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Some reviews/lecture notes for ultracold atoms on: 
Rotating gases: Cooper, Adv. Phys. 57 539-616 (2008).  

Artificial gauge fields: Dalibard et al. Rev. Mod. Phys. 83, 1523 (2011).

Spin-orbit coupling: Zhai, Int. J. Mod. Phys. B 26, 1230001 (2012)

Artificial gauge fields: Goldman et al., Rep. Prog. Phys. 77, 126401 (2014). 

Great lecture notes on artificial gauge fields: Dalibard, arXiv:1504.05520

Chern bands: Goldman et al. arXiv:1507.07805 (in book "Universal Themes of Bose-Einstein Condensation”)

Topological physics with optical lattices: Goldman et al., Nature Physics 12, 639–645 (2016)  



Ultracold atoms

Tuneable interactions 
(Feshbach resonances)

Controllable and tuneable…  Different species: bosons,   
fermions, Bose-Fermi mixtures

scattering length

Access momentum distribution 
(time-of-flight imaging)

Access density (in-situ 
imaging)

& many other observables….

No disorder/impurities 

Addressable internal states: 
e.g. hyperfine states…
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Controlling atoms with light

Optical dipole potential V (x) = ↵|E(x)|2

Interfere lasers to create optical 
lattices in 1D, 2D, 3D…. 

. .

Experimental reconstruction of the Berry curvature in a topological Bloch band
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Topological properties lie at the heart of many
fascinating phenomena in solid state systems such
as quantum Hall systems or Chern insulators.
The topology can be captured by the distribution
of Berry curvature, which describes the geometry
of the eigenstates across the Brillouin zone. Em-
ploying fermionic ultracold atoms in a hexagonal
optical lattice, we generate topological bands us-
ing resonant driving and show a full momentum-
resolved measurement of the ensuing Berry cur-
vature. Our results pave the way to explore
intriguing phases of matter with interactions in
topological band structures.

Topology is a fundamental concept for our understand-
ing of many fascinating systems that have recently at-
tracted a lot of interest, such as topological supercon-
ductors or topological insulators, which conduct only at
their edges [1]. The topology of the bulk band is quanti-
fied by the Berry curvature [2] and the integral over the
full Brillouin zone is a topological invariant, called the
Chern number. According to the bulk boundary corre-
spondence principle, the Chern number determines the
number of chiral conducting edge states [1]. While in a
variety of lattice systems ranging from solid state sys-
tems to photonic waveguides and even coupled mechani-
cal pendula, edge states have been directly observed [3–
7], the underlying Berry curvature as the central measure
of topology is not easily accessible. In recent years, ultra-
cold atoms in optical lattices have emerged as a platform
to study topological band structures [8, 9] and these sys-
tems have seen considerable experimental and theoretical
progress. Whereas in condensed matter systems, topo-
logical properties arise due to external magnetic fields
or intrinsic spin-orbit coupling of the material, they can
in cold atom systems be engineered by periodic driving
analogous to illuminated graphene [10]. Interestingly, the
resulting Floquet system can have totally new topologi-
cal properties [11]. The driving can, for example, be re-
alized by lattice shaking [12–16] or Raman coupling [17–
19] with high precision control in a large parameter space.
In particular, the driving can break time-reversal symme-
try [13, 14, 16] and thus allows for engineering non-trivial
topology [16, 18]. In quantum gas experiments, topolog-

Figure 1. Engineering of the topology by band dress-
ing. (a) Three laser beams intersecting under 120� interfere
to form a tunable honeycomb lattice [26] with a variable off-
set energy h�AB between A and B sites. (b) Circular shak-
ing of the lattice (shaded inset on the right) with frequency
⌫ resonantly (⌫ ⇡ ⌫AB) couples the two lowest bands, which
are plotted (red and blue lines) along a high symmetry path
(K,M,K’,�, K). (c) Dressed Floquet bands for different shak-
ing amplitudes between 0 and 223 nm at a shaking frequency
of ⌫ = 11 kHz. The dressed bands are calculated using Flo-
quet theory [26]. (d) Sketch of the position of the topological
defects in the undressed and dressed cases, illustrating the
dramatic change of the topology. The arrow indicates the
direction of the phase winding around the Dirac point. (e)
2D dispersion relations of the bare and dressed bands show-
ing a six-, respectively three-fold symmetry. In (c and e),
the color represents the dressing (less color corresponds to
stronger dressing).

ical properties have been probed via the Hall drift of
accelerated wave packets [16, 18], via an interferometer
in momentum space [20, 21] and in charge pump experi-
ments [22] but so far, the underlying Berry curvature was
not revealed.
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Arbitrary geometries, e.g. honeycomb: 

Tuneable lattice depth, 
e.g. superfluid  

to Mott insulator

Dynamical lattices (e.g. lasers 
of different frequencies,  

piezo-electrics…)
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FIG. 3. Exploiting a synthetic dimension. (a) The synthetic dimension approach consists in interpreting a set of atomic
internal states as fictitious lattice sites, aligned along an extra spatial dimension. Driving transitions between the internal states
allows for “hopping” along the synthetic dimension, which is then characterized by the tunneling matrix element =⌦ exp[i✓(x)],
where the Peierls phase-factor is directly related to the wave-vector of the driving laser field [36]. (b) Loading atoms into a
1D optical lattice, and driving transitions between the internal states, can be used to simulate lattice systems of two spatial
dimensions. By adjusting the Peierls phase-factors exp[i✓(x)], synthetic magnetic fluxes � can be created within this fictitious
2D lattice. (c) Experimental observation of edge skipping orbits, in a synthetic 3-leg ladder (using three internal states of 173Yb
atoms) subjected to a uniform synthetic flux [56].

a

b c

FIG. 4. Floquet engineering with cold atoms. (a)
Tunneling can be induced in optical superlattices, by mod-
ulating the potential resonantly with respect to the energy
o↵sets � between neighboring sites. Considering a modu-
lation potential of the form V (x, t) = V0 cos[!t + ✓(x)], the
resulting tunneling matrix elements are Je↵= |Je↵| exp[i✓(x)].
This method allows one to induce Peierls phase-factors, and
hence, artificial magnetic fluxes in 2D optical lattices [19, 78–
80]. (b) Shaking a honeycomb optical lattice circularly
is formally equivalent to subjecting graphene to circularly-
polarized light: this configuration reproduces the so-called
Haldane model [86], shown in (c), where e↵ective next-
nearest-neighbor hopping matrix elements are associated with
a well-defined chirality (stemming from the shaking [18]).

are directly related to the phase ✓(x) of the modulated
potential [24, 25]. In this way, the moving potential
V̂ (t) can be designed so as to engineer synthetic gauge
fields in 2D optical lattices [25]. The experiments re-

ported in Refs. [19, 78–80] realized strong synthetic mag-
netic fluxes and studied their e↵ects on atomic gases. In
Refs. [19, 78], a constant flux per plaquette �=⇡/2 was
engineered throughout the lattice, leading to Bloch bands
with non-zero Chern numbers. This allowed for the first
Chern-number measurement with cold gases [19], which
was achieved by loading bosonic atoms into a Bloch band
with Chern number C=1 and subjecting them to a con-
stant force; the Chern number was then extracted by
measuring the transverse (Hall) drift of the cloud [48, 49],
see Figure 1. The experiment [19] also revealed a signifi-
cant heating, attributed to the periodic driving, through
dynamical measurements of excitations to higher bands.
This pointed out the current limitations of this scheme in
view of stabilizing topological states. Similar center-of-
mass drift measurements were recently performed [81–83]
to extract the Zak phase and Chern number of 1D (Thou-
less) quantum pumps [40, 84].
Shaking a 2D optical lattice in an o↵-resonant man-

ner also constitutes a powerful method by which e↵ec-
tive magnetic fluxes and topological band structures can
be created [18, 85]. In particular, in the high-frequency
regime, the e↵ective Hamiltonian Ĥe↵ of a circularly
shaken honeycomb optical lattice [18, 29] becomes equiv-
alent to the emblematic Haldane model [86], in direct
analogy with graphene irradiated by circularly-polarized
light [27]; see Figure 4 (b,c). This allows for the realiza-
tion of the anomalous Hall e↵ect in cold atoms, as was
experimentally demonstrated in Ref. [18] through the ob-
servation of an anomalous velocity [38, 40] in response to
an applied force.

Topological superfluids and Majorana bound states

The occurrence of quasiparticles with non-Abelian
statistics, called non-Abelian anyons, has first been pre-
dicted in certain fractional QH states [87], and later in
time-reversal-breaking superconductors with p+ ip pair-

Figure from 
Bloch, Nature 
453, 1016 (2008)
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SSH Model

Time-
reversal

Particle-
hole Chiral

Munich:      Atala, M et al. Nat. Phys. 9, 795 (2013).  

1D Superlattice: Superposition of a long and short optical lattice along one dimension 

[Experiment: Interferometric measurement of bulk topological invariant (Zak phase) in the two dimerizations] 

dl = 2dsSSH model: 2-site superlattice 
8

J’ J J’ J J’J

First long lattice, φ = 0 Second long lattice, φ´= π

V(x)

x

Short Lattice

Long Lattices

Superlattice
potential

Dimerization D1 Dimerization D2

J’ J J’ J J’J

FIG. S1: Left (right): Superlattice potential created by using
the first (second) long lattice with a phase � = 0 (�0 = ⇡).
The corresponding dimerization is D1 (D2).

atoms were at the edge of the band, a ⇡-pulse was
applied and the dimerization was swapped (See section
Dimerization swap). After an additional time of 425µs
the atoms returned to k = 0 and a final ⇡/2-pulse with
a phase '

MW

was applied. At the end of the sequence
we measured the population fraction of each of the
two spin components by using time-of-flight imaging
with a Stern-Gerlach gradient field applied during the
expansion to separate the di↵erent Zeeman states.

For the 850-µs Bloch oscillation time and
J/J 0 = 1 kHz/0.06 kHz, a negligible fraction of
atoms was transferred to the upper band because of non-
adiabatic Landau-Zener transitions at the band edge.
This underlines the adiabaticity of the Bloch oscillations.

Due to a reproducible 80-kHz drift in the o↵set mag-
netic field during the time of a full Bloch oscillation, the
three MW pulses were not all on resonance. The first
(last) ⇡/2-pulse was detuned by �40 kHz (40 kHz) and
the intermediate ⇡-pulse was on resonance, while the cou-
pling strength is about 80 kHz. The drift in the o↵set
magnetic field adds a constant value to the Zeeman phase
'
Zeeman

, which is independent of the change in dimer-
ization/staggering, therefore it does not a↵ect the phase
di↵erence �'.

DIMERIZATION SWAP

In order to change the dimerization from D1 to D2
we employed a second long lattice, whose amplitude and
relative phase �0 can be independently controlled. The
dimerization exchange was performed by quickly switch-
ing o↵ the first long lattice with phase � = 0 and a
ramp-up of the second long lattice with a phase �0 = ⇡
within 10 µs. As the dimerization swap time is much
shorter than the Bloch oscillation time, the dimerization
exchange can be considered instantaneous. The resulting
lattice potentials of the di↵erent lattice configurations are
shown in Fig. S1, corresponding to the two dimerizations
of the SSH model.
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FIG. S2: Atom fraction in the lower band (n�) as a function of
the energy o↵set in units of J . As �/J increases the fraction
transferred to the upper band (n+) also increases. In the limit
�/J ! 1, n� ! 0.5

MEASURING THE ZAK PHASE AT � 6= 0:
PROJECTION ONTO LOWER AND UPPER

BANDS

Our protocol for measuring the Zak phase at � 6= 0,
described in the main text, involves a sudden turn on/o↵
of � when the atoms, initially in the lower band, reach
the edges of the Brillouin zone at k = ±⇡/d. In such
a process, a fraction of atoms get excited to the upper
band. The upper- and lower-band populations n± after
such a non-adiabatic turn on/o↵ of the staggering � can
be obtained by projecting the lower-band eigenstates in
Eq. (S5) with � = 0 onto the states with � 6= 0. They
are given by

n± =
1⌥ sin �

k

2
=

"̃
k

⌥ "
k

2"̃
k

. (S17)

In the above expression, all quantities are defined for the
final non-zero value of �.

EXTRACTING THE PHASE DIFFERENCE
'Zak � 'Zak(�) FROM THE MEASURED RAMSEY

FRINGES

In this section we explain how we extract the value of
'
Zak

�'
Zak

(�) from the measured fringes for Fig. 4 of the
main text. Due to a fraction of atoms transferred to the
upper band when � 6= 0, the phase di↵erence between
the two Ramsey fringes deviates from '

Zak

� '
Zak

(�).
The reason for this is that the fraction of atoms in
the upper band acquires a di↵erent geometric phase
'
Zak,+

(�) = ⇡ � '
Zak,�(�) (see Eq. (S7)) than the

fraction in the lower band. Therefore, when measuring
the Ramsey fringe, both phases enter into play as
explained below.



Topological Pumps

dsdl

ϕ

1D Pump —> Dynamical 2D QH Effect (First Chern Number)  
Munich:      Lohse, et al. Nat. Phys. 12, 350–354 (2016). 
Kyoto:         Nakajima,. et al. Nat. Phys. 12, 296–300 (2016). 
Maryland:   Lu et al. Phys. Rev. Lett. 116, 200402 (2016). Quantized after a 

pump cycle

And in photonics 
(Lecture 4)

x(T ) = ⌫n

Pumping: Move long 
relative to short lattice 

This is a slight variant of this model with bipartite NN 
hoppings (                    ) and  

Before we talked about pumping the Harper model: 

H1D = �J
X

m

h
a†mam+1 + h.c. + 2 cos (2⇡↵m+ ') a†mam

i
.

↵ = 1/2J1(t) 6= J2(t)



Topological Pumps
Munich: Lohse, M et al. arXiv:1705.08371 
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2D Pump —> Dynamical 4D QH Effect (Second Chern Number)  

And in photonics 
(Lecture 4)
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of a given non-degenerate band at k

x

and '

x

. As ⌫

x

1

can only take integer values, the motion is quantized
[27]. The second term is the non-linear response in the
y-direction. It is quantified by a 4D integer topologi-
cal invariant, the pump’s second Chern number ⌫

2

=
1/(4⇡2)

H
BZ

⌦x⌦ydk
x

dk
y

d'
x

d'
y

, where BZ indicates the
generalized 4D Brillouin zone (Fig. 1e). Therefore, the
non-linear response is quantized as well and has intrin-
sic 4D symmetries resulting from the higher-dimensional
non-commutative geometry.

We implement a 2D topological charge pump with
bosonic 87Rb atoms forming a Mott insulator in isolated
planes of a 3D optical lattice with superlattices along x

and y with d

s

⌘ d

s,x

= d

s,y

and d

l

⌘ d

l,x

= d

l,y

= 2d
s

(see
Methods), creating double well potentials along both x

and y (Fig. 1c). In the tight-binding limit, this realizes a
2D Rice-Mele model [29] in each plane with dimerized on-
site energies and tunnel couplings between neighbouring
sites in both directions (see Methods). The correspond-
ing unit cell is a four-site plaquette and the lowest band
splits into four subbands.

