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Lecture Summary

Limitations of Rayleigh-Schrodinger perturbation theory

Many-body Hamiltonian in quantum field theory

Green’s function and the spectral function

Electron-phonon self-energy

Quasiparticle approximation

Mass enhancement and electron lifetimes
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Limitations of Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations again

h2
2m

v2 ¢n(r) + ‘/SCF(I'; T1, T2, " ) iﬂn(l‘) = En wn(r)
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Limitations of Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations again

h2
2me

v2 ¢n(r) + ‘/SCF(I'; T1, T2, " ) iﬂn(l‘) = En wn(r)

e Adiabatic Born-Oppenheimer approximation
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Limitations of Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations again

2
_Q}Zn V24, (r) + Vacr(r; 71, T2, -+ ) ¥n (1) = E, ¥ (x)

e Adiabatic Born-Oppenheimer approximation

e Nuclei described as classical particles
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Limitations of Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations again

h2
2m

v2 ¢n(r) + ‘/SCF(I.; T1, T2, ) wn(r) = En @Dn(l‘)
e Adiabatic Born-Oppenheimer approximation

e Nuclei described as classical particles

e Electron-phonon interactions depend on the XC functional
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Limitations of Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations again

h2

Qmevz ¢n(r) + ‘/SCF(I.; T1, T2, " ) wn(r) = En @Dn(l‘)

Adiabatic Born-Oppenheimer approximation

Nuclei described as classical particles

Electron-phonon interactions depend on the XC functional

e Phonons are calculated from static displacements or DFPT
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Breakdown of Rayleigh-Schrodinger perturbation theory

e Polaron liquid at the SrTiO3(001) surface
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Figure from Wang et al, Nature Mater. 15, 835 (2016)
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Breakdown of Rayleigh-Schrodinger perturbation theory

e Scanning tunneling spectra of 2H-NbSs

Normalized conductance

: D : 0.5 I 1 0
-3 -2 -1 0 1 2 3 Ay (meV)

Bias voltage (mV)

Figures from Guillamdn et al, Phys. Rev. Lett. 101, 166407 (2008)

and Heil et al, Phys. Rev. Lett. 119, 087003 (2017)
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Breakdown of Rayleigh-Schrodinger perturbation theory

e Raman G peak of gated graphene
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Left figure from Pisana et al, Nat. Mater. 6, 198 (2007)
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Many-body Schrodinger’s equation

2
27;2 V- MZV2 DR
e
D Dn (T T) W Y 0wy W = By W

62

/
or,r) = dmeglr — /|
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Many-body Schrodinger’s equation

2
27:7162 2‘;[1 N 72 vz Zi,n ZHU(I'DTH)\I/
D Dn (T T) W Y 0wy W = By W

62

/
olr,r) = dmeglr — /|

e We need to describe electrons and vibrations on the same footing
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Many-body Schrodinger’s equation

2
27:7162 2‘;[1 N 72 vz Zi,n ZHU(I'DTH)\I/
D Dn (T T) W Y 0wy W = By W

62

/
or,r) = dmeglr — /|

e We need to describe electrons and vibrations on the same footing

e The many-body Schrodinger equation is impractical for calculations

Giustino, Lecture Wed.1 08/35



Lattice Vibrations Electrons
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Lattice Vibrations Electrons
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Field operators

N-electron wavefunction as a linear combination of Slater determinants

U(x1, X2, ) = Y Gmn ChylnlOks) + D Dnpg € ¢héntqlOks) + - -
mn

mnpq

Giustino, Lecture Wed.1 10/35



Field operators

N-electron wavefunction as a linear combination of Slater determinants

W(x1,X2,++) = D Gonn EhénlOKs) + D binnpg € hpllOxcs) + -+
mn

mnpq
Operators in second quantization

V(x) +V(x2) +- - —— 3, Vienlhén
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Field operators

N-electron wavefunction as a linear combination of Slater determinants

W(x1, X2, ++) = > Gynn ChlnlOKs) + D binnpg € ChipllOxcs) +
mn

mnpq
Operators in second quantization
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Field operators

