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Main question

Challenge: develop a protocol to measure entanglement 
spectra in atomic physics experiments
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modular (or 
entanglement) 
Hamiltonian



Main result

Shift the paradigm: not probing the density matrix but 
directly the modular (entanglement) Hamiltonian

realize a cake and then look inside

⇢A

realize the shopbag - much easier 
to inspect
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Instead of building a cake (    ) and try to extract ingredients (    ), 
just look at the shopping bag (    )
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Main result

Shift the paradigm: not probing the density matrix but 
directly the modular (entanglement) Hamiltonian
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1) direct engineering of the modular 
Hamiltonian

2) apply spectroscopy

Concrete implementation 
schemes only require light-
induced interactions:
• Rydberg-dressing
• light-assisted tunneling
• ….

Applicable to 
• most field theories, including 

topological phases, CFTs, symmetry-
broken, gauge theories, …

• 1D, 2D, 3D equally difficult
• lattice and continuum
• no copies, no in situ needed
• all universal information

… …



Outline

Entanglement spectrum: 
• what it is, why it is interesting

Entanglement Hamiltonian: 
• naïve reasoning
• exploiting axiomatic field theory / Bisognano-Wichmann 

theorem(s)

Quantum engineering of Entanglement Hamiltonians 
• quantum field theory and lattice systems- some examples: 

Haldane chain, CFTs, free theories, 2D Topological insulators
• implementations



Another view at the entanglement spectrum
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What is this useful for?
1) you get most of entanglement measures 
2) paramount importance for topological phases 
3) contains much more information than entropies 
4) it is crazy hard to get via numerical experiments



Why Entanglement spectra?

Obvious reason: you get a lot of entanglement measures:

Example: entanglement entropies

that are good for:

Diagnosing 
topological 

order

Classify 
quantum field 

theories

measure 
entanglement



Example: Coulomb 
gas, sphere

Regnault, arXiv.1510.07670

angular momentum

Why Entanglement spectra?

topological phases: the entanglement spectrum reveals 
edge and excitations properties just from the wave-

functions! Li and Haldane, PRL 2008.

1)Finite entanglement 
gap
2)edge state counting



Why Entanglement spectra?

very hard to get via numerics / much, much harder than 
entropies

No universal method to calculate it.

Instead, entropies can be calculated (conventional replica trick, 
nowadays routinely implemented)
Melko, Roscilde, Isakov, ….

H. A. Carteret, PRL 94, 040502 (2005), H. Song, et al. PRB 85, 035409 (2012),
C.-M. Chung, et al. PRB 89, 195147 (2014) - illustrates challenges with MC methods

Accessible only with full knowledge of the wave function - via ED, DMRG, ..



Entanglement spectrum
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What is this useful for?
Paradigmatic quantity in many-body theory

Is this measurable at all?



How to measure it? Real experiments

General protocols exist - see Pichler et al., PRX 2016

k k+1 k+2 k+3k-2 k-1(c) copy

control atom

However, due to generality, very resource expensive - many-copies 
needed, Rydberg gates, accurate spectroscopy, hard to scale up, only 
on lattice (?).

e.g., to resolve the ES degeneracy of the Haldane chain, some 150 
copies are required.

Can we find a protocol which is 1) easily scalable, 2)does no 
require copies nor single site addressing, and 3) is applicable 

to a broad class of problems?



Shifting the paradigm: from density matrices to 
modular Hamiltonian

Our strategy here: focus directly on entanglement 
Hamiltonians!

1) immediate experimental protocols to measure 
entanglement spectra

2) novel theoretical route which might be more amenable to 
numerics, and also useful for analytics / entanglement field 

theories



Key element from axiomatic field theory

“they might be highly 
non-local”

“in principle, many-body 
interactions”

Problem: entanglement Hamiltonians?

The funkiest Hamiltonian - this is scary

“also, how can you get them?”

A solution to all of these problems is provided by the 
Bisognano-Wichmann theorem



The Bisognano-Wichmann theorem

Well-established result in axiomatic field theory - series of papers in 1975/76.