In the experiment, we study the non-linear bulk re-
sponse of the lowest subband, for which ⌫

2

= +1 for
d

l

= 2d
s

. Our main results are (i) the first observa-
tion of this novel 4D-like response, (ii) the local prob-
ing of its 4D geometrical properties and (iii) revealing
the 4D quantum Hall effect by demonstrating the re-
sponse’s quantization. As the initial state, a quarter-
filled Mott insulator uniformly occupying the lowest sub-
band is prepared at '

x

= 0 (see Methods). The pumping
is performed along x by adiabatically varying '

x

and
we examine the resulting motion of the atoms. We lo-
cally probe the system with a small atom cloud extend-
ing over approximately 20 sites in the x-direction. In
this case, the variation of ⌦y('

y

) over the cloud size is
negligible and the y-displacement per cycle is given by
⌦('(0)

y

) ✓ d
l

e
y

with ⌦ = 1/(2⇡)
H
⌦x⌦ydk

x

dk
y

d'
x

(see
Methods). From this local response, the quantized non-
linear response of an infinite system can be reconstructed
by sampling all '(0)

y

2 [0, 2⇡[, thereby integrating over
the entire 4D Brillouin zone.

To probe the cloud’s motion, we measure its COM
position versus '

x

. As the non-linear response results
from two weak perturbations, the displacement per cycle
is typically only a fraction of d

l

. It is thus too small to
be resolved experimentally, where the number of cycles
is limited by heating. For suitable lattice parameters,
however, signatures of the non-linear drift – the key
feature of the 4D Hall effect – can be seen at '

(0)

y

= ⇡/2
(Fig. 2), where ⌦ is strongly peaked (c.f. Fig. 1e). Unlike
the linear response, this motion depends on ✓, demon-
strating its non-linear, intrinsically 4D character as the
result of two independent perturbations in orthogonal
subspaces. This constitutes the first observation of such
a dynamical transverse bulk phenomenon.
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Figure 2. 4D-type non-linear centre-of-mass (COM) re-
sponse. (a) COM of the atom cloud along y versus num-
ber of pump cycles along x measured for two different angles,
✓1 = 0.78(2)mrad (red) and ✓2 = �0.85(2)mrad (blue) with
'

(0)
y

= 0.500(5)⇡. When pumping along x, the cloud moves
in the perpendicular y-direction with the sign depending on
the pumping direction and the sign of ✓. �y is the differ-
ential displacement for Vs,x = 7.0(2)Er,s, Vs,y = 17.0(5)Er,s,
Vl,x = 20.0(6)Er,l and Vl,y = 80(3)Er,l compared to a ref-
erence sequence with Vs,y = 40(1)Er,s and Vl,y = 0Er,l (see
Methods). Here, Er,i = h2/(8mad

2
i ), i 2 {s, l}, denotes the

corresponding recoil energy with ma being the mass of an
atom. Each point is averaged 100 times and the error bar
takes into account the error of the mean as well as a system-
atic uncertainty of ±0.3ds. (b) Difference of the COM drift
between ✓1 and ✓2 for the x- (grey) and y-direction (green),
�r

µ

= �µ(✓1) � �µ(✓2) with µ 2 {x, y}. The direction of
the non-linear response reverses when changing the sign of ✓
whereas the linear response is independent of ✓. Data points
are calculated from the measurements in (a) (see Methods).

To quantify this non-linear response, we instead use
site-resolved band mapping, which measures the atom
number on even (N

e

) and odd sites (N
o

) along y. This
allows for the accurate determination of the average dou-
ble well imbalance, I

y

= (N
o

� N

e

)/(N
o

+ N

e

). If no
transitions between neighbouring unit cells along y oc-
cur, I

y

is directly related to the COM motion (see Meth-
ods). An example for a measurement of I

y

('
x

) is shown
in Fig. 3a. The measured non-linear response is smaller
than expected for an ideal system due to the appear-
ance of doubly-occupied plaquettes and band excitations
along y during the pumping and a finite pumping ef-
ficiency along x (see Methods). Taking these imper-
fections into account, we find excellent agreement be-
tween the experimental data and the expected imbalance
(Fig. 3a). By performing a linear fit to the differential
double well imbalance I

y

('
x

)� I
y

(�'

x

), we can extract
the change of the population imbalance during one cycle,
�I

y

= I
y

('
x

= 2⇡) � I
y

('
x

= 0) (see Methods). For a
homogeneously populated band, this slope is determined
by ⌦ and thus characterizes the system’s transport prop-
erties.

To reconstruct the quantized response of an infinite
system and thereby obtain ⌫

2

, the measurement of I
y

('
x

)

is repeated for different '

(0)

y

. This corresponds to using

Pump cycles along x

+✓

�✓“Magnetic perturbation”:  
Angled tilt of long lattice along 
y so that pumping x leads to 
response in y

2

lower-dimensional dynamical systems. The first example
of a topological charge pump is the 1D Thouless pump
[6], where an adiabatic periodic modulation generates
a quantized particle transport. This modulation can be
parametrized by a pump parameter and at each point in
the cycle, the 1D system constitutes a Fourier component
of a 2D QH system [15, 23]. The induced motion is thus
equivalent to the linear Hall response and characterized
by the same 2D topological invariant, the first Chern
number. Indeed, the QH effect on a cylinder can be
mapped to a 1D charge pump with the threaded flux �

x

acting as the pump parameter [11] (Fig. 1a). Building on
pioneering condensed matter experiments [24, 25], topo-
logical charge pumps have recently been realized in pho-
tonic waveguides [26] and with ultracold atoms [27, 28].

A dynamical 4D QH effect can accordingly be re-
alized with a 2D topological charge pump [7]. Us-
ing dimensional reduction [15, 23], the Fourier compo-
nents of a 4D QH system can be mapped onto a 2D
system. For the geometry in Fig. 1a, b, the corre-
sponding 2D model is a square superlattice (Fig. 1c
and Methods). It consists of two 1D superlattices
along x and y, each formed by superimposing two lat-
tices V

s,µ

sin2 (⇡µ/d
s,µ

) + V

l,µ

sin2 (⇡µ/d
l,µ

� '

µ

/2), µ 2
{x, y}. Here, d

s,µ

and d

l,µ

> d

s,µ

denote the lattice pe-
riods and V

s,µ

(V
l,µ

) the depth of the short (long) lattice
potential, respectively. The position of the long lattices is
determined by the corresponding superlattice phases '

µ

.
The phase '

x

is chosen as the pump parameter,
i.e. pumping is performed by moving the long lattice
along x. This is equivalent to threading the flux �

x

in the
4D model, leading to a quantized motion along x – the
linear response (Fig. 1c, d). The magnetic perturbation
B

xw

corresponds to a transverse phase '

y

that depends
linearly on x and thereby couples the motion in the x-
and y-direction (see Methods). We realize this by tilting
the long y-lattice relative to the short one by an angle
✓ ⌧ 1 (Fig. 1c) such that '

y

(x) = '

(0)

y

+ 2⇡✓ x/d
l,y

to
first order in ✓. When '

x

is varied, the motion along x

changes '

y

and – analogous to the Lorentz force in 4D
– induces a quantized non-linear response along y, which
is equivalent to the non-linear Hall response of a 4D QH
system [7] (Fig. 1c, d).

For a uniformly populated band in an infinite system,
the centre-of-mass (COM) displacement during one cycle
'

x

= 0 ! 2⇡ is

⌫

x

1

d

l,x

e
x

+ ⌫

2

✓ d

l,x

e
y

(1)

with e
x

(e
y

) the unit vector along x (y) (see Methods).
The first term describes the quantized linear response
along x. It is proportional to the pump’s first Chern
number ⌫

x

1

, obtained by integrating the Berry curvature
⌦x(k

x

,'

x

) = i (h@
'

x

u|@
k

x

ui � h@
k

x

u|@
'

x

ui) over the gen-
eralized 2D Brillouin zone spanned by the quasimomen-
tum k

x

and '

x

. Here, |u(k
x

,'

x

)i denotes the eigenstate

e

ky

ϕykx

ϕx

Ωx Ωy (a.u.)
110-3

Figure 1. Four-dimensional quantum Hall (QH) system and
corresponding 2D topological charge pump. (a) A 2D QH
system on a cylinder pierced by a uniform magnetic flux �

xz

.
Threading a magnetic flux �

x

(t) through the cylinder creates
an electric field E

z

on the surface, resulting in a linear Hall
response along x with velocity v

x

. (b) A 4D QH system can
be composed of two 2D QH systems in the xz- and yw-planes.
A weak magnetic perturbation B

xw

in the xw-plane couples
the two systems and generates a Lorentz force F

w

for particles
moving along x. This induces an additional non-linear Hall
response in the y-direction with velocity v

y

. (c) A dynamical
version of the 4D QH system can be realized with a topologi-
cal charge pump in a 2D superlattice (blue potentials). Such
a superlattice is created by superimposing two lattices with
periodicities ds (grey) and dl > ds (red) along both x and y,
depicted here for dl = 2ds as in the experiment. The black
circles show the lattice sites formed by the potential minima
and the black (grey) lines indicate strong (weak) tunnel cou-
pling between neighbouring sites. The system is modulated
periodically by adiabatically moving the long lattice along x,
mimicking the perturbing electric field E

z

in the 4D model.
The magnetic perturbation B

xw

maps onto a small tilt angle
✓ of the long lattice along y with respect to the correspond-
ing short lattice. In this case, the shape of the double wells
along y depends on the position along x. The dashed red lines
indicate the potential minima of the tilted long lattice. (d)
The pumping gives rise to a motion of the atom cloud in the
x-direction, corresponding to the quantized linear response of
a 2D QH system. For non-zero ✓, the two orthogonal axes
are coupled, leading to an additional quantized non-linear
response with 4D topology in the perpendicular y-direction.
(e) The velocity of the non-linear response is determined by
the product of the Berry curvatures ⌦x⌦y (see Methods), de-
picted here for the lowest subband with dl = 2ds and lattice
depths as in Fig. 3. The left (right) torus shows a cut at
k
y

= 0, '
y

= ⇡/2 (k
x

= ⇡/(2dl), '
x

= ⇡/2) through the
generalized 4D Brillouin zone spanned by k

x

, '
x

, k
y

and '
y

.

2D Superlattice: 2 x the 
1D superlattices 

2 physical directions +  
2 phases = effective 4D 
parameter space

j
y

=
q3

h2
E

x

B
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Lecture 3

•How can we engineer topology for cold atoms?  
•  SSH Model & Topological Pumps 
•  Quantum Hall systems 
•  Quantum spin Hall systems & topological superfluids 

•How can we probe topology with cold atoms? 

•Future perspectives



Quantum Hall systems
Ultracold atoms are neutral so can’t use the coupling of the charge with 
external electromagnetic fields, e.g. Lorentz force F

Lorentz

= qv ⇥B

Different mechanisms:

1. Rotation

2. Dressed states 

3. Tight-binding schemes

4. Laser-assisted tunnelling (internal states)

5. Synthetic dimensions

Time-
reversal

Particle-
hole Chiral



1. Rotation
F
Lorentz

= qv ⇥B mimicked in the 
rotating frame by

⌦R = ⌦Rẑ

F
Coriolis

= 2Mv ⇥⌦R

Harmonic trap RotationA 2D gas in the rotating frame:

HR =
p2

2M
+

1

2
M!

2
?(x

2 + y

2)�⌦R · r⇥ p

=
(p�M⌦R ⇥ r)2

2M
+

1

2
M(!2

? � ⌦2
R)(x

2 + y

2)

Figure from: http://cua.mit.edu/ketterle_group/
experimental_setup/BEC_I.htm

Landau level-like if 

HB =
(p� qA)2

2M

c.f.
“Centrifugal limit”

but atoms fly away if ⌦R > !?

⌦R = !?

⌦R = 0.993!?(Boulder)

qBe↵ = 2M⌦R

Drawbacks:  

• Artificial magnetic field in rotating frame so non-axisymmetric 
perturbations can lead to heating 

• Hard to reach strongly-correlated regime n� =
qBe↵

h
=

2M⌦R

h
⌧ n

Cooper, Adv. Phys. 57 539-616 (2008).  

http://cua.mit.edu/ketterle_group/experimental_setup/BEC_I.htm


�n =

I

C
dR · An(R) =

Z

S
dS · ⌦n(R)

Berry phase Berry connection Berry curvature

Analogous to  
magnetic flux

Analogous to  
a magnetic vector potential

Analogous to  
a magnetic field

An(R) = ihn(R)| @

@R
|n(R)i

A(r) B(r) = r⇥A(r)� =

Z

S
dS ·B(r)

⌦n(R) = r⇥An(R)

Remember what we talked 
about in Lecture 1

�n = i

I

C
hn(R)| @

@R
|n(R)idR

2. Dressed states



2. Dressed states
Concept: Engineer a real-space Berry curvature to mimic a magnetic field 

General recipe: 
1. Take an atom with N internal states (N>2)

2. Couple states with space-dependent fields (e.g. lasers) 

N “dressed states” atom-light coupling  
(in rotating-wave approx.) Hdress(r)|n(r)i = En(r)|n(r)i

3. Prepare the atom in a given dressed state             and then let it move adiabatically

 (r, t) =
X

n

�n(r, t)|n(r)i i~@ (r, t)
@t

=

✓
p2

2M
+Hdress

◆
 (r, t)

|l(r)i

Al(r) = ihl(r)| @
@r

|l(r)i

i~@�l(r, t)

@t
=

✓
(p�Al(r))2

2M
+ El(r) +W (r)

◆
�l(r, t)

After algebra  
(& using adiabaticity)

[“geometric scalar 
potential”]

Challenges: Atomic species? Adiabaticity? Lifetime? Heating? …. many schemes!

See e.g. review: Dalibard et al. Rev. Mod. Phys. 83, 1523 (2011).



Figure from: https://www.nist.gov/news-events/news/2009/12/jqi-researchers-
create-synthetic-magnetic-fields-neutral-atoms

Experiment: Spielman group (Maryland) 

Laser 1

Laser 2
Atoms

Magnetic 
gradient

Artificial B field

Lin et al., Nature, 462, 628 (2009)  
C Using spatially shifted laser beams II MULTI-LEVEL SYSTEMS

|g
1

i |g
2

i

|ei


1


2

� +
�

2
� � �

2

A Artificial magnetic field in a resonant Raman configuration II THE ⇤ SCHEME

Dark states are frequently encountered in quantum optics
applications such as electromagnetically induced trans-
parency (EIT) (Arimondo, 1996; Fleischhauer et al.,
2005; Harris, 1997; Lukin, 2003) and Stimulated Raman
Adiabatic Passage (STIRAP) (Bergmann et al., 1998;
Král et al., 2007; Vitanov et al., 2001). These applica-
tions rely on the robustness of the state |Di with respect
to the decoherence caused by spontaneous emission.

Like in the Section I, the full atomic state-vector can
be cast into the eigenstates of the operator U as

| (r)i =
X

X=D,±

 
X

(r)|X(r)i , (25)

where the wave-functions  
D

(r) and  
±

(r) describe the
translational motion of an atom in the internal states
|D(r)i and | ± (r)i, respectively.

The adiabatic approximation assumes that the atom
stays in the dark state, so one can write approxi-
mately | (r)i ⇡  

D

(r)|D(r)i. Projecting the full time-
dependent Schrödinger equation onto the dark state and
neglecting the coupling with the two other internal states
|±i, we arrive at an equation of motion for the dark state
wave function  

D

(r) similar to (5):

i~ @
@t
 

D

=

✓
1

2M
(�i~r � A)2 + V + W

◆
 

D

(26)

where A = i~hD|rDi and W = ~2 |hB|rDi|2 /(2M) are
the e↵ective vector and scalar potentials emerging due to
the spatial dependence of the dark state.