N-electron wavefunction as a linear combination of Slater determinants

W(x1, X2, ++) = > Gynn ChlnlOKs) + D binnpg € ChipllOxcs) +
mn

mnpq
Operators in second quantization

V(x) +V(x2) +- - —— 3, Vienlhén

—ZZ/dxwm (X)) (x) &l ¢,
Field operators

= Zn ¢n(X) Cn
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Field operators

N-electron wavefunction as a linear combination of Slater determinants

W(xy, %2, ) = Z Amn é;fnén’OKS> + Z bmnpq é;rnéizépéqu@ +
mn

mnpq
Operators in second quantization

V(x) +V(x2) +- - —— 3, Vienlhén

=07 [ a0V (0valx) i = [ OV (69
Field operators

= Zn ¢n(X) Cn
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Many-body Hamiltonian in second quantization

Non-relativistic Hamiltonian of coupled electrons and nuclei

H:Te+Tn+Uen+Uee+Unn
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Many-body Hamiltonian in second quantization

Non-relativistic Hamiltonian of coupled electrons and nuclei
ﬁ:Te+Tn+Uen+Uee+Unn
Electron kinetic energy

2 ~
- / e () V2 ()

B 2me
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Many-body Hamiltonian in second quantization

Non-relativistic Hamiltonian of coupled electrons and nuclei
ﬁ:Te+Tn+0en+Uee+Unn
Electron kinetic energy

2 ~
- / e () V2 ()

B 2Mme

Electron-nucleus interaction

Uen = /dr /dr'ﬁe(r)ﬁn(r’)v(r, ), he(r) = T(x)d(x)
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Many-body Hamiltonian in second quantization

Non-relativistic Hamiltonian of coupled electrons and nuclei
ﬁ:Te+Tn+0en+0ee+Unn
Electron kinetic energy

2 ~
- / e () V2 ()

B 2me

Electron-nucleus interaction
Oen = e [t )tn 0ol 1). () = 3 1)
Electron-electron interaction

Do % /dr /dr’ o(r) [e(r’) — 8(r — )] v(r, )
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)
s-th excited state of N+ 1-electron system H|N +1,5) = Ex.1.4|N +1,5)
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)
s-th excited state of N+ 1-electron system H|N +1,5) = Ex.1.4|N +1,5)

Excitation energy €s = Eny1s — BN
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)
s-th excited state of N+ 1-electron system H|N +1,5) = Ex.1.4|N +1,5)

Excitation energy €s = Eny1s — BN

Heisenberg time evolution

p Ht/h ) —iHt/h L0, 7 7
bl t) = e HMY ) e AN i, t) = [d(x,), B
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)
s-th excited state of N+ 1-electron system H|N +1,5) = Ex.1.4|N +1,5)

Excitation energy €s = Eny1s — BN
Heisenberg time evolution
Do 1) = IR e t) = [, ), ]
Exercise

(NJ(x,)|N +1,5) = (N|eH/M3j(x)e H/A|N +1, 5)
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)
s-th excited state of N+ 1-electron system H|N +1,5) = Ex.1.4|N +1,5)

Excitation energy €s = Eny1s — BN

Heisenberg time evolution
Do 1) = IR e t) = [, ), ]

Exercise

(N[, IN +1,s) = (NP e)(x) e /RN 11, 5)
= (N\eiENt/hz/AJ(x) e_iEN+1’5t/h|N +1,s)
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)
s-th excited state of N+ 1-electron system H|N +1,5) = Ex.1.4|N +1,5)

Excitation energy €s = Eny1s — BN

Heisenberg time evolution
Do 1) = IR e t) = [, ), ]

Exercise

(N[, IN +1,s) = (NP e)(x) e /RN 11, 5)
= (N\eiENt/hz/AJ(x) e_iEN+1’5t/h|N +1,s)

= (NIBGIN +1,5) et/
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Time evolution of field operators

Ground state of N-electron system HIN) = Ey|N)

s-th excited state of N+1-electron system H|N +1,s) = Ent1s/N+1,s)

Excitation energy

Es = EN—Q—l,s - EN

Heisenberg time evolution

h(x, 1) = M) (x)

