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Very deep lattices

In a deep lattice potential, atoms are tightly trapped around the potential minima.

Harmonic approximation for each well :
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The bands are centered around the energy
Ep ~ (n+ 1/2)hwas. z/d

First correction : quantum tunneling across the potential barriers, as in tight-binding
methods used in solid-state physics (Linear Combination of Atomic Orbitals)

This is best handled using a new basis, formed by so-called Wannier functions.
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Wannier functions

Wannier functions : discrete Fourier transforms with respect to the site locations of
the Bloch wave functions,

1

wn(@—e) = == q;m e~ gy g ().

o All Wannier functions can be deduced from wy, (z) by translation of z; = id.
e There are exactly N such functions per band (as many as Bloch functions).

e Wannier functions form a basis of Hilbert space (not an eigenbasis of H).
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Cautionary note: Bloch functions are defined up to a g—dependent phase which needs to be fixed to
obtain localized Wannier functions [W. Kohn, Phys. Rev. (1959)].

(fabrice.gerbier@lkb.ens. fr)



Hamiltonian in the Wannier basis

Second quantized formalism (useful for the interacting case).

Bloch basis :

He S enltbl, ok

n,keBZ1

lA)n,k : annihilation operator for Bloch state (n, k).

Wannier basis :

== Jnli—5)al, ;an.;,

n,1,J
Gn,; : annihilation operator for Wannier state wp (z — ;).

Tunneling energies :

n-) = [ dowio - m( A mmowuﬂw

(also called hopping parameters)
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Hamiltonian in the Wannier basis

H==>" Ju(i—j)al ;an;,

n,1,J
Tunneling energies :
S 1 —i(qr;—q x;) * h?
In(i—37) = — Z e Tim T [ dr uy (x) | oA = Vag(2) | up, g (2),

s 2M
q,9’€BZ1

:_En(Q)‘Snm/ 5q)q/

:,i Z en(q)e i @i=e5),

% qeBZ1

Jn (i — j) depend only on the relative distance x; — x; between the two sites.

e On-site energy (¢ = j): Mean energy of band n
1 _
Jn(0) = N Z en(q) = —En
S qeBZ1
o Nearest-neighbor tunneling (j = ¢ £+ 1):

)= 3 enl@e’ ™ =~y

S qeBZ1
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Tight-binding limit

For deep lattices (roughly Vo > 5ER), the tunneling energies fall off very quickly with

distance:
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Two useful approximations :

e Tight-binding approximation : keep only the lowest terms

e Single-band approximation : keep only the lowest band—drop band index and let
Jo()=J

Hrp=Eo Y ala;i—J Y ala;,
i (i,3)
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Three-dimensional lattices

Cubic lattice potential :

Viat = Vo ) _sin(kaza)?
«@

Dispersion relation :

® ¢,(q) : 1d dispersion relation,
e n : a triplet of integers indexing the various bands
e q: quasi momentum € BZ1 : | —7/d, m/d]3.

Bloch functions :

¢n,q(r) = eiqArunm,qm (37)“”3;41?/ (Y)un. ,q. (2)-

Wannier functions :

Wi (r —rpn) = wn, ( — nzds)wn, (y — nydy)wn, (z — nzdz).
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Interacting atoms in a deep optical lattice

Basic Hamiltonian for bosons interacting via short-range forces :
H = Ho + Hint,

Hoz/dr @T(r)[—%ﬁ-i-vlat(r)]‘i’(r):

x
g
\

= g/d<3>r B ()T (0) T () (r).

‘i/(r) : field operator annihilating a boson a position r,

® Vat(r) : lattice potential,
2 .
o g= 4"]@ 2 : coupling constant,

e scattering length a>0 : repulsive interactions.

e Not simpler in the Bloch basis.

e Can be drastically simplified in the Wannier basis
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Interacting bosons in the Wannier basis

Basis of Wannier functions W, (r — 7;):
. e 1, : position of site 3,
U(r) = Wo(r —r;)ay. ;.
(r) ; v( )iy, e v : band index
® G, ; : annihilation operator
Single-particle Hamiltonian :
e Tight-binding approximation : keep only the lowest terms

e Single-band approximation : keep only the lowest band—drop band index,
Jo()=J

Ho — I:ITB = — Z J&Id]'
(4,5)
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Interacting bosons in the Wannier basis

Basis of Wannier functions Wy, (r — 7;):
. e 1, : position of site 3,
r)= ;WV(T =) e v : band index
® 4, ; : annihilation operator
Interaction Hamiltonian :

Hine — ZU”,c al a anay
zgkl

Uiji = g/dr W*(r —ri)W*(r —rj)W(r —rp)W(r —m)

log( 0)|2) for Vo = 5ER:

| In the tight binding regime, strong
) localization of Wannier function

" W(r —r;) around r;.

