are always states induced by the fact that N, is finite (the
blue dots), but the striking feature of the bottom plots in Fig. 4.9, corresponding to the two
topological insulator points at M /ty = 2v/3 (left) and M/t = 0 (right), is that such states
1) cross the bulk gap, 2) are associated to edge states, i.e., with wave-functions exponentially
localized at an edge of the strip, and 3) they carry a current.

How do we make sense of these findings? One way to understand the nature of the solutions
in the strip case is to write the Schrodinger equation (SE) into an equivalent transfer matrix
(TM) form. Let us write, in first quantization form, the SE for the amplitude ;o of the
a-eigenstate on the strip, neglecting the label ky, and even «, to shorten the notation. The
SE is:

hjj+o¥jte + hj i1 + €505 + by j1¥j-1 + hyjj—otj—o = E;

248imply transform
~ ~ _ ikyye(rj1—r11) 4
S, F Ci, = ETITIIITIING
and the annoying factor will magically vanish. Here y - (r; 1 —r1,1) is simply the y-height along the zig-zag
chain of the site at j, = j with respect to the left site at j, = 1.
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Mity=4v3

¢=n/2 i’

A b D 4 o =4 M oW s
I & m

E,
N T T N T EFN
" % v T

Figure 4.9.:

Bands for Haldane-model zig-zag strip with N, = 64, for ¢ = /2 and M /ts =
4+/3 (top left, ordinary insulator), M/ts = 3+/3 (top right, critical point), M/ty =
2v/3 or M/t3 = 0 (bottom, topological insulator). The blue dot curves are states
associated to the finiteness of IV;, see discussion in the text. Labels refer to the
points marked in the phase diagram of Fig. 4.3.
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Assuming that h; ;11 # 0 we can reorganize the terms in a recursive way as:

h.’._"_l (E—G) h','—l h.,._2
Vjyo = —7h“ e s o — h” Vi1 — h” Yj-2,
J,3+2 JJ+2 JJ+2 JJ+2
or, equivalently, into a 4 x 4 matrix form, as follows:
hii 1 (E—¢j) hji_ B
Vit2 N h;;+; hj,j+]2 N hj;+; N hj;g Vit bj+1
i | 1 0 0 0 bj _p | Y
Wb 0 1 0 0 bj-1 g B
Yi1 0 0 1 0 hj—2 pj—2
T;
(4.68)
The transfer matrix T; has determinant det T; = —h; j_2/h; 2, as you can easily prove

by expanding over the last column. You can also easily show that, given the even/odd
alternation of the couplings, there are indeed two types of T;, the T, and the T,, both

having |det T./,| = 1. The recursive structure of the equation is simple. For j = je, for
instance:
VYjet1 Y1
Zﬂ'e =T, T, -+ T, T. T, T l’io , (4.69)
Je—1 ~— —1
M
Yj.—2 (L)

where we have identified the relevant matrix M = T, T, which has to be applied repeatedly
to advance the state. Let us know discuss boundary conditions. At the left edge of the strip,
which starts at 7 = 1, we must put 9 = ¥v_1 = ¥_9 = 0. If the width of the strip is such
that N, is even we then have:

YN, +1 P1
szx =M ---MM 8 : (4.70)
—_—
Ne—t Ne _terms
YN, —2 2 0

A few comments are here in order. First of all, we do not know the value of ¢1: due to
linearity, however, a rescaling of 1 by a constant A rescales the whole wave-function by A.
Eventually, such a rescaling will be used to normalize the wave-function. Next, the equations
involve an energy F/ — hidden inside the belly of M — which we can set at our will: evidently,
most of the choices of F will not correspond to eigenvalues of the problem. For a chain of size
N,, the N, values of F which are eigenvalues of the SE are those for which the final value of
¥, +1 turns out to be zero (recall that we are imposing open BC on the strip). Now, ¥y, +1
can be expressed as:

0=y, 1 = [MNT} v (4.71)

which is indeed a polynomial of degree N, in the variable E, admitting NV, solutions F,
with a = 1,--- , N,. The correct eigenvalues and associated eigenvectors are therefore only
accessible by a “shooting” technique, or through the direct solution of the eigenvalue problem,
both not particularly straightforward (i.e., in general one has to resort to some numerical
routine). There is, however, an important property of the wave-function which we can easily
understand from the recursive structure of the wave-function. Recall that M is a 4 x 4 matrix
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whose determinant has modulus 1, |det M| = 1. If you denote by ug the 4 eigenvalues
if M, the |detM| = H‘é:l lpg| = 1. There are now essentially two possibilities: (i) the
eigenvalues pg are all on the unit circle, |ug| = 1, or (ii) there are pairs of eigenvalues

FAwy, with |wi| = 1. Now consider what happens to an arbitrary vector

such that ui = e
vo = (¥1,0,0,0)7 when we apply to it j times the matrix M, i.e., v; = Mivq. If we
expand the initial vector vg on the basis of the eigenvectors of M, vg, vo = Zﬁ agvg,
we have that v; = ) 3 afguév& In case (i), corresponding to energies E outside the bulk
energy spectrum of the problem, the component of v; proportional to the eigenvector v
with eigenvalue py = e*w, is amplified at every iteration, so that the norm of v, explodes
exponentially, ||[v;]|? =~ |areMvi|? = |as|?¢®M, unless the initial vector vq is chosen in
such a way that a;. = 0. One can show that, in this case, the correct solution is indeed
exponentially decreasing with increasing j. On the contrary, in case (i) — corresponding to
energies F inside the allowed bulk spectral range — all components are simply multiplied by
phases, and the norm of the vector is not exponentially amplified. These are the ordinary
“bulk” plane-wave-like Bloch states. If you are interested in this type of analysis of the TM
approach, although in a simpler setting, please refer to the detailed discussion given in the
book by Bernevig [15].

Let us continue now our discussion with an analysis of the results that you find by numer-
ically solving the SE problem without any TM. The fact that the bands crossing the gap are
associated to edge states is clarified by Fig. 4.10, showing the exponentially localized wave-
functions for the states just before the crossing point k., at ky, = k. — 27 /L, (left panel), and
just after k., at k, = k. + 2m/L, (right panel). This exponential localization of the states is

1e-05 1e-05 | : |

1e-10 | 1e-10 |
o o
= =
1e-15 | 1e-15 |
1620 | 18 1e-20 |
1e-25 s s s s s s 1e-25 s
10 20 30 40 50 60 10 20 30 40 50 60

Figure 4.10.: [1|* of edge states, for M = 0 and ¢ = 7/2, at ky, = k. — 27/L, (left), and
ky = ke + 2w /L, (right), where k. = m/a is the “crossing” point of the edge
bands. In both panels, red curves are associated to the lower-in-energy edge-
state for each k,, blue curves to the higher-in-energy edge-state.

actually there only for the k, points where the edge-bands are sufficiently far away from the
other bulk bands. For k, = 0, for instance, that would not be true: the blue-dotted bands
are actually associated to bulk states in such cases, as you can see from Fig. 4.11 where the
wave-function of the state with k, = 0 is shown. A peculiar fact also occurs for k, = k.: there
you would think that the two edge bands actually cross, but you can show that in reality
they never actually cross, because there is an extremely small but finite gap which leads in
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the end to an avoided crossing: we will discuss this point further below, in due time; for the
time being, just be aware that this is simply the tiny gap accompanying the fact that the
lower energy state is actually symmetrically living on the left and right edge, while the higher
energy state is the corresponding anti-symmetric combination, just as you get in a double
well.

0.01 |

Ipl?

0.001

0.0001

Figure 4.11.: |1)|? of the state at ky =0, i.e., at the “top” of the valence band, showing that
this is actually a bulk state.

To appreciate the question of the current carried by each state, let us go back to our strip
problem in Eq. (4.66). For any fixed value of k,, the strip Hamiltonian is a specific case of
general quadratic form:

_— 4
Hy, = hjrj(ky) & ik (4.72)
Iz

where hj; = h;j, (i.e., h = h' is Hermitean). Suppose that we diagonalize ﬁky and find
for every k, its eigenstates 1jo, — which we know denote by wujn(k,) — with associated
eigenvalues E,(ky). The eigenstates ujq(ky) can be regarded as the columns of an N, x N,
unitary matrix Uy, , with increasing energy as the column index o = 1--- N, increases. The

operator &ka associated to the a-th eigenstate at fixed k, is: 2°

AT AT T AT
G, = D ia(ky)Ep, =D [Ukij Ciky -
J J
The bands displayed in Fig. 4.9 are nothing but the N, energy eigenvalues E,—i...n, (ky)

versus k.

Let us consider the problem of determining the current carried by each single-particle

eigenstate: since we are dealing with a independent-particle problem, the current of a Slater
f

aky
single particle. In turn the current of each single particle can be determined by the following

determinant of two or more particles a is simply the sum of the currents carried by each

25 In matrix form, this can be written as

P, . A
a, =Ug, ¢ = ¢, = Ug, -a, . (4.73)
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trick. Consider the single-particle state dlky|0> — |Uqo(ky)) and apply to it the Hellman-
Feynman’s relationship in Eq. (4.61). Recalling that everything depends on x, in exactly the
same way as it depends on k,, we can easily write:

1 0E, (k)

0 .
e (Y sl () [Waliy)) = =200 a74)

St =

<‘I’a(”y)|jy|‘1’oc(“y)> =

i.e., the current carried by each single-particle state &L

, Can be easily read-off from the slope
of the corresponding dispersion E(ky). Now suppose that the number of particles with which
we form our Slater determinant is such the system is exactly half-filled, N = NN, /2. Each
full band can hold N, particles, one for each of the N, ky-points (recall that there is no spin
here, so that Pauli principle allows only one particle per site). The bands shown as red solid
lines — lying below the blue-dotted gap-crossing states — are then all completely filled with
particles, while the gap-crossing states are only filled below the Fermi energy, passing through

the crossing point k.. Each completely filled band carries no total current, as you can simply

show:
. A 1 0B, (ky) 27 qk 1 0Fq (k)
Y
where now |¥,) = EZ !l ok, |0) denotes the Slater determinant with the filled a-band, and

the result follows because E (k) is a periodic function over the BZ.

Now consider the two edge-states bands. Again, call k. the k,-point where the two bands
cross (where k. = 7/a for M = 0 and ¢ = 7/2, but is in general different from 7/a for M # 0
and/or ¢ # 7/2). All the edge states with energy below the Fermi energy, going through the
“crossing” point, are filled: call this band Feqge,—(ky) (notice it has a singular derivative at
k), while the states above the crossing point — with energy Feqge +(ky) —are empty. The
occupied states of Eegge,—(ky) with ky < k. tend to carry a positive current, mostly through
the edge states localized at the left edge, while those with &k, > k. tend to carry a negative
current, mostly through the edge states localized at the right edge. However, by splitting the
current integral at k., where 8Eed§+_(ky) abruptly switches from positive to negative, you can
easily convince yourself that the tol{:al current carried by the edge states still vanishes:

27 Ee o k
(Wedge,— | Jy| Wedge,—)  — L/ / dk 18 dgk( y)

2

= o (1Bt () ~ B O)] + [ C2) ~ B (ke)]) = 0

where again the result follows from the fact that Eegge,—(27/a) = Eeqge,—(0). In essence, the
overall positive current carried at the left edge is exactly compensated by an overall negative
current at the right edge, and no net current flows in the y-direction.

You should not be surprised by this result. It is evident that the system, in the topologically
non-trivial phase, has microscopic currents going on at the edges, but there cannot be an
overall current in the y direction unless you break the symmetry in some way, for instance
by putting a voltage V, across the strip! We will show this explicitly in the next section.
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4.6. The strip in presence of an applied voltage

Suppose you now apply a uniform and constant electric field E, along the x-direction, in
which the strip is finite. You can conveniently represent this in the scalar potential gauge, i.e.,
you apply a voltage bias V,, across the strip; this does no harm, since translational invariance
cannot be used anyway along X. The Haldane model is then supplemented by an extra scalar

potential term of the form:

N V,

Hy = -5 (% 1) fin (4.75)
Ly <

corresponding to a uniform electric field E = —xV,,/L,. We will take in the following V, < 0

so that the electric field is in the positive X-direction, and assume that the origin r = 0

coincides with the A-site labeled by j, = j, = 1 in Fig. 4.8. Fig. 4.12 shows the dispersion

Ey¢

Figure 4.12.: Edge states for the Haldane model with M = 0 and ¢ = 7/2, at V,, = 0 (left)
and V,/t; = —0.2 (right). The differences are hardly noticeable on this scale.
See below for a closer view and comparison.

Left edge identical —————, ~———— Right edge pushed up by IV,|

LZ crossings

Ey

Figure 4.13.: A zoom on the structure of the bands for V,,/t; = —0.2 close to k, = 0 (left)
and k, = 27 /a (right), compared with the V,, = 0 edge bands, shown as dashed
lines. Notice how the left edge state is unaffected by V., while the right edge
state energy is pushed up by |V,|.
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Figure 4.14.: (Left) A close-up view of the edge states, showing the effect of V,, < 0 on the
right-edge states, which are shifted upwards by |V,|. The new Fermi energy
is indicated (upper horizontal line), showing an unbalance of occupied current-
carrying states (filled red circles) when V, < 0, which makes left edge states more
populated. Here t3/t; = 0.3. (Right) Same plot but for t5/t; = 0.1, showing
that the lower value of vy, is compensated by a higher density of states.

of all bands for V,/t; = —0.2 (right) compared to the previously discussed results for V, =0
(left), both for M = 0 and ¢ = w/2. The difference between the unperturbed values and
those in presence of V,, is hardily noticeable on this scale. A closer look, however, reveals the
differences induced by V,: Fig. 4.13 compares the bulk and edge bands for V,./t; = —0.2 with
the unperturbed edge band at V,, = 0 (dashed line), zooming-in in a region close to the top of
the valence band at k, = 0 (left) or close to k, = 27 /a (right). We observe that the left edge
is unaffected by the bias (recall that the extra potential felt by the electrons is essentially 0
close to the origin, where the left edge is located), while the right edge is almost perfectly
shifted up in energy by —V, = |V,| when V,, < 0. Due to this upward shift on the right edge
band, the Fermi energy is also shifted up, by |V,|/2, to keep the same half-filled situation as
for V, = 0, ?° as detailed in Fig. 4.14, from which it appears immediately that there is now
an unbalanced situation of current-carrying states, with more left edge states populated when
V: < 0, as illustrated in the previous figures. This unbalance of currents at the two edges
brings, for V,, < 0, an overall particle current going upward, i.e., an overall electrical current

going downward.