(N|(x,t)|N +1,s)

Giustino, Lecture Wed.1

- 0 - 7 F
o—iHt/h ”@“X’” = [w(x, t),H}

Exercise
(N[ (x) e M 41, 5)
<N‘eiENt/h Q/Aj(x) e—iEN+1,st/ﬁ|N +1, 3>

(N[Y(x)|N +1,5) e7'et/0

fs(x) Dyson orbital
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green'’s function

Glxt, X'') =~ (N| T (xt) ¥ (<1)|V)
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function

Glxt, X'') =~ (N| T (xt) 9 (< 1| V)

’ electron in X’ at time ¢/ >
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function

Glxt, X') =~ (N| T )(xt) 9 (<))

< electron in x at time ¢ ’ electron in X’ at time ¢/ >
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function

Gxt,x'¥) = = (N| T (xt) (') | V)
< electron in x at time ¢ ’ electron in x’ at time ¢/ >

Xt ®

\/—\

o X't/
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The Green's function at zero temperature

Consider t > t’ (electron injection)

Glxt, x't) = —%<Nw}(xt) D ()N
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The Green's function at zero temperature

Consider t > t’ (electron injection)

Glxt,X'7) =~ {N|(xt) 3 (<))

_ —%<N‘ eiﬁt/h&(x) e—iflt/h eiﬁtl/ﬁ'@;T(X/) e_if{t//h‘N>
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The Green's function at zero temperature

Consider t > t’ (electron injection)

Glxt,X'7) =~ {N|(xt) 3 (<))

i ifHt/h —iHt/h il k) —iHt'/h
_ ——(N\th/f¢(x)e Ht/fth/ﬁw’[(X/)e Ht/f‘N>

= —%NW( e =B/ T ()| N)
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The Green's function at zero temperature

Consider t > t’ (electron injection)

G(xt,x't') = —%(N\ W(xt) T (x't)|N)
{ Vel —iHt/h H R —iHt'/h
= N ) U G G ) oy

- —%NW( e =B/ T ()| N)

ZS|N+1,5><N+1,S\
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The Green's function at zero temperature

Consider t > t’ (electron injection)

Glxt,X'7) =~ {N|(xt) 3 (<))

i ifHt/h —iHt/h il k) —iHt'/h
_ ——(N\th/f¢(x)e Ht/fth/ﬁw’[(X/)e Ht/f‘N>

= —%NW( e =B/ T ()| N)

YN+ 1Ls)(N +1,5]

23 SR e

Giustino, Lecture Wed.1 14/35



The spectral function

After carrying out the same operation for t < t’ and Fourier transform

ek -5 D

F occ/unocc
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The spectral function

After carrying out the same operation for t < t’ and Fourier transform

ek -5 D

F occ/unocc

The poles of the Green’s function represent the electron

addition/removal energies of the interacting many-body system
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The spectral function

After carrying out the same operation for t < t’ and Fourier transform

ek -5 D

F occ/unocc

The poles of the Green’s function represent the electron

addition/removal energies of the interacting many-body system

From the Green's function we can obtain the spectral (density) function

AGew) = [ Gl x,w)| = 3 1 6l — <)
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The spectral function

After carrying out the same operation for t < t’ and Fourier transform

ek -5 D

F occ/unocc

The poles of the Green’s function represent the electron

addition/removal energies of the interacting many-body system
From the Green's function we can obtain the spectral (density) function

AGew) = [ Gl x,w)| = 3 1 6l — <)

The spectra function is the many-body (local) density of states
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The spectral function

After carrying out the same operation for t < t’ and Fourier transform

ek -5 D

F occ/unocc

The poles of the Green’s function represent the electron

addition/removal energies of the interacting many-body system
From the Green's function we can obtain the spectral (density) function

AGew) = [ Gl x,w)| = 3 1 6l — <)

The spectra function is the many-body (local) density of states

e Usually it is presented as momentum-resolved A(k, w)
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The spectral function

Example: a single complex pole

eg =€ — 1
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The spectral function

Example: a single complex pole

eg =€ — 1

Gl 3, 1) = — | fy(x) P e E O e
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The spectral function