3

| On-site interactions (i = j = k = 1) are

5 strongly dominant:

i

E Uzzua a a;a; + -

2 B
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Bose Hubbard model

© Single band approximation
® Tight-binding approximation
© On-site interactions

Bose-Hubbard model :
Hpn = —J 3 ala; + 23 iy (g — 1).
xR

n; = &I&i : operator counting the number of particles at site 1.

e Tunneling energy :

maxe(q) — mine(q)
2z

J =

z = 6 : number of nearest neighbors

e On-site interaction energy :

U:g/dr w(r)?.

—» T
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Parameters of the Bose Hubbard model

Calculation for 8"Rb atoms [a=5.5 nm] in a lattice at A\, = 820 nm:

—— U/E,

10°L —— J/Eg
= — = Unn/Er
& 107! — = Junn/En
§ 1072
S ]
&

1073 - y

N ~
10—41 I \\ I S~ I L L

Harmonic oscillator approximation :

Apand ~ hews - [2V0 U - \/EkLa (&)3/4
Er Egr \ Er’ Egr ™ Er '
©® Single band approximation :
e Vo> ER
o UK Apand : kra < (%)1/4
® Tight-binding approximation : Vj > 5ER
© On-site interactions : Vp > Eg
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Non-interacting limit U =0

BEC in the lowest energy Bloch state ¢ =0 :

N
1 4 \N 1 1 )
= 7 (bamo) 190 = 7 <NZQT> )

o Fixed number of particles N: canonical ensemble

Probability to find n; atoms at one given site 7 :

_mni 1 1
p(ni)zefnn +O( )

n;! N’ Ny

Poisson statistics, mean 7, standard deviation ~ V7

In the thermodynamic limit N — oo, Ny — oo, one finds the same result as for a
coherent state with the same average number of particles N:

[¥)con = Ne‘/ﬁf’gzo\@ - H (/\/}e\/ﬁdﬂg))

7

e Fluctuating number of particles N: grand canonical ensemble
Hpy — G = Hgg — puN
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Weakly-interacting limit U < J

Coherent state wavefunction in the grand canonical ensemble :

|\Il>coh = H |ai>’ |047, =N Z

i n7:0

Yis ailog) = agloy)

with {a;}i=1,... N, the variational parameters.
One can relate the presence of the condensate to a non-zero expectation value of the

matter wave field a; = (@;), playing the role of an order parameter :
o Condensate wavefunction : «a; = (a;) = Nﬂeid’
s

e Mean density : @ = |a;|2= condensate density

Spontaneous symmetry breaking point of view.
Starting point to formulate a Gross-Pitaevskii (weakly interacting) theory :

variational ansatz with self-consistent «; determined by the total (single-particle +
interaction)Hamiltonian.

“Adiabatic continuation” from the ideal Bose gas.
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“Atomic” limit J =0

Lattice = many independent trapping wells
Many-body wavefunction : product state running over all lattice sites |¥) =[], [no):

Free energy for one well: Gj_g = %ﬁl (s — 1) — pny

(n;) = no = int(u/U) + 1: integer filling that minimizes Hins.