The question is now why this unbalanced current is such that the Hall conductivity is
exactly quantized in terms of €2/h. One might be afraid of the fact that, after all, the slope
of the edge states — hence the current vy, carried by each individual state of momentum k,
— is determined by parameters of the model, hence it is not universal. This is correct. Nev-
ertheless, the change in vy, as you change the parameters of the model, is compensated by a
corresponding change in the density of states of such unbalanced edge states in the appropri-

26Notice that we have here a closed system with a conserved number of particles, in equilibrium. In reality,
the voltage is applied through appropriate contacts and leads, which provide reservoirs of particles kept
at different chemical potentials, ur, — ur = eVz. A correct description of this physics, of course, requires
a non-equilibrium set-up.



4.7 Laughlin’s argument (Notes by G.E. santoro)

101

ate energy window of width |V, as illustrated by the right-panel of Fig. 4.14. This is exactly
the type of argument used in deriving the Landauer formula for the ballistic current of a sub-
band crossing the Fermi energy. Let us see how it works for the present context. By looking
at Fig. 4.14 you realize that the k, left-edge states which are not balanced by their partners
at the right edge are exactly those whose energy falls within the region [—e|V;|/2, +e|V,|/2]
of the unperturbed Fermi energy e = 0. Their net current I, = L, - J;/(LsLy) is then:

window

e Ly—o0 dk
I,=—— vg, = —e/ — ok, (4.76)
Y Ly %: Y window 2m Y
But v, = %Mdgeik’;(ky), and therefore: %7
dk, 1 0F.gge.— e e2
I, =— — ST = [Eup — Elow] = — Vi 4.77
y= e /Window o h Ok, 2k Fww = Blow] = 37V (4.77)
where we have used the fact that the energy window is Ey, — Elow = €|Vy| = —eV,. Hence:
e2 I e2
I=7Ve = op= 7?; =— (4.78)
An opposite result, oy, = —e2/h, is found in the other lobe of the topologically non-trivial

Haldane phase diagram, because there the right-edge states have a positive slope.

4.7. Laughlin’s argument

Soon after the experimental discovery by von Klitzing of the Integer Quantum Hall Effect
(IQHE), in 1981, Laughlin wrote a remarkable two-page paper [19] explaining, through an
argument relying on gauge invariance, why the Hall conductivity of an IQHE system should
be quantized in multiples of €2/h. The argument is deceptively simple, but hides many
important facets — the role of disorder and the aspect of adiabaticity, for instance — which
are not trivial at all. I would like to go through it in the present simple context, so that you
get a concrete instance of its articulation.

The first idea of Laughlin was that of transforming the usual Hall-bar plane geometry into
a cylinder — as we have done in the previous sections for the Haldane model on a strip —
with the axis along the X-axis, and considering the effect of an inaccessible magnetic flux
®, piercing the cylinder along its axis. Laughlin stipulated that the IQH system was such
that the Fermi energy was in the middle of a mobility gap — i.e., such that the longitudinal
oz = 0 — where the electronic states, albeit present, are localized in nature due to disorder,
hence carry no current: so, disorder and localization of states in between otherwise sharp
Landau level states are essential ingredients to the picture, and leads to something very
similar to what we have in the insulating Haldane phase: a gap between current carrying

2"Note that the density of states of the edge band is just the Jacobian in the change of variables from k to E:

1 1
PEME=dk = p(B)= g5 =5

dk
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states (the Landau levels), at least in the bulk. For a finite Hall-bar, like for the Haldane
strip, the confining effect of the edges of the Hall-bar is such that edge states are generated
out of the Landau levels: these edge states cross the bulk gap, pretty much as we have seen
for the topological Haldane insulator. What Laughlin concluded was that, in such a case, by
adiabatically increasing the inaccessibly flux ®, by one flux quantum ¢y = hc/e one should
provoke a transfer of an integer multiple of elementary charges e from one edge to the opposite
one. Let us see why.

We follow here a route slightly different from the original paper by Laughlin, following

rather Ref. [15, Sec. 4.7]. A (slow) linear increase of the inaccessible magnetic flux ®, along
the cylinder axis generates, by Faraday’s law V x E = —%%—]? a constant-in-time electric field

all around the cylinder axis, so that the cylinder strip surface will feel an electric field E,. If
you call C' a contour of length L, running along the circumference of the cylinder, and ¥ the
surface section enclosed by C and pierced in the center by ®,, then you immediately deduce,
using Faraday’s law, that:

1dd,

LyE, = j{CEy cdl= /E(V xE)-do=———". (4.79)

This electric field Ey, will in turn generate, in linear response theory, a current flowing in the
x direction:

dQ 1d®,
dt G

where we have also used that a current flowing in the X-direction implies a change of the

Jo = 0ayEy = = Io = Lyjg = owyLy By = (4.80)

charge () at the edge according to I, = %. Integrating over time both sides, assuming the

flux change in flux A®, is precisely a flux quantum ¢q (recall that o, = —oy,) we finally
get:
1 0 h
AQ = —axyEACI)y = —amy% = Oy - (4.81)

How much is AQ is the crucial issue. And here comes a further crucial observation: the
insertion of a full flux quantum ¢ leads to a final Hamiltonian H(®, = ¢¢) which is unitarily
equivalent to the initial Hamiltonian without flux

H(®, = ¢o) = H(®, =0), (4.82)

hence the spectrum of both Hamiltonians is the same. Nevertheless, the time-dependent
Schrodinger dynamics with an adiabatic ramp-up of the flux ®,, starting from the ground
state of H (0) does not necessarily lead back to the ground state, but rather to an exited state,
which can be argued to correspond to a transfer of an integer number n of electrons from one
edge to the other:

AQ=ne = o0y = % , (4.83)
the integer n depending on the number of edge modes crossing the bulk gap. Let us

examine better the reason why AQ = ne, with the example of our Haldane strip edge states.

Let us consider, for definiteness, the highly symmetric topological insulator point with
M = 0 and ¢ = 7/2, whose edge states are shown in Fig. 4.9. Fig. 4.15 shows a zoom
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Figure 4.15.: A zoom on the edge states close to the crossing point at k. = m/a. For simplicity
of argumentation, the quasi-degenerate states at k. are considered to be initially
empty.

of the two edge bands close to the crossing point at k. = 7/a, where the discrete k-points
due to a finite L, are visible. You notice that the point at k. appears as a true crossing of
the bands, but is in reality — as previously discussed — an avoided crossing although with
a exponentially small gap e~ L= that is very difficult to see numerically for small L,, and
absolutely beyond numerical grasp for physically sensible values of L,. ?® Assume that we
start, see left panel of Fig. 4.15 with a Slater determinant where the k, points denoted by
filled red circles are occupied, while the others are empty. For simplicity of argumentation,
assume that the filling is slightly defective so that the quasi-degenerate k. point is initially
empty. Now we slowly ramp-up the flux ®,(t) as a function of time as ®, = At, corresponding
by Faraday’s law to putting a small electric field in the y-direction and making the &, time-

dependent:
1 do, A 21 At
=———==——  and Ky(t) = ——.
Y y( ) Ly ¢0

cL, dt cL, (4.84)
If X is sufficiently small — but not infinitely small, see below —, the adiabatic theorem will be
respected almost everywhere, and the time-evolved state is essentially the Slater determinant
made-up of the same filled k,-points, but at shifted momenta k, + k,(t). But there is a
point where adiabaticity cannot be maintained: this is the avoided-crossing point, where we
are actually in presence of a Landau-Zener type of problem with an exponentially small gap
e~ ®Ls and the system will not be able to actually “follow the ground state”. After a time

T such that ®,(T) = AT = ¢g, we have that ky(T) = i—g, i.e., each k, = 2Tn has now been

Ly
shifted to ky, + ky(T) = %(n + 1): the whole set of k,-points is therefore indistinguishable
from those without ®,, but the occupation of the ky-points is different from the initial one!

Indeed, the occupied left-edge mode at k. — %’; is brought (still occupied) into a left-edge

mode at k. (which is not an eigenstate at k), while the initially empty mode at k. is now
2

7,
k, points towards the right — in a kind of chain reaction, like when someone pushes inside

seen as an empty right-edge mode at k. + which was formerly occupied. The shift of

28For the case illustrated in the figures, where L, = 64a, such a gap is still numerically visible, AA ~ 4x 10710,
But any reasonable mesoscopic value of L, would bring an ultra-tiny value of AA which makes adiabaticity
violated during the flux insertion, for all practical insertion rates.
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a queue and the whole queue advances by one unit — involves evidently a transfer of one
electron from the right-edge towards the left edge. Such a transfer, however, does not occurr
through an unphysical direct tunneling from right to left, but rather via a whole chain of
edge and bulk states — the latter being those at the top of the valence band — involved in
the shift. The following animation illustrates this transfer.

To end this section, I should stress that the original argument was actually formulated in a
way that is slightly different from that given above. To show quantization, Laughlin actually
starts from Eq. (4.62) and argues that:

DEo (D) AU
“on, T Qs

I, = (4.85)

where AU is the adiabatic change in total energy during the slow insertion of the flux A®, =
¢o. Now, when a charge AQ = ne is transported across the bulk sample from one edge to
the other, there is an adiabatic total energy change AU = —neV,,, where V, is the voltage
bias across the strip/bar. Hence, again, you find:

I,=c =—V,. (4.86)
The difficulty with showing that there is actually a finite total energy change in our calculation
on the Haldane strip is that we do not do the actual physical calculation, which would require
an open system with two leads attached at different chemical potentials acting as particle
reservoirs. As a consequence of that, in our “canonical calculation” it rather seems that the
particle-hole excitation created by the adiabatic insertion of flux has always a small excitation
energy, of the order of ~ Ak, = 27/L,. This is the reason why we rephrased the argument in
terms of the adiabatically transported charge AQ), rather then in terms of the adiabatic energy
change AU. But the essence of the argument is identical, I believe. One slight advantage of
the formulation in terms of AQ is that it immediately shows that you do not need a finite V,
to show that there is a quantized conductance. As obvious from the linear response theory
framework, the quantized conductance is a property of the unperturbed system at V, = 0,
and the fact that the adiabatically transported charge is AQ = ne even when V, = 0 shows
the result in a particularly transparent way.

4.8. Thouless adiabatic charge pump

The Laughlin’s argument presented in the previous section hinges on the crucial point that
the charge transferred between the two edges of an IQH system during the adiabatic insertion
of a full quantum ¢q of inaccessible flux must be quantized: AQ = ne. Soon after, Thouless
wrote a beautiful paper [¢] in which he explained why the electronic charge adiabatically
transported in infinite lattice-periodic insulators must always be quantized. This very nice
paper might be the subject for an end-of-course seminar. If you are interested, see the original
paper [8], and R. Resta’s lecture notes |1, Sec. 4.6 and Chap. 5], where the connection to the
modern theory of electronic polarization is explained in detail.
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Figure 4.16.: Figure taken from the original reference of C.Z. Chang al., Science 340, 167
(2013), showing the experimental realization of Haldane’s idea.

4.9. The effect of disorder

Any realistic system has disorder in it. It is therefore important to ask how robust are the
effects we have just described against disorder. In the present context the crucial idea is that
disorder can lead to back-scattering of states only when states of opposite momentum are
available. Here the left edge states are all chiral and transport current only in one direction.
A back-scattering mechanism therefore, would need to involve a transition to states with
opposite chirality/momentum, which however live on the other edge! Therefore, the usual
back-scattering mechanism is ineffective in a situation with edge states like in the Haldane
problem, and you expect the system to be rather robust against disorder. If you are interested,
you can look at the literature on Topological Anderson Insulators, for instance [20,21].

4.10. The experimental realization

Good ideas can stay quiescent for decades, but in the end they reemerge. Haldane’s paper
was basically not cited for almost 30 years, until Kane and Mele realized how profound it was.
But even more surprising is perhaps the fact that an experimental realization of Haldane’s
idea, almost literal, has been recently performed. The experiment is described in Ref. [13]:
it is known as Quantum Anomalous Hall Effect (QAHE). I will not enter into a detailed
discussion of the experiment. The interested reader can consult the original paper.






5. The Quantum Spin Hall Effect

5.1. The Kane-Mele model

In 2005 Kane and Mele [11,22] introduced a model for graphene that is deeply based on
the Haldane model [12] we have just discussed. One crucial difference is that Kane and Mele
explicitly consider the role of the electron spin, and write down a spin-orbit coupling term in
a way that ends up being essentially identical to the ty next-nearest-neighbor (nnn) hopping
introduced by Haldane except that electrons with spin 1 (we label them with s = +) have a
Haldane flux ¢ = 7, while electrons with spin | (here s = —) have a flux ¢ = —7. On top of
that, Kane and Mele discuss the role of other spin-orbit-related terms which induce spin-flip

terms. The Kane-Mele model, with our old notation, might be written as: !

Hxm = @ Z Z Z (éerjSérs + H.C.) + to Z Z Z (zsyrHrJra] :[Jra] Crs T+ H.c.)

s=trcA d] s—+ r
IA{SO
+ Z Z Mye Crs s + Spin-flip terms
s=+ r
- Z Hgal sT) + Spin-flip terms . (5.1)

Notice that the isvy_ria; = +i is exactly what you get from the Haldane model phase factor

¢ Prortay for ¢ = s%. Here fll(fgl(gb) denotes a Haldane-model with Haldane-flux ¢ for the
electrons with spin s = +. We want to stress that, at variance with the Haldane model, there
is really no external magnetic field here. The system is perfectly time-reversal invariant (see
later for more comment on this crucial issue), and the whole job is done by the spin-orbit

coupling term, which we can microscopically write as: °

eh 4 h

2m?2¢?
where V(x) is the crystalline potential that the electrons in graphene feel.

How is it, you might ask, that spin-orbit leads to such a Haldane-like nnn-hopping term? A
microscopic derivation, briefly mentioned by Kane and Mele [14, p. 4], is a bit cumbersome,
although not difficult. I give a somewhat detailed account of the main steps behind this
derivation in Appendix B. Symmetry, of course, is a very good tool to get the result, at least

'The notation of Kane and Mele [14, Eq. 6] is slighly different. They use ({i5)) to indicate nnn hopping on
the same sublattice, and v;; = £1 on sublattice A or B, respectively. Moreover, they indicate t2 <> Aso
and M < \,.