Example: a single complex pole

eg =€ — 1
Gl 3, 1) = — | fy(x) P e E O e

G 1-1)] = 1 GO e T
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The spectral function

Example: a single complex pole

eg =€ — 1
Gl 3, 1) = — | fy(x) P e E O e

G-t = £ GO ¢
decay
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The spectral function

Example: a single complex pole

eg =€ — 1
Gl 3, 1) = — | fy(x) P e E O e

G-t = £ GO ¢

~—_————
decay
1 r
A%, x,w) = ;m \fs(x)\z
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The spectral function

Example: a single complex pole

eg =€ — 1

Gl 3, 1) = — | fy(x) P e E O e

1 /
G, i) = g IfG)F 00 .
decay
1 r 9
A - -
,"
o L
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The spectral function

Alk,w) = = [Im Gk, )|
T
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The spectral function

Alk,w) = = [Im Gk, )|
T

DFT density of states

”_

energy
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The spectral function

Alk,w) = = [Im Gk, )|
T

DFT density of states

”_

many-body DOS / \
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The spectral function

Alk,w) = = [Im Gk, )|
T

DFT density of states
/N
L quasiparticle shift

ﬂ

many-body DOS /

energy
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The spectral function

Alk,w) = = [Im Gk, )|
T

DFT density of states
/N
L quasiparticle shift

quasiparticle broadening

many-body DOS

energy
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The spectral function

Alk,w) = = [Im Gk, )|
T

DFT density of states
/N
L quasiparticle shift

boson energy |+——,

quasiparticle broadening

many-body DOS

energy
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How to calculate the Green's function

Equation of motion for field operators

ih%w(xt) - [@(x, 1), H}
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How to calculate the Green's function

Equation of motion for field operators

2

m%wxw = [ﬁ(xa t)vﬁ} - {‘ 27:ne

v2 4 / dr'v(r,r’) ﬁ,(r’t)] B (xt)

total charge, electrons & nuclei
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How to calculate the Green's function

Equation of motion for field operators

2

2Mme

ih¢@o=[¢@¢yﬁ}:{—h v?+/mw@4ﬂﬁ@ﬂ]¢@o

total charge, electrons & nuclei
h2

man{%%W+/ﬁmmmﬂ¢m
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How to calculate the Green's function

Equation of motion for field operators

2

2Mme

ihei(xt) = [qﬁ(x,t),ﬁ} - {— SRV / dr’v(r,r’)ﬁ(r’t)] B(xt)

total charge, electrons & nuclei
h2

ih—1(1) = { QmerJr/dQv(l?)ﬁ(Z)} ¥(1)

Equation of motion for Green's function

zhi + -
6t1 2me

V%} G(12) + %/d?)v(l?)) (Ta(3) (1) ¥1(2)) =6(12)
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How to calculate the Green's function

Equation of motion for field operators

2

2Mme

ih=1(xt) = [&(x,t),ﬁ} = {_ SRV / dr’v(r,r’)ﬁ(r’t)] B (xt)

total charge, electrons & nuclei
h2

ih—1(1) = { QmerJr/dQv(l?)ﬁ(Z)} ¥(1)

Equation of motion for Green's function

0 h?

v%} G(12) + %/d3v(13) (Ta(3) (1) ¢t(2)) = 6(12)

4 field operators — 2-particle Green's function J
(Tt (3)(3)h (1)t (2)) = [Hartree] + [Fock] + Ga(31,32)
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How to calculate the Green's function

Vi - th(l)] G(12) — /d3 »(13) G(32) = §(12)

T

rewrite 2-particle Green's

Vet (1) = /d2v<12><ﬁ<2>>

function using self-energy %
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How to calculate the Green's function

Vi - th(l)} G(12) — /d3 »(13) G(32) = §(12)

T

rewrite 2-particle Green's

Vet (1) = /d2v<12><ﬁ<2>>

function using self-energy %

Express the Green's function in terms of Dyson’s orbitals

{_ w V2 + Vvtot(r):| fs(x) + /dx'E(x, x',es/h) f5(x') = es fs(x)

