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(†)
i ĉjTopological insulators of 

non-interacting fermions 

 the 10-fold way 
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 mixed states of non-interacting fermions 

Non-interacting (Gaussian) open systems 

H =
�

ij

hij ĉ
(†)
i ĉj Lj ∼ α ĉ†j + β ĉj

single-particle correlations 

density matrix ρ ∼ exp
�
−
�
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�
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topological invariants & polarization  



 topological invariants: geometric phases 

Zak (Berry) phase  φZak =

� π/a

−π/a
dk �uk|i∂k|uk�
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1D: winding number  Ĥ = Ĥ(λ)
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topological phases & quantized bulk transport 

Thouless, Kohmoto, Nightingale, den Nijs (TKNN) PRL (1982) 

∆n =
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2π

�
dλ

∂φZak
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ĤSSH = −t1
�

j:even

a†j+1
aj − t2

�

j:odd

a†j+1
aj + h.a.

Su-Shrieffer-Heeger model 

Su, Schrieffer, Heeger. Phys. Rev. Lett. (1979) 

 symmetry-protected topological order 

�
Ĥ, Σ̂z

�
= 0chiral symmetry 



ĤSSH = −t1
�

j:even

a†j+1
aj − t2

�

j:odd

a†j+1
aj + h.a.

Su-Shrieffer-Heeger model 

topological phases 

t1 < t2 t1 > t2t1 = t2

 symmetry-protected topological order 

φZAK = 0 φZAK = π



ĤRM = HSSH +∆
�

j(−1)ja†jaj

 charge pumps (Thouless) 

Rice-Mele model 

Rice & Mele,  Phys. Rev. Lett. (1982) 

∆
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ĤRM = HSSH +∆
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ĤRM = HSSH +∆
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j(−1)ja†jaj

 charge pumps (Thouless) 

Rice-Mele model 

∆

t1 − t2



∆φZak ∆n

geometric phase topological pumps 

✗ 
mixed states�



 charge pumps at finite T 

Wang, Troyer, Dai,    Phys. Rev. Lett. 111, 026802 (2013) 

particle transport no 
longer quantized 



∆φZak ∆n

geometric phase topological pumps 

✗ ✗ 
mixed states�



∆φZak

∆P

∆n

 polarization to quantify topology 

✗ ✗ 
geometric phase topological pumps 

polarization 



 polarization 

King-Smith, Vanderbildt  PRB (1983)  

P =

�
dxw∗(x)xw(x)

w(x)

R. Resta PRL 80, 1800 (1998)  
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2π
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�
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i
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topological pumps 



I. finite-temperature Rice-Mele model 



 finite-T   Rice-Mele 

t1 − t2
∆

P

t1 − t2
∆

T = 100

P

T = 0



polarization winding remains non-trivial for all T 
changes sign at T = ∞, i.e. going to negative T 

β < 0

β > 0

φ

 finite-T   Rice-Mele 



II. reservoir-induced topological pump 

D. Linzner, L. Wawer, F. Grusdt, M. F., PRB (R) 94, 201105 (2016) 



 model 

ρ̇ = Lρ =
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�
+ (1 + λ)

�
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 model 

action of Lindblad generators 

λ = +1

j j + 1

λ = −1

j + 1j



 steady-state Thouless pump 

Polarization (TEBD simulations) 

winding of P à  topological invariant ! 



 robustness 

Hamiltonian disorder homogeneous local losses 

 robust to disorder and losses 

ε

λ



Ensemble Geometric Phase 



  

8 sites 

Bardyn, Wawer, Altland, Fleischhauer, Diehl   (arxiv: 1706.02741) 

finite-T Rice Mele model (Thouless charge pump)  

 ensemble geometric phase 



  

64 sites 

finite-T Rice Mele model (Thouless charge pump)  

 ensemble geometric phase 

Bardyn, Wawer, Altland, Fleischhauer, Diehl   (arxiv: 1706.02741) 



  

256 sites 

finite-T Rice Mele model (Thouless charge pump)  

 ensemble geometric phase 

Bardyn, Wawer, Altland, Fleischhauer, Diehl   (arxiv: 1706.02741) 



  

512 sites 

finite-T Rice Mele model (Thouless charge pump)  

 ensemble geometric phase 

Bardyn, Wawer, Altland, Fleischhauer, Diehl   (arxiv: 1706.02741) 



  

ground state of  

P
�
ρss

�
= P

�
|ψ��ψ|

�
+O

�
L−1

�

|ψ�

∆P (ρss) =

�
dλ

∂

∂λ
P (ρss) = ∆P (|ψ��ψ|)