2We use here that E = —V &, hence €E = VV where V = —e®.. Moreover, the spin operator S is assumed
to be dimensionless.
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in a continuum Dirac description of the underlying physics [14,22]. There are a few things
that are not difficult to grasp, however. The relevant orbitals that form the two Dirac-cone
bands of graphene are the 2p,-like ¢, (x) orbitals centered at the Carbon sites: if z,y denote
the coordinates on the graphene plane, and z the coordinate orthogonal to the plane, the
¢n orbitals have a definite parity, odd, under z — —z. The same parity under z — —z is
inherited, as a consequence, by the Bloch states 1y, (x) of the two Dirac bands. Therefore,
if we consider for instance the spin-orbit contribution

A~ ~

8.(VV x bl = 5, ((0,V) - — (0.V) )

we realize that it must have vanishing matrix elements between the relevant Bloch band
states, because both 0,V and p, are odd under z — —z. A similar argument applies to

Sy(VV x p),. Therefore, in the low-energy sector involving the two Dirac-bands, the only
relevant (surviving in lowest-order perturbation theory) spin-orbit term is the S.-one:

A

ow—ener h A ~ A
Vso "= s 5. ((0:V) By — (0,V) ) (5.3)

This fact implies that, to lowest order in perturbation theory, we need not worry about spin-
flip processes: the spin operator S, is (approximately) conserved. Moreover, we immediately
see that the sign of the term is opposite for electrons with spin 1 and electrons with spin
$. A rough estimate for such spin-orbit coupling proves it quite small, compared to the
nearest-neighbor overlap t; ~ —2.8 eV:

h h o e22rh wh2e?

=20~ opal OV~ aa @5, ~ emiaa

~01K~9 pueVv. (5.4)

To fully justify the tight-binding form given above, it would remain to show that: 1) there are
no spin-orbit matrix elements betweeen states living on opposite sublattices, i.e., only AA-
or BB-terms are really possible, and 2) that the relevant matrix elements for Bloch states
exactly at the Dirac cones have opposite sign for the two sublattices (indeed, in a real space
tight-binding description you have +ity on sublattice A and —ity on sublattice B). A proof
of the fact that there are no other phase factors, except for a minus sign change between A
and B, requires a more detailed analysis: Appendix B contains most of the details. I give a
short account of the story in the next subsection.

I should mention, however, that Kane and Mele consider also another spin-orbit contribu-
tion, the so-called Rashba term, which arises when there is an external electric field E = F,z
acting along the z-direction — be it due to an actual electric field, or simply to an asymmetry
of the crystalline potential due to a substrate on which the graphene is laid. Such a term
would have the miscroscopic form:

N eh
R —_ —
2m2c2

eh

T om22?

eh . A .4
E. (pzSy — DySz) - (5.5)

S-(Exp) Z'(ﬁxs):mz
The Rashba term involves, as it is clear from the presence of S'x,y, spin-flips of the Dirac
electrons: the Hamiltonian can no-longer be written as the direct sum of one for spin s = +
and one for s = —, i.e., spin-flip processes are necessarily present, and the analysis is consid-
erably more complicated. These terms, and others originating in higher-order in perturbation

theory, make S, only an approzimately conserved quantity. We can estimate the coupling
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constant Ar of the Rashba term by realizing that (p; ,) ~ muvp, where vp is the Fermi velocity
of the Dirac-cone dispersion, hence: [14]

hvpeFE

AR ~ Z ~0.5mK ~ 0.04 eV , (5.6)

4mc?

where we have assumed that the electric field is £, = 50 V/(300 nm).

5.1.1. The ordinary spin-orbit term as an Haldane ¢, term.

Let us denote by ¢r(x — ) = (x|éL|0), or even more compactly as ¢y(x), the 2p.-like
m-orbital ? centered on the Carbon atom sitting at the lattice position r. We can form Bloch
sums restricted on the two sublattices a = A, B as follows:

z@aKi

YK, (x) = Z eKerag ra|0 \/7 Z oK+ Yag (X —1g)

leaKi

_ zKix \/» Z Ky -(ra— x)¢ (X—I' ) — iK:(:-X uaKi(X) . (57)

uqk 4 (x) periodic

Here r,_4(p) denote the r-sites on the A(B) sublattice, respectively. Notice that we have
introduced an overall phase 8,k whose usefulness is appreciated in deriving the Dirac equa-
tion. The final step shows how to extract the periodic part uak, (x). * By diagonalizing the
2 x 2 tight-binding problem on this basis of Bloch-states, we can easily express the actual
tight-binding Bloch eigenstates ¥k, ,—1,2 in terms of 94k, and ¥pk, . Let us now introduce
a combined index a = aK,, running over the four values

— (AK,,BK,,AK_,BK_)

to have shorthand notation, so that 1.k, (x) — ¥a(x). As previously discussed, we can
effectively keep only the S, spin-orbit term at low energies. Within first-order degenerate
perturbation theory, we would need to calculate the following 4 x 4 matrix:

<"7Z}a|(VV X f))z|¢a’> : (5'8)

Let us look first at the basic matrix elements of the ¢, (x) orbitals centered on the Carbon
atoms. We notice that:

<¢rA+d3| (&UV) ﬁy - (8yv) Dx |¢r,4> =0, (5-9)

because both terms are odd under y — —y aroud the r4 — r4 + ds bond, which is along the
x axis (the first because of p,, the second because of 9,V'). Rotational symmetry by +27/3
around the z-axis immediately implies that quite generally:

(Pratd;[(VV X P)zldry) =0 = (¥ |[(VV X D):[vak,) = 0. (5.10)

3 Appropriately orthonormalized to the neighboring ones by the Léwdin method, or simply neglecting the

small overlaps between orbitals on different sites.
“The proof that u.k n (x) are lattice-periodic is elementary.
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Similar conclusions apply to the inter-valley (i.e., coupling different Dirac cones) elements
(VB |(VV X P):[tak.) = 0.

Next we consider the other relevant matrix element: (¢y,+as/(VV X P);|¢r,). Here we
notice that:

<¢rA+33| (6IV) ﬁy - (8yV) Dz ’¢rA> = —ihC # 0, (5.11)

because both 0,V and 9,V have no definite parity under + — —x around the bond ry —
r 4 +a3. Moreover, a careful look at the lattice structure shows that the sign of 9,V and 9,V
is exactly opposite in the corresponding integral for the B-sublattice, i.e.,

(Orp+as] | (0:V) Dy = (9yV) Pu|lbrp) = +iRC # 0. (5.12)

These results, obtained for the as-bond, extend by +27/3 rotational symmetry around the
z-axis to all the a; bonds. Summarizing, we have:

(Prp+a;[(VV X P)sl@ry) = —(brp+a; [(VV X D)2l ,) = +iRC # 0 . (5.13)

At this point it is straightforward to evaluate:
R 1 LK as R
(Vak [(VV xD):laks) = + > (Ze B2 eyt [(VV X D)elr ) + C~C->
ry a;

=¥ (— ihCe =2y 4 c.c.) = +3V3HC . (5.14)

aj

Adding the spin-orbit term exactly at the BZ corners (i.e., at @ = 0) as a perturbation to the
Dirac term (see Appendix B) we would write the effective mass Hamiltonian in momentum

space as:
sAso hr(gz + igy) 0 0
h —1 —sA 0 0
vp(gz — iqy) sAs0 | (5.15)
0 0 —sAso  hop(ge —igy)
0 0 hop(q: + iqy) sAso
where s = + for the T-electrons, and s = — for | ones, while Agg, collecting all factors, is:
R 3V3
Ago = ———hC . 1
SO am22 2 he (5.16)
In a more compact form, we write this as:
U—C(q) = j'(O(q) + Hso = hvp [Qma'm - Qyi—za’y] + Ag08,7,0, . (5'17)

5.2. The Quantum Spin Hall Effect

It is simple to show that there is a spin conductivity in the Kane-Mele model, but its
value is only approrimately quantized, due to the presence of the previously mentioned spin-
flip terms. As such, the spin-conductivity itself can hardly be considered as a topological
quantity.
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Consider the up-spin number current Iz, , i.e., the current omitting the charge factor —e.
If we omit altogether the spin-flip terms, the model is a sum of two independent Haldane
models with opposite fluxes for the two spin species. Therefore we have:

(&

I, = —EVJ; , (5.18)
due to an unbalance between the left-edge modes, and the right-edge ones, as previously
discussed. A similar unbalance occurs for the down-spin number current Ij , which has
however opposite sign:

e

L
Ij =+

vV, . (5.19)
The two currents cancel, if you look at the total charge current I = (—e)(I; + Ij) = 0. But

if you define the spin current I3/ = %(I; — I})), the result is non-vanishing, and given by:

. h .
Ly =3 (72%1@) - —%Vx T (5.20)
i.e., the spin-conductivity is

e

ot = 5 (5.21)

It is important to stress that the spin-current is quantized in terms of the st,l;in given above

only insofar we neglect the spin-flip terms due to the Rashba spin-orbit coupling, and higher
order spin-orbit induced spin-flip terms.

The only clear symmetry that a Hamiltonian surely has, in presence of spin-orbit, is time-
reversal (TR): recall that both p and S are odd under TR, but S-(E x p) is TR-invariant. Re-
call the expression for the Hall conductivity of a two-dimensional band insulator in Eq. (4.51):

o2 1 filled -
Oyz = ﬁ% ; /Bzd ki [<8kzunk\8kyunk> - <8kyunk‘akzunk>] : (5'22)

You can prove that, if TR is respected, the integrand appearing in oy, is an odd function of
k [1, Sec. 3.7]; that implies, quite generally, that you do not expect any transverse charge
conductivity oy, alias TR-invariant systems are trivial Chern insulators.

Nevertheless, if you study the problem on a strip, you notice that there are edge states
crossing the gap, and these survive even in presence of spin-flip terms: therefore, although the
spin-conductivity is not topological, there must be something that distinguishes insulators of
the trivial type from those that show non-trivial edge states. Fig. 5.1 shows the edge states
obtained in the simple S’Z—conserving case; they are obtained by taking the edge states of
two Haldane’s model with ¢ = /2 for the two opposite spin species. Observe in particular
the exact crossing of the two opposite spin-edge states, living on the same physical edge,
which occurs at k = 7/a: these are Kramers degenerate pairs, as we shall discuss in the next
Section, and you can argue that they must be there even in presence of Rashba or other
spin-orbit spin-flipping terms. Indeed, the band structure so obtained is very similar to that
presented by Kane and Mele [22, Fig.1] in presence of Ag, which is reported in Fig. 5.2.
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Figure 5.1.: Edge states for the Kane-Mele model in absence of Rashba coupling, Ag = 0,
for two values of the mass parameter M = \,: A, = 0.1¢; (left), and A\, = 0.4¢;
(right). In both cases to = 0.06¢;. The open symbols and red curves refer to 1
spin states, the closed symbols and green curves to | spin curves. Notice that
the edge states of opposite spin, but living on the same edge, exactly cross at
ky = m/a, as demanded by Kramers’ theorem. The structure of the bands would
be very similar in presence of a sufficiently small A, with the same Kramer’s
degeneracy of more complicated spin-orbitals edge states.

Figure 5.2.: Same as previous figure, with the same parameters, but in presence of a Rashba
term Ar = 0.05¢;. Figure taken from the original paper [22].
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5.3. The importance of Time-Reversal

Time reversal symmetry is introduced in some detail in Appendix C. It is clear that the
presence of spin-orbit mantains TR symmetry of the full Hamiltonian, TRFI Tg = H. Since
we are dealing with spin-1/2 systems, we know that 12 = —1, and this in turn implies that
every eigenstate must be doubly degenerate (Kramers theorem).

Suppose now that H has translational symmetry, such that you can write H = ZEZ H (k).
Then, since the momentum is odd under TR, you can show that:

TRHK)T7' = H(-k) . (5.23)

For generic values of k, Kramers degeneracy is realized by the fact that each band n has
a “inversion-reflected” partner band n’ such that €,/ (—k) = €,(k). When spin-orbit is not
present, one can have extra degeneracies for the same value of k, for instance €,1(k) = €, (k)),
in general, any spin-orbit coupling would remove such degenerarices.

The relationship (5.23) immediately implies that there are k-points that are left invariant
by TR. Notably, the I'-point k = 0 is left invariant. But also the 3 points M in the middle
of the faces of the standard Wigner-Seitz BZ — M; = by /2, My = by /2, M3 = (b; + bg)/2
— are left invariant, because —k is equivalent to k via a reciprocal lattice vector G:

~k=k+G — 2%k =G . (5.24)

Such k-points — often known as time-reversal invariant momenta (TRIM) — are rather
special, because in essence you have that T, H(k)T7' = H(~k) = H(k), hence their k-
Hamiltonian is TR-invariant. Hence, Kramers degeneracy must occur within the same k-

subspace.

Let us picture now how edge states occurring in the middle of a bulk gap for a TR-invariant
system might look like. Fig. 5.3(a) shows a sketch of 4 edge state bands in the bulk gap, two
of them totally within the gap, two other only partially so. The solid circles correspond to
TRIM, here k, = 0 and k, = +7/a = —n/a. Each band has a time-reversal partner that we
have denoted with different colors: a blue band is the Kramers degeneracy partner of a red
band. Notice how red and blue bands (Kramers partners) join at the TRIM points, where
the degeneracy occurs “at the same k point”. Although we have plotted edge states here, the
situation depicted is rather that of a trivial insulator. Indeed, depending on the number of
electrons in the system, and on the detailed shape of the bands, the Fermi energy might cut
the bands in 2 points in the interval [0, 7/a] (and other 2 points in the interval (—m/a,0]), or
in 0 points. Consider now Fig. 5.3(b), showing a similar sketch of edge states in the bulk gap:
notice that the energy eigenvalues at the TRIM points are identical to those of Fig. 5.3(a),
and again every “red” band has a inversion-partner “blue” band. But the situation is clearly
very different from Fig. 5.3(a): in going from 0 to 7/a the Fermi energy must necessarily
cross 1 point: by modifying the bands you can transform that 1 into 3, but never into 2 or
0. This is so because, essentially, the 4 edge bands “pair-up” in two separate sets of 2 bands
in Fig. 5.3(a), while the 4 are inter-twined in an inextricable fashion in Fig. 5.3(b). The two
situations are topologically distinct in an even-odd way, hence one talks about a Zs index.
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Figure 5.3.: Schematic sketch of edge states within a bulk gap. TRIM are here projected onto
k, = £m/a and k, = 0, and denoted by solid circles. Red and blue edge states
are TR partners. On the left the insulator is topologically trivial: the Fermi
energy cuts the bands into 2 points in the interval [0, 7/a], but a modification of
the bands could change that integer to 0 or to 4. On the right, the insulator is
topologically non-trivial: the Fermi energy cuts the edge bands into 1 point in
the interval [0, 7/a] and there is no way we can change that into an even integer
by deforming the bands.