For our purposes:

Hamiltonian 
density, must be 
Lorentz invariant

AB

0
x

Given a bipartition A, the entanglement 
(modular) Hamiltonians is:

0
x

Local, few-body 
Hamiltonian with spatially 
dependent couplings

Bisognano and Wichmann, J. Math. Phys. 17, 303 (1976); review: Guido, Cont. Math 534, 97 (2011)



Experimental strategy

3) use spectroscopy, and get the entanglement 
spectrum

1) find the entanglement Hamiltonian

2) devise a protocol to realize it

Real issue - does BW theorem really hold for lattice 
model, finite size, etc…?



BW: Does it work?

Fractional Quantum Hall and Chern-Simons theories

Analytical intuition

Ising Hamiltonians (including ‘long-ranged’)
Haldane chain

Numerical results

Conformal field theories on lattices (free fermions, XXZ chain)

Two-dimensions: free theories, topological insulators

(a) AB H̃A
x

H̃A

n

Jn,n+1 = J J̃n,n+1 = nJH



Ising check
(a) AB H̃A

x

H̃A

n

Jn,n+1 = J J̃n,n+1 = nJH
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X
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Entanglement spectrum of the GS of Physical spectrum of ?

Exact match even at 
very small sizes!

can be proved analytically: 
Peschel and Eisler, arxiv.
0905.1663 [sublime review]

However: Ising is not a great test, 
even mean field works!



Luttinger liquids

index eigenvalue

Free fermions, L= 32

However: maybe CFTs 
are a bit too simple…

index eigenvalue
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Haldane chain (Delta = 0.6)

Question: can we resolve topological degeneracies?
OBC PBC

0   0.00759986651826   0.000591291392465   0.00320061840297  
1   0.0077067246213   0.000591291392465   0.00320061840297  
2   0.00781075678774   0.000591393359787   0.00320113816346  
3   1.0      1.0     1.0  
4   1.00005039179     1.00000139174     1.0  
5   1.00010232951     1.00000192193     1.00000111145  
6   1.0001556862     1.00000271721     1.00000111145 

DMRG up to L=108 sites (PBC); multitargeting up to 170 excited states (10 
per sector). Accuracy around 10^-6

All degeneracies are resolved with 10^-3 accuracy.



2D: Free fermions
In 2D, we use the conformal mapping to get the distance 
function - it preserves angles

Good agreement 
up to ~1000 
eigenvalues



2D Dirac model

Qi et al., PRB 2008
‘Single particle’ 

entanglement spectrum



Massive dirac model (m=-1), subsystem 10x10

exact
BW: conformal  mapping

BW: max 1d distances
BW: no distance..

quantum number
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nv
al

ue



Beware of limitations

NB: we know that BW will fail for certain models, e.g., 
ferromagnets, and free fermions at very low filling:

NB: finite size effects are not easily predictable, but in all the 
cases of interest, they seem well under control. Scaling 
entanglement theory will soon be needed

n=1/2 n=1/16



Experimental strategy

3) use spectroscopy, and get the entanglement 
spectrum

1) find the entanglement Hamiltonian

2) devise a protocol to realize it

Bottom line is: using the BW theorem, it is possible 
to access the entanglement Hamiltonian of a very 
broad class of physical phenomena



How to realize entanglement Hamiltonians?

Every system where interaction is light-induced is good (atoms, 
superconducting circuits, ions, …)

Example: Rydberg-dressed atoms

A. W. Glätzle et al., PRL 2015; Van Bijnen and Pohl, PRL 2015; Zeiher et al., NatPhys. 2016; Jau et al., NatPhys. 2016

… …
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Spectroscopy of Interacting Quasiparticles in Trapped Ions
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The static and dynamic properties of many-body quantum systems are often well described by collective
excitations, known as quasiparticles. Engineered quantum systems offer the opportunity to study such
emergent phenomena in a precisely controlled and otherwise inaccessible way. We present a spectroscopic
technique to study artificial quantum matter and use it for characterizing quasiparticles in a many-body
system of trapped atomic ions. Our approach is to excite combinations of the system’s fundamental
quasiparticle eigenmodes, given by delocalized spin waves. By observing the dynamical response to
superpositions of such eigenmodes, we extract the system dispersion relation, magnetic order, and even
detect signatures of quasiparticle interactions. Our technique is not limited to trapped ions, and it is suitable
for verifying quantum simulators by tuning them into regimes where the collective excitations have a
simple form.