2me
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How to calculate the Green's function

th— +

0 h?
8t1 2me

Vi - th(l)] G(12) — /d3 »(13) G(32) = §(12)

T

rewrite 2-particle Green's

Vet (1) = /d2v<12><ﬁ<2>>

function using self-energy %

Express the Green's function in terms of Dyson’s orbitals

{_ w V2 + th(r)} fs(x) + /dx'E(x, x',es/h) f5(x') = es fs(x)

2me

Sources of electron-phonon interaction
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How to calculate the Green's function

th— +

0 h?
8t1 2me

Vi - th(l)] G(12) — /d3 »(13) G(32) = §(12)

T

rewrite 2-particle Green's

Vet (1) = /d2v<12><ﬁ<2>>

function using self-energy %

Express the Green's function in terms of Dyson’s orbitals

) fs(x') (X)

Sources of electron-phonon interaction

[_ Ui v2+th(r)} o)+ fax’ 26,

2me
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How to calculate the self-energy

Electron self-energy from Hedin-Baym's equations

%(12) = ih /d(34) G(13)T(324)W (411)
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How to calculate the self-energy

Electron self-energy from Hedin-Baym's equations

$(12) = ih/d(34) G(13)T(324)W (41)

Green's function

Giustino, Lecture Wed.1 20/35



How to calculate the self-energy

Electron self-energy from Hedin-Baym's equations
$(12) = ih/d(34) G(13)T(324)W (41)

Green's functio‘n

Vertex
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How to calculate the self-energy

Electron self-energy from Hedin-Baym's equations
$(12) = ih/d(34) G(13)T(324)W (41)

Green's functio‘n
Vertex

Screened Coulomb interaction
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How to calculate the self-energy

Electron self-energy from Hedin-Baym's equations
$(12) = ih/d(34) G(13)T(324)W (41)

Green's functio‘n
Vertex

Screened Coulomb interaction

W =W, + Wy

T

We(12) :/d3 e, 1 (13)v(32)

Giustino, Lecture Wed.1 20/35



How to calculate the self-energy

Electron self-energy from Hedin-Baym's equations
$(12) = ih/d(34) G(13)T(324)W (41)

Green's functio‘n
Vertex

Screened Coulomb interaction

W =W, + Wy

T

We(12) :/d3 e, 1 (13)v(32)
Basically the standard GW method + screening from nuclei
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How to calculate the self-energy

Screened Coulomb interaction from the nuclei

th (I'g) 1 6V,%./(r4)
87’,{/ . DI{K’ (t3t4) *€q (24)TK1

Won(12) :Z/d(34) e 1(13)

KK'
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How to calculate the self-energy

Screened Coulomb interaction from the nuclei

“electron-phonon matrix elements”
e N\

Wpn(12) ZZ/d(M) e 1(13) 6‘:;7{:3) Dy (t3ta) ~6;1(24)M

87’,4

KK'

Giustino, Lecture Wed.1 21/35



How to calculate the self-energy

Screened Coulomb interaction from the nuclei

“electron-phonon matrix elements”
v N\

W (12) =3 [ (13 6V§T(:3) 1D tat)] e (20 2V x0)

87-,4

Displacement-displacement correlation function of the nuclei,

KK'

a.k.a. the phonon Green's function

D, (1) = —%(TA%K(t) AFT(#Y)
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Diagrammatic representation of the self-energy

Figure from Giustino,
Rev. Mod. Phys. 89,
015003 (2017)

Giustino, Lecture Wed.1
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i Standard GW self-energy

G (we will ignore this from now on)
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Diagrammatic representation of the self-energy

W,
o Standard GW self-energy
o G (we will ignore this from now on)
D
g
n Fan-Migdal self-energy
g G

Figure from Giustino,
Rev. Mod. Phys. 89,
015003 (2017)
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Diagrammatic representation of the self-energy

W,
o Standard GW self-energy
o G (we will ignore this from now on)
D
g
Fan-Migdal self-energy
+
g G
Figure from Giustino, D Debye-Waller self-energy
Rev. Mod. Phys. 89, (Lecture Thu.2)
015003 (2017) + Improper self-energy: comes form
g>PwV Viot (1) = [d2v(12)(7(2)) term
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Diagrammatic representation of the self-energy