Let us know return to the Kane-Mele graphene case. The question is the following: how
can we distinguish from a bulk calculation which of the two edge-state situations we will end-
up with? In other words, we would like to have a way to calculate the previously mentioned
Z9 index without having to perform a strip calculation which explicitly shows the shape and
topology of the edge states. This is what Kane and Mele propose in Ref. [22]. Let us call
|u;(k)) the periodic part of the Bloch states at momentum k for all the occupied valence
bands, labelled by 7. In the present graphene case, the bands are N, = 2, but in general, we
will have an even number of bands, due to spin and spin-orbit coupling. Consider the matrix
mi;(k) so defined:

mij(k) = (ui(k)|Tru;(k)) i,j€l--- Ny, (5.25)

which is here 2 x 2 (in general N, x Np, with N even). Let us show that this matrix is
necessarily anti-symmetric, due to TR-invariance. Indeed, remember that the anti-unitary
nature of Tk implies that, for any two states in the Hilbert space one can write (¢1]ts) =

(Tripo|Trep1). Hence:

mij(k) = (ui(k)|Tru;(k))
= (TrTru;(k)|Trui(k))
= —(uj(K)[Trui(k)) = —m;i(k) , (5.26)
where we used the fact that TI% = —1 for fermions. Now, any even-dimensional anti-symmetric

matrix has an associated Pfaffian which is defined in the following way. If Z denotes a 2n x 2n
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anti-symmetric matrix, we have:

0 Zips  Zuips 0 Zuspon
Pf(Z]y,y5, = PI P 0 i B
Zoos Zusms Zygops - O
& Z(_l)P Zyp upy Lupyup, " Lupy,  Hey, (5.27)
" - o

where the sum over P denotes the usual sum over all permutations of the 2n indices 1 - - - f1on,.
Notice that the Pfaffian is really defined by a sum ° which contains n products of Z-matrix
elements, and not 2n, as the familiar det [Z],,,,.5,,. However, a remarkable identity exists (see
the book by McCoy) which links the two objects:

det [Z]2n><2n = Z(_l)P Zmupl Zuzup2 "‘ZuznuP%
P

2n factors

2
= (PE[Z]yx00) - (5.28)
In the present 2 x 2 case the situation is very simple, since we must have:

0 Pk

mik) =1 pa o

: (5.29)

where P(k) = Pf[m(k)], while det[m(k)] = P?(k).

Now consider any of the TRIM k-points: There the two states |uj(k)) and |uz(k)) must
be TR-partners. Up to a choice of phase, you can define ex|u;(k)) = Tr|ua(k)), hence
P(k) = ¢’ and |P(k)| = 1 at all 4 TRIM k-points. Question: can we make a smooth choice
for the phase of all states such that |P(k)| never vanishes for all k € BZ? The answer is:
yes if the insulator is topologically trivial, no if it is non-trivial. More in general, Kane and
Mele argue that the number of zeroes that P(k) shows in half of the BZ — BZ, so defined
such that k and —k are never both contained — is a Z5 invariant — even in the trivial case,
odd in the non-trivial one — which can be calculated by the winding number of the phase of
log[P(k)] in complex plane, as k moves along a contour C around BZ, :

=1 ax. vilog[P(K)] . (5.30)
C

2

If you want to know more about this Z5 story, with a more pedagogical introduction to the
subject, I suggest you to read the paper by Fu and Kane [23], where the connection between
the Zs index and the so-called modern theory of electrical polarization [1] is discussed.

50ften such a sum emerges in using Wick’s theorem for fermionic systems.

5 Notice that the link exsists only if the dimension of the anti-symmetric matrix we are considering is even:
The determinant of an odd-dimensional anti-symmetric matrix is simply zero, while the Pfaffian is not
defined.






A. Kubo formula for the conductivity

We give here a quite standard linear response theory (LRT) derivation of the Hall conduc-
tivity. The derivation (in second quantization) proceeds here for a two-dimensional system on
the continuum, and in the so-called scalar potential gauge, where the electric field E = —V ¢.
Following similar steps, one could provide alternative derivations for lattice systems, and/or
a vector potential gauge. So, imagine having a system of electrons described by the Hamil-
tonian:

fIO:ZU:;n/dx Ut (x) (—mv+iA)2@U(x)+/dx v(x) Ax) + ()

where ‘/I;U(X) is the second-quantization field operator, i.e., the operator that destroys a
particle of spin ¢ at position x, n(x) = >, \/I\’:r,(x)\ilg(x) is the density operator, v(x) is a
potential that the electrons feel due to the lattice and, possibly, to impurities, while the (---)
indicate interaction terms which we do not explicitly spell out. A vector potential A (x) has
been included in the kinetic term to account for a constant-in-time magnetic field B = V x A.
Now suppose we add an electric field E(x,t) to the system (E is assumed irrotational, i.e.,
we neglect terms due to the associated extra magnetic field, whenever E depends on t). In a
scalar potential gauge we have E = —V ¢, and the electric potential V, felt by the electrons
is Ve(x,t) = —edp(x,t), in such a way that the force is —VV, = —eE. The Hamiltonian in
presence of the field becomes:

H(t) = Hy + /dx Veo(x,t) 7(x) .

Consider now the particle current density operator j(x).

. 1 ~ ~

30 = 5= > (PO M (x)] + [0, ()] T (x)) | (A1)

where IT = —iAV + (e/c)A denotes the momentum modified by the field (related to the
classical velocity times the mass), which also appears in the kinetic term of the Hamiltonian.

The standard tool of linear response theory (LRT) will tell us how the averages of different
operators are modified by the inclusion of the electric field term, to linear order in the field.
Let me state the general result of LRT. Assuming the system, initially prepared (for instance
at time ¢t = 0) in a mixed state represented by a canonical (or grand-canonical) density matrix
po = e*BHO/Z, with Z = Tre=#Ho_ with 8 = 1/(kgT), is then evolved “unitarily” under the
action of H(t) = Hy + [dx A(x)a(x,t), the expectation value of an operator B(x) will be
modified, to linear order in the perturbing field a(x,t), as:

(B(x))ext (t) = (B(x))o + / dx’ / dt’ B (x, x5t —t') a(x, 1), (A.2)
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where, here and henceforth, ((---))o = Tr[po(- - )], and the so-called retarded response func-
tion Xg 4 is given by the Kubo expression:

xR (x, x5t —t) = —%H(t — t’)Tr(ﬁo[EH(x, t), Ag (X, t’)]>
= 50t =T (nlBaxt =), A, 0]
- %9@—t’)Tr([,sO,EH(X',O)]EH(x,t—t/))
= —0(t—1t) /Bd)\ T‘r(ﬁo AH(X, —ih\) B\H(X t— t/)) . (A33)
0 ) )

The second and third form of the expression for x% 4 are simply obtained by using the cyclic
property of the trace: the second explicitly shows that the response function depends only
on the time difference ¢ — ¢'; the third is particularly useful as a step towards the final form,
which is based on the following identity discovered by Kubo. If we denote by A\H(z) =

eizHo/h fe=izHo/h the Heisenberg operator for general complex z, obeying the Heisenberg

equation:
An(2) Y L An() = - [An(2), A (A4)
HZ_dZHZ_ih H(Z), o], .
then, a simple calculation ' shows that:
o —ing s
[p(),AH(O)] = —/ dz Po AH(Z) = Zﬁ/ dA L0 AH(—Zﬁ)\) . (A5)
0 0

This final form of the Kubo expression is particularly useful because it will allow us to trans-
form a current-number response function x, into an object involving two current operators.
Applying this machinery to the average current at position x in presence of the electric
potential V. we get:

(e (6) = G0+ [ax’ [t e st =) Vet (A6)
where, using the final form of Xﬁ as indicated in Eq. (A.3) we can write:
B .
X (x, x5t — 1) = —6(t — 1) / A Tr(po fupg (%, —ih) (%, ¢ —t')) . (AT
0
We now use the continuity equation to express n in terms of —V - j. Omitting from now on

the subscript H in the Heisenberg operators, and working with Cartesian components, we
write:

B s
lein(xv X/; t— t/) = 9<t - t/) / dA Tl"(ﬁo Vx’ 'j(xlv _Zh)‘> j,U»(Xv t— t/>>
0

B
- Z - [9(t—t’)/0 dA <ju(x’,—ih)\)ju(x,t—t’)}o}. (A.8)

/
ox!,

! Just observe that ing
— [z o An() = o An(0) = o Au(=ih5)
0

and notice that
po A (—ihB) = Au(0)po .
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Therefore, integrating by parts (assuming the surface term infinitely far away gives no con-

tribution) we can rewrite the average current in terms of ViV, = ¢E, as:
2 2 / / / p 2 / . B / !y
() ()=o) = —e [t [ar 3 [oe=) [ ar Gulod =imiutoe =)o) Bt ).

So far, everything was quite general. Now we specify our goal: we want the average (over
space) extra current induced by a uniform and constant-in-time electric field E turned on at
t = 0. So, we define the average field-induced electric current (accounting for the factor —e)

50 =~ [ () exa(t) — G0 (A9)

Area

We also introduce the total current operator ju = [dx j,(x), and notice that the total current
in absence of external field actually vanishes (J,)o = 0. Accounting for the factor (—e), we
get:

i) = D o) By

e2

o (t)

t B N N
/ dt’ / d\ (T, (—ihA)Ju(t —1'))o . (A.10)
0 0

Area

Now, before carrying out the integrals, let us assume the less ambitious goal of calculating o,
for a non-interacting system, where in principle one can work with single-particle eigenstates

{¢a(x) = (x|a)} of the Hamiltonian and associated creation operators ch, in terms of which:

Hy =" e€athiy . (A.11)

«

€q being the energy of the eigenstate measured from the chemical potential er. In the same
basis, expanding the field operators in terms of the ¢4, we can express the total current as:

Ju = Z(Ju)aﬁég%

= (ol ), (A12)

a,B
Odas = g [ (60,60, + (1,006

where, in the last step, we have used the fact that 1I,, is Hermitean. 2 The Heisenberg

operators for the currents have a very simple form:

~ (eu—ea)(t—t')/h Af A
Jut—t) = Z(Ju)aﬁ gllcamep)t=)/ CLC,B
a7/3
T(=ind) = 3 (L) e el ey, (A.13)
OCI,B/
The last ingredient we need is the average over the grand-canonical ensemble of four operators,
for which we can apply Wick’s theorem, obtaining:

<él,éﬁ/égéﬂ>o = 5a55a’6’fo¢f(x’ + 504,3’50/,8fﬁ(1 — fa) , (A.14)

2 Notice that we are using here the index S, a relative of a, not to be confused, hopefully, with the inverse
temperature 8 = 1/(ksT).
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where
1

fo=(Elé,)o = e

is the usual Fermi function. Now we are ready to express:

<jy(_ih>\):]\u(t —t/)>0 — ZZ ’ﬁ’ et i(ea—ep)(t—t')/h (e /—eﬁ/))\ <éL/éﬁ/éLéB>0
aB o'f

= Z(J#)aa (J )a’a’fafa/
+Z J)gafs(1 = fo)eilcamea)t=t0/h o=(ca=es)A
= A O + Z aa z/ Oéafa( fa)

¥ Z 3 a1 — fa)efleaet—t)/h o~ (eames)h
oy

We now notice that the first term is zero because <ju>0 = 0. The second, constant in time,
term vanishes if we assume that the Fermi energy ep: 1) either falls in a spectral gap of
width A, and kT < A, in such a way that f,(1— f,) = 0 for all the « in the sum, or 2) ep
falls in a region where the states are localized due to disorder, hence the diagonal elements
of the current vanish, (J,)aq = 0, for those states for which f,(1 — fo) # 0 (i.e., close to
er). By assuming that either of this two situations is realized, we can safely conclude that
the third, time-dependent, contribution is the only remaining one. By integrating over ¢’ and
over A this third term we are left with:

! / g > N
/odt/o dX (J(=ihA) I, (t =)o = — ho;g ) B o1 — )
[6 (ea—€g)B _ 1][1 - ei(sa—sﬁ)t/h] )

Now, observe that:

f (1—fa)[ (ca=es)f _ ]:fa_f5>

which is anti-symmetric under exchange of o <+ . Using that antisymmetry, we can finally
rewrite:

e (J)as (Jv)ga — (Jv)ap (Ju)sa
Tu(t) = ~"Are . <§<55 - (€a —€5)? ]
e*h oy Uwas Uv)sa iea—enyisn
ZArea O%(fa Te) (€a —€5)? ’

Notice the two contributions: the first (important) constant term, and the second time-
dependent contribution, certainly important in the initial transient (indeed, it makes o, (t =
0) = 0 exactly). But, upon taking a time average, we immediately see that the contribution
of the time-dependent term vanishes, and we get:

00 = lim / dto(t) = —i e’h Z (Jiap (Jv)pa — (J)ap (Ju)sa ‘ (A.15)

00 T Area €q — €3)2
€a<5F<€5 ( « ’3)
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Notice that o, = oy, = 0, while only the Hall conductivity oy = 0ys = —04y # 0. This
crucial expression will be at the core of our discussion on the topological nature of the
conductivity in certain quantum Hall systems.

We start calculating this quantity for the Haldane model assuming PBC and then taking
the thermodynamic limit. As such, the calculation is definitely a bulk property of the system.
In Haldane’s model, working with PBC, there are two bands, ex_ (completely filled) and ey
(empty). Obviously we are assuming we are at a point where the system is insulating, i.e.,
away from the critical boundaries in the phase diagram in Fig. 4.3. The sum we have to
perform runs over all e (the « in the previous equation), hence over the BZ of the system,
while 8 simply refers to the “empty state” exi, for each k. The crucial matrix elements
appearing are just given by:

1
(uka|J|uks) = ﬁ<uka\Vk}C|uk5> .