DOI: 10.1103/PhysRevLett.115.100501 PACS numbers: 03.67.Ac, 37.10.Ty, 37.10.Vz, 75.10.Pq

The level of experimental control over engineered many-
body quantum systems has been rapidly improving in
recent years. Atoms in optical lattices [1] and ions in
electrodynamic traps [2], for example, now offer unprec-
edented access to the states, dynamics, and observables of
interacting quantum systems. As these engineered systems
become larger and more complex, conventional tomo-
graphic methods [3] for characterizing their states and
processes soon become either inefficient or of limited
applicability [4]. New methods are required to verify what
has been built in the laboratory and to study the properties
of these fascinating systems.
In their low-energy sector, interacting many-body sys-

tems are often well described in terms of collective
excitations, with effective mass, dispersion relation, and
scattering properties. Such emergent excitations can be
understood as weakly interacting quasiparticles, which are
responsible for a range of dynamical properties of the
underlying system [5]. Recently, experiments in systems of
atoms and ions have demonstrated the central role that
quasiparticles play in the transport of information and
entanglement [6–8]. The ability to precisely measure the
properties of a system’s quasiparticles, therefore, becomes
a valuable tool for studying many-body quantum systems
in the laboratory.
Spectroscopy is an established approach to studying

natural quantum systems and their emergent phenomena,
with well-established techniques including, e.g., photo-
emission spectroscopy in electronic systems [9] and neu-
tron scattering in magnetic materials [10]. Currently, there
is important theoretical [11–15] and experimental [16–24]
progress

on developing spectroscopic techniques for engineered
quantum systems. In this Letter, we present a spectroscopic
technique for characterizing the low-lying energy spectrum
of an engineered quantum many-body system, and apply it
to study emergent quasiparticles in a system of trapped
atomic ions. Our approach exploits single-particle (-ion)
control to excite individual quasiparticle modes. Measuring
the system’s dynamical response to superpositions of
such single excitations allows the absolute quasiparticle
energies and system dispersion relation to be determined.
Furthermore, by probing the response to superpositions of
multi quasiparticle states we are able to resolve shifts in the
energy spectrum due to quasiparticle interactions.
An alternative spectroscopic approach has recently been

demonstrated [23], which looks for a spectral responsewhen
periodically driving the system. There, an advantage is that
very little information about the system is used. However,
spectrally resolving the energy gaps due to different eigen-
states (quasiparticles) demands long coherent probing times.
In comparison, our approach exploits some knowledge of
the state form available in certain parameter ranges (away
from quantum phase transitions) to immediately isolate and
precisely measure individual energy gaps. These different
approaches are therefore complimentary. In regimes near a
quantum phase transition, where eigenstates do not have a
simple form, our technique could be combined with a
proposed diabatic state preparation technique [15].
Our system is a 1D chain of 40Caþ ions in a linear ion

trap. In each ion j ¼ 1…N, two long-lived electronic states
represent a quantum spin-1=2 particle with associated
Pauli matrices σβj (β ¼ x; y; z). Under the influence of
laser-induced forces, the system is ideally described by a
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FIG. 5: Loading and imaging single atoms in a dipole trap.
(a) Atoms initially trapped in a MOT are loaded in a dipole
trap formed by focusing a red-detuned laser beam with a
high numerical aperture aspheric lens (NA = 0.5) under vac-
uum [50]. The fluorescence of the atoms is separated from
the dipole trap light with a dichroic mirror and imaged on
an EMCCD camera. (b) Single-atom fluorescence signal with
two fluorescence levels, corresponding to one or zero atoms in
the trap.

such a small trap, the dynamics of the atoms is gov-
erned by fast inelastic light-assisted collisions (with rates
of ⇠ 104µm3s�1) induced by the near-resonant MOT
light [51], and is dominated by two-body losses [7, 52].
As a consequence, there exists a regime of densities of the
cold-atom cloud where the loading is sub-Poissonian and
at most one atom is trapped at a time. In this regime a
first atom of the cloud enters the tweezers and is slowed
down thanks to the cooling lasers. When a second atom
enters the tweezers, a two-body inelastic collision cat-
alyzed by the light results in the rapid loss of the two
atoms.