3 - l( T T T T
i} 2L 1}4)?3 ) =
Is 1k ~ i N

Q=2 ~
6] 0 ~ N
=~ ~ . no=2

>} ~ ~
?_'0 —1}F \:\ B Phemeee
g -2 < -
E o s — = nyg=17 -
® =3 - = ‘
<) 747 ~ 0
= - i
= s -

—6 | 1 1

1 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Chemical potential £

e /U = p integer : ng = p and ng = p + 1 degenerate
e on-site wave function = any superposition of the two Fock states.
e density (n;) € [p,p+1].
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Gutzwiller ansatz for the ground state

Variational wavefunction :

‘\I}>Gutzwiller = H |¢’L>7
i
oo
l¢s) = > c(ni)lni)i-
n;=0
e Correct in both limits J — 0 and U — 0,

o Minimize (¥|Hpy — pN|¥) with respect to {¢(n;)} with the constraint
Y2 o le(n)|? =1 for a given p,

e Equivalently : minimize (¥|Hpy|¥) with respect to {¢(n;)} with the constraints
Yole(m)?* =1, 35 g nle(n)]? =7
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Gutzwiller ansatz for the ground state

Uniform system : |¢); identical for all sites ¢
Strong interactions U > J: on-site number fluctuations become costly.

The on-site statistics p(n;) evolves from a broad Poisson distribution to a peaked one
around some integer ng closest to the average filling : number squeezing.

L =01,mn=1 Z=10,n=1 L =30,n=1
0.4 0.6 0.8
o 0.3 ‘ o 04 o 0.6 B
=02 ‘ = =04 E
< < <
= =02 i =S
0.1 ‘ 0 0.2 B
| - 0.0 0.0
01 2 3 4 5 01 2 3 4 5 01 2 3 4 5
Fock index n Fock index n Fock index n
L =50, n=1 n=1 n=1
1.0 — 1.0
0.8 g 0.8 B B
= 0.6 . = 0.6 E = .
= = I
S 04 . S 04 1 R ]
0.2 g 0.2 B B
0.0 0.0
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Fock index n Fock index n Fock index n
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Condensate fraction (Gutzwiller ansatz)

Variational wavefunction :
V) Gutawitler = | [ 164),
i

oo

> e(ni)nai.

n; =0

)

Condensate fraction f.: normalized population of the quasi-momentum state g = 0,

taken in the thermodynamic limit (TL) N, Ny — oo.

Ya;) =m, or (af

f_1+|04|2 L _>\Oé|2
°T N, n N/ TL @

o Non-interacting/Gross-Pitaevskii case (U — 0) : a = V7 = fo =1,

For the Gutzwiller state: (a aj) = oo fori#j

o Fock states with ng atoms per site (J =0): a=0 = f. ﬁ 0.
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Superfluid-Mott insulator transition

Transition from a delocalized superfluid state to a localized Mott insulator state

above a critical interaction strength U,

Superfluid:

non-zero condensed fraction ||?

on-site number fluctuations

Gapless spectrum

Long wavelength superfluid flow can
carry mass across the lattice

Mott insulator :

zero condensed fraction

on-site occupation numbers pinned to
the same integer value

Energy gap ~ U (far from transition)

No flow possible unless one pays an
extensive energy cost ~ U

10
Vo [Er]
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Quantum phase transitions

Mott transition : prototype of a quantum phase transition driven by two competing
terms in the Hamiltonian

T/J Normal phase T/

Mott
Insulator

> UM

(UN),

o Different from standard phase transition (competition between energy and
entropy)
e Thermal crossover in the Mott insulator regime

e Strongly fluctuating quantum critical region
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Mea |d phase diagram

Generalization to incommensurate fillings:

24 a? 2

0.9
06
03
0.0

.
' WU w0 ol

Superfluid stable when

ph) << ul

,u,%jg): upper/lower boundaries of the Mott region with occupation number ng

1
) = Uno = 3) = 5 U7 20 Gno 1) 1 G2
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Time-of-flight interferences

Evolution of field operator after suddenly switching off the lattice :

P(r,t =0) = Z W(r —ry)a; — P(k) o< W (K) Z eKrig,

(3

WAWAWAW AW
.
Time of flight signal, far-field regime (K = 24 ¢
neot(K) = (5T (K)$(K)) ~ G (K) S (K)

e GK) = (M) W) P o SIK) =%, e @]a) . |2
smooth envelope structure factor. £ v :
s (R

Key quantity : single-particle correlation function (also called g(*) (7, 7'))
C(i,j) = (ala;)

Determines the structure factor and the interference pattern (or lack thereof)
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Time-of-flight interferences across the Mott transition