The explicit expression for the Hall conductivity is therefore:

2 1 A (s |0, Huney ) (ney | O, Hune—) — (uuse— | Doy Fluser ) (s |9, FCluure—)
Oy = —i5 D . .
h Na " (Gk, — 6k+)

This is, at a first sight, bad news. o,;, seems to depend on the band dispersion through the
energy denominators, hence one might (incorrectly) believe that the result depends on band
parameters such as t, to, M, etc.

However, observe that, by taking derivatives of the Schrodinger equation (see Egs. (3.13)
and (3.31)) we can easily show that:

(uka|ViHlukg) = (ka — k) Vitkalukgs)
(ukg| ViH|uka) = (€xa — €xg)(uks| Vitka)

from which we see that the energy-denominators actually disappear:

BZ
|

Oy = iy D [(Ortne ) (e |9k, ) = (O, ur e Y |0, i) |

Kk

Next we notice that, in the intermediate state, we have uxy appearing, but we can freely
add a term with wy,_ as well, since its contribution cancels exactly. At that point, we have
reconstructed, in the intermediate state, an identity, > _, |uky)(uks| = 1k, which can easily

remove.

Taking the thermodynamic limit, which transforms the sum over k into an integral over
the whole BZ, (Na?)™1Y", — ﬁ [ d*k, we finally write:

e 1

Oye = Zﬁ% BZko {<8kxuk_|8kyuk_) - <8kyuk_|8kxuk_>] . (A.16)

Two observations are in order. First, observe that what we have done is the undo of the
transformations done in transforming the Berry curvature into a sum over intermediate states
with energy denominators. Indeed, the object we have obtained looks like an antisymmetric
form closely reminiscent of a Berry curvature integrated over the whole BZ. We will see soon
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that indeed it is a Berry curvature form of the spin-1/2 problem, pulled back into k-space
by the map k — R(k) (more about this below). Second (we stress again): the oy, just
calculated in this way looks pretty much as a bulk property: we have used PBC and even
taken the thermodynamic limit. There is no trace anywhere of the edges of our system, to
which an experimentalist would attach contacts and leads to measure currents and voltages.
More comments on this bulk-edge duality in a while.



B. k- p and envelope functions for graphite

The k - p perturbation theory, introduced in the ’50s, is a classical technique of solid state
band theory: it uses perturbation theory and information on the Bloch states calculated
at high-symmetry points in the Brillouin Zone (BZ) to calculate the bands away from that
point. A closely-related and slightly more general technique, the envelope function theory
introduced by Luttinger and Kohn [24] in 1955, allows to tackle similar questions, with the
extra bonus that you can allow for smooth non-periodic additional terms in the Hamiltonian.
I will try to present the main ideas behind these techniques in the context of graphene, as a
way to justify the tight-binding model introduced by Kane and Mele [14,22].

Suppose you have solved the graphene band problem, in absence of spin-orbit and other
relativistic effects, by finding the Bloch functions of the single-particle Hamiltonian

H() = 7777, + V(X) X (B'l)

and the corresponding bands. But suppose we have solved the problem just at the two Dirac
points K, i.e., we have found the four E = 0 Bloch functions for the two relevant bands
(n=1,2): 1

YK, n(X) = eiKi'qui,n(x) for n=1,2. (B.2)

In our previous treatment of the Haldane problem we have got an approximate tight-binding
description of those states, which we now recap. Denoting by ¢ (x — ) = (x|éH0), or even
more compactly as ¢(x), the 2p.-like m-orbital ? centered on the Carbon atom sitting at
the lattice position r, we can form Bloch sums restricted on the two sublattices a = A, B as
follows:

z@aKi 19aK

Yok (%) = Z exreg] 10) = Nl Z T G (x — 1a)

zGaK

= e D ) = e (). (B

uqk 4 (x) periodic

Here r,_4(p) denote the r-sites on the A(B) sublattice, respectively. Notice that we have
introduced an overall phase 0,x, whose usefulness will be appreciated in deriving the Dirac
equation. The final step shows how extract the periodic part u.k, (x). 3 By diagonalizing

We conventionally denote the energy at the Dirac point as E = 0.

2 Appropriately orthonormalized to the neighboring ones by the Léwdin method, or simply neglecting the
small overlaps between orbitals on different sites.

3The proof that u.k n (x) are lattice-periodic is elementary.
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the 2 x 2 tight-binding problem on this basis of Bloch-states, we can easily express the actual
tight-binding Bloch eigenstates ¥k, n—12 in terms of Y4k, and ¥pK, . 4

Still remaining, for simplicity, within a tight-binding two-band scheme, let us now ask
how we could write a more general one-particle state W(x) using the sublattice Bloch sums
ek as building blocks. To that purpose, let us introduce four smooth (see below) functions
F,x_(x), with a = A, B, and construct states of the form:

= > ) Fuk, (%) Yk, (x ZF : (B.4)

a=A,Ba=%

where we have introduced a combined index a = aK,,, running over the four values
— (AK;,BK,AK_,BK_)

to shorten the notation. The smoothness of the Fy(x) means that these functions vary very
slowly on the scale of the lattice spacing |a;|, which in turn means that the corresponding

Fourier transform

Fa(q) = /dx e X [ (x) (B.5)
goes to zero very quickly, and is essentially non-vanishing only on a small region around
the q = 0 point in reciprocal space, well inside and far away from the BZ boundaries.
Following Luttinger and Kohn [24], from the Bloch states 1,(x) at momentum K, we can
easily construct Bloch states of momentum K, + q by just adding a phase-factor e’4* in the

following form:

Pq.a(X) = VX u(x) . (B.6)
If we had all the Bloch-states 1,k , at either K or K_, then the ¢qn(x) = €'9* 9,k (X)
so constructed would form a complete orthonormal basis in the Hilbert space [24]; since we

have only two states, this will necessarily lead to a truncation of the Hilbert space, hence to
an approximate scheme. Nevertheless, the functions ¢qa = ¢q.qk, are orthonormal [24],

<¢q’a"¢qa> = (271)35(q’ - q)5a’,a )

hence we can conveniently re-express V(x) as:
dq - 7
v = 3 [ [t Fula) ] v 2/ Q) b0 (BT)

Suppose now that the Hamiltonian includes an extra term, H=Hy+H 1, where Hj can be
either an extra potential Vexi(x) or a spin-orbit term of the form

h

2§ (Exp) =
or, in case there is an electric field in the z-direction, E = E.z, due to asymmetry or a
substrate, a similar Rashba spin-orbit term:

- eh - . eh PR A

1 believe it is not difficult to show, probably through a detour via the Wannier functions, that the opposite
is also true: if you are given the exact band-theory Bloch eigenstates ¥k n=1,2, then you can construct
appropriate combinations .k, which “approximately live” on each of the two sublattice a = A, B.
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In all these cases, to set-up the Schrodinger equation on the (truncated) basis of the |¢qa),
we should calculate matrix elements between such states. In Fourier space, we would have

HU(x) = EV¥(x) to read:
dq’ -
Z/ ~ (bqal o + Hi o) Fu(d) = E Fa(a) (B.10)

And here the observation that Kane made to set-up the traditional k-p perturbation approach
comes into help. Indeed, as we have noticed several times, it is immediate to show that:

P €'Y hy(x) = €9 (P + hiq) Ya(x) (B.11)

which immediately implies, since ¢qa(x) = €4*1,(x), that:

~ iax “ h ) th2
Ho ¢qa(x) = €' [Ho APt } Pa(x) . (B.12)

In essence, we can calculate all matrix elements by acting only on the 1, (x) if we remember
to substitute all p — p + hq. For instance, for the spin-orbit term we would have:

2
V50 dga(x) = e/4* [Vso ta h 2.2 S (VV x Q)} Ya(x) , (B.13)

and similarly for the Rashba term. The relevant matrix elements of Hy are:

2.2
(Gaal Bolaar) = m5(a’ — @) (ol [Ho+ L bt 5 ] )
e —a) [ bl + 0] B

For the ordinary spin-orbit term we would need:

(daal Va0 datar) (Yl T~V (S (TV x ) + 8- (VV x q)] [tow) , (B.15)

2m2 2
where the first term (provided it is non-vanishing by symmetry) dominates over the second
for small enough q.

B.1. Emergence of the Dirac equation

As a warm-up exercise, let us consider the case in which there is no perturbation whatso-
ever, and we have just Hy. Then, keeping only terms of first order in q and neglecting the
2q2

second-order term hQ—m we would have to solve:

S L [Walpliw)] Fla) ~ B Fula) (B.16)

a‘l

Crucial to the whole story are therefore the matrix elements of the momentum operator p
in the basis of the four degenerate states |¢,) at the two Dirac points. Symmetry arguments
constrain the form of these matrix elements. For simplicity of argumentation, we will assume
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that |1,) is given by the tight-binding expression (B.3). Notice first that ¢ (x—r,) = ¢r, (%),
the m-orbital centered at Carbon site r, is odd under the mirror symmetry z — —z, hence:

<¢ra ‘ﬁz"brg) =0 - <¢a’ﬁz|wa’> =0. (B.17)

We can therefore concentrate on x and y components only. Consider now the nearest-neighbor
AB-bond r4 — rg4 + ds, which is along the z-axis, and the next-nearest-neighbor AA-
bond ry — rs + a3, which is along the y-axis. Therefore, by parity conservation ° you
immediately conclude that (¢r,tds|DPyldrs) = 0 and (Pr,tas/Pe|dr,) = 0. The other two
components are generally different from zero, and we can write, using a vector notation:
(br4+ds|P|Pr,) = ihk1ds and (Pr,tas|P|¢r,) = ihkeas, where the real constants kj o have
dimensions of a wave-vector and simply come from performing the appropriate integrals.
At this point rotational symmetry by +2m/3 around the z-axis comes into help, and you

immediately conclude that more generally:

(bra+q,[Dlor,) =ihkid;  and  (Gr,+a,|Dlor,) = ilikoay; . (B.18)

We can safely assume that no further-neighbor matrix elements of p are of any significance,
but the conclusions we will draw are valid even if you account for such contributions. Now
we have to perform the Bloch sums of these matrix elements. Consider, for definiteness,
(YBK, |P|YaK, ), i.e., the matrix element at the same Dirac point, either Ky or K_, but
between opposite sublattices. You can write it as:

. 1 i _ LK d, .
(VpK.|PlYaky) = szel(eAKi Ppics) g iH d]<¢I‘A+d]”p|¢I‘A>
ra dj
— ihElei(eAKi —0pK ) Z e~ Kxdjg.
J
d;
1 — 1
- _ 3 3hk
= iRy s O S | i | S | (BU9)
0 0

where the crucial point in the calculation is that K, - dj23 = (0,27/3,—27/3) and K_ -
di23 = (2n/3,0,—2m/3). The final step shows why we insisted in allowing a phase-factor
e%4/8%4 in the Bloch states: by appropriately selecting the relative phase of A and B Bloch
states you can get rid of most of the annoying phase factors! Similarly, if you consider

e lplvac) = 5 30 (30 e (Bl + )

a;

= ik (Y e e may) e =0, (B.20)

a;

where the result comes immediately from the fact that K4 -a; = 327/3 for all a;, hence you
can take the phase-factor out of the sum, and then Eaj a; = 0. Similar calculations show
that (Y. |PlYak.) = 0 and (Yak. [PlYak.) = 0, i.e., there are no momentum matrix

5You do not really require that ¢ (x) is an atomic orbital for that: it is enough that it is mirror symmetric
by © — —z and y — —y, both symmetries being totally compatible with the graphene honeycomb lattice.
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elements coupling the two different Dirac points. Combining these ingredients, we can finally
write the equation for F,(q) as:

0 Qx 1 1qy 0 0 f?l (q) f?l(Q)
—1 0 0 0 F
0 0 0 g —igy | | Es(q) LRICY
0 0 4z + iqy 0 FC)) Fy(q)
Here we have denoted vp = 35‘511 and
a— (AK;,BK,AK_,BK_) — (1,2,3,4) .
If you Fourier trasform back to real space we get that the envelope function satisfies:
0 Oy + 10y 0 0 Fi(x) Fi(x)
Oy — 10, 0 0 0 F F:
—ihop |2 : 2(x) | _ |20 (B.22)
0 0 0 833 — zﬁy F3 (X) F3 (X)
0 0 Oy + 10y 0 Fy(x) Fy(x)

Observe that block (12) (corresponding to K ) is really decoupled from block (34) (K_).
If we introduce tha Pauli matrices 6., . acting on the sublattice index A/B = 1,2, and
7, acting on the Dirac point index K., sometimes denoted as wvalley degeneracy, we can
compactly write the previous equation as:

— thop (6,05 — T.040y] F(x) = E F(x) . (B.23)

Equivalently, we might write this effective mass (envelope function) Hamiltonian in the Dirac
form:
Ho = —ihwp [6.0, — T26,0y] . (B.24)

B.2. The Spin-Orbit term

As discussed in the text, we can effectively keep only the S, spin-orbit term at low energies.
As already remarked, for small q we can forget about the g-dependent terms and simply take
into account:

(Wal(VV X B)2[thw) - (B.25)

Again, let us look first at the basic matrix elements of the ¢, (x) orbitals centered on the
Carbon atoms. This time we notice that:

<¢1‘A+d3‘ (a:cv) ﬁy - (8yv) P |¢rA> =0, (B‘26)

because both terms are odd under y — —y aroud the r4 — r4 + ds bond, which is along the
x axis (the first because of p,, the second because of 9,V'). Rotational symmetry by +2m/3
around the z-axis immediately implies that quite generally:

(Orata; [(VV X D)zldrs) =0 = Uk [(VV X DP):[hak,) =0 (B.27)
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Similar conclusions apply to the inter-valley elements (Ypk . [(VV x P):|Yak.) = 0.

Next we consider the other relevant matrix element: (¢ry,1as/(VV X P);|¢r,). Here we
notice that:

(fr staal [(02V) By = (V) b [6e.) = ~ihC 0, (B.28)

because 0,V has no definite parity under x — —x around the bond rg4 — r4 + ag. Moreover,
a careful look at the lattice structure shows that the sign of 0,V is exactly opposite in the
corresponding integral for the B-sublattice, i.e.,

(D[ (V) By = (0,V) B 6e,) = +iBC #0. (B.29)

These results, obtained for the as-bond, extend by +27/3 rotational symmetry around the
z-axis to all the a; bonds. Summarizing, we have:

<¢rB+aj|(VV X IA))Z|¢1‘B> = _<¢I'A+aj [(VV x f))z|¢r,4> = +ihC #0. (B.30)

At this point it is straightforward to evaluate:

(k. |(VV X P)alpar.) = %Z (D2 ™™™ (0110, (VV x By} + e

rg a;
=¥ (— ihCe~ K2y | c.c.) = +3V3hC . (B.31)

a;

Adding the spin-orbit term at q = 0 as a perturbation to the previous Dirac term we would
write the effective mass Hamiltonian in momentum space as:

SASO h'UF(q;B + iqy) 0 0
hwp(qe —igy) —sAgo 0 0 | (B.32)
0 0 —sAso  hup(qe —igy)
0 0 hop(gz + igy) sAso
where s = + for the T-electrons, and s = — for | ones, while Agg, collecting all factors, is:
ho 3V3
Aso = ————hC'. B.
SO om2e 2 ¢ (B.33)

In a more compact form, we write this as:

H(q) = Ho(q) + Hso = hvr [qe0z — qyT20y] + As08:726 . (B.34)



C. Time Reversal

The subject of Time Reversal (TR) requires a rather detailed analysis — crucial to under-
standing, for instance, the very definitions of Wigner-Dyson ensembles in Random Matrix
Theory —, which is usually omitted in standard Quantum Mechanics classes. My notes on
this topic have grown beyond the point where I decided to make a separate chapter of it. The
chapter is heavily based on the treatment of TR presented by Sakurai, in Modern Quantum
Mechanics, and Metha, in Random Matrices, together with the clear exposition of quaternions
made by Dutra, in Cavity Quantum FElectrodynamics. Sakurai is quite clear, but it does not
give enough details for the purpose of understanding the symplectic case of Random Matrix
theory. Metha is very advanced, detailed and wonderfully complete, but alas, at times, a bit
cryptic, unless you go very patiently in the details of every paragraph.

C.1. Preliminaries

The way this topic is usually tackled is, roughly, the following. Take a spinless non-
relativistic particle moving in some potential V(x) and write its Schrodinger equation (SE)
in position-representation:

2
ihgtw(x,t) = [—;LmVQ + V(x)} W(x,t) . (C.1)

Taking the complex conjugate of the SE in Eq. C.1 and observing that the Hamiltonian is a

real operator in position representation we can write:
) = [~ 22w V| 0t (€2)
—ih—vY*(x,t) = |—— X X,t) . .
ot ’ 2m ’

Consider now the wave-function ¥ (x,t) = 1*(x,—t). It is clear that the change of variable
t — —t exactly reabsorbs the minus sign in front of the first-order time-derivative, so that
YRr(x,t) obeys exactly the same equation as 1(x,t):

n _[-E VitV C.3
i &wR(x,t) = [_Qm + (x)} Yr(x,t) . (C.3)
Consider, on the other hand, the average momentum of the wave-packet ¥ r(x,t):
(Yr(@)[PlYR(E)) = /dx Vr(x,t)[-ihV]Yr(x,t) = /dx VR(X, 1) [+ihV]{R(x, t)
=~ [ax v x0TI ) = —(-Olplu-0) . (Ca)

Here the second equality in the first line is justified by the fact that the average momentum is
a real quantity coinciding with its complex conjugate. So, that average momentum of ¥ g (x, t)
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is just the opposite of that of ¢ at time —t. An entirely similar derivation shows that angular
momentum, for instance, or any operator involving the imaginary unit ¢ will change sign upon
TR, while operators that are real, like position or energy, do not change sign. Evidently, an
Hamiltonian like the one written above obeys TR invariance. What about, for instance, one
with a magnetic field? The SE, if ¢ is the charge of the particle and A the vector potential,
reads:

ingt¢(x, t) = {1 (—mv - %A)z + V(x)] b(x,t) . (C.5)

2m
Evidently, we cannot take here complex conjugation without ruining the Hamiltonian, which
is no-longer real! So, TR is not obeyed in presence of a magnetic field. (Indeed, we know
from classical physics that if we reverse the momentum of a particle, its trajectory, in the
magnetic field, curves in a different way, because the Lorentz force is reversed.)

With a movie analogy, we might picture this by saying that if TR invariance applies, we
would not be able to distinguish if the movie showing the particle motion is observed in the
forward direction or with the rewind button inserted: both make perfect physical sense. On
the contrary, if TR is broken, the “rewind movie” makes no sense physically: particles curve
in the wrong direction under the action of a Lorentz force, for instance. To provoke you
a bit, think of this small apparent paradox. As you know, a wavepacket describing a free
non-relativistic particle in absence of any external fields and potentials inevitably spreads in
time. How can you make sense of this spreading in the movie-backward picture? Spreading
seems to be inherently connected with an “arrow of time”, but the motion of a free-particle
should be the archetype of time-reversal invariance! Any clue?

What about spin? Like angular momenta, we would like spins to be reversed under TR.
Consider a spin-1/2 particle. If it is in an eigenstate of SY:

|i>y=;§n SEELE

then evidently a simple complex conjugation will reverse the spin. But, clearly, complex
conjugation is not enough to reverse the spin of an eigenstate of S or of S*: we need
something else. This extra piece is just a rotation by 7 around the y-axis in spin space,
performed by ei(™/2)oy — 10y. More about this, including Kramers degeneracy, below.

For the time being, we pause here and notice a small weakness of the previous approach.
Consider a spinless particle moving in an harmonic potential in the presence of a uniform
electric field E, so that V(&) = ki%/2 — qE#. In position representation the Hamiltonian
is evidently still real, and we would confortably conclude (correctly) that an electric field
does not break TR invariance. But if we write the SE, for some reason, in momentum
representation where & = ihd/0p then we would not have that the Hamiltonian is real, and
we would be a bit puzzled. The crucial point we will make below, with a proper derivation, is
that if a system obeys TR invariance then we can always find a representation (i.e., a basis)
in which the Hamiltonian is real (if there are no spins or integer spins) or (do not worry if
you do not understand, it will be made clear later on) quaternion real (if there are spins-1,/2
or more generally half-integer spins). To do that, we have to formulate the problem from

scratch in a more precise way.
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Momentum before reversal
after reversal \
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at t=+4t
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Figure C.1.: Figure taken from Sakurai’s book Modern Quantum Mechanics, illustrating the
idea behind Time Reversal (TR) invariance, with a classical-like trajectory pic-
ture. (a, Left) The TR operation (inversion of momenta/spins) is applied at
time ¢ = 0 to a state |¢), and then the system is evolved for a time +d¢: the
resulting quantum state is U(dt,0)Tg|¢). (b, Right) The system is propagated
backward in time, up to time —d¢, and then the TR operation (inversion of mo-
menta/spins) is applied: the resulting state is TrU (—0t,0)[)). The two states
coincide if the system is TR-invariant.

C.2. A more precise definition of TR-invariance

So, let us abandon the idea that TR consists in reversing the time in a first-order-in-time
differential equation, and let us try to define an appropriate operator Tr acting on states
of the Hilbert space, and having the correct properties discussed above. The idea is the
following. Take any state [¢) in the Hilbert space, describing a set of particles, with their
momenta and possibly with their spins, etc., at some time ty. If we apply Tk to [y (i.e.,
in some way we reverse all momenta and spins) and propagate then the state for a time
interval 0t = ¢t — ¢ty up to time t by applying the evolution operator U (t,to), we get the
state U (t,to)Tr|¢). Then, if the dynamics is TR-invariant, this state should coincide with
that obtained by propagating backward in time by 0t = t — tg and then applying Tr, ie.,
TrU (to — 6, to)|[00) = TrU (2t — t,t0)|):

U(t, t0)Tr|) = TRU (2o — t,t0)[¢)) V¢ <=  TR-invariance holds . (C.6)

Fig. C.1 tries to give a picture illustrating the previous idea. Notice that the evolution
operator U governs the dynamics, while Tx is an operator acting on states, which we still
have to define in a way compatible with the physical picture presented above. Since the
previous equality should hold for any [¢), it should apply for the operators:

Ult,to)Tr = TRU (2tg — t,ty) <=  TR-invariance holds . (C.7)

Now take a derivative with respect to time, and recall that U (t,tp) satisfies the usual SE we

get:
1

<mﬁ(t)(7(t,to)> Tr="1Tg <_z'1hﬁ<2t° — 1)U (2t — t,t0)> . (C.8)
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Assume now, for the remaining part of this discussion, that H does not depend on time: we
will go back to the time-dependent case when we will discuss time-periodic Hamiltonians and
Floquet theory, see Sec. C.8. Then, taking t = t5 = 0 we deduce that:

1 -\ - . 1 -
<hH> Tr=Tr <_'hH> = TR-invariance holds . (C.9)
i i

And here comes the first result: T cannot be a unitary operator! Indeed, if Tr was unitary,
then we would simply cancel 1/(if) on both sides and conclude that HTr = —TrH, which
makes no physical sense at all: it would imply that if [n) is an eigenstate of H with eigenvalue
E,, then TR|n) is an eigenstate with energy —FE,, and this would apply to arbitrarily large
values of E,. Essentially, it would imply that if the spectrum of H is unbouded from above
(for instance, as in the hydrogen atom case), then H has no ground state! The way out is
that Tx is an anti-linear and anti-unitary operator. * If Tg is anti-linear, then the —1/(ih)
becomes 1/(if) when I move it to the left of T and cancels with the corresponding factor in
the left-hand side, leading to:

A~

HTpr=1Tgr H = TR-invariance holds , (C.10)

which makes perfect sense: Tr commutes with H if TR-invariance holds, as any symmetry
operation does.

C.3. Properties of T

Let us abandon H for a while, and concentrate on the properties of Tr. We have already
met an anti-linear operator above: the complex conjugation C. Its precise definition depends
on the choice of the basis {|a)} in the Hilbert space and is given by:

Cl) =3 vala) &S ylay . (C.11)

Notice that C' acts, given a basis, on the wave-functions amplitudes 1, transforming them to
their complex conjugates, without affecting at all the kets |a). Obviously C?2=1,00C=0C""1
Now, any anti-unitary operator > can be written as a product of a unitary operator K times
C , so that:

Tpr=KC with KTK=KK'=1. (C.12)

! An operator is anti-linear if A(m/)) = o Avp, while A(wl +1h2) = Aty + Avp, as for linear operators. Contrary
to unitary operators, which conserve the scalar product, (U¢|U) = (¢[4), an anti-linear operator is called
anti-unitary, if (A¢|Av) = (|¢) = (¢[)".

2 According to the pioneering work of Wigner, symmetries in Quantum Mechanics are represented by linear
operators that preserve the modulus of the scalar product:

(TolUB)| = [{l¥)] -

With a technically quite involved proof, Wigner was able to show that, apart from adjusting phase-factors,
the only two physically relevant cases are that of unitary operators, and that of anti-unitary operators,
such as time-reversal.



C.3 Properties of TR (Notes by G.E. Santoro)

133

Since C depends on the basis we choose, so will K: if you change your basis, both will be
affected. If you make a unitary transformation on the states |1)) — U[t)), ® then all operators
should be consistently changed as A = UAU! = UAU' in order for scalar products and
matrix elements to be unchanged. Consequently, TR will change as:

o= RC = ORCOY = ORCUHC1¢) = (URTUT)C (C.13)
where we have used that CUTC—! = U where U is the transpose of U, with matrix elements

(o/|UT|a) = (a|U]e’). * All this amounts to saying that, upon a unitary transformation of
states [1)) — U|1), the operator K transforms as:

) — U) — K - UKUT . (C.14)
This is just mathematics of anti-unitary operators.

Let us now inject a bit of physics: acting twice with Tr we should not change the state,
apart from a possible overall phase factor. Therefore:

T2 = €1 . (C.15)

How much can 6 be will be our next point: we will soon show that § = 0, 7 are the only two

=

possibilities that nature allows. Indeed, 72 = (KC)(KC) and CKC = K*,  and therefore:
T: = KK* = €1 (C.16)
But K is unitary, so that KKt =1, or, by taking the complex conjugate:
K*KT =1. (C.17)
Multiply now this equation by K on the left and use KK* = €1, obtaining;:
FIRT Z R (C.18)
Now iterate the last equation by writing:
K =¢efKT = ¢¥ (eiQKT)T =K (C.19)
A miracle has occurred: due to the unitarity requirement for K, the a priori generic phase
e’ has to be such that €?¥ = 1, i.e., only the cases # = 0 or § = 7 are allowed!

Summarizing, there are only two possible physically allowed cases:

=0 «— T2= 1 «— KK* = 1 — K'= K, (C20)
f=n — T2=-1 <— KK* = -1 — KT'=-K, (C21)

ie., K is not only unitary, but it must be either symmetric (for § = 0) or antisymmetric (for

0=m).

3Equivalent results are obtained by changing the basis as |a) — |&) = UT|a).

4The proof of this fact is elementary. Take the generic matrix element <¢|CA'UTCA'71|2/)>, express |¢) =
Yoo Valay and |¢) = >, ¢ar|’) and do the simple algebra. Equivalently, recall that Ut = (U7)*" and
that when C' operates on anything but Ut its effect will cancel with that of C~' to the right, while the
action on U will simply give UT.

5Again a simple proof as above: it is enough to let C act on R’, because C? = 1.
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C.4. Transformation of operators under time-reversal

Let us now consider how matrix elements of operators are related under TR. Here a bit
of caution is needed: the Dirac bra-ket notation can be confusing (it was invented to handle
linear operators, rather than anti-linear ones). If we denote by [¢f) = Tg[y) and |¢F) =

Tr|®) the time-reversed of two states |)) and |¢), one can show that, as a consequence of the

anti-unitary nature of T, we must have: °

(8| Alp) = W TRATTL |¢7) = (| AR|pH) . (C.22)
def iR

The operator AR = TRATT§1 is called the dual of A under TR. Using TR = KC’, and
CAIC! = flT, one can easily show that:
AR T ATy = R (CAICT) K = RATE (C.23)

As done with parity, one can classify the observables as being even or odd under TR: since
A = At for observables, then A% = TR/HAE L= 4+ A for even/odd-TR observables.

Let us return to the physical case of a non-relativistic particle in elementary quantum
mechanics. It is physically quite reasonable/obvious that X must be even under TR,

~R N ar—1 ~
xT=TpxTh =x,

as a consequence of (|x|y) = (YF|x|yf). The picture in your mind might be: if I reverse
all spins and momenta, the average positions do not change at all. Then you immediately
deduce that, in order to preserve the canonical commutation relationships [;, p;] = ihd;;, p
must be odd under TR, i.e., ”

p" = TppTy' = —b.
Finally, in order to preserve the angular momentum commutation relations, showing a crucial
imaginary unit 7, [jz, j]] = ieijkjk, J must be also odd under TR:

3 = it = 3 |

and this applies to spins, orbital angular momenta, total angular momenta: any angular
momentum!

C.5. Hamiltonians invariant under time-reversal

The previous analysis is absolutely independent of H , and of whether TR~invariance holds
or not. Let us now look at the consequences of TR-invariance on H. If TR invariance holds,

The proof goes as follows. Denote by |x) = Af|¢), and by |x®*) = Tr|x). Then:

(BlAR) = (xlv) = @"IxT) = W | TrAT|¢) = (W TRAT;  Tr|¢)
(W TRATTR 6" .

"The imaginary unit and the anti-linear nature of Tr are crucial for that.
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then TRﬁ = ﬁTR, or fhﬁf}g1 = ﬁ, or:
i = Tpfify' = K (CHC) K = RATR = A% (C.20)

where we have made use of the fact that H = HT, which implies CHC~* = HT. So, if
TR-invariance holds, we can equivalently say that H is even under TR, or that H is self-dual.

Now let us go back to the two possibilities that nature allows: T}% = +1 (and KT = K)
or T 2 = —1 (and KT = - K ). We will see that they correspond, respectively, to the case
of integer or half-integer spin/angular momentum. But before proceeding with this analysis,
let us immediately point out a very deep consequence of TR-invariance in conjunction with
the case T2 = —1: it is called Kramers degeneracy. Indeed, take an eigenstate |n) of H
with energy E, and consider the TR-state TR|n>. If H is TR-invariant, then it commutes
with 7', which immediately implies (as you know from elementary QM) that Tz |n) is also an
eigenstate with the same energy F,,. The question at this point is: is perhaps T Rr|n) simply
related to |n) by an overall phase factor, or it is a genuinely independent state, in which case
I would have degeneracy? Let’s see. Assume that Tr|n) = €*®|n) and apply Tx once more.
You get:

T2|n) = Tre?|n) = e OTg|n) = e e?|n) = |n) , (C.25)

where in the second step we have used the fact that Tr is anti-linear, so that e’® becomes
% when you bring it to the left of Tr. By comparing the left-hand and righ-hand side of
the last equality, we clearly see that the assumption that Tg|n) = €*|n) is inconsistent if

T]% = —1, and this implies that TR|n> must be, in that case, an independent degenerate state
with the same energy E, as |n). Amazing, right?

C.5.1. T = 1: integer spin case.

In the first case, 72 = 1 and K is a unitary and symmetric matrix, K7 = K. Then, a
simple proof guarantees that you can always find a unitary matrix Uo such that: ®

A~ A~

KT =K — K =007 . (C.26)

Perform now a transformation of the states as |1)) — U(; 14), equivalent to a change of basis
la) — |o/) = Uplar). As you remember, see Eq. C.14, K transforms as

~ N ~ N ~ T
K- K =07k (05') =1

It is a matter of very simple algebra to show that the transformed Hamiltonian, assuming
TR-invariance, is symmetric and therefore also real (since it is Hermitean):

8 Any unitary K can be expressed as K = e where H is Hermitean, as you probably remember from
elementary QM. If you don’t, dlagonahze K=Velyt through a unitary V and the diagonal eigenphases
6, and observe that H = VAV is Hermitean and such that K = et Next, it is easy to show that, if
KT = K then also HT = H. Take now Uy = 120 where O is any real orthogonal operator. Then

T =0Tef/? and K = UOUOT because OOT = 1. As you see, Us is determined up to a real orthogonal
transformation O which you are free to chose as you wish.

Kramers

degeneracy
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B = U5 A0, = 05 (RATE) 0y = (05 A0:) = () . (©2n)

This shows the point: if T]% = 1 (we will see that this correspond to the case when the
spin is absent or integer) you can always find a suitable basis in which K = 1 and the
Hamiltonian, being self-dual, is a real symmetric matrix. Notice that at this point you are
still free to further change basis with real orthogonal transformations O: the Hamiltonian
will still remain real and symmetric for any 0.

C.5.2. 72 = —1: half-integer spin case.

This case is definitely quite more complicated. If K is unitary and antisymmetric, you
cannot find a basis in which it becomes the identity. Still, a theorem guarantees that I
can find a unitary transformation which brings K into a canonical form with blocks on the

0 41 _ .
-1 0 ) 7Y

So, accept for a second without proof that a unitary U exists such that K — UKUT = Z
with Z given by:

diagonal made of 2 x 2 matrices

0 41 0 0
K—sUKUT=z<10 0 0 +1 -- (C.28)

Notice that if the dimension of the Hilbert space is finite, it must be even for this to make
sense: all matrices should be, therefore, 2N x2N. After one such transformation is performed,
further unitary transformations S should not scramble the nice canonical form of Z, and for
that you must require that:

5287 = 7. (C.29)

Notice the difference with the previous # = 0 case: there the canonical form of K was K = 1
and the group of unitary operators O leaving it invariant, i.e., such that 00T = 1, where
simply the real orthogonal transformations, O(N) in the finite-N-dimensional case. Here,
the group of unitary S which preserves Z as in Eq. C.29 is called symplectic group, denoted
by Sp(N) in the finite-dimensional 2N x 2N case.

How can we justify the fact that a canonical basis of this type must exist? It is enough
to think of a Gram-Schmidt orthogonalization process carried on with the help of T. Take
a starting state |¢1) and form its TR-partner |¢*) = Tg|¢1). As proved when we discussed
about Kramer’s degeneracy, these two states must be linearly independent, indeed orthogonal!
Next select one more state |¢2), orthogonal to both |¢1) and |¢1t), and calculate |¢L). Again
you would prove that the latter is orthogonal to |¢2) and to all previously constructed states.
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And so on, until you exhaust the Hilbert space. In so doing, you have constructed a complete
ortonormal basis made of TR-doublets as follows:

Hon = {61, 101), [0, |¢2), -+, [oN), [on)} - (C.30)

In the basis you have just constructed Tr coincides with K because C' has no effect on the kets
(recall that C just takes the complex conjugate of amplitudes in front of kets). Remember
also that taking twice the time-reversed of a state introduces a minus sign: Tr|¢f) = —|¢;).
It is then straightforward to conclude that the basis you have constructed is nothing but the
canonical basis in which K has the from in Eq. (C.28). Indeed: (¢F|Tr|oF) = 0, (¢F|Tr|p1) =
1, (¢1|Tr|oF) = —1, (¢1|Tr|¢1) = 0, and so forth.

We stress the fact that the construction of the canonical basis made of TR-doublets is
totally independent of the fact that H is TR-invariant or not: it is enough that 12 = —1.
But let us know ask: How would the Hamiltonian matrix look in the canonical basis if H is
TR~invariant? It will look, obviously:

(oT'[H|ot) (o |H|or) (pT[H|p) (o |H|pz)
(¢1|H|oT)  (o1|H]|¢1) (¢1|H|pg)  (o1]H]|¢2)

[H] = (oF[H|ot) (05| H 1) (OF[H|oF) (o5 H|pz) (C.31)
(p2H|pT)  (dalH|p1) (p2l H|9F)  (do|H|p2)

where we have singled-out the 2 x 2 blocks referring to TR-doublets. Now recall that
Eq. (C.22) tells us how operators behave under TR. If T rewrite it for the Hamiltonian it
tells us that for any two states |¢) and |¢)) we have:

(8| H|y) = (R HE o) (C.32)

where HT = TR}AITT]? = TR]:ICZAEl is the dual of H under TR. But if H is TR-invariant then
HE = H, which implies that:

(| H|w) = (@7|H|oT) . (C.33)

The latter is a very strong constraint on the matrix elements of H in the canonical basis.
Consider for instance the first diagonal block, referring to states |¢f¥) and |¢;) (all diagonal
blocks would do the same). TR-invariance requires that: 1) (¢f|H|pf) = (¢1|H|p1) (the
two minus signs cancel), i.e., the diagonal elements are identical (and real, by Hermiticity);
2) (pF|H|p1) = —(¢F|H|p1) = 0 (the minus sign originates from the fact that applying TR
twice gives a factor —1). Summarizing, we have proved that the diagonal blocks must have

(ORIH|6F) (oFH|ow) \ [ wee 0
( (Gl H|erE)  (on|Hlr) ) _< 0 ukk) ; (C.34)

with ug, € R. Take now an off-diagonal block, for instance the (2,1). Here TR-invariance

the form:

requires:

(Of|HloT) (o5 1H|or) \ _ [ (lHld2) —(of'|H|¢2) (C.35)
(po|H|pT)  (p2|H]|¢1) —(o1|H|oY)  (eT|H|p5) )~ ‘
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and, upon using Hermiticity of the matrix elements, for instance (¢pF|H|po) = (po| H|p)*,
you see that this block has the form:

< <¢2‘H’¢{%> <¢2|H|¢1> ) B ( V21 u;l ) ’ (0‘36)

An identical conclusion would hold for the block (12):

<¢{2‘H‘¢§> <¢{2’H’¢2> . u12 —’1)1‘2 G
<<¢1H1¢§> i) ) "\ v gy ) (©37)

but Hermiticity must relate these factors to the (21) partners. This is best appreciated if we
put together these results as follows:

uir 0 Uz —Uiy o
( 0 up ) ( V2 Ui, )
[ﬁ] = U21 _U§1 ugg 0 o (C.38)
V21 uEl 0 Uu22

Then, you immediately conclude, by Hermiticity, that

uly = Uy
vig = —U9] . (C.39)

Uil 0 U112 —’UTQ o
( 0 un > ( vz Uls )
[H] = ul, b w0 - (C.40)
—U12  U12 0 uge

Hence, we must have:

A quite remarkable and bizzare form of [H] is forced by TR-invariance in the canonical basis!
But to fully understand, appreciate, and work with a matrix having this peculiar form, we
have to take a journey into the beautiful world of quaternions.

But before adventuring in that journey, let me mention an alternative way of writing a
self-dual Hermitean matrix, as implied by TR-invariance, which was suggested by Valerio
Volpati. If you order the basis of TR-states as follows:

Hon = {‘¢{%>a ’¢§>v T ’¢]}\%f>7 ’¢1>7 ‘¢2>7 Ty ’¢N>} ) (C'41)
then the matrix Z will look, in that basis, as:
. 0 1y
7 — C.42
o ] , (C42)
where now 1y denotes the N x N unit matrix. You can verify that Z=' = —Z. The

requirement that an Hermitean operator is self-dual is, in general, HE = TRH Tg L= H.
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A~

In a canonical basis this reads: H® = ZH*Z~! = H, where the * denotes the complex
conjugation due to the C, while K = Z. Now if you write the Hamiltonian with four NV x N

blocks as follows:
A C
ct B

H= : (C.43)

with A = A" and B = BT, then you immediately see (by carrying out the calculations with
the blocks as you would do with 2 x 2 matrices) that:

B* —CT
- AF

A+ C*
cT B*

HE =7 771 = (C.44)

Requiring that HZE coincides with H , as implied by TR-invariance, implies that B = A* and
C = —CT (or, equivalently, CT = —C*), i.e.,

~ A C
H= ) C.45
-C* A* ( )
where A = At and C = —CT7, i.e, A is Hermitean and C is complex antisymmetric.

C.6. Quaternions

Hamilton was fascinated by the fact that, in the complex plane, a rotation by /2 is simply
performed through a multiplication by the imaginary unit i, whose square is i> = —1. 'V He
wanted to generalize this construction to represent rotations in three dimensions. To do that,
he tried introducing two “imaginary units”, call them i and i, with i3 = —1 and i3 = —1 and
with the associated two imaginary axis. So, in this picture the three-dimensional space would
be made of a real axis and two imaginary axis, and the hope would be to get a consistent
picture of rotations by identifying vectors (z,y, z) with numbers of the form = + yi; + zis.
But that did not work, for a simple reason: While i; would rotate x into y, and i, would
rotate x into z, nothing would rotate y into z. Indeed, if you search for a number w such
that io = wiy, you easily conclude (by multiplying things with the given rules) that w cannot
be x, a real number, nor of the form xi; or xis. And you are therefore forced to introduce a
third imaginary axis with its associated “imaginary unit” i3 such that

19 = 1391 .

But this immediately implies that multiplication must not be commutative, with the given
rules. Indeed, by squaring the expression above we get:

i3 = —1 = (isiq)(ii1) ,

9 Obviously, this structure as well can be described in terms of quaternions, with the only difference that
one maps in a rather obvious way the N x N matrices made of 2 x 2 blocks into 2 X 2 matrices made of
N x N blocks.

19" As you well know, if you identify a vector (z,y) in the Cartesian plane with the complex number x 4+ iy,
then i(x 4 iy) = —y + iz represents the vector (—y, ) which is orthogonal to (x,y). Obviously 2 = —1,
and this represents a rotation by 7.
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and you realize that, if multiplication was commutative, the right hand side would be the
product of i%i3 = (—1)(—1) = +1, inconsistent with the left hand side! So, together with

the rules that 2% = z% = z§ = —1 we must also require that i3i; = —i143. Moreover, igio =
i3(igi1) = i3i1 = —i1, and by applying a similar squaring argument as above you must also
assume that igio = —ioi3, which immediately implies that ioi3 = 1. If you multiply to the
left this last expression by i1 and use that i2 = —1 you finally get i1igi3 = —1. To summarize,

the rules for dealing with these three imaginary units are:

B=i=i=-1

1112 = —igil =13 .

. S = pigiz = —1. (C.46)
1913 =— —1312 = 11

1301 = —1193 = 12

By definition a real quaternion is simply any number of the form:
q = To + T111 + Tl + x3i3  with xg,x1, 12,23 E R, (047)

and can be clearly identified with a point (zg, 1,2, 23) € R*. To efficiently perform calcu-
lations, it is usueful to use a more compact notation, like, ¢ = zg + Zizl Tpip, Or simply

q = To + Y, Tnin. Moreover, the rules given above should remind you of vector-product

Ilmn

rules. Indeed, by introducing the totally antisymmetric tensor e = +1 which you are

likely familiar with in vector calculus, you can convince youself that the rules for multiplying
the imaginary units nicely sum-up into: '!

Ilmn

in — O - (C.48)

Ul = €

A very useful quantity is the conjugate ¢ of a quaternion ¢, defined as:

3
T=120— Y Tnin. (C.49)
n=1
By using the rules in Eq. (C.48) it takes very little to show that
3
a=ai+Y a2 g, (C.50)
n=1

where we have defined the squared-norm of ¢ in the standard Euclidean way. Notice that
lg|> = 0 only if ¢ = 0. But you should be careful with the conjugation: conjugation of a

product exchanges the order, as you are accostumed to with matrices '?

Q92 =G q - (C.51)

HTmagine you have two three-dimensional vectors x and y and you define the associated quanternions g, =
> Tnin and gy = Y Ynin (notice that both x¢ = yo = 0). Then, you easily conclude that
Ixdy = —(x-¥) + Y (XX ¥)nin

n

i.e., quaternion products contain both scalar and vector product components.
12 A simple consequence of these definitions and properties is that

162> = (12T @ = 12T T = |a1]’| a2 -

Therefore gig2 = 0 implies that either g1 = 0 or g2 = 0, which allows to introduce the operation of
division. With divisions at hand, you might define derivatives and, in principle, one could develop a whole
quaternion calculus: we will not enter into that.



C.6 Quaternions (Notes by G.E. Santoro)

141

So far we have dealt with real quaternions, but you realize that one can introduce also
complex quaternions, or bi-quaternions

3
qg=z+ Zznin with 2q, 21, 29,23 € C, (C.52)

n=1

which can be identified with a point (2o, 21, 22, 23) € C*. 3 For complex quaternions you can
define not only the conjugate g but also the “complex conjugate” ¢* as:

3
q =) 2y + g Zrin (C.53)
n=1
and the Hermitean conjugate
def >
€ —x * * -
=T =2 ahin (C.54)
n=1

A quaternion is Hermitean if ¢" = ¢, which requires, as you can easily show, that zo = g € R
and z, = iz, with z,, € R. ™

The reason for introducing quaternions (apart from their intellectual beauty) is that they
are deeply related to Pauli matrices and spin-1/2 operators. Let us see why. You certainly
remember that Pauli matrices o1, 02, o3 verify the following relationships:

o?=03=03=1

0109 = —0901 = 103 (C.55)
0'20'3:—0'30'2:igl ’
0301 — —0103 = iO’Q

You therefore realize that you can get a representation of quaternion algebra with the following

11 — to3 = i 0

! Lo -

g — 109 = 0 1
2 2 — -1 0

. . 0 42
= C.56
i3 — 101 ( P ) ( )

Pauli-matrix identification:

where you should remember the extra ¢ and the exchange of the indices 1 and 3. If you
further identify 1 with the 2 x 2 identity matrix 1 you can come up with a representation of
a real quaternion ¢ = xg + ), i, in terms of the following 2 x 2 matrix

R0 MUY (vt Y Gl FNCE
- —Z9 +1x3 To— X1 vu

131t is important not to mix the imaginary unit ¢ of complex numbers with the quaternions i1, iz, i3: they

have nothing to do with each other, although they share the fact that their square is —1.
' These Hermitean quaternions are particularly usuful in special relativity.
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with u = zg + ix1 and v = —x9 + ix3. This apparently unusual form is what Time Reversal
invariance implies when there are spin-1/2 around, see Sec. C.5.2.

But before ending this journey into the quaternion world, let us notice that if you consider
an Hermitean quanternion g = xo+ Y, (i, )i, = ¢', then the 2 x 2 matrix representing it is
an Hermitean matrix:

g=a0+ Y (ity)in = ( roT L ) . (C.58)

- —ixg — T3 Xo+ T

Let me stress that the representations of the quaternions in terms of 2 x 2 matrices given in
Eq. (C.56) is not the only one possible: it is the one used by Metha, and that is the reason
I have used it here. ' With this choice of representation, Hermitean matrices appear a bit
clumsy. A better choice to make them look nicer would be:

ih = —i 0 —
ot =

1 1 —i 0

S 0 -1

7 —109 —

2 2 +1 0

i3 — —iog= ( —i 0 ) (C.59)

0 +¢

in terms of which an Hermitean quaternion ¢ = zo + Y, (izy )iy reads:

qg=x0+ Z(zxn)zn _ "o M) il x-o. (C.60)
- T1+1xy To— T3

C.7. Quaternions, TR-invariance, and Symplectic group for
half-integer spin case

Now that we know quaternions, let us go back to the form that TR-invariance requires for

the Hamiltonian matrix when T’ }% = —1. We can now write every 2 X 2 block appearing in
[H] in Eq. (C.38) as a quaternion, in the form: '6
qi1 4912 413 - 4IN
3 @1 G922 423 - @2N
H=lQ= 7 T T (C.61)
N1 4N2 4gN3 "' 4NN

As we have seen, all these are real quaternions (see Eqgs. (C.36) and (C.57)), which obviously
does not mean that the matrix is real! '” If we write every quaternion in the standard way

5Metha denotes the quaternions by ei, ez and e3 rather than with 41, i2 and 3.
16Notice that the ordinary rules of matrix multiplications are not changed by the 2 x 2 partitioning.
"We might also show, following Metha, that standard matrix operations are reflected in [Q] as follows:

Q71 = —i2yyi2 Q" = afy Qe = i2[Q" Twiz ' =Ty, - (C.62)

It follows that a quaternion matrix [Q] such that [QT] = [QF] is quaternion real.
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(just shift up the quaternion indices 0, - - - ,3 to make space for the new matrix indices) as:

o vild) oD il

0 1). 2). 3). u _p*
Akl = xl(cl) + wl(gz)ll + xéz)w + xl(cz)l?) = 2) " 3) (0 o @ |- (C.63)
Ty Ly Ty oy
;’:l Ujy

then we see immediately that along the main diagonal we must have:
0
qQkk = 37;&;2 = QL - (C.64)

Moreover, see Eq. (C.39), Hermiticity requires that g12 = oy, etc. In summary, the real-
quaternion matrix [()] representing H in the canonical basis has real quaternion elements
which satisfy:

ik = Qg1 - (C.65)
In terms of quaternions, we can write the canonical form of the unitary component K of TR
using %9 as:
192 0 0 0
- A 0 4 o --- 0 .
e O B (C.66)
0 0 0 -

Finally, further change of basis from the canonical basis we have selected are possible as long
as the new basis is canonical as well, i.e., in it [K] = [Z] = i3[1]. As we have mentioned,
the unitary transformations S that conserve this canonical form are a group, the symplectic
group:

8587 = 7. (C.67)

If you calculate S® = Z8T Z~1 (this is what the R of an operator/matrix is defined to be)
you immediately see that a sympletic transformation is such that SE — §-1 But they are
also unitary, so:

SR — -1 = gt (C.68)

Written in terms of quaternions, symplectic transformations can be shown to be quaternion
real as well (but not Hermitean).

So, summarizing, TR~invariance when 12 =-1 implies that the Hamiltonian is quaternion
real and self-dual, qx; = G;;,, and you can still make a change of canonical basis by symplectic
unitary transformations, which are also represented by quaternion real matrices.

C.7.1. A simple illustration: Spin-orbit coupling in the p states of hydrogen

After this rather long formal trip, let us take a break and illustrate some of the results we
have found in simple terms. The exercise I propose is studying the form of the spin-orbit
coupling term A(r)L - S, evidently a TR-invariant term, within the restricted subpsace of a
given multiplet of p orbitals of hydrogen: as you probably know, this is one of the ingredients

8 If we construct N x N real matrices x<0), x(l), x(2), and x® then we see that Qik = Gy, implies that x(©

(1,2,3)

is symmetric, while x are antisymmetric.
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(in a perturbative approach, justified by the smallness of the fine-structure constant «) of the
fine-structure of the resulting levels. Ideally, you should try to do the calculations yourself,
without looking at the answer, in a kind of guided exercise.

So, we consider the p states, whose angular wave-function is given by the spherical har-
monics Y7 (6, ¢). If you open-up a book in Quantum Mechanics, you will find that they

read:
Yig1 = —e"y/ % sinf ¢’ = —eQiéYl*,_1
Yig =¢€"y/ % cos 0 = e2i51/1’f0 . (C.69)
Vi1 =e"yf 8% sinf e” = —eQi‘ng’H

To be honest, in essentially any book you would find these expressions but with a choice of
phase § = 0. The reason I have included this extra phase is just to show that it is largely ar-
bitrary but, as you will see, infinitely irrelevant. Notice also the minus sign difference between
Y1 +1 and Yy 1, which is due to the effect of L™. So, summarizing, complex conjugation C

changes m — —m apart from some phase factors which, in any case, disappear if we apply
C2.

Now consider the spin-1/2 states of the electron. We will use the standard basis of S#, | 1)
and | |). Any spin-wavefunction with real coefficients (a state in the xz plane in spin space)
will not be affected by C, while, for instance, for the eigenstates of SY:

)y = (1) +il1) = Cl=)y
=)y = J5(IM) —il) = Cl+)y (C.70)

Cis enough to reverse the spin. Evidently, to reverse the spin in any direction we need an
operator which turns the spin around y by m, so as to reverse the xz spins. This operator
should be:

Tp=KC = ™"/"C =37 C = ig¥C (C.71)

where C' takes care of reversing momenta, orbital angular momenta, and spin-components
along y, while K = 27 = to, has no effect on spin-components along y, but reverses
spin-components in the xz plane (unaffected by C'). With this choice:

Tplt) =—14)
Trld) =+1) e

Notice the minus sign: we will see it is the crucial minus sign in this story. With the Y7 ,, as
defined above, you immediately derive:

TrY1+1|1) = +e 20v; 4|))

TrY1-1|d) = —e 20Y; 11]1)
TrY10|T) = —e2°Y]0[])

- ) C.73
TrYiold) = +e-20%; /1) (G.73)

i’:’RY1,—1|T> = +e7 Y1411
TrY141|d) = —e Y1 4[1)

To stress the fact that TR couples states in pairs, I have put horizontal lines between the 3
TR doublets that we have. With these choices, the matrix representing Tk in this basis will
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have 2 x 2 blocks along the main diagonal of the form:

0 i672i5
. . C.74
< :Fe—225 0 ) ( )

It is now clear that, depending on: 1) the ordering of the states |¢;) and |¢¥), and 2) the
phase you absorb in their definition, you can make most of the phases to disappear and reduce

0 1
(00). o

{loth) = 11, =1)| 1) 5lé1) = e L, +1) 1)} (C.76)

to blocks of the canonical form:

For instance, take:

and the resulting block will be canonical. Similarly, take:

{I6) = —e7[1,0)] 1) ;1d2) = ¢[1,0)[ 1)} (C.77)
and the corresponding block will be also canonical. And so on.

You still might wonder: where does the important minus sign in T2 = —1 comes from, in
the end? From the spin-1/2 algebra! Indeed, you immediately see that:

*
- i ToY A 1E0Y A 1 oY 1 ToY i ToY (ZgY 3 Y
T =27 Ce27"C = e'2° <€Z2U ) =e'27 27 =77 = -1 (C.78)

C.7.2. Integer versus half-integer spins

If T have N spin-1/2 particles, then:
TR _ eiwszl//heiwsg/ﬁ . eiﬂ'S?f\,/hCA« ’ (079)

Then it is clear the T}% = (=1)V1. The case of integer spin can be regarded as the N-even
case of the previous formula. Integer spins, therefore, have T]% =1

C.8. Time-reversal invariance for time-dependent Hamiltonians.

Let us consider again the general case in which H (t) is time-dependent. Assume that there
is a time ¢y around which there is TR-invariance. As previously discussed (see Egs. (C.7)
and (C.8)) this implies that:

Ut,to)Tr = TrU (2t —t,to)
H)U(t,t0)Tr = TrH(2to —t)U(2tg —t, o) . (C.80)

Substituting the first condition in the second one, we immediately deduce, getting rid of a
factor U(2tg — t, o), that:

A~ A~

Tng(t)TR = H(2ty —t) = TR-invariance holds . (C.81)
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Notice that this implies that, generally, H (t) does not commute with TR, except at the
“center-of-symmetry” special time tg:

TR H(to)Tr = H(to) .

Very special is, in that respect, the case of a time-periodic H (t), i.e., when a period 7 exists
such that H(t+7) = H(t). Then, if tj is the center of TR-symmetry, consider what happens
at t = to £ 7/2. We have:

A 1 T - A T . T A T

TRp'H(to + IR =H(2t —(to£5)) =HtoF ) =Hto£3),
where the last equality follows from the 7-periodicity of H (t). Hence, we have proved that
H(t) commutes with T not only at ¢, but also at ¢t = to+7/2, and (as you can easily show)
at all the other period-related times.

The periodic case is indeed quite surprising in many respects. Suppose you have:
H(t) = Hy + V sin (wot) .

Assume that TglﬁOTR — Hy, and that V is odd under TR, i.e., Tlglf/TR = —V. The
TR-invariance is actually respected by the dynamics, since, according to Eq. (C.81) (with
to = 0)

TR H()Tr = H(—t) . (C.82)
So, a magnetic field term (odd under TR) might be present and still TR holds! You might
think that this happens only because we have used the sin (wot), which is odd under ¢t — —t¢,
but indeed the result is more general! You can verify that TR is obeyed even when you use
cos (wot), provided this time you use 2ty = 7/wp as “center-of-symmetry” for TR. Moreover,
you can have a V that is even under T R, multiplied by sin (wpt) and still keep TR-invariance,
but again with 2ty = m/wp. In general you can prove that TR holds, for a judicious choice of
to, for any H (t) of the form:

H(t) = Hy + V cos (wol + o) ,
as long as Hy is TR-invariant, and V is either even or odd under TR.

Another consequence of TR for time-periodic systems is the following. Suppose that TR
holds with ¢ty = 0. Then:
U(r,0)Tr = TrU(-7,0) .
But Floquet theorem guarantees (see Chapter on Floquet systems) that U(—7,0) = U(0,7).
On the other hand, quite generally you have that U(0,7) = U~'(r,0) = Uf(r,0). Hence, we
conclude that:

U(r,0)Tr = TrU'(1,0) = U(r,0) =TrU'(1,0)T7" .

And here we should distinguish if the system has spin or not. The easy case is when Tr = C,
up to a unitary transformation K. Then the last equation implies that:

U(r,0) = TrUT (1,007 " = U7 (1,0)

i.e., we can always find a basis in which the Floquet evolution operator over one period
coincides with its transpose, hence is unitary and symmetric. If there are half-integer spin,
then you should work a bit more. Try.
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