∆φEGP =
2π

a
∆P = Zak phase of   |ψ�

 Ensemble Geometric Phase 

Bardyn, Wawer, Altland, Fleischhauer, Diehl   (arxiv: 1706.02741) 

Heff =
�

ij

Gij ĉ
†
i ĉj



   topological classification 

(I)     closing of the damping gap (criticality) 

(II)    closing of the purity gap = gap of effective Hamiltonian 

Heff =
�

ij

Gij ĉ
†
i ĉj

symmetries of effective Hamiltonian classify topology 

topological phase transitions 

C.E.  Bardyn, et al. New J. Phys (2013) 

extention to interacting systems ? 

see also:   V. Gurarie, PRB (2011) 



β < 0

β > 0

φ

 finite-T   Rice-Mele 

thermal state: 
Gij = β hij



 reservoir-induced topological pump 



damping spectrum 

Re[ν]

spectrum of  

 reservoir-induced topological pump 

Gij



detecting polarization  



 detecting polarization 

interferometer 

Heff =
�

j

g
2

∆
|fj |2 â†j âj ĉ
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�

j

xj â
†
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interferometer 

Uint =
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0 0
0 1

�
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eiχ 0
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 detecting polarization 

x



realizing the effective Hamiltonian: 
topology transfer 

  
R. Li, M. Fleischhauer (in progress) 



 coupling to auxiliary system 

coupling of open (finite-T) system to closed fermion system at T =  0  

T = 0



 coupling to auxiliary system 

coupling of open (finite-T) system to closed fermion system at T =  0  

T = 0cj , c
†
j

aj , a
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 induced Thouless pump 

mean-field limit  a†nam → �a†nam�

winding of                 à quantized particle transport in auxiliary system 

�
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ε

λ

φ/2π

open system  

auxiliary system  

reservoir-induced topological pump (numerics) 

∆n

∆P

 induced Thouless pump 



 summary 

topological classification of Gaussian systems 

topological invariant: Ensemble Geometric Phase = 
many-particle polarization 

Detection of polarization & realization of effective 
Hamiltonian via topology transfer 

∆φEGP =
2π

a
∆P

Heff =
�
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Gij ĉ
†
i ĉj
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R. Li, D. Linzner, M. Fleischhauer (in progress) 

topology transfer from interacting 
to non-interacting systems 

  



 extended superlattice BHM 

model  
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coupling to auxiliary fermion chain 

fractional charge transport 

 topology transfer 
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charge transport in fermion system 

 topology transfer 
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geometric phase & parallel transport 

ρ = |ψ��ψ|

eiφ|ψ�

λ
λ+ dλ



ρ = |ψ��ψ|

eiφ|ψ�

λ
λ+ dλ

 Berry phase and parallel transport 

U(1)

����|ψ(λ)� − |ψ(λ+ dλ)�
���� = min

Berry parallel transport  

Berry (Zak) phase: picked up at parallel transport cycle  

φZak =

� π/a

−π/a
dk �uk|i∂k|uk�



 geometric phases for density matrices 

Uhlmann connection 

ρ = ww†

w → w U

gauge degree of freedom: U(n) 

w† → U† w†



λ
λ+ dλ

 Berry for mixed states: Uhlmann phase  

U(n)

Uhlmann parallel transport  

wU

ρ = ww†

����w(λ)− w(λ+ dλ)
���� = min

eiφ =

�
dλ Tr

�
w∂λw

†�U(1) Uhlmann phase 

O. Viyuela, et al. Phys. Rev. Lett. (2014) 
Z. Huang, D. P. Arovas, Phys. Rev. Lett. (2014) 



 Berry for mixed states: Uhlmann phase  

Rice-Mele model at finite T  

Viyuela, Rivas, Martin-Delgado 
Phys.Rev.Lett. (2014) 

2D Chern insulator at finite T 

Budich, Diehl  Phys.Rev. B (2015)  

H(k) =
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d1 = sin(kx) d2 = 3 sin(ky) d3 = 1− cos(kx)− cos(ky)
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 parallel transport & momentum shift 

ρ = |ψ��ψ|

eiφ|ψ�

λ
λ+ dλ

Berry parallel transport  

momentum shift operator 

φZak =

� π/a

−π/a
dk �uk|i∂k|uk�

φZak = Im ln
�

j

�u(kj)|u(kj+1)�

�u(kj)|u(kj+1)� = �u(kj)|T (∆k)|u(kj)�

T (q) = exp
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