W,
o Standard GW self-energy
o G (we will ignore this from now on)
D
g
Fan-Migdal self-energy
+
g G
Figure from Giustino, D Debye-Waller self-energy
Rev. Mod. Phys. 89, (Lecture Thu.2)
015003 (2017) "l_ Improper self-energy: comes form
g>PwV Viot (1) = [d2v(12)(7(2)) term
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Fan-Migdal self-energy

Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

1 dq
EFM = 7 mnw (K 2
e =3 3 [ lam o)

« |: 1- fmk+q fmk+q
W—Emktq/h — Way + 11 wW—Emktq/h + wWqw + i
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Fan-Migdal self-energy

Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

1 dq
EFM = 7 mnw (K 2
e =3 3 [, ool

% 1- fmk+q + fmk+q
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Dynamical structure on the scale

of the phonon energy
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Fan-Migdal self-energy

Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

Summation over all phonon
branches and wavevectors

1 dq
EFM =z mnw (K 2
e =3 2 [y lam )

% 1- fmk+q + fmk+q
=8 it | ) = @l =F z'n] W—Emktq/h + Wqv + 11

Dynamical structure on the scale

of the phonon energy
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Fan-Migdal self-energy

Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

Summation over all phonon
branches and wavevectors

1 dq Extensi
wEM — (K 2 xtension to
e =3 2 [y lam b0

finite temperature

% 1- fmk+q + Nqu fmk+q + nqu
=8 it | ) = @l =F z'n] W—Emktq/h + Wqv + 11

Dynamical structure on the scale

of the phonon energy
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Fan-Migdal self-energy

EF Example: A single dispersionless phonon
(Holstein model)
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Fan-Migdal self-energy

EF Example: A single dispersionless phonon
(Holstein model)

Wavevector
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Fan-Migdal self-energy

EF Example: A single dispersionless phonon
(Holstein model)

Wavevector
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Fan-Migdal self-energy

EF Example: A single dispersionless phonon
(Holstein model)

change of velocity/mass

broadening

Wavevector
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Examples from experiments

e Velocity renormalization in MgB,
v=up/24
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Right figure from Mou et al, Phys. Rev. B 91, 140502(R) (2015)
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Examples from experiments

e Velocity renormalization in Ca-decorated graphene on Au
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Right figure adapted from Fedorov et al, Nat. Commun. 5, 3257 (2014)
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Examples from calculations

e Velocity renormalization in CgCaCq (EPW)
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Figure adapted from Margine et al, Sci Rep. 6, 21414 (2016)
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Examples from calculations

e Velocity renormalization and broadening in MgBy

| L | L | L PR I
0 50 100 150 0 -100
Eko [meV] E, [meV]

200

Figure from Eiguren et al, Phys. Rev. B 79. 245103 (2009)
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Quasiparticle shift and broadening

Spectral function from the self-energy

1 1
17
Ak, w) T mzn: hw—enk— Yk (W)
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Quasiparticle shift and broadening

Spectral function from the self-energy

1 1
17
Ak, w) T m; hw—enk— Yk (W)

Quasiparticle approximation:

assume Lorentzian peaks centered near hw = Fpx

1 OReX,
Sk (@) = S (Bpie) + = ———1

h Ow (o = Bi) -

w:Enk/ﬁ
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Quasiparticle shift and broadening

Spectral function from the self-energy

1 1
17
Ak, w) T m; hw—enk— Yk (W)

Quasiparticle approximation:

assume Lorentzian peaks centered near hw = Fpx

1 OReX,
Sk (@) = S (Bpie) + = ———1

h Ow (o = Bi) -

w:Enk/ﬁ

Define the quasiparticle strength

. [ | _ L OReSu(w)

1
h Ow sznk/h]
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function

1 ].
b)) R e S B — (1 1/~ B
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function

1
w)=—7 Zn: heo—Emte— Somte (Brie) — (1 — 1/ Zype) (hw — B

After rearra nging(*):