We therefore recover a situation very similar to that
studied in (I.A), provided we make the replacement
|�

1

i ! |Di. Comparing (3) and (23), we set:

� tan
✓

2
= ⇣ ⌘ |

1

|
|

2

| � = �
1

� �
2

(27)

where the �
j

are the phases of the Rabi frequencies 
j

=
|

j

|ei�

j (j = 1, 2). The artificial magnetic field B =
r⇥A given in (7) can be expressed in terms of ⇣ and �:

B = ~r�⇥ r|⇣|2
(1 + |⇣|2)2 . (28)

This e↵ective magnetic field B is non-zero only if the gra-
dients of the relative intensity ⇣ and the relative phase �
are both non-zero and not parallel to each other. We will
discuss in the following some possible implementations
using either light beams with orbital angular momentum
((Juzeliūnas and Öhberg, 2004; Juzeliūnas et al., 2005;
Zhang et al., 2005)), or counterpropagating light beams
of finite diameter with an axis o↵set ((Cheneau et al.,
2008; Juzeliūnas et al., 2006; Zhu et al., 2006)).

B. Using light beams with orbital angular momentum

We consider in this section the situation represented in
Fig. ?? where the atoms located in the plane z = 0 are

c

p~ eil

Cloud of ultra-cold atoms

|1

|3

|2
>

>

>

• p ~ eil• • c

a)

b)

|1i

|0i

|2i

a)

b)

c)
Gas of ultracold atoms


1


2


1


2


2


1

z

x

y

FIG. 3 Color on line. (a) The atomic ⇤-level structure pro-
vides the dark (uncoupled) state which depends parametri-
cally on the two Rabi frequencies 1 and 2. (b) For a non-
trivial phase and intensity ratio between the Rabi frequen-
cies 1 and 2, such as a Laguerre Gaussian and a Gaussian
beam, the resulting e↵ective magnetic field depends paramet-
rically on space and points in the azimuthal direction. (c)
Two counter propagating beams give the required e↵ective
torque to the atoms and can be used to induce an e↵ective
magnetic field in the z-direction.

irradiated by two laser beams propagating along the z
axis. The beams are prepared in Laguerre-Gauss modes,
and they carry the orbital angular momenta ~`

1

and ~`
2

per photon. Specifically, we choose the �Rabi frequencies
to be of the form


1

(r) = ̃
1

(⇢) ei`1' , (29)


2

(r) = ̃
2

(⇢) ei`2' , (30)

where ' is the azimuthal angle around the z axis and
the amplitudes ̃

1

and ̃
2

are functions of the radial co-
ordinate ⇢ in the xy plane. The e↵ective magnetic field
(7) is then directed in the z direction with the amplitude
(Juzeliūnas et al., 2005)

B =
~`
⇢

1

(1 + |⇣|2)2 @⇢

|⇣|2 (31)

where ` = `
1

� `
2

is the relative winding number of the
two beams.

For concreteness we consider the case `
1

= ` and `
2

=

7

�a

+a x

y

m
F

= �1 m
F
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k
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k
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1

�

�

�

excited state manifold

FIG. 5 Atomic scheme used in Lin et al. (2009a). 87Rb atoms
with a spin F = 1 ground state are placed in an external mag-
netic field that displaces the sublevels |m = ±1i (dotted lines)
with respect to |m = 0i. The atoms are irradiated by two
laser beams of wave vectors k1 and k2 that induce a resonant
Raman coupling �m

F

= ±1 between the Zeeman sublevels.
An additional spatial gradient of the external magnetic field
induces an additional displacement of the |m = ±1i sublevels
(full line). It thus creates a spatially varying two-photon de-
tuning � which allows one to generate an artificial gauge po-
tential. Note that the frequency scale is not respected in the
drawing (in practice � � �).

to keep a significant laser intensity along the line y = 0
where B is maximum, and ensure that the atoms follow
adiabatically the dark state |Di at this location. Taking
as a typical value a = w/2 we find B(0) = 2~k/w, which
is comparable to the result of Sec. I.B. Therefore the con-
clusions of Sec. I.E concerning the possibility to generate
large vortex arrays remain valid for this configuration.
Like the geometric magnetic field B(y), the scalar poten-
tial W (y) is maximum along the line y = 0. An extra
trapping potential V is therefore needed to prevent the
atoms from flying away from this area.

D. Gauge potentials involving a gradient of detuning

We explained in Sec. I.B that the necessary gradient of
the mixing angle ✓ can be provided by a gradient of the
detuning of the laser frequency, as well as by a gradient
of the laser intensity. The same distinction applies to the
⇤ scheme and more generally to schemes involving mul-
tiple atomic levels. The first observation of a geometrical
magnetic field by Lin et al. (2009a) was actually based
on a gradient of detuning for optical Raman transitions
occurring between various ground sublevels. In this sec-
tion we present the main features of this experiment and
connect it with the already discussed configurations.

The experiment by Lin et al. (2009a) has been per-
formed with 87Rb atoms in their F = 1 hyperfine level.
In the process all three Zeeman sublevels |m

F

i with
m

F

= 0, ±1 acquire a significant population. The atoms

are irradiated by two laser beams with wave vectors k
1

and k
2

that create a quasi-resonant Raman coupling be-
tween Zeeman sublevels with �m

F

= ±1 (see Fig. 5
and its caption for details). The coupling occurs via the
absorption of a photon in one beam and the stimulated
emission of a photon in the other beam, accompanied by
a change of the atom momentum of ±~k

d

, where the dif-
ference of wave vectors k

d

= k
1

� k
2

= k
d

e
x

is chosen
along x. An important ingredient is the application of a
real magnetic field in addition to the laser beams. The
Zeeman shift created by the magnetic field lifts the ini-
tial degeneracy of the sublevels m

F

= 0, ±1. It gives a
control knob on the two-photon detuning �. In the initial
experiment by Lin et al. (2009b) a spatially uniform real
magnetic field was applied, and it led to a spatially uni-
form vector potential, corresponding to a zero geometric
magnetic field. Subsequently Lin et al. (2009a) used a
non-homogeneous real magnetic field, making the two-
photon detuning � position-dependent. In the following
we assume the linear form � = �0(y � y

0

), where �0 > 0 is
the uniform gradient of detuning.

This experiment can first be analyzed using the adia-
batic framework used so far. We assume that the cou-
pling lasers can be considered as plane waves on the scale
of the atomic cloud, so that the problem is translationally
invariant along x. Therefore the two-photon coupling 
induced by the laser pair can be written as  = (0)ei�,
with � = k

d

·r = k
d

x being the phase of the Raman cou-
pling. The single-photon detuning � with respect to the
excited state manifold involved in the transition is sup-
posed to be very large compared to the Rabi frequencies.
One can then perform an adiabatic elimination of the ex-
cited states to obtain an e↵ective Hamiltonian acting on
the ground state manifold. Keeping only the terms rele-
vant for the subsequent discussion, this coupling written
in the basis {|m

F

= �1i, |m
F

= 0i, |m
F

= +1i} has the
form of Eq. (24) with 

2

= ⇤

1

= .
We focus on the eigenstate of U associated to the lowest

eigenvalue �~[�2 + ((0))2/2]1/2,

|�i = ei� cos2
✓

2
| � 1i � sin ✓p

2
|0i + e�i� sin2

✓

2
| + 1i (36)

where we have set tan ✓ = (0)/
p

2 �. The vector poten-
tial is now given by A = i~h�|r�i = �~k

d

cos ✓. The
artificial magnetic field can be written in a form that is
reminiscent of the result for the grad-� case of Sec. I.B
[Eq. (14)] (subject to the replacement of � by �):

B = e
z

B
0

L3/2(y � y
0

), (37)

where the characteristic length entering in the Lorentzian
function L is `



= (0)/
p

2 �0, and where the peak value
of the artificial magnetic field is B

0

= ~k
d

/`


. The pre-
diction (37) is in good agreement with the experimental
results of Lin et al. (2009a) (`



⇡ 40 � in the experi-
ment). The scalar potential also takes a form that is
similar to the one found for a two-level atom in the grad-
� case: W (y) ⇡ ~2k2

d

/(4M) L(y�y
0

), where we assumed

10

2-photon 
Raman 
coupling

Hyperfine states of 
Rubidium

split by magnetic 
gradient

2. Dressed states

• Limited by heating from photon scattering 

• Hard to get high enough artificial magnetic flux to reach 
strongly-correlated regime 

Cooper, PRL, 106, 175301 (2011) and following works… 
Could be overcome with the 
optical flux lattice schemes

https://www.nist.gov/news-events/news/2009/12/jqi-researchers-create-synthetic-magnetic-fields-neutral-atoms


Tight-binding lattice schemes
Deep optical lattices 

Figure from
Bloch, Nature 
453, 1016 (2008)

+ Peierls substitution

J
x

! J
x

ei✓
x

m,n , ✓x
m,n

= � e

~

Z r
m+1,n

r
m,n

A · dx

(m,n) (m+ 1, n)

J
x

a†
m+1,nam,n

e.g.  
Harper-Hofstadter model,  
Haldane model…

How to engineer the right spatially-dependent Peierls phases?

Shaking

Preparing and probing Chern bands with cold atoms 13

(a) Goal: induce Peierls phase factors (b) Using internal states of the atoms

(c) Shaking the lattice (d) Combining superlattices and resonant driving

Figure 1.4 (a) E↵ective magnetic fluxes can be created in deep optical
lattices by inducing complex tunneling matrix elements. (b) Method us-
ing state-dependent optical potentials Vg,e, trapping atoms in two internal
states |gi and |ei, combined with a resonant atom-light coupling with fre-
quency !ge = (Ee � Eg)/~. (c) Shaking a lattice, with an arbitrarily large
driving frequency !. (d) Method using a superlattice with energy o↵set
�, large compared to the bare hopping energy, combined with a resonant
onsite energy modulation with frequency ! = �/~.

lattice sites (a and b), separated in energy by a large o↵set �, and subjected
to a resonant modulation acting on the lower site (a) only. We write the
tight-binding Hamiltonian in the form

Ĥ(t) = �J
⇣
â†b̂+ b̂†â

⌘
+� b̂†b̂+  cos(!t+ �)â†â, (1.15)

where J is the bare hopping amplitude between the sites. In the large-
frequency regime � = ~! � J , the long-time dynamics resulting from
the time-dependent Hamiltonian Ĥ(t) is found to be captured by a time-
independent (e↵ective) Hamiltonian, which in this case, takes the simple
form [30, 31, 32, 33, 34]

Ĥ
e↵

= �JJ
1

(/~!) exp(i�) â†b̂+ h.c., (1.16)

where J
1

denotes the Bessel function of the first kind. According to Eq.
(1.16), the tunneling between the sites is e↵ectively restored and the cor-
responding tunneling matrix elements include a Peierls phase-factor related
to the phase of the modulation �, which can be made space-dependent. The
result in Eq. (1.16) constitutes the building blocks for the generation of mag-
netic fluxes in time-modulated optical lattices, as implemented in Munich
[35, 36, 15] and at MIT [37]. The following of the Section describes these
schemes in more detail.

In order to treat time-modulated optical lattices, we first introduce a set of
useful equations, which o↵er a powerful theoretical framework to analyse the

Preparing and probing Chern bands with cold atoms 13

(a) Goal: induce Peierls phase factors (b) Using internal states of the atoms

(c) Shaking the lattice (d) Combining superlattices and resonant driving

Figure 1.4 (a) E↵ective magnetic fluxes can be created in deep optical
lattices by inducing complex tunneling matrix elements. (b) Method us-
ing state-dependent optical potentials Vg,e, trapping atoms in two internal
states |gi and |ei, combined with a resonant atom-light coupling with fre-
quency !ge = (Ee � Eg)/~. (c) Shaking a lattice, with an arbitrarily large
driving frequency !. (d) Method using a superlattice with energy o↵set
�, large compared to the bare hopping energy, combined with a resonant
onsite energy modulation with frequency ! = �/~.

lattice sites (a and b), separated in energy by a large o↵set �, and subjected
to a resonant modulation acting on the lower site (a) only. We write the
tight-binding Hamiltonian in the form

Ĥ(t) = �J
⇣
â†b̂+ b̂†â

⌘
+� b̂†b̂+  cos(!t+ �)â†â, (1.15)

where J is the bare hopping amplitude between the sites. In the large-
frequency regime � = ~! � J , the long-time dynamics resulting from
the time-dependent Hamiltonian Ĥ(t) is found to be captured by a time-
independent (e↵ective) Hamiltonian, which in this case, takes the simple
form [30, 31, 32, 33, 34]

Ĥ
e↵

= �JJ
1

(/~!) exp(i�) â†b̂+ h.c., (1.16)

where J
1

denotes the Bessel function of the first kind. According to Eq.
(1.16), the tunneling between the sites is e↵ectively restored and the cor-
responding tunneling matrix elements include a Peierls phase-factor related
to the phase of the modulation �, which can be made space-dependent. The
result in Eq. (1.16) constitutes the building blocks for the generation of mag-
netic fluxes in time-modulated optical lattices, as implemented in Munich
[35, 36, 15] and at MIT [37]. The following of the Section describes these
schemes in more detail.

In order to treat time-modulated optical lattices, we first introduce a set of
useful equations, which o↵er a powerful theoretical framework to analyse the

4. Laser-assisted tunnelling
(internal states)

Preparing and probing Chern bands with cold atoms 13

(a) Goal: induce Peierls phase factors (b) Using internal states of the atoms

(c) Shaking the lattice (d) Combining superlattices and resonant driving

Figure 1.4 (a) E↵ective magnetic fluxes can be created in deep optical
lattices by inducing complex tunneling matrix elements. (b) Method us-
ing state-dependent optical potentials Vg,e, trapping atoms in two internal
states |gi and |ei, combined with a resonant atom-light coupling with fre-
quency !ge = (Ee � Eg)/~. (c) Shaking a lattice, with an arbitrarily large
driving frequency !. (d) Method using a superlattice with energy o↵set
�, large compared to the bare hopping energy, combined with a resonant
onsite energy modulation with frequency ! = �/~.

lattice sites (a and b), separated in energy by a large o↵set �, and subjected
to a resonant modulation acting on the lower site (a) only. We write the
tight-binding Hamiltonian in the form

Ĥ(t) = �J
⇣
â†b̂+ b̂†â

⌘
+� b̂†b̂+  cos(!t+ �)â†â, (1.15)

where J is the bare hopping amplitude between the sites. In the large-
frequency regime � = ~! � J , the long-time dynamics resulting from
the time-dependent Hamiltonian Ĥ(t) is found to be captured by a time-
independent (e↵ective) Hamiltonian, which in this case, takes the simple
form [30, 31, 32, 33, 34]

Ĥ
e↵

= �JJ
1

(/~!) exp(i�) â†b̂+ h.c., (1.16)

where J
1

denotes the Bessel function of the first kind. According to Eq.
(1.16), the tunneling between the sites is e↵ectively restored and the cor-
responding tunneling matrix elements include a Peierls phase-factor related
to the phase of the modulation �, which can be made space-dependent. The
result in Eq. (1.16) constitutes the building blocks for the generation of mag-
netic fluxes in time-modulated optical lattices, as implemented in Munich
[35, 36, 15] and at MIT [37]. The following of the Section describes these
schemes in more detail.

In order to treat time-modulated optical lattices, we first introduce a set of
useful equations, which o↵er a powerful theoretical framework to analyse the

Superlattices + 
resonant driving

Figures from Goldman et al. arXiv:1507.07805



3. Floquet engineering

U(T ) = T exp

�
�i

� T

0
dtH(t)

�

Very(!) brief intro to Floquet theory: 
System modulated periodically in time T = 2⇡/!

For lots more about Floquet theory, see e.g: 
M. Bukov et al.  Advances in Physics, 64, 139, (2015)  
N. Goldman et al., arXiv:1507.07805  

Concept: Design driving to engineer an artificial magnetic field in the effective Hamiltonian

[N.B. Outside of high-frequency limit can 
have topology with no static analogue: 

“anomalous Floquet topological systems”] 

H = H0 + V (t)

V (t+ T ) = V (t)periodic 
drivingstatic

U(T ) = exp (�iTHe�)

Stroboscopic evolution captured by time-independent effective Hamiltonian:

      and          can be in different topological classesHe↵H0

! �Typically assume high-frequency driving (           all other frequencies) and then calculate 
effective Hamiltonian perturbatively, e.g. at lowest order:

He↵ =
1

T

Z T

0
H(t)dt



3. (A): Shaking 

Preparing and probing Chern bands with cold atoms 13

(a) Goal: induce Peierls phase factors (b) Using internal states of the atoms

(c) Shaking the lattice (d) Combining superlattices and resonant driving

Figure 1.4 (a) E↵ective magnetic fluxes can be created in deep optical
lattices by inducing complex tunneling matrix elements. (b) Method us-
ing state-dependent optical potentials Vg,e, trapping atoms in two internal
states |gi and |ei, combined with a resonant atom-light coupling with fre-
quency !ge = (Ee � Eg)/~. (c) Shaking a lattice, with an arbitrarily large
driving frequency !. (d) Method using a superlattice with energy o↵set
�, large compared to the bare hopping energy, combined with a resonant
onsite energy modulation with frequency ! = �/~.

lattice sites (a and b), separated in energy by a large o↵set �, and subjected
to a resonant modulation acting on the lower site (a) only. We write the
tight-binding Hamiltonian in the form

Ĥ(t) = �J
⇣
â†b̂+ b̂†â

⌘
+� b̂†b̂+  cos(!t+ �)â†â, (1.15)

where J is the bare hopping amplitude between the sites. In the large-
frequency regime � = ~! � J , the long-time dynamics resulting from
the time-dependent Hamiltonian Ĥ(t) is found to be captured by a time-
independent (e↵ective) Hamiltonian, which in this case, takes the simple
form [30, 31, 32, 33, 34]

Ĥ
e↵

= �JJ
1

(/~!) exp(i�) â†b̂+ h.c., (1.16)

where J
1

denotes the Bessel function of the first kind. According to Eq.
(1.16), the tunneling between the sites is e↵ectively restored and the cor-
responding tunneling matrix elements include a Peierls phase-factor related
to the phase of the modulation �, which can be made space-dependent. The
result in Eq. (1.16) constitutes the building blocks for the generation of mag-
netic fluxes in time-modulated optical lattices, as implemented in Munich
[35, 36, 15] and at MIT [37]. The following of the Section describes these
schemes in more detail.

In order to treat time-modulated optical lattices, we first introduce a set of
useful equations, which o↵er a powerful theoretical framework to analyse the

Shaking the lattice off-resonantly with high frequency.  
The shaking renormalises the tight-binding hopping amplitudes 
in the effective Hamiltonian.  
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FIG. 3. Exploiting a synthetic dimension. (a) The synthetic dimension approach consists in interpreting a set of atomic
internal states as fictitious lattice sites, aligned along an extra spatial dimension. Driving transitions between the internal states
allows for “hopping” along the synthetic dimension, which is then characterized by the tunneling matrix element =⌦ exp[i✓(x)],
where the Peierls phase-factor is directly related to the wave-vector of the driving laser field [36]. (b) Loading atoms into a
1D optical lattice, and driving transitions between the internal states, can be used to simulate lattice systems of two spatial
dimensions. By adjusting the Peierls phase-factors exp[i✓(x)], synthetic magnetic fluxes � can be created within this fictitious
2D lattice. (c) Experimental observation of edge skipping orbits, in a synthetic 3-leg ladder (using three internal states of 173Yb
atoms) subjected to a uniform synthetic flux [56].

a

b c

FIG. 4. Floquet engineering with cold atoms. (a)
Tunneling can be induced in optical superlattices, by mod-
ulating the potential resonantly with respect to the energy
o↵sets � between neighboring sites. Considering a modu-
lation potential of the form V (x, t) = V0 cos[!t + ✓(x)], the
resulting tunneling matrix elements are Je↵= |Je↵| exp[i✓(x)].
This method allows one to induce Peierls phase-factors, and
hence, artificial magnetic fluxes in 2D optical lattices [19, 78–
80]. (b) Shaking a honeycomb optical lattice circularly
is formally equivalent to subjecting graphene to circularly-
polarized light: this configuration reproduces the so-called
Haldane model [86], shown in (c), where e↵ective next-
nearest-neighbor hopping matrix elements are associated with
a well-defined chirality (stemming from the shaking [18]).

are directly related to the phase ✓(x) of the modulated
potential [24, 25]. In this way, the moving potential
V̂ (t) can be designed so as to engineer synthetic gauge
fields in 2D optical lattices [25]. The experiments re-

ported in Refs. [19, 78–80] realized strong synthetic mag-
netic fluxes and studied their e↵ects on atomic gases. In
Refs. [19, 78], a constant flux per plaquette �=⇡/2 was
engineered throughout the lattice, leading to Bloch bands
with non-zero Chern numbers. This allowed for the first
Chern-number measurement with cold gases [19], which
was achieved by loading bosonic atoms into a Bloch band
with Chern number C=1 and subjecting them to a con-
stant force; the Chern number was then extracted by
measuring the transverse (Hall) drift of the cloud [48, 49],
see Figure 1. The experiment [19] also revealed a signifi-
cant heating, attributed to the periodic driving, through
dynamical measurements of excitations to higher bands.
This pointed out the current limitations of this scheme in
view of stabilizing topological states. Similar center-of-
mass drift measurements were recently performed [81–83]
to extract the Zak phase and Chern number of 1D (Thou-
less) quantum pumps [40, 84].
Shaking a 2D optical lattice in an o↵-resonant man-

ner also constitutes a powerful method by which e↵ec-
tive magnetic fluxes and topological band structures can
be created [18, 85]. In particular, in the high-frequency
regime, the e↵ective Hamiltonian Ĥe↵ of a circularly
shaken honeycomb optical lattice [18, 29] becomes equiv-
alent to the emblematic Haldane model [86], in direct
analogy with graphene irradiated by circularly-polarized
light [27]; see Figure 4 (b,c). This allows for the realiza-
tion of the anomalous Hall e↵ect in cold atoms, as was
experimentally demonstrated in Ref. [18] through the ob-
servation of an anomalous velocity [38, 40] in response to
an applied force.

Topological superfluids and Majorana bound states

The occurrence of quasiparticles with non-Abelian
statistics, called non-Abelian anyons, has first been pre-
dicted in certain fractional QH states [87], and later in
time-reversal-breaking superconductors with p+ ip pair-

Example: circularly shaken hexagonal lattice —> Haldane model

Topological phase diagram of Haldane model 
(Zurich 2014)

Jotzu et al., Nature 515, 237 (2014) 

 wavepacket 
dynamics

Figure 2: The topological phase diagram of the Haldane model in �-M plane.
The Chern numbers of each phase is also indicated.

the edge states cross. What does it mean? That means, the edge state at the
left edge only has the negative group velocity and the edge state at the right
edge only has the positive group velocity. This means that the edge states are
going around in one direction, and the backscattering is impossible. In that
sense, these edge states are topologically protected, and this is the consequence
of having topologically nontrivial bands.

In Fig. 3(c), I plot the spectrum when both � and M are nonzero but still in
the topological phase. As long as we are in the topological phase in the phase
diagram Fig. 2, the edge state structure does not change, and the edge states
always cross in the spectrum.

In Fig. 3(d), I plot the spectrum with the same parameters as in Fig. 3(c) but
with the periodic boundary condition in x-direction. That means, in Fig. 3(d),
the edge was removed from the system. Now we do not see two lines of edge
states in the spectrum. What we see corresponds just to the bulk band structure.

To summarize, the Haldane model exhibits topologically trival or nontrivial
band structure depending on the relative strenght of � and M/t2. If one is in
the topologically nontrivial regime, the result is that in the energy spectrum
calculated with an open boundary condition exhibits states localized at the
edges. Remember that the topological Chern number is the bulk property of
the system. This relation between the bulk Chern number and the existence
of the edge states, called the bulk-edge correspondence as we saw in previous
lectures, is a highly nontrivial property of topologial phases of matter.
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3. (B): Superlattices + resonant driving 

Preparing and probing Chern bands with cold atoms 13

(a) Goal: induce Peierls phase factors (b) Using internal states of the atoms

(c) Shaking the lattice (d) Combining superlattices and resonant driving

Figure 1.4 (a) E↵ective magnetic fluxes can be created in deep optical
lattices by inducing complex tunneling matrix elements. (b) Method us-
ing state-dependent optical potentials Vg,e, trapping atoms in two internal
states |gi and |ei, combined with a resonant atom-light coupling with fre-
quency !ge = (Ee � Eg)/~. (c) Shaking a lattice, with an arbitrarily large
driving frequency !. (d) Method using a superlattice with energy o↵set
�, large compared to the bare hopping energy, combined with a resonant
onsite energy modulation with frequency ! = �/~.

lattice sites (a and b), separated in energy by a large o↵set �, and subjected
to a resonant modulation acting on the lower site (a) only. We write the
tight-binding Hamiltonian in the form

Ĥ(t) = �J
⇣
â†b̂+ b̂†â

⌘
+� b̂†b̂+  cos(!t+ �)â†â, (1.15)

where J is the bare hopping amplitude between the sites. In the large-
frequency regime � = ~! � J , the long-time dynamics resulting from
the time-dependent Hamiltonian Ĥ(t) is found to be captured by a time-
independent (e↵ective) Hamiltonian, which in this case, takes the simple
form [30, 31, 32, 33, 34]

Ĥ
e↵

= �JJ
1

(/~!) exp(i�) â†b̂+ h.c., (1.16)

where J
1

denotes the Bessel function of the first kind. According to Eq.
(1.16), the tunneling between the sites is e↵ectively restored and the cor-
responding tunneling matrix elements include a Peierls phase-factor related
to the phase of the modulation �, which can be made space-dependent. The
result in Eq. (1.16) constitutes the building blocks for the generation of mag-
netic fluxes in time-modulated optical lattices, as implemented in Munich
[35, 36, 15] and at MIT [37]. The following of the Section describes these
schemes in more detail.

In order to treat time-modulated optical lattices, we first introduce a set of
useful equations, which o↵er a powerful theoretical framework to analyse the

• Superlattice inhibits normal hopping processes.  

• Resonant lasers turn back on tunnelling and control the 
hopping amplitudes in the effective Hamiltonian. 

�Example: Harper-Hofstadter Model Aidelsburger et al., PRL, 111, 185301 (2013)

Miyake et al, PRL, 111, 185302 (2013)

Munich: 
MIT:

Peierls phase inherited 
from spatially-dependent 

driving phases 

Bose-Einstein condensate in the 
HH model (MIT, 2015)

trivial HH Model

Minima 
in BZ 

time-of-
flight 

Kennedy et al., Nat. Phys, 11, 859 (2015)Aidelsburger et al., Nat. Phys, 11,162 (2015)

Measurement of First Chern Number 
from dynamics (Munich, 2015)

Also chiral currents in HH ladders: (Munich, 2014)  Atala et al. Nat. Phys., 10, 558, (2014)  



3. Strong correlations?

But still big challenges: 

• How to reduce excitations due to driving?  

• How to reduce temperature? e.g. typical topological band-gap 

• How to adiabatically-prepare a strongly-correlated topological state starting 
from the initial topologically-trivial system (before turning on driving)? 

High magnetic flux densities:  
~ a flux quantum per plaquette

Low particle densities:  
~ a particle per plaquette (e.g. Mott insulator)

Recent first step?

Strong interactions in the few-body limit 
of a Harper-Hofstadter ladder 

Combined high resolution imaging with complex 
Peierls phases realised through 

superlattice + resonant driving approach 

Harvard: Tai et al., arXiv:1612.05631

� ⇠ 10nK



4. Laser-assisted tunnelling (internal states)Preparing and probing Chern bands with cold atoms 13

(a) Goal: induce Peierls phase factors (b) Using internal states of the atoms

(c) Shaking the lattice (d) Combining superlattices and resonant driving

Figure 1.4 (a) E↵ective magnetic fluxes can be created in deep optical
lattices by inducing complex tunneling matrix elements. (b) Method us-
ing state-dependent optical potentials Vg,e, trapping atoms in two internal
states |gi and |ei, combined with a resonant atom-light coupling with fre-
quency !ge = (Ee � Eg)/~. (c) Shaking a lattice, with an arbitrarily large
driving frequency !. (d) Method using a superlattice with energy o↵set
�, large compared to the bare hopping energy, combined with a resonant
onsite energy modulation with frequency ! = �/~.

lattice sites (a and b), separated in energy by a large o↵set �, and subjected
to a resonant modulation acting on the lower site (a) only. We write the
tight-binding Hamiltonian in the form

Ĥ(t) = �J
⇣
â†b̂+ b̂†â

⌘
+� b̂†b̂+  cos(!t+ �)â†â, (1.15)

where J is the bare hopping amplitude between the sites. In the large-
frequency regime � = ~! � J , the long-time dynamics resulting from
the time-dependent Hamiltonian Ĥ(t) is found to be captured by a time-
independent (e↵ective) Hamiltonian, which in this case, takes the simple
form [30, 31, 32, 33, 34]

Ĥ
e↵

= �JJ
1

(/~!) exp(i�) â†b̂+ h.c., (1.16)

where J
1

denotes the Bessel function of the first kind. According to Eq.
(1.16), the tunneling between the sites is e↵ectively restored and the cor-
responding tunneling matrix elements include a Peierls phase-factor related
to the phase of the modulation �, which can be made space-dependent. The
result in Eq. (1.16) constitutes the building blocks for the generation of mag-
netic fluxes in time-modulated optical lattices, as implemented in Munich
[35, 36, 15] and at MIT [37]. The following of the Section describes these
schemes in more detail.

In order to treat time-modulated optical lattices, we first introduce a set of
useful equations, which o↵er a powerful theoretical framework to analyse the

• Different internal states so no NN hopping processes.  

• Lasers restore tunnelling by resonantly coupling the states. [c.f. 3b]Introduction to the physics of artificial gauge fields 35

b �

�

�

�

a

b

Laser&

|gi |ei

Fig. 12. – Left: Infinite ladder with two sides separated by the distance a. The ladder rungs
are equidistant, separated by a distance b. The particle can jump from one site to the next by
tunneling. A uniform magnetic field creates a flux � on each cell. Right: Simulation of this
ladder with a double optical lattice. A laser beam propagating along the lattice direction induces
transitions |gi $ |ei, similar to the tunneling along the ladder rungs in the left picture. The
laser phase � = ky varies linearly with the rung index j and gets “printed” on the corresponding
matrix element.

was made possible using the dipole potential created by an extra pair of laser beams,
which created the necessary modulation of the lattice sites(8).

6. – Generation of lattice gauge fields via internal atomic transitions

The possibility to use internal states in an optical lattice brings some new flexibility
for the generation of complex tunnel coe�cients in a lattice. The process in play is laser
assisted tunneling, which we will first present on a simple, one-dimensional system, before
switching to the case of an infinite two-dimensional lattice.

6

.1. Laser assisted tunneling in a 1D ladder . – We are interested here in a ladder with
two parallel sides as in fig. 12. This ladder is submitted to a uniform magnetic field and
we suppose that it is well described by the same tight-binding approximation as above.
The magnetic field is characterized by the flux � across a unit cell.

To simulate this ladder we use an atom with two internal states |gi and |ei. A
trapping potential created by an optical lattice along y localizes the atoms along the

(8) Since the modulation is induced by an auxiliary laser field, this scheme is sometimes called
laser-induced tunneling. Although this terminology is certainly correct in the present case,
we prefer to reserve it for schemes where a laser beam is used to simultaneously (i) induce a
transition between internal atomic states, and (ii) induce a jump of the atomic center-of-mass
between adjacent lattice sites, as described in subsect. 6.1.

Top-view 
of a ladder:

e.g. 
laser phase 
gets “printed on” the effective 
tunnelling amplitudes 
[NB in a 2D lattice, need 
additional tricks to rectify the flux]

� = ky

Many schemes for different configurations / internal states etc….  

An important realisation: 

Different internal states 
don’t need to be on 
different lattice sites 

instead can view states 
themselves as  

a “synthetic dimension”
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FIG. 3. Exploiting a synthetic dimension. (a) The synthetic dimension approach consists in interpreting a set of atomic
internal states as fictitious lattice sites, aligned along an extra spatial dimension. Driving transitions between the internal states
allows for “hopping” along the synthetic dimension, which is then characterized by the tunneling matrix element =⌦ exp[i✓(x)],
where the Peierls phase-factor is directly related to the wave-vector of the driving laser field [36]. (b) Loading atoms into a
1D optical lattice, and driving transitions between the internal states, can be used to simulate lattice systems of two spatial
dimensions. By adjusting the Peierls phase-factors exp[i✓(x)], synthetic magnetic fluxes � can be created within this fictitious
2D lattice. (c) Experimental observation of edge skipping orbits, in a synthetic 3-leg ladder (using three internal states of 173Yb
atoms) subjected to a uniform synthetic flux [56].

a

b c

FIG. 4. Floquet engineering with cold atoms. (a)
Tunneling can be induced in optical superlattices, by mod-
ulating the potential resonantly with respect to the energy
o↵sets � between neighboring sites. Considering a modu-
lation potential of the form V (x, t) = V0 cos[!t + ✓(x)], the
resulting tunneling matrix elements are Je↵= |Je↵| exp[i✓(x)].
This method allows one to induce Peierls phase-factors, and
hence, artificial magnetic fluxes in 2D optical lattices [19, 78–
80]. (b) Shaking a honeycomb optical lattice circularly
is formally equivalent to subjecting graphene to circularly-
polarized light: this configuration reproduces the so-called
Haldane model [86], shown in (c), where e↵ective next-
nearest-neighbor hopping matrix elements are associated with
a well-defined chirality (stemming from the shaking [18]).

are directly related to the phase ✓(x) of the modulated
potential [24, 25]. In this way, the moving potential
V̂ (t) can be designed so as to engineer synthetic gauge
fields in 2D optical lattices [25]. The experiments re-

ported in Refs. [19, 78–80] realized strong synthetic mag-
netic fluxes and studied their e↵ects on atomic gases. In
Refs. [19, 78], a constant flux per plaquette �=⇡/2 was
engineered throughout the lattice, leading to Bloch bands
with non-zero Chern numbers. This allowed for the first
Chern-number measurement with cold gases [19], which
was achieved by loading bosonic atoms into a Bloch band
with Chern number C=1 and subjecting them to a con-
stant force; the Chern number was then extracted by
measuring the transverse (Hall) drift of the cloud [48, 49],
see Figure 1. The experiment [19] also revealed a signifi-
cant heating, attributed to the periodic driving, through
dynamical measurements of excitations to higher bands.
This pointed out the current limitations of this scheme in
view of stabilizing topological states. Similar center-of-
mass drift measurements were recently performed [81–83]
to extract the Zak phase and Chern number of 1D (Thou-
less) quantum pumps [40, 84].
Shaking a 2D optical lattice in an o↵-resonant man-

ner also constitutes a powerful method by which e↵ec-
tive magnetic fluxes and topological band structures can
be created [18, 85]. In particular, in the high-frequency
regime, the e↵ective Hamiltonian Ĥe↵ of a circularly
shaken honeycomb optical lattice [18, 29] becomes equiv-
alent to the emblematic Haldane model [86], in direct
analogy with graphene irradiated by circularly-polarized
light [27]; see Figure 4 (b,c). This allows for the realiza-
tion of the anomalous Hall e↵ect in cold atoms, as was
experimentally demonstrated in Ref. [18] through the ob-
servation of an anomalous velocity [38, 40] in response to
an applied force.

Topological superfluids and Majorana bound states

The occurrence of quasiparticles with non-Abelian
statistics, called non-Abelian anyons, has first been pre-
dicted in certain fractional QH states [87], and later in
time-reversal-breaking superconductors with p+ ip pair-

State 1

State 2

State 3  
Boada et al., PRL, 108, 133001 (2012),  

Celi et al., PRL, 112, 043001 (2014)

 Figure from Goldman et al., Nat. Phys. 12, 639 (2016) 

 Figure from 
Dalibard, arXiv:

1504.05520
Good reviews: Dalibard et al. Rev. Mod. Phys. 83, 1523 (2011),

Goldman et al., Rep. Prog. Phys. 77, 126401 (2014),
Dalibard, arXiv:1504.05520…  

  



5. Synthetic dimensions
1. Identify a set of states and reinterpret as sites in a synthetic dimension

0
1
2
3
4

0 1 2 3 4

0
1
2
3
4

0 1 2 3 4

2. Couple these modes to simulate a tight-binding “hopping” 

w
J ei�J e�i�

First proposed by:   
Boada et al., PRL, 108, 133001 (2012),  

Celi et al., PRL, 112, 043001 (2014)

Concept: 

3. Combine with real spatial dimensions or more synthetic dimensions as desired 
Using internal atomic states: 

Florence: Mancini et al, Science, 349, 1510 (2015) 
Livi et al, Phys. Rev. Lett. 117, 220401 (2016) 

Maryland: Stuhl et al. Science, 349, 1514 (2015) 
Boulder: Kolkowitz et al, Nature,  542, 66 (2017) 

  

Using harmonic trap states: 
Theory: Price et  al, PRA 95, 023607 (2017)

2

1D atomic gas

Raman Raman

Lattice Lattice

FIG. 1. (a) Proposed experimental layout with 87Rb. A pair
of counter-propagating � = 1064 nm lasers provide a 5E

L

deep optical lattice lattice with period a = �/2. A pair of
“Raman” laser beams with wavelength �

R

= 790 nm, at an-
gles ±✓ from e

x

, couple the internal atomic states with recoil
wavevector k

R

= 2⇡ cos(✓)/�
R

. The laser beams’ polariza-
tions – all linear – are marked by symbols at their ends. (b)
Raman couplings in the F = 1 manifold. The transitions are
induced by the beams depicted in (a). (c) Synthetic 2D lattice
with magnetic flux � = �/2⇡ per plaquette (� = 2k

R

a). Here
n = x/a (m) labels the sites along e

x

(Zeeman sublevels).

require a minimum amount of laser light (less than 1%
required for existing schemes [19]), minimizing sponta-
neous emission. In addition, periodic boundary condi-
tions in the synthetic direction can be created by cou-
plingm

F

= +1 tom
F

= �1 using an o↵-resonant Raman
transition from |F = 1,m

F

= +1i to an ancillary state,
e.g., |F = 2,m

F

= 0i (detuned by �pbc and coupled with
strength ⌦

R,pbc), completed by a radio-frequency tran-
sition to |F = 1,m

F

= 1i with strength ⌦
RF

, giving a
⇤-like scheme with strength ⌦pbc = �⌦

R,pbc⌦RF

/2�pbc.

A constant magnetic field B0ez Zeeman splits the mag-
netic sublevels |m

F

= ±1i by ⌥~!0 = g
F

µBB0, where gF
is the Landé g-factor and µB is the Bohr magneton, see
Fig. 1(ab). The Raman spin-flip transitions, detuned by
� from two-photon resonance, impart a 2k

R

recoil mo-
mentum along e

x

. Taking ~ = 1, the laser fields can be
described via a spatially periodic e↵ective magnetic field

⌦
T

= �e
z

+ ⌦
R

[cos (2k
R

x) e
x

� sin (2k
R

x) e
y

] , (1)

which couples the hyperfine ground-states giving the ef-

fective atom-light Hamiltonian [4, 38, 41, 49]

Hal = ⌦
T

·F = �F
z

+ (F+e
ikRx + F�e

�ikRx)⌦
R

/2 , (2)

where the operators F± = F
x

± iF
y

act as F+ |mi =
g
F,m

|m+ 1i with g
F,m

=
p

F (F + 1)�m (m+ 1).
Thus the Raman beams sequentially couple states m =
�F, . . . , F , with each transition accompanied by an x-
dependent phase. This naturally generates Peierls phases
for “motion” along them (spin) direction, denoted as e

m

.
The combination of the optical lattice along e

x

and the
Raman-induced hopping along e

m

yield an e↵ective 2D
lattice with one physical and one synthetic dimension, as
depicted in Fig. 1(c) for F = 1. For a system of length
L
x

along e
x

, the lattice has N = L
x

/a sites along e
x

,
and a width of W = 2F + 1 sites along e

m

. For � = 0
the system is described by the Hamiltonian

H =
X

n,m

⇣
�ta†

n+1,m + ⌦
m�1e

�i�na†
n,m�1

⌘
a
n,m

+H.c. ,

(3)
where n labels the spatial index and m labels the spin in-
dex; � = 2k

R

a sets the magnetic flux; ⌦
m

= ⌦
R

g
F,m

/2 is
the synthetic tunneling strength; and a†

n,m

is the atomic
creation operator in the dimensionally extended lattice.
This two-dimensional lattice is pierced by a uniform syn-
thetic magnetic flux � = �/2⇡ = k

R

a/⇡ per plaquette
(in units of the Dirac flux quantum). The quantity g

F,m

is independent of m for F = 1/2 and F = 1, but for
larger F hopping along e

m

is generally non-uniform.
Open boundaries. Since ⌦

m

6= 0 only when m 2
{�F, . . . , F � 1}, Eq. (3) has open boundary condi-
tions along e

m

, with sharp edges at m = ±F . By
gauge-transforming a

n,m

and a†
n,m

, the hopping phase
exp(i2k

R

x) can be transferred to the hopping along e
x

.
Combining this with a Fourier transformation along e

x

,
b†
q,m

= N�1/2
P

N

n=1 a
†
n,m

ei(q+�m)n, splits the Hamilto-
nian H =

P
q

H
q

into momentum components

H
q

=
FX

m=�F

"
q+�m

b†
q,m

b
q,m

+
⇣
⌦

m

b†
q,m+1bq,m +H.c.

⌘
,

where "
k

= �2t cos(k), q ⌘ 2⇡l/N , and l 2 {1, . . . , N}.
Figure 2 shows the resulting band structure for F = 1.
Away from the avoided crossings, the lowest band de-
scribes the propagation of “edge states” localized in spin
space at m = ±F (blue and red arrows): these states
propagate along e

x

in opposite directions. In the physical
system, these give rise to a spin current j

s

(x) = j" � j#.
When W = 2F + 1 � 1, these edge states become anal-
ogous to those in quantum Hall systems [50, 51]. The
F = 9/2 manifold of 40K allows experimental access to
this large-W limit [52], since its 10 internal states repro-
duce the Hofstadter-butterfly topological band structure.

The edge-state propagation can be directly visualized
by confining a multi-component Fermi gas to a region

Using discrete momentum states: 
Urbana-Champaign: Alex et al., Sci. Adv. 3, e1602685 (2017)

And in photonics 
(Lecture 4)



5. Synthetic dimensions

Using internal atomic states: 
Florence: Mancini et al, Science, 349, 1510 (2015) 
Maryland: Stuhl et al. Science, 349, 1514 (2015) 

Why is this an interesting approach? 

• Probing edge physics • Unusual interactions — What are the interactions 
like in terms of the synthetic dimension? FQH possible?

• Higher dimensions! 
e.g. 4D quantum Hall effect

The transport equations

• Let us come back to our transport equation, with ⌦zx

,⌦yw 6= 0

j

µ = E

⌫

1

(2⇡)4

Z

T4
⌦µ⌫d4

k +
⌫2

4⇡2
"

µ↵�⌫

E

⌫

B

↵�

, ⌫2 =
1

4⇡2

Z

T4
⌦zx⌦ywd4

k

• We now choose an electric field E = E

y

1
y

and a magnetic field B

↵�

= B

zw

hopping along a synthetic (internal-state) dimension
see Celi et al PRL ‘14

where

(simply tune the Raman lasers!)

• The transport equations yield two non-trivial contributions :

j

w = E

y

1

(2⇡)4

Z

T4
⌦wyd4

k : linear response along w (⇠ 2D QH effect)

j

x =
⌫2

4⇡2
E

y

B

zw

: non-linear response along x (⇠ 4D QH effect)

Price et al, Phys. Rev. Lett. 115, 195303 (2015)

j
x

=
q3

h2
E

y

B
zw

X

n2occ.

⌫(2)
n

[c.f. Lecture 1]
N.B. Chiral currents in real-space HH ladders 
Munich: Atala et al. Nat. Phys., 10, 558, (2014)  



Lecture 3

•How can we engineer topology for cold atoms?  
•  SSH Model & Topological Pumps 
•  Quantum Hall systems 
•  Quantum spin Hall systems & topological superfluids 

•How can we probe topology with cold atoms? 

•Future perspectives



Spin-orbit coupling

1. Choose two internal atomic states to act like “spin-up” and “spin-down” 

2. Couple motional states to the internal states of the atom  

In ultracold atoms: 

20 J. Dalibard

to the reduced dipoles d
b,r

of these transitions, which are themselves proportional to
p

�
b,r

, hence:

(68)
2

r

2

b

⇡ �
r

�
b

.

Using the fact that the ratio �
r

/�
b

is small (⇠ 10�4), an approximate calculation leads
to the maximal merit factor

(69) M ⇡ �
b

�
b

,

which is obtained when the detunings are such that

(70)
|�

r

|
|�

b

| =
�

r

�
b

⌧ 1.

The optimal detuning of the Raman coupling laser is only a fraction of angström from
the red line, while �

b

is of the order of an optical frequency. This leads to a situation
that is much more favorable than for alkali-metal species [compare eqs. (66) and (69)],
with a merit factor M ⇠ 107 and a scattering rate � ⇠ 10�3 s�1 for a Raman coupling
equal to the recoil energy. The residual heating is then Ė ⇠ k

B

⇥ 0.1 nK/s for both
bosonic and fermionic isotopes.

3. – Non-Abelian potentials and spin-orbit coupling

We now generalize the problem of simulating external magnetic fields and ask if it
is possible to take advantage of the internal structure of an atom to generate a single-
particle Hamiltonian like

(71) Ĥ =

⇣

p̂ � ˆA(r̂)
⌘

2

2M
+ . . .

where ˆA(r) is not anymore just a vector field, but an ensemble of three matrices ˆA =
(Â

x

, Â
y

, Â
z

) acting in the internal Hilbert space of the atom:

(72) Â
x

(r) = [A(m,n)

x

(r)], Â
y

(r) = [A(m,n)

y

(r)], Â
z

(r) = [A(m,n)

z

(r)],

where the indices m, n run over a basis of this Hilbert space.
The non-Abelian character is linked to the fact that in a given point r, two components

generally do not commute:

(73) [Â
x

(r), Â
y

(r)] 6= 0.

now gauge field is 
ensemble of Pauli 

matrices, not just a vector 

See e.g. : 
Dalibard et al. Rev. Mod. Phys. 83, 1523 (2011).
Zhai, Int. J. Mod. Phys. B 26, 1230001 (2012)
Goldman et al., Rep. Prog. Phys. 77, 126401 (2014)

e.g. 

[NB these artificial non-Abelian gauge 
fields can be richer than usual solid-

state SO-coupling] 



1D Spin-Orbit Coupling
Pioneered in Maryland experiment: Lin, et al. Nature 471, 83 (2011).Atoms

Raman 
Laser 1

Raman 
Laser 2

Raman transition gives atoms a 
momentum kick along x

Resulting Hamiltonian (after some tricks):

x

3

potential. Intuitively, it is because the ground state spin
manifold of an alkali atom has L = 0, while this two-
photon process only changes angular momentum L by
one, which can not be coupled to spin degree of free-
dom if without the help of L-S coupling. That also in-
dicates that the vector part (which is propositional to
F) must be proportional to the fine structure splitting
�FS. Therefore, the strength of spin dependent Raman
coupling is proportional to �FS/�2, rather than 1/� (as
naively expected from a second-order perturbation the-
ory). Alternatively speaking, this is because for the spin
dependent part, the second order process through 2P1/2

acquires an opposite Clebsch-Gordan coe�cient as the
process through 2P3/2. Finally, for the similar reason,
the irreducible tensor term is proportional to the hyper-
fine structure splitting, which is usually su�ciently small
comparing to � and can be safely ignored for alkali atom
case.

Hence, here we mainly focus on the vector term. De-
noting these two spin states as |"i and |#i, the single
particle motion along x̂-direction is described by Hamil-
tonian Ĥ0,

Ĥ0 =

 
k

2
x

2m

+ �

2
⌦
2 e2ik0x

⌦
2 e�2ik0x

k

2
x

2m

� �

2

!
, (1)

where ⌦/2 is the strength of Raman coupling and k0

is the wave vector of the laser. The o↵-diagonal term
describes the spin flipping process accompanied by a mo-
mentum transfer of 2k0 along x̂ direction, which is essen-
tially the origin of the SO coupling e↵ect. � = !

z

� �!,
where !

z

is the Zeeman energy di↵erence between these
two spin states and �! is the frequency di↵erence be-
tween two laser beams. To derive this Hamiltonian, we
also need to assume that other spin levels are far o↵-
resonance under the two-phonon process, for instance,
by utilizing the quadratic Zeeman e↵ect1–3,5.

To illustrate the connection with conventional termi-
nology of SO coupling, we apply a unitary transformation
to the wave function ' = U , with

U =

✓
e�ik0x 0

0 eik0x

◆
(2)

and correspondingly, the Hamiltonian for ' is changed
to UĤ0U

† and the new Ĥ0 is given by

Ĥ0 =

 
(k

x

+k0)
2

2m

+ �

2
⌦
2

⌦
2

(k
x

�k0)
2

2m

� �

2

!
. (3)

In literature, the momentum for wave function ' is also
called “quasi-momentum”, which is related to real mo-
mentum of wave function  by a shift of ⌥k0 (� for |"i
and + for |#i) along x̂ direction. In terms of Pauli matrix,
the Hamiltonian Eq. 3 can be written as

Ĥ0 =
(k

x

+ k0�z

)2

2m
+
�

2
�

z

+
⌦

2
�

x

. (4)

Upon a spin-rotation along ŷ by ⇡/2, �
x

! �
z

and �
z

!
��

x

, Ĥ0 can be expressed as

Ĥ0 =
(k

x

� k0�x

)2

2m
� �

2
�

x

+
⌦

2
�

z

, (5)

which corresponds to an equal weight mixing of Rashba
(k

x

�
x

+k
y

�
y

) and Dresselhaus (k
x

�
x

�k
y

�
y

) SO coupling,
in addition with a Zeeman field in the spin xz plane.

B. Rashba SO Coupling

In recent literatures of cold atom systems, many theo-
retical papers focus on pure Rashba SO coupling whose
single-particle Hamiltonian can be written as

Ĥ0 =
(k

x

� k0�x

)2

2m
+

(k
y

� k0�y

)2

2m
. (6)

So far such a SO coupling has not been realized yet. How-
ever, many theoretical proposals have been made on how
to realize such a SO coupling experimentally. Basically,
these proposals fall into three categories.

• Dark-State Scheme: This scheme utilizes Lambda
or tripod laser coupling to generate two or more
degenerate dark states, and these degenerate dark
states serve as pseudo-spins. Since these darks
states are all dressed states, and the wave func-
tions of these dressed state have nontrivial spatial
dependence, the kinetic energy operator projected
into the dark state manifold usually possesses non-
trivial abelian or non-abelian gauge field term12–18.
For certain carefully designed laser configurations,
these gauge field can give rise to SO coupling of the
form as Eq. 618. This scheme has been summa-
rized in detail in review article Ref.4. However, the
problem with the dark state scheme is that there is
always at least one eigenstate whose energy is lower
than the dark-state manifold. Thus, when the sys-
tem is initially prepared in the dark-state manifold,
the collision between particle will inevitably lead to
the decay into the lowest energy dressed state and
the lifetime of the system of interest can be quite
limited19.

• Generalized Raman Scheme: In Sec. II A we have
discussed that SO coupling along one of the spa-
tial direction can be generated by two counter-
propagating Raman beams. One can generalize this
scheme to realize a Rashba-type SO coupling by us-
ing more Raman beams20,21. Here the advantage
is that with Raman scheme, SO coupling is created
for the manifold of the lowest energy, and there-
fore there is no collisional instability. However, the
challenge comes from the heating problem (as we
will discuss in the end of this paper), and there-
fore the more laser beams, the stronger the heating
rate. Beside, it has also been proposed that by fast
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the irreducible tensor term is proportional to the hyper-
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comparing to � and can be safely ignored for alkali atom
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where ⌦/2 is the strength of Raman coupling and k0

is the wave vector of the laser. The o↵-diagonal term
describes the spin flipping process accompanied by a mo-
mentum transfer of 2k0 along x̂ direction, which is essen-
tially the origin of the SO coupling e↵ect. � = !

z
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where !
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is the Zeeman energy di↵erence between these
two spin states and �! is the frequency di↵erence be-
tween two laser beams. To derive this Hamiltonian, we
also need to assume that other spin levels are far o↵-
resonance under the two-phonon process, for instance,
by utilizing the quadratic Zeeman e↵ect1–3,5.

To illustrate the connection with conventional termi-
nology of SO coupling, we apply a unitary transformation
to the wave function ' = U , with

U =
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e�ik0x 0
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and correspondingly, the Hamiltonian for ' is changed
to UĤ0U

† and the new Ĥ0 is given by
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In literature, the momentum for wave function ' is also
called “quasi-momentum”, which is related to real mo-
mentum of wave function  by a shift of ⌥k0 (� for |"i
and + for |#i) along x̂ direction. In terms of Pauli matrix,
the Hamiltonian Eq. 3 can be written as
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, Ĥ0 can be expressed as
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which corresponds to an equal weight mixing of Rashba
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) and Dresselhaus (k
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) SO coupling,
in addition with a Zeeman field in the spin xz plane.

B. Rashba SO Coupling

In recent literatures of cold atom systems, many theo-
retical papers focus on pure Rashba SO coupling whose
single-particle Hamiltonian can be written as

Ĥ0 =
(k

x

� k0�x

)2

2m
+
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� k0�y

)2
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. (6)

So far such a SO coupling has not been realized yet. How-
ever, many theoretical proposals have been made on how
to realize such a SO coupling experimentally. Basically,
these proposals fall into three categories.

• Dark-State Scheme: This scheme utilizes Lambda
or tripod laser coupling to generate two or more
degenerate dark states, and these degenerate dark
states serve as pseudo-spins. Since these darks
states are all dressed states, and the wave func-
tions of these dressed state have nontrivial spatial
dependence, the kinetic energy operator projected
into the dark state manifold usually possesses non-
trivial abelian or non-abelian gauge field term12–18.
For certain carefully designed laser configurations,
these gauge field can give rise to SO coupling of the
form as Eq. 618. This scheme has been summa-
rized in detail in review article Ref.4. However, the
problem with the dark state scheme is that there is
always at least one eigenstate whose energy is lower
than the dark-state manifold. Thus, when the sys-
tem is initially prepared in the dark-state manifold,
the collision between particle will inevitably lead to
the decay into the lowest energy dressed state and
the lifetime of the system of interest can be quite
limited19.

• Generalized Raman Scheme: In Sec. II A we have
discussed that SO coupling along one of the spa-
tial direction can be generated by two counter-
propagating Raman beams. One can generalize this
scheme to realize a Rashba-type SO coupling by us-
ing more Raman beams20,21. Here the advantage
is that with Raman scheme, SO coupling is created
for the manifold of the lowest energy, and there-
fore there is no collisional instability. However, the
challenge comes from the heating problem (as we
will discuss in the end of this paper), and there-
fore the more laser beams, the stronger the heating
rate. Beside, it has also been proposed that by fast

Equal mixture of “Rashba” and 
“Dresselhaus” SO-coupling

Effective 
Zeeman terms

� = 0

⌦

� = 0

Rb hyperfine 
states

Also realised for 
fermions

Shanxi: Wang et al PRL 109, 095301 (2012), 
MIT: Cheuk et al PRL109, 095302 (2012).

[N.B. Essentially same scheme as synthetic dimension with 2 internal states]



2D Spin-Orbit Coupling
First realization for fermions:   

Shanxi: Huang, et al. Nat. Phys. 12, 540 (2016)
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FIG. 1: Two-dimensional synthetic spin-orbit cou-
pling. a, Schematic of energy levels of 40K for creating 2D
SOC. Each of the three Raman lasers dresses one hyperfine
spin state from |9/2, 3/2⟩ (|1⟩), |9/2, 1/2⟩ (|2⟩) and |7/2, 1/2⟩
(|3⟩). Atoms are initially prepared in the free reservoir spin
state |9/2, 5/2⟩. b, The experimental geometry and the laser
configuration. The Raman lasers 1 and 2 counter-propagate
along the y axis and the Raman laser 3 propagates along the x
axis, which are linearly polarized along z , x and y directions
respectively. c, Energy-momentum dispersions in the absence
of SOC ( Ω12 = Ω13 = Ω23 = 0). The three parabola are dis-
placed from the origin by ki respectively in the (px, py) plane.
e, Energy-momentum dispersions of three dressed states after
turning on SOC ( −Ω12 = 2Ω13 = 2Ω23 = Er), which show
that the dispersions of two dressed states touch at a Dirac
point. Here, δ2 = δ3 = 0. d, f are plots enlarging the low
energy parts of c and e. In e-f , the weights of different hy-
perfine spin states in the dressed ones, the eigenstates of the
Hamiltonian with SOC, are represented by assigning different
colors to the hyperfine spin states. Red, blue and green rep-
resent |1⟩, |2⟩, and |3⟩ respectively. The depth of each color
indicates the percentage of the corresponding spin state in a
dressed state.

single-photon recoil momentum kr = 2π!/λ and recoil
energy Er = k2r/2m are taken as natural momentum and
energy units. Since the dispersion along the z direction
is not affected by the lasers, we will focus on the 2D
Hamiltonian Hxy.
Using the two lemmas in Supplementary Materials, we

find out that a doubly degenerate point p0 exists in the
momentum space, where p0 satisfies two independent
equations

−
(k1 − k2) · p0

m
+ δ1 − δ2 = −

Ω12Ω13

2Ω23
+

Ω12Ω23

2Ω13
,

−
(k2 − k3) · p0

m
+ δ2 − δ3 = −

Ω12Ω23

2Ω13
+

Ω13Ω23

2Ω12
.(3)

Defining the two dressed states with a touching point
as a pseudo-spin-1/2, and projecting the Hamiltonian in
equation (2) to this pseudo-spin-1/2 near the degenerate
point p0, an effective Hamiltonian at low energies can be
obtained straightforwardly,

HSO = (λx1px + λy1py)σx + (λx2px + λy2py)σz (4)

where pi=x,y = pi−p0,i. By rotating the momentum and
the spin (see Supplementary Material), the Hamiltonian
can be simplified as

HSO = λxp
′
xσ

′
x + λyp

′
yσ

′
z , (5)

where both λx and λy are finite. Equation (5) describes a
2D SOC, which is equivalent to the Dresselhaus coupling
if a simple transformation σ′

x → σ′
y,σ

′
z → σ′

x is applied.
Such a 2D SOC directly tells one that the doubly degen-
erate point at p0 corresponds to a Dirac point with a
liner dispersion at low energies. In particular, both the
amplitude and anisotropy λx/λy can be largely tuned
(Supplementary Materials). As a demonstration, figures
1e (1f) and 1c (1d) show the comparison of the energy-
momentum dispersion with and without SOC. The latter
shows that energy dispersions of two dressed states touch
at a Dirac point.
In this experiment, a homogeneous bias magnetic field

B0 = 121.4 G along the z axis (the gravity direction
shown in Fig. 1b) produces a Zeeman shift to isolate
these three hyperfine spin states from other ones in the
Raman transitions, as shown in Fig. 1a. When three Ra-
man lasers are nearly resonant with three ground states
( δi=1,2,3 ≈ 0), the nearest Raman transitions with other
hyperfine states are |7/2, 3/2⟩ ↔ |2⟩ and |7/2, 3/2⟩ ↔ |3⟩,
which have large two-photon Raman detunings about
h × 60 kHz. Thus we can neglect other hyperfine spin
states and treat this system as a one with three ground
nearly degenerate ground states.
As mentioned before, the Raman coupling strength

Ωii′ includes contributions from all excited states of two
D-line components as shown in Fig. 2a and can be well
tuned (Supplementary Materials). When the wavelength
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as a pseudo-spin-1/2, and projecting the Hamiltonian in
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obtained straightforwardly,
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where pi=x,y = pi−p0,i. By rotating the momentum and
the spin (see Supplementary Material), the Hamiltonian
can be simplified as

HSO = λxp
′
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where both λx and λy are finite. Equation (5) describes a
2D SOC, which is equivalent to the Dresselhaus coupling
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erate point at p0 corresponds to a Dirac point with a
liner dispersion at low energies. In particular, both the
amplitude and anisotropy λx/λy can be largely tuned
(Supplementary Materials). As a demonstration, figures
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momentum dispersion with and without SOC. The latter
shows that energy dispersions of two dressed states touch
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3 Raman lasers 
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SO coupling for 
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dressed states

Figure 2 | Band structure and spin texture with 2D SO interaction. An example of gapped band
structure with nontrivial band topology (a), spin texture along the loop � -X-M -� (b), and spin
polarization distributions h�

z

i of the lowest band (e1) and second band (e2) for m
z

= 0.1Er. c-d, An
example of trivial band with gapped band structure (c) and spin texture along the loop � -X-M -�
(d) for m

z

= 0.4Er. In both cases, we take V0x = V0z = 5Er, M0x = M0y = 1.2Er and �'

L

= ⇡/2.
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First realization for bosons:   
Shanghai: Wu, et al. Science 354, 6308 (2016).

Figure 3 | Experimental realization of 2D SO interaction and 1D-2D crossover. a, Experimental
setup. b, Spin-resolved TOF images of BEC atoms for �'

L

= ⇡/2, �'
L

= 3⇡/4, �'
L

= ⇡ and
�'

L

= 2⇡, respectively. The other parameters are measured as V0x = V0z = 4.16Er, M0x = M0y =

1.32Er and m

z

= 0. c, Measured imbalance W between the Raman coupling induced atoms in
the two diagonal directions as a function of the relative phase �'

L

, compared to a cosine curve
cos �'

L

. The results are averaged over about 30 TOF images.
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Optical Raman lattice

Figure 2 | Band structure and spin texture with 2D SO interaction. An example of gapped band
structure with nontrivial band topology (a), spin texture along the loop � -X-M -� (b), and spin
polarization distributions h�

z

i of the lowest band (e1) and second band (e2) for m
z

= 0.1Er. c-d, An
example of trivial band with gapped band structure (c) and spin texture along the loop � -X-M -�
(d) for m

z

= 0.4Er. In both cases, we take V0x = V0z = 5Er, M0x = M0y = 1.2Er and �'

L

= ⇡/2.
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Towards topological insulators

Time-
reversal

Particle-
hole Chiral

Spin-flipping terms : microwave pulse 
+ near-resonant lattice shaking 

(Floquet engineering)

Ingredients:  
• Opposite effective magnetic fields for opposite spins 
• Spin-orbit coupling that doesn’t break TRS

Proposal: 
identical time-reversed band structures 

with opposite Chern numbers

4

In Fig. 2 we present an exact calculation of the e↵ec-
tive Floquet Hamiltonian in the square lattice for realistic
experimental parameters. The band structure in Fig. 2
(a) shows Kramer’s degeneracies as a consequence of TR
symmetry. The exact result closely resembles the per-
turbative calculation (based on Eq.(11)) shown on the
same scale in Fig. 1 (c). This agreement is confirmed by
the comparison of the gap �SOC between the two lowest-
lying bands in Fig. 2 (c).

SOC in the presence of magnetic fields.– Now we
demonstrate how SOC can be generated in more gen-
eral situations. Our starting point are two identical but
time-reversed copies of a Chern insulator (| "i and | #i)
with opposite Chern numbers C = ±1. This situation
was considered by Kane and Mele [1], who showed that
even when SOC mixes the two systems, a Z2 topological
invariant characterizing the topological insulator remains
quantized as long as TR symmetry is retained. While two
time-reversed copies of a system with equal but opposite
Chern numbers have been realized experimentally using
ultracold atoms [41], the e↵ect of SOC has not yet been
investigated in this context.

A direct generalization of our scheme is shown in Fig. 3.
As before, TR invariant SOC between the Bloch band
|*i = |u1(k), "i and its TR partner |+i = K|u1(�k), #i
at quasimomentum k is generated by a combination of
MW transitions and lattice shaking. In contrast to the
case of the reversed Bloch bands in the simplified model
of Fig. 1 (a), the MW transitions are renormalized by
a gauge-dependent Franck-Condon overlap Km,n(k) =
hKu

m

(�k)|u
n

(k)i. This allows us to drop condition (10)
and assume only that the system has inversion symmetry
(see Eq.(8)). As a result (see SM for details) the e↵ective
Rabi coupling between |*i and |+i is an anti-symmetric
function of k, independent of the gauge choice.

Here we only consider the case when both MW beams

⌦(1,2)
MW = ⌦MW are switched on simultaneously. To avoid

spin-dependent AC Stark shifts, we make the choice �
F

=
0, corresponding to linear lattice shaking. These condi-
tions guarantee TR invariance of the resulting Hamilto-

..
.

..
.

FIG. 3. SOC in magnetic fields: Two identical but time-
reversed band structures, with opposite Chern numbers [41]
for spins |"i and |#i can be coupled by microwave beams and
lattice shaking. A two-photon process through a virtually
excited state allows for the realization of TR invariant SOC
between the time-reversed bands.

FIG. 4. SOC in the Hofstadter model: (a) We start from two
spin-degenerate time-reversed bands in the Hofstadter model
(dashed lines) at magnetic flux per plaquette ↵ = ±1/4. Cou-
pling the bands by MW beams and lattice shaking as de-
scribed in the text leads to TR invariant SOC, which partly
lifts the spin degeneracy (solid lines). The two lowest bands
are a Z2 topological insulator, which can be seen from the
eigenvalues exp(i'

W

) of the U(2) Wilson loop (b). Parame-
ters are ~! = 6J , ~!0 = 100J , ~⌦MW = 5J , �MW = ⇡ and
F
x

= F
y

= 5J/a, where J is the tunneling amplitude.

nian (see SM and Ref. [47]). Furthermore, we choose

�
(1)
MW = �

(2)
MW + ⇡ to obtain constructive interference be-

tween the two pathways.
In Fig. 4, we present an exact calculation of the band

structure in a Hofstadter model [41, 48]. When MW cou-
pling and lattice shaking are switched on, the initial spin
degeneracy is lifted by the presence of synthetic SOC.
At TR invariant momenta, we obtain Kramer’s degen-
eracies as a consequence of the symmetry. The resulting
band structure is a Z2 topological insulator, which can
be checked by calculating the winding of the U(2) Wil-
son loops [49] (see Fig. 4). Wilson loops can be directly
measured [44, 46] to experimentally test our prediction.

Summary and Outlook.– In this letter we introduced a
general scheme for realizing TR invariant synthetic 2D
SOC in optical lattices. We made use of a combination
of direct MW transitions and near-resonant lattice shak-
ing, which provides the required momentum dependence
in the e↵ective Hamiltonian. Spin-dependent optical lat-
tices provide a realistic platform where our scheme can
be used to implement Rashba and Dresselhaus SOC with
fully tunable strengths. We expect that this will enable
an experimental investigation of exotic physics related
to SOC in the near future, ranging from studies of su-
persymmetric Hamiltonians [50] to statistical transmu-
tations induced by strong interactions [13].

Our scheme can also be used to introduce SOC in the
presence of magnetic fields. In particular, it allows for the
realization of TR invariant Z2 topological insulators with
non-trivial spin textures, as in the celebrated Kane-Mele
model [1]. This will enable experiments with ultracold
atom to explore topologically protected edge states, in

Grusdt et al., Phys. Rev. A 95, 063617 (2017)

Other proposals e.g.: 

• Atomic chip 

• Optical flux lattices 
Goldman et al., Phys. Rev. Lett. 105, 255302 (2010)

Béri et al, Phys. Rev. Lett. 107, 145301 (2011)

still experimentally 
challenging!
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can be seen as Zeeman fields perpendicular and parallel
to the direction of SOC, respectively.

III. SINGLE-PARTICLE DISPERSION UNDER
SOC

A fundamental e↵ect of SOC in ultracold Fermi gases is
the modification of the single-particle dispersion. Under
SOC, both the symmetry and the low-energy density-of-
states are di↵erent, leading to unconventional BEC in
Bose systems, and exotic pairing states in Fermi systems
with attractive interactions. In this section, we will focus
on the single-particle dispersion under typical forms of
SOC, and discuss their potential impact on many-body
systems.

A. Rashba SOC

The single-particle Hamiltonian under the Rashba
SOC can be written as

H =
X

k,�

✏ka
†
k,�ak,� +

X

k

h

↵ (k
x

� ik
y

) a†k,"ak,# +H.C.
i

,

(9)
where ✏k = ~2k2/2m, a†k,� (ak,�) is the creation (anni-
hilation) operator for the pseudo-spin � = {", #}, ↵ is
the SOC strength, and H.C. stands for Hermitian con-
jugate. The pseudo-spin here is related to the adiabatic
potential, and its exact relation with the hyperfine states
is scheme dependent. The Hamiltonian can be diago-
nalized by introducing the annihilation operators in the
so-called helicity basis

ak,+ =
1p
2

�

ei'kak," + ak,#
�

, (10)

ak,� =
1p
2

�

ei'kak," � ak,#
�

, (11)

with 'k = arg(k
x

+ ik
y

). The diagonalized Hamiltonian

H =
X

k,�=±
⇠
�

a†k,�, (12)

where ⇠± = ✏k±↵k are the resulting single-particle eigen
energies.

The single-particle spectra under Rashba SOC is illus-
trated in Fig. 2, where it is clear that SOC breaks the
inversion symmetry and splits the spin spectra into two
helicity branches. Due to the symmetry of the Rashba
SOC, points of the lowest energy in the lower helicity
branch form a ring in momentum space, and the ground
state is infinitely degenerate in this case [see Fig. 2(c)].
Correspondingly, the density-of-states for a Rashba spin-
orbit coupled spectra in three dimensions is a constant
at the lowest energy. This peculiar single-particle spectra
and density of states naturally lead to interesting many-
body phenomena [52–55].

(a) (b) 

𝑘𝑥 

FIG. 2: Illustration of the single-particle dispersion spectra
under SOC. (a) The dashed curve represents the free-particle
spectra (✏k); the solid curves are the spectra for the helic-
ity branches (⇠±). (b) The spectra of the helicity branches
under SOC and an out-of-plane Zeeman field (h�

z

). (c) The
single-particle spectrum of the lower helicity branch under the
Rashba SOC, three-dimensional view. (d) The single-particle
spectrum of the lower helicity branch under the NIST SOC,
three-dimensional view.

For noninteracting bosons, as the ground-state degen-
eracy is infinite, BEC is no longer possible at zero temper-
ature even in three dimensions. However, a weak interac-
tion can induce a spontaneous symmetry breaking, and
the bosons will condense to either one point or two oppo-
site points on the degenerate ring in momentum space,
depending on the interaction parameters. This leads to
the so-called plane-wave phase and the stripe phase in a
uniform interacting Bose gas with Rashba SOC [52, 53].

For a noninteracting Fermi gas at zero temperature,
atoms occupy all the low-energy states up to the Fermi
energy. As the atom number density increases, the topol-
ogy of the Fermi surface changes and the system un-
dergoes a Lifshitz transition. Furthermore, it has been
shown that for atoms with attractive s-wave interaction
between the spin species and with Rashba SOC, the two-
body bound state energy is enhanced due to the increased
density of states at low energies [54, 55]. In fact, a
two-body bound state exists in three dimensions even
in the weak-coupling limit, similar to the case of a two-
dimensional problem without SOC, suggesting an e↵ec-
tive reduction of dimensions, which is consistent with the
SOC-modified density of states.

Time-
reversal

Particle-
hole Chiral

Towards topological superfluids

Simple models: fermionic superconductor/superfluid with p-wave pairing  

Various proposals for how to get p-wave superfluids in cold atoms, including:

7

energy gap. More generally, for spatially dependent H0

and � the Schrödinger equation associated with H
BdG

is
known as the Bogoliubov de Gennes (BdG) equation.

Since (13) has both c and c† on both sides there is
an inherent redundancy built into the BdG Hamiltonian.
For� = 0, H

BdG

includes two copies ofH0 with opposite
sign. More generally, H

BdG

has an intrinsic particle-hole
symmetry expressed by

⌅H
BdG

(k)⌅�1 = �H
BdG

(�k), (15)

where the particle-hole operator, ⌅ = ⌧
x

K, satisfies
⌅2 = +1. (15) follows from H0(�k) = H0(k)⇤ and
the odd parity of the real �(k). It follows that ev-
ery eigenstate of H

BdG

with energy E has a partner at
�E. These two states are redundant because the Bogoli-
ubov quasiparticle operators associated with them satisfy
�†
E

= ��E

. Thus, creating a quasiparticle in state E has
the same e↵ect as removing one from state �E.

The particle-hole symmetry constraint (15) has a sim-
ilar structure to the time reversal constraint in (8), so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another with-
out closing the energy gap. In the simplest case, spinless
fermions, the classification can be shown to be Z2 in one
dimension and Z in two dimensions. As in section II.C,
this can be most easily understood by appealing to the
bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor (Kitaev, 2000) there
may or may not be discrete states within the energy gap
that are bound to the end (Fig. 4(a-c)). If they are
present, then every state at +E has a partner at �E.
Such finite energy pairs are not topologically protected
because they can simply be pushed out of the energy
gap. However, a single unpaired bound state at E = 0 is
protected because it can’t move away from E = 0. The
presence or absence of such a zero mode is determined by
the Z2 topological class of the bulk 1D superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects (Kitaev, 2000;
Read and Green, 2000; Ivanov, 2001; Stern, von Op-
pen and Mariani, 2004; Nayak, et al., 2008). Due to
the particle-hole redundancy the quasiparticle operators
satisfy �0 = �†

0. Thus, a quasiparticle is its own antipar-
ticle – the defining feature of a Majorana fermion. A
Majorana fermion is essentially half of an ordinary Dirac
fermion. Due to the particle-hole redundancy, a single
fermionic state is associated with each pair of ±E energy
levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
rana zero modes must always come in pairs (for instance,
a 1D superconductor has two ends), and a well separated
pair defines a degenerate two level system, whose quan-
tum state is stored nonlocally. This has profound im-
plications, which we will return to in section V.B, when

k

0 0
0

∆

−∆

∆
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0

Φ

(a)

(b) (c)

(d)
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Γ−E = ΓE
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Γ
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FIG. 4 Boundary states for a topological superconductor (T-
SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).

Majorana 
modes 
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and � the Schrödinger equation associated with H
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that can be continuously deformed into one another with-
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fermions, the classification can be shown to be Z2 in one
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bulk-boundary correspondence.

2. Majorana fermion boundary states
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gap. However, a single unpaired bound state at E = 0 is
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Majorana fermion is essentially half of an ordinary Dirac
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levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
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SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).

2D 

1D 

+ Zeeman field
��z

(Breaks TRS)

Zhang et al., PRL. 101, 160401 (2008), Jiang et al. PRL 106, 220402 (2011)…

Spin-orbit coupling       +        Zeeman field      +     s-wave interactions

Put interacting fermions 
into Shanghai experiment? 
Wu, et al. Science 354, 6308 (2016).
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superconductor (Eq. (10)) to also host MFs (we focus here on the simplest case of a 1D

nanowire, but the case of a 2D quantum well is rather similar). The precise meaning of

”close enough” is here that the two Hamiltonians can be continuously transformed into

each other, without ever closing the gap. In this case Eq. (37) and Eq. (10) describe

topologically equivalent systems. Since the presence of spatially separated MFs is a

topological property of the system [15], they should then appear also as solutions to
Eq. (37).

A 1D semiconducting wire with strong spin-orbit coupling has been put forward as

an experimentally attractive setting in which to induce topological superconductivity.

We follow here closely the proposals originally put forward in Refs. [23, 24]. The

experimental geometry is sketched in Fig. 4. The nanowire is proximity-coupled to

Figure 4. Sketch of setup for engineering topological superconductivity in a 1D
nanowire. The nanowire (e.g., InAs or InSb) with strong spin-orbit coupling is
proximity coupled to a bulk s-wave superconductor (e.g., Nb or Al). A set of gate
electrodes are used to control the chemical potential inside the wire and bring it into
the topological regime. MFs then form at the ends of the wire. The weight of the
Majorana wavefunction decays exponentially inside the wire, indicated here in black
(this is just an approximate form, the real wavefunction depends on the details and
often exhibit oscillations).

a s-wave superconductor and exposed to an external magnetic field (not shown). The
chemical potential of the wire is controlled by a set of gate electrodes. The wire is

assumed to be long enough that we can ignore size quantization along the wire direction

and thin enough that the 1D subbands are well separated on the relevant energy scales.

For simplicity, we also assume that the chemical potential can be tuned to a regime

where only a single 1D subband is occupied (MFs can also be found in multi-channel

wires [60, 61, 59] provided that the channel number is odd and the effective width of
the wire is smaller than the superconducting coherence length). The Hamiltonian is a

special case of Eq. (34)

H0(x) =
k2
x

2m
− µ+ α̃kxσy +

1

2
B̃σz , (51)

SO-coupling can 
turn s-wave pairing 
to p-wave pairing
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Probing Topology with Cold Atoms
1. Measuring topological bulk invariants through transport

Preparing and probing Chern bands with cold atoms 5

is related to the quantities ⌫
(�)

ch

, which converge towards the Chern num-
ber of the bands � when taking the thermodynamic limit L

x,y

! 1. The

Chern number ⌫(�)
ch

is an integer, obtained by averaging the Berry curvature
⌦
�

(k) over the FBZ [Eq. (1.7)]; it is a topological invariant, meaning that

⌫
(�)

ch

remains a constant as long as the spectral gaps to other bands do not
vanish, see Refs. [10, 11]. As announced above, any contribution from the
band velocity cancels under the homogeneous-population condition (1.5), as
a direct consequence of Eq. (1.4).

The following Sections 1.2.2-1.2.3 discuss two di↵erent physical realiza-
tions that revealed the Chern numbers ⌫

(�)

ch

in experiments, through the
homogeneous population of energy bands [Fig. 1.2]. These Sections aim to
clarify the link between the quantum Hall e↵ect [10, 11, 5], as observed
in electronic systems since the 1980’s, and the Chern-number measurement
recently performed with ultracold bosonic atoms [15].

Filled band of fermions Thermal gas

Figure 1.2 Two realizations of uniformly populated energy bands, suitable
to reveal the Chern number in experiments. (left) Considering fermions at
zero temperature, the band is perfectly filled by setting the Fermi energy
within the spectral gap. (right) A system of bosons uniformly populate the
band when the temperature is large compared to the bandwidth Wband,
but small compared to the gap.

1.2.2 Fermions, the quantum Hall e↵ect and the TKNN formula

The first situation that we consider is a 2D non-interacting polarized Fermi
gas at zero temperature [Fig. 1.2]. Setting the Fermi energy E

F

within a
spectral gap naturally leads to a perfect filling of the bands E

�

<E
F

located
below the gap: the average number of particles in a state u

�

(k), Eq. (1.5),
is exactly ⇢(�) =N (�)/N

states

= 1 for E
�

<E
F

. Setting the latter condition

�
xy

= �e2

h

X

n2occupied

⌫
n

in solid state:
measurements of 

currents and voltages

Hall bar

• bosons uniformly populate bands, 
e.g. due to temperature

in-situ measurements 
of center-of-mass drift 
due to external force

Munich: Aidelsburger et al., 
Nat. Phys, 11,162 (2015)

vCOM =
j

n

in cold atoms:

N.B. particle density can 
depend on topology too

Price et al., Phys. Rev. B 93, 245113 (2016)

• fermions fill bands up to Fermi level

extracted 
⌫n
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Future perspective: measure currents for a topological system 
between two atomic reservoirs?

Figure from: Stadler et al., Nature 491, 736, (2012)

Zurich 
experiment



Probing Topology with Cold Atoms
2. Measuring topological bulk invariants in new ways (c.f. solid-state systems)

Time-of-flight 
measurements

Recent proposal: 
Heating rates

Heating rate (i.e. rate of 
transfer to excited bands) due 
to shaking can be related to 
topological band invariants

Tran et al., Sci. Adv. 3, 8, e1701207 (2017)

Credit: IQOQI Innsbruck / Harald Ritsch

Interferometric 
measurements

https://www.quantum-munich.de/media/
aharonov-bohm-interferometer/

Interference due to Berry flux 
enclosed in momentum-space 
(analogous to Aharanov-Bohm)
Duca et al. Science 347, 288–292 (2015)

Munich experiments

Also: 
Zak phase: Atala et al, Nat. Phys. 9, 795 (2013)
Wilson loops: Li et al., Science 352, 1094 (2016)

Hamburg experiment

Use time-of-flight to determine 
eigenstates — from these can 
reconstruct geometrical and 

topological properties
Flaschner et al., Science 352, 1091 (2016)



3. Probing topological edge states

Challenges:  

• Ultracold gases are typically in a harmonic trap —> 
“soft” confinement affects edge states 

• Many more atoms in bulk than in edge states : how to 
isolate the edge signal? 

2

square optical lattice

external confinement

+ synthetic uniform 
   magnetic flux

ultracold
fermions

a

repulsive walls

edge states

edge states

empty

empty

bulk

edge states

Equilibrium at t=0 (with walls) After walls removalb

FIG. 1: Experimental scheme and general strategy.
a, Trapped cold atomic fermions move on a square optical
lattice in the presence of a synthetic uniform magnetic flux
�. Two repulsive potentials, initially forming holes in the
atomic cloud, are suddenly removed at time t = 0. At all
times, atoms are confined by an additional circular potential.
We generally assume that the confining barriers are perfectly
sharp, but eventually discuss the case of smoother potentials.
b, The system is initially prepared in a quantum Hall phase:
chiral edge states propagate along the edges determined by
the repulsive walls and the external confinement. After re-
leasing the walls, the edge states tend to propagate along the
Fermi radius determined by the circular confinement: they
encircle the initially vacant regions.

We consider a two-dimensional optical lattice filled
with non-interacting fermions, subjected to a uniform
synthetic magnetic flux � [25, 26], and confined by a
circular potential, V

conf

(r) = V
0

(r/r
0

)� . In experiment,
V
conf

(r) can be made nearly arbitrarily sharp (� ! 1)
[27–29]; this configuration is of particular interest for our
scheme, as demonstrated below. The resulting system
realizes the Hofstadter model [30] with second-quantized
Hamiltonian

Ĥ =� J
X

m,n

ĉ†m+1,nĉm,n + ei2⇡�mĉ†m,n+1

ĉm,n + h.c.

+
X

m,n

V
conf

(r) ĉ†m,nĉm,n. (1)

ĉ†m,n describes the creation of a fermion at lattice site
x/a = (m,n) where m,n are integers; J is the tunneling
amplitude; and we take the lattice period a as our unit
of length. This model has a topological band structure
[1, 4]: When � = p/q 2 Q, the bulk energy spectrum
splits into q subbands [30], each associated with a non-
zero Chern number [4]. This guarantees the existence of
robust edge states in the bulk energy gaps [5]. These
edge states are chiral in the sense that they propagate
along the Fermi radius RF (i.e., the edge of the atomic
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FIG. 2: Bulk and edge states spectrum: dispersive
vs flat bands. Energy spectrum E(k

y

) as a function of the
quasi-momentum k

y

for a, � = 1/3 and b, � = 1/5, obtained
by diagonalizing the Hamiltonian (1) on a finite cylinder di-
rected along the x direction, with V

conf

= 0. The projected
bulk bands E(k

x

, k

y

) ! E(k
y

), shown in blue, are separated
by large gaps of order ⇠ J . The red dispersion branches that
are visible within the bulk gaps correspond to propagating
modes that are localized on the opposite edges of the cylin-
der. When the Fermi energy is set within the first bulk gap,
a single edge mode is populated on each edge of the cylin-
der (the lowest bulk band corresponds to the Chern num-
ber ⌫ = �1 for � = 1/q). When considering the circular
geometry realized in an experiment (V

conf

6= 0) and setting
E

F

= �1.5J , one is guaranteed that a single edge mode will
be populated since the Chern number ⌫ does not rely on the
specific geometry used [20, 24, 31]. In the case � = 1/5, the
lowest energy band is characterized by the tiny flatness ra-
tio, f = W/� ⇡ 0.04, where W (�) denotes the first band
(gap) width; in this topological quasi-flat band configuration,
the populated edge states are expected to propagate more
rapidly than the bulk.

cloud delimited by the confining potential V
conf

) with a
definite orientation of propagation. It is convenient to
represent such non-trivial spectra by diagonalizing the
Hamiltonian (1) on a cylindrical geometry [5], see Fig. 2.
This picture shows a clear separation of the bulk and
edge states dispersions that survives in the experimental
circular geometry produced by V

conf

[20, 24, 31].

In the following, we specifically study the configura-
tions � = 1/3 and � = 1/5 and set the Fermi energy
E

F

= �1.5J inside the lowest bulk energy gap, see
Fig. 2. In both these situations, the lowest energy band
is associated with the Chern number ⌫ = �1, which
guarantees the occupancy of a single edge mode with
same chirality sign(⌫) = (�). These two configurations
di↵er significantly in that the occupied bulk band is
nearly flat (dispersionless) in the case � = 1/5, while it
is dispersive for � = 1/3, see Fig. 2.

Our scheme (a) demonstrates the existence of prop-
agating modes that are localized close to the Fermi ra-
dius, and (b) identifies their chirality and angular ve-
locity ✓̇. To achieve this goal, we consider a geometry
which constrains the QH system within two regions of
the trap, as sketched in Figure 1, resembling a bat in
flight. This initial “bat” geometry is shaped by a pair of
sharp potential walls V

hole

= V
hole 1

+ V
hole 2

defined by

Density 
dynamics after a 

quench

Goldman et al., 
PNAS 110(17) 

6736-6741 (2013)

Other proposals, e.g.: 
• Spectroscopic imaging 

• Dynamical instability of edge states

e.g. Goldman et al.PRL, 108, 255303, (2012).

Galilo et al., PRL 115, 245302 (2015)

Probing Topology with Cold Atoms
Use synthetic dimensions 
[see earlier in the lecture]
  
Maybe use a box trap?

Mukherjee et al., PRL 
118, 123401 (2017)

Cambridge 
experiment

  
Make a topological interface   

Goldman et al., Phys. Rev. A 94, 043611 (2016)



Lecture 3

•How can we engineer topology for cold atoms?  
• SSH Model & Topological Pumps 
•  Quantum Hall systems 
•  Quantum spin Hall systems & topological superfluids 

•How can we probe topology with cold atoms? 

• Future perspectives



• What about using dissipation to engineer topology? 

• What about dynamical gauge fields? (building connections to QED & QCD) 

• Can we engineer new topological phases of matter, e.g. in higher dimensions? 

• Strongly-correlated topological states of cold atoms? Majoranas? 

Future Perspectives

6

ing in 2D [88], as well as p-wave pairing in 1D [89]. The
specific anyons occurring in these systems are known as
Majorana bound states (MBS), due to their algebraic
similarities with the real solutions to the relativistic Ma-
jorana equation. More recently, it has become clear that
p + ip and p-wave superconductors can be induced in
conventional (proximity induced) superconductors due to
the combination of spin-orbit coupling and Zeeman split-
ting [90]. With the recent advances in the experimental
realization of synthetic spin-orbit coupling in ultracold
quantum gases [51, 91, 92], all the individual ingredients
for synthetic topological superfluids in fermionic quan-
tum gases are in place and several concrete proposals,
both for the 2D p+ ip superfluids [93–95] and proximity
induced 1D p-wave superfluids [96–99], have been put for-
ward. Once experimentally realized, the high degree of
experimental control over these systems enables new ap-
proaches for the direct observation of MBS via braiding
[100].

Dissipative preparation of topological states

So far we have discussed several tools to engineer
Hamiltonians, the ground states of which have topologi-
cally non-trivial properties. A complementary approach,
in which desired many-body states are directly targeted,
is provided by the concept of dissipative state preparation
[101, 102]. Intuitively dissipation is expected to increase
the entropy of a system thus having a detrimental e↵ect
on ordering phenomena. However, the flexibility to engi-
neer the interaction of cold atom systems with their envi-
ronment allows one to think about dissipative processes
as a resource to control quantum many-body systems in
a non-equilibrium fashion. That way, dissipation can be
harnessed to prepare interesting states of quantum mat-
ter as steady states of a master equation governing the
open quantum system dynamics. For a weak coupling
to a Markovian bath, which in many cases represents a
good approximation for atoms coupled to a continuum
of radiation modes, the master equation is of Lindblad
form and reads as [103]

d⇢̂/dt = i
h

⇢̂, Ĥ
i

+
X

j

✓

L̂j ⇢̂L̂
†
j �

1

2

n

L̂†
jL̂j , ⇢̂

o

◆

, (5)

where ⇢̂ denotes the reduced density matrix of the sys-
tem, and where the incoherently acting Lindblad oper-
ators L̂j (also called jump operators) account for the
system-bath coupling; the dissipative channels are la-
belled by j, and are often directly related to the degrees
of freedom of a lattice system [104, 105]. Steady states ⇢̂s
are defined by d⇢̂s/dt=0. In this dissipative context, the
counterpart to an energy gap protecting a Hamiltonian
ground state is provided by a damping gap [104, 105], de-
fined as the smallest rate at which deviations from ⇢̂s are
damped out. Early works devoted to dissipative state
preparation [104] mainly focused on purely dissipative

dynamics by assuming the system Hamiltonian H to be
zero. Then, pure steady states |DihD|, also referred to
as dark states, are simply characterized by L̂j |Di=0 for
all j. Hence, if the desired topological state can be rep-
resented as the (unique) ground state |Gi of the so-called
parent Hamiltonian Ĥp=

P

j Â
†
jÂj , realizing L̂j = Âj as

jump operators, will make |Gi the (unique) dark state.
In the context of topological phases, this approach has
been pioneered in Ref. [104], where a scheme for the dis-
sipative preparation of a 1D topological superconductor
[89] with a pair of spatially-separated MBS forming a
decoherence-free subspace has been proposed.
Quite remarkably, the modification of the bulk-

boundary correspondence in open quantum systems [105]
can lead to phenomena that have no direct analog in
Hamiltonian systems [106]. For example, unpaired MBS
can, in systems with a topologically trivial bulk, form
decoherence-free subspaces, the dissipative analog of de-
generate ground states [106]. The concept of topology by
dissipation has formally been extended to higher spatial
dimensions and various symmetry classes in Ref. [105]
for Gaussian, fermionic models. However, there is a
fundamental competition between topology and locality
[107, 108] representing a major caveat for the dissipative
preparation of chiral topological phases such as Chern in-
sulators: No exponentially localized set of Lindblad op-
erators L̂j can be found that leads to a dark state |Di
with a non-vanishing Chern number. This issue has been
addressed in Ref. [108], where a generic mechanism to
prepare a mixed topological state [105, 108, 109] corre-
sponding to a Chern insulator at finite temperature has
been proposed, based on a local system-bath coupling. In
this framework, the topology of the mixed steady state
is determined by qualitative features of the system-bath
interaction, while going towards a pure steady state, the
counterpart of reaching zero temperature in a Hamilto-
nian system, requires some fine-tuning [108].

Towards strongly correlated topological phases

In addition to the possibility of engineering single par-
ticle Hamiltonians, the atomic physics toolbox naturally
provides us with the means to flexibly tune complex
many-body interactions [6, 7, 10]. The paramount goal
of such quantum simulators is the physical realization
and control of quantum many-body systems that can-
not be e�ciently simulated on a classical computer. In
the context of topological states of matter, strongly cor-
related phases such as fractional quantum Hall (FQH)
states [1] and spin liquids [110] represent intriguing can-
didates. Their experimental realization in synthetic ma-
terial systems could provide new physical insights that
are hard to access, both in conventional materials and
in numerical simulations of small-size model systems. A
primary example along these lines is o↵ered by the possi-
bility to directly observe characteristic entanglement sig-
natures in ultracold atomic gases [111], as has very re-

Review: Goldman et al., Nat. Phys. 12, 639 (2016)

 See e.g. reviews: 
Goldman et al., Rep. Prog. Phys. 77, 126401 (2014). 

U.-J. Wiese, Annalen der Physik 525, 777 (2013).
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How does this compare/contrast with what we can do in photonics? 
Lecture 4 