C(i,j) = (ala;) S(K) =Y e mimTi)ala)
4,3
Superfluid/BEC : Mott insulator :
Ceec(i,J) = /Ml CMott (4, J) = nobi ;
Ssp(K) ~ | Y e riy/mg)?, Sntott (K) = N
Bragg spots (height ~ N3, width ~ 1/Nj) Featureless

- o o L] .
- @ ¢+ o 8 ° & o e @ <° > @ 0 . . ' ‘
0Ex ° ° 126 . 20
Lattice depth Vy

Ramping back down

* * e
- ‘ O «D B
. . L]
M. Greiner et al., Nature 2002
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Probing the transition : lattice shaking

e Modulation of the lattice height : Vy(t) = Vo + 6Vh cos(wmoat)
o Main effect for deep lattices : 6V = —8.J cos(wmoat) Z(z}j) &Id]—
e Superfluid regime : broad response at all frequencies

e Mott insulator regime : Coupling to particle-hole excitations = peaks at

Wmod ~ 7

c) 30

Vo= 12 E;,8V=02

— 100
£ 3
2 3 25 J\__‘
z € 5] |
g ui2 Tt -
50 = 0
ﬁ,-? 1os“2eo 30
8(1.3) i
Potential 10 (2.6) JE \ homogeneous ——
Depth 12 (4.9) o trapped -
[E.] 14 (8.7) 0 \... Gt
sy 16015)

— | 05 1 15 2/ 25 3 35 4
0 01 2 3 4 5 &6 holu
Modulatien Frequency [kHz]

Th.: Kollath et al., PRL 2006

Exp: Schori et al., PRL 2004
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Interacting bosons in a moving lattice

_Ft?

Uniformly accelerated lattice : Viy[x — zo(t)] with zo = — 5

Non-interacting atoms undergo Bloch oscillations.

What happens with interactions ?
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Dynamical instability for weak interactions

Collision of two atoms with momentum pg :

2po = p1 + p2
2e(po) = e(p1) + e(p2)

0.8 9
= 0.6 | = 1
= =
5 0.4 5 0
@ [} !
c <
w 0.2+ w -1

0.0 L -2 L L |

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 1.0
p [kr] p [kr]

Because of the band structure, collisions redistributing quasi-momentum in the
Brillouin zone are kinematically allowed in a lattice (for |g| > 57 in 1D).

This leads to a dynamical instability of wavepackets exceeding a certain critical

velocity (ve = % in 1D).
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Probing the transition :

MIT experiment [Mun et al., PRL 2007]:

e moving lattice dragging the cloud along

e pr = hkr: momentum unit

moving lattice and critical momentum

o cycle the lattice back and forth through the cloud (period 10 ms)

(a

Condensate Fraction

0.2

0 0.1 0.2 0.1'3 0.4 0.5 0.6
(b) Momentum [pr ]

S &5 5 4 S
Opr 0.12 pr 0.31 pr 0.32 pr
Critical point near U/J ~ 34.2(2)

043 p,

Critical Momentum pc [pr]

0.5] -
dissipative
0.4 flow ,02
o
0.1
0.3
superfluid °%7 o8 oo 1o
0.2 flow
0.1

0
0 025 050 075 1.0 1.25 1.50 1.75 2.0
Interaction Strength u/ue

Mean field theory predicts 34.8 , quantum Monte-Carlo 29.3 : ?
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Non-uniform lattices : Harmonic trapping

Actual laser beams have Gaussian profile :
Lattice potential of the form

ol
(11«(«««««mouwnw» I

Vip = —V; cos? (krx) e T, :

In the Wannier basis, additional potential energy term :

SV & Z %MQZ (y? +22) ala;,
i

. 8V, k
with Q2 ~ Mu?g (1 — %‘w)

For a 3D lattice :

DEDS %MQQ (27 + 7 + 22) alas,
i

Vi (71)

with V3, a harmonic potential.
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Shell structure in a trap

An insulator is incompressible :
Within a Mott lobe, changing the chemical potential does not change the density.

Consequence of the gap for producing particle/hole excitations, which vanishes at the
phase boundaries.

Consequence : non-uniform density profile in a trap

Simple picture in 1D :

Filling the lattice atom by atom in the
atomic limit (J = 0)

Formation of shells due to competition
between interaction and potential energy
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Local density approximation

Local density approximation for a smooth potential :
Nloc(r) = K= Vh(r)7
1 = global chemical potential fixed by constraining the total atom number to N

Density profile given by the equation of state n[u] for the uniform system, evaluated
at p = Nloc(r)-

PN w W

0,
0
0.