Z hw — nk + Z]._"n,k)

(*)Requires the additional approximation |OImX,,i /dw| < |dReX,,x/Ow]
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function

1
w)=—7 Zn: heo—Emte— Somte (Brie) — (1 — 1/ Zype) (hw — B

After rearra nging(*):

Z hw — nk + Z]._"n,k)

E.x = epx+ReX k(Fnk/h)  quasiparticle energy

(*)Requires the additional approximation |OImY,,i /dw| < |dReX,,x/Ow]
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function

1

w)=—7 Zn: heo—Emte— Somte (Brie) — (1 — 1/ Zype) (hw — B

After rearra nging(*):

Z hw — nk + Z]._"n,k)

E.x = epx+ReX k(Fnk/h)  quasiparticle energy
ok = ZpeIm X,k (Enk/h) quasiparticle broadening

(*)Requires the additional approximation |9ImY,,i /dw| < |dReX,,k/Ow]
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The mass enhancement parameter

Taking the k-derivatives of the quasiparticle energy E,x

we find the velocity and mass renormalization

Unk

T

ne = (1 + Ank) mpy

(valid only for simple metals)
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The mass enhancement parameter

Taking the k-derivatives of the quasiparticle energy E,x

we find the velocity and mass renormalization

Unk

T

ne = (1 + Ank) mpy

(valid only for simple metals)

Ank is the mass enhancement parameter

1 1 OReSuk(w)
an h aw UJ:Enk/h

Giustino, Lecture Wed.1 31/35



The mass enhancement parameter

Taking the k-derivatives of the quasiparticle energy E,x

we find the velocity and mass renormalization

Unk

Vo = —nk
nk 1+)\nk
ne = (1 + Ank) mpy

(valid only for simple metals)

Ank is the mass enhancement parameter

1 1 0ReX k(w) 1 0Im¥,k(w)
Ak=5——-1=—- ————— =—— —F— "

Znk h Ow w=Epnic/hi h o w=Ep/h

(Cauchy-Riemann condition)
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Electron lifetimes

_h h
2Tk 2| Zudm B (B /)|

Tnk
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Electron lifetimes

_h h
2Tk 2| Zudm B (B /)|

Tnk

Common approximation: replace E,x by €,k and set Z,x =1
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Electron lifetimes

_h h
2Tk 2| Zudm B (B /)|

Tnk

Common approximation: replace E,x by €,k and set Z,x =1

1 2m dq 9
- = = -~ |9nmv k;
S P [
X [(1 = fink+q + Nqu)d(enk — hwgy —Emik+q)
+ (fmk+q + nqu)(s(gnk + hwqu _5mk+q)]
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Electron lifetimes

_h h
2Tk 2| Zudm B (B /)|

Tnk

Common approximation: replace E,x by €,k and set Z,x =1

1 2m dq 9
- = = -~  |Ynmv ka
W mEy/Qleg (k,q)|

Tnk

X [(1 - fkarq + nqu)(s(gnk - hwqy _Emk+q) phonon emission
+ (fmktq + qv)d(enk + Aogy —Emk1q)] phonon absorption
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Electron lifetimes

_h h
2Tk 2| Zudm B (B /)|

Tnk

Common approximation: replace E,x by €,k and set Z,x =1

1 2m dq 9
- = = -~  |Ynmv ka
W mEy/Qleg (k,q)|

Tnk
X [(1 - fkarq + nqu)(s(gnk - hwqy _Emk+q) phonon emission

+ (finkt+q + Nqr)d(enk + gy —Emk+q)) phonon absorption

Standard Fermi Golden rule expression for lifetimes
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Example from calculations

e Electron lifetimes in anatase TiOz (EPW)
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Figure adapted from Verdi et al, Phys. Rev. Lett. 115, 176401 (2015)
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Take-home messages

Quantum field theory is extremely useful in the study of
electron-phonon physics

e The electron-phonon self-energy works as in the GW
method, but on much smaller energy scales

We can calculate the change of the effective mass and
band velocity induced by EPlIs

We can calculate electron lifetimes arising from EPIs
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