The configuration using a tight dipole trap presents
the advantage of being easily combined with an imag-
ing system with micrometer resolution, as represented in
Fig 5a. In this way, a real-time imaging system can be
used to record the fluorescence of the atoms when they
are illuminated with near-resonant laser light (Fig. 5b):
the fluorescence signal toggles at random between peri-
ods of low values corresponding to an empty trap, and
periods of high value reflecting the presence of an atom.
It is thus possible to determine exactly when an atom
has entered the trap and use this information to trigger
single-atom experiments with typically < 1 s duty cycle.
Table II gives typical parameters for an individual atom
trapped in an optical tweezers.

This method to prepare individual atoms is therefore
non-deterministic, with a filling probability of one tweez-
ers of p ⇠ 0.5. This makes its extension to large arrays
of tweezers (see Sec. IVB) di�cult: the probability to

Quantity Typical value

Trap wavelength 852 nm

Trap power 4 mW

Trap beam waist (intensity, 1/e2) 1.1µm

Trap depth U/kB 1 mK

Longitudinal trap frequency !l 2⇡⇥ 15 kHz

Radial trap frequency !r 2⇡⇥ 90 kHz

MOT temperature 100µK

Single-atom temperature 30µK

TABLE II: Representative values for single-atom trapping in
the experiments at Institut d’Optique (Palaiseau) using 87Rb.

find a configuration where N tweezers are filled at the
same time decreases like pN . This triggered investiga-
tions on how to improve the loading e�ciency of opti-
cal tweezers. Two methods have been demonstrated so
far. The first one, proposed and demonstrated by the
Wisconsin group [16, 53], uses the Rydberg blockade in
a small atomic ensemble trapped in a tight dipole trap
and achieved a filling probability p ' 0.62. The second
method demonstrated in Otago [54–56] and at JILA [57]
relies on a tailoring of the light-assisted collisions in the
tweezers, and led to loading probabilities p ⇠ 0.90.

B. Arrays of microtraps

Once demonstrated the trapping of individual atoms
in a trap, the next step in view of (scalable) quantum
engineering applications is to create controlled arrays of
such traps, each of them containing an individual atom.
A first, natural approach consists in using optical lat-

tices, i.e. periodic optical dipole potentials obtained by
interfering several laser beams. One can use large-period
optical lattices (with a lattice spacing on the order of
a few microns, obtained by using interfering beams that
make a small angle with each other), and load in a sparse
way single atoms in the resulting array of microtraps [58].
Single-site imaging is relatively easy for such large-period
lattices, and coherent single-site manipulations of indi-
vidual atoms in such settings can also be achieved, even
in 3D settings [59]. Another approach consists in us-
ing usual, short-period (⇠ 500 nm) optical lattices, and
loading ultracold atoms in a single 2D plane. There,
single-site resolution requires the use of advanced high
numerical aperture objectives, realizing a so-called quan-

tum gas microscope [60, 61]. One of the assets of such
an approach, despite its high technical complexity, is the
possibility to use a Mott insulator to achieve single-atom
filling with probabilities in excess of 90% per site. Single-
atom addressing, using techniques developed in the con-
text of 3D optical lattices [62, 63], can also be achieved
in those settings [64]. A drawback of this latter approach
is that for a large variety of Rydberg experiments, small
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How to extract the gaps? Spectroscopy
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Conclusions

Entanglement Hamiltonians are local, few-body, and can be 
written in a closed form for a broad class of models 
[see recent PEPS works by Schuch et al., PRL2013, PRB 2015] for an interesting 
relation between BW and Wegner gauge theory

Use synthetic quantum systems for the direct realization 
of entanglement Hamiltonians! 

One just requires: locally tailored interactions + spectroscopy.

Very robust to imperfections, including finite-size, etc…

Adaptable to many platforms - Rydbergs, ions, more?



and outlook

Entanglement field theories
Useful also for diagnosing topological order in 1D (no true topology)? 
Quantum Frustration [Illuminati et al., PRL2012, PRL2013] and BW 

Entanglement Hamiltonians for real time dynamics

2D interacting systems / connections to lattice gauge theories (see 
Schuch’s talk)

Entanglement field theories offer a brand new look to 
understand (bipartite) entanglement in many-body systems using 

standard statistical mechanics tools

Beyond bipartite entanglement?
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