1
0 l‘[U

r/Ry

¢ Mott insulator (a): density changes o Superfluid (b): density changes
abruptly; plateaux with uniform smoothly from the center of the cloud
density to its edge
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Single-site imaging of Mott shells

Munich experimental setup (Sherson et al.

2010) : image of a Bose-Einstein condensate in a
l 2D lattice [Bakr et al., 2010]:
‘ (
g s e

Mirror 1,064 nm
Window 780 nm

High-resolution
objective
(NA=0.68)

z
Y
X

image of a dilute gas
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Single-site imaging of Mott shells

In-situ images of a BEC and of Mott insulators [Sherson et al., Nature 2010]:
n u

e Nl it [ Increasing atom number SR

Raw images

spread function

Recanstructed * point

Reconstructed

Total atom number (or chemical potential) increases from left to right.
Lowest row : reconstructed map of the atom positions, obtained by deconvolution of the raw images to
remove the effect of finite imaging resolution.
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LDA

Mott shells a

Mott insulator,
ny=1 and ny=2 shells

= . : T . 7
T .
£ M_Q_%\g/ . Mott insulator,
g
g 0% "/ \o 1 no=1 and ny=2 shells
I(‘! ok P, “A i
_ 025k .\ . °EC
® ~
= Nmax~1
g

of- J

0 2 : 8 0
Radial distance, r (um)

_ 1 1
3 Chemica posntial, y(U)
<

o ]
_ 025 Zioay ]
) £ /
a & / [\
B E o _
5 S 0
& o _v._ 4

Local chemical potential, y. (U)
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A glance at fermions

Two-component fermions with repulsive interactions: Fermionic Mott insulator

A wEF=11

. 159 Metal
3 100
= os0f et n-lz nl-.\ n=1
0.00| o
c 1.004
| 00
0.00]
— —
) -20 -10 20 -20 - o 1 20
 {sitos) risitas) r(sitos) ristos)

[Greif et al., arxiv1511.06366 (2015)]
Fermionic quantum gas microscopes also demonstrated in : Haller et al., arxiv1503.02005 (2015); Cheuk

et al., arxiv1503.02648 (2015); Omran et al., arxiv1510.04599 (2015).
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Fermionic Hubbard model

T/6t — — s .
Sea, Te Mott gap
:
0.20' . | PARAMAGNETIC
CORRELATED 1 MOTT INSULATOR
Two-component repulsive Hubbard model : LIQUID of fermions " (incompressible) _|
tEot \ U
. . YOV o
o antiferromagnetic Néel phase below (t;tti?t: \ b p -
T D N A b d b O
Sc/Nkp $0.5 o ¥-NAd40 \ A
0.06 :

e d-wave superconductors 7 unknown
but certainly much lower entropy.

ANTIFERROMAGNETIC
sl INSULATOR

L wsuor |
2 u/6t

figure from [Georges & Giamarchi, arxiv1308.2684
(2014)]

e Experiments are actually not performed at temperatures low enough that one can
safely take the limit 7' = 0. achieve S/Nkp ~ 1,
e many interesting phases are awaiting below that scale

o limits of the current “cooling then adiabatic transfer” technique,
New methods to cool atoms directly in the lattice needed.
See reviews for a more detailed discussion :

[ McKay & DeMarco, , Rep. Prog. Phys. 74, 0544401 (2011)],
[Georges & Giamarchi; arxiv1308.2684 (2014)]
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Observation of antiferromagnetic ordering

Recent realization of magnetic ordering in M. Greiner's group (Harvard University)

_FEea

oMD

‘ Anticontining
Potential
| Gsonm

Dichroc

i

N Beservolr Q Reservole

Posiion

Potential

[Marurenko et al., Nature 2017]

e Spin-resolved quantum gas microscopy (right picture)

o Density of spin 1 atoms displays a checkerboard pattern characteristic of Néel
ordering.

o key experimental advance : using carefully shaped trap potential to create high-
and low-entropy regions; Néel ordering occurs only in the latter.

The End
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