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Figure 9 Proton spectra measured by BESS in 1997, 1998, 1999, and 2000 (70).
Curves are explained in the text.

some important effects thatwediscuss later.Whether a particle is allowedor forbid-
den is determined by its position, direction, and radius of curvature. Only particles
that interact in the atmosphere before curving back into space can contribute to
the flux of atmospheric neutrinos. Because the effect depends on the gyroradius
of a particle, the relevant kinematic variable is total momentum divided by total
charge, i.e., rigidity.
For the case of a dipole magnetic field centered on the Earth, the cutoff rigidity

can be expressed in an analytic form by Störmer’s formula (71, 72):

R±

S (r, �M , ✓, ') =

✓
M
r2

◆(
cos4 �M⇥

1+

�
1⌥ cos3 �M sin ✓ sin'

�1/2⇤2
)

, 11.

where r is the distance from the center of the Earth and �M is the geomagnetic
latitude, ✓ and ' define the arrival direction of the cosmic ray, and M = 8.1 ⇥

1025 G cm3 is the magnetic dipole moment of the Earth. The azimuthal angle of
the direction vector of the particle is ', measured counterclockwise frommagnetic
north. Thus, a particle arriving from the west has sin' < 0, giving a lower cutoff
for a positive particle (upper sign in Equation 11). A positive particle arriving from
the east has a higher cutoff. The scale is set by the maximum cutoff eM/r2

�
=

60 GeV, which is the energy at which a proton approaching from the east at the
equator will orbit the Earth.
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Figure 3. Left panel: the evolution of the proton spectra from the minimum to the maximum activity of solar cycle 24, from
January 2010 (blue), to February 2014 (red). Right panel: the variation of the proton di↵erential intensity with respect to the
first proton spectrum of 2010.

throughout the heliosphere for the time periods considered here. The three di↵usion coe�cients in this 3D approach
are parallel and perpendicular, in the radial and polar directions, to the global magnetic field, and are assumed to
scale as 1/B, which is the most straight forward approach from a di↵usion theory point of view. This follows the basic
modelling approach described also by Potgieter et al. (2015). The drift coe�cient scales also as 1/B, assuming weak
scattering as explained by Ngoben & Potgieter (2015).
These computed spectra for 2010 and 2014 are shown in Figure 4 together with the corresponding observations.

Evidently, the model reproduces the features of the two spectra well over this wide energy range, in particular the
intensity values where the spectra peak and how this peak shifts to higher energies while the spectrum decreases with
increased modulation. Reproducing the 2010 spectrum (during an A<0 magnetic polarity cycle4) required relatively
minor changes to the modulation parameters used by Raath et al. (2016). However, in order to reproduce the 2014
spectrum (during an A>0 magnetic polarity cycle), with the amount of modulation additionally occurring as shown in
Figure 3, the di↵usion coe�cients had to be decreased by a factor of 2 with respect to the 2010 values. Simultaneously,
the drift coe�cient had to be reduced to only 10% of the solar minimum value. This illustrates that reproducing
the total amount of modulation occurring from maximum GCR intensity in early 2010 to minimum intensity in
2014 requires about a factor of 2 increase in the e↵ectiveness of di↵usion while drifts had to be significantly reduced,
otherwise the intensity levels would have remained far too high with increasing solar modulation for this A>0 magnetic
cycle.

CONCLUSION

The observations presented here illustrate the total modulation that had occurred from minimummodulation (highest
intensity) of GCRs to maximum modulation (lowest intensity) under a relatively quiet Sun and subsequently also the
heliosphere. This provides a unique opportunity to study the modulation of GCRs under such extraordinary conditions.
In particular, combined with the observed electron to positron ratios reported by PAMELA in Adriani et al. (2016),
it provides information useful to understand how di↵usion and drifts e↵ects vary with time and energy.

4 In the Sun magnetic field the dipole term nearly always dominates the magnetic field of the solar wind. A is defined as the projection
of this dipole on the solar rotation axis.
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the tilt angle, αðtÞ. Any particle which travels from the
heliopause to the Earth along the heliospheric current sheet
must propagate over an extremely long distance, especially
during periods with large α.
For the case of propagation from the poles (occurring

largely during periods with qA > 0), CR propagation is
expected to be nearly independent of α. For propagation
through the heliospheric current sheet (qA < 0), however, the
energy losses incurred should increase with increasing tilt
angle. Although it is difficult to predict the detailed functional
relationship between the modulation potential and α, we can
constrain this function with observations. Additionally, we
note that CR propagation should be independent of α in the
high-rigidity limit, for which particle diffusion dominates
over propagation along local magnetic field lines.
In Fig. 1, we present a schematic depiction of CR

propagation through the heliosphere. The red line represents
the trajectory of a positively charged CR during a period of
positive polarity (or, alternatively, a negatively charged CR
during a period of negative polarity). In this case, particles
propagate efficiently to Earth, suffering