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Recall
I C R" open,convex,symmetric cone,vertex at origin

hcrcry
M={A€R" | X >0Vi}, Ti:={XeR"| ) X\>0}
i=1
f e CY(I) N C°(T) symmetric function
f,>0inlVi f>0inl, f=0o0onTl



We will prove:
Proposition. (Comparison principle) Assume 2 C R"” bounded
open, {P1,-+,Pmn} C Q.

0<ue C3Q), MAY)€R"\TinQ,
0<veCQ\{P, - ,Pm}), MAY)ET in Q\{P1, -, Pp}.

v > u on 0NQ.

Then
v>uin Q\{Py, -, Pn}.



We will use
Lemma 2-1. Assume 0 € Q C R", open connected, n > 2,
0<we C?(Q\{0}), Aw <0in Q\ {0}. Then

Either w = 0 or liminf w(x) > 0.

x—0

Lemma 2-2. Assume 0 € Q C R”, open, n > 2, v € C?(Q\ {0}),
w1, Wo € Cl(Q),

v > max{wi, wp} in Q\ {0},

liminf v(x) = wi(0) = wo(0).

x—0
Then
Vwi(0) = Vwy(0).
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Proof.
e Step 1. Assume

O<a<u<binBs.

Prove
|V log u| < C(a, b).
e Bernstein type argument

Write v = —% log u.
Then



Need to prove
|Vv| < C(a, B) in By.

Let p(x) be smooth satisfying
p(x) =1in By, p(x) =0 outside By, p(x) € (0,1) in Bx\ By.

Consider
G = pe®M|Vv|?,

where

¥ za>0 ¢ +d (¢ 20, onfaf]

Only need to prove
G S C in Bz.



Fix xg € By,
G(xp) = maxG.
B>
Then
G,'(Xo) = 0. (1)
— involving ¢(v(x0)), @', Vv(x0), V2v(x0).
(Gjj(x0)) < 0.

— involving 6(v(x0)), @', &", Tv(x0), V2v(x0), V3v(xo).
Apply O to the equation f(A(W)) = 1 and evaluate it at xo:

f)\i()\)ak W; =0 at xp. (2)

- inVOlVing d)(V(XO))a ¢,7 ¢//7 VV(XO)7 VZV(X()), V3V(X0).
Using fy, > 0:
fr; Gii(x0) < 0. (3)

— involving 6(v(x0)), @', 6", Vv(x0), V2v(x0), V3v(x0).



Replacing V3v(xp) in (3) by terms upto two derivatives of v, and
also use (1) in (3), and using the properties of ¢, we have

cp|Vv|? < C+ Cy/p|Vv|2.

This gives
G(x0) = pe®M|Vv|?2 < C.

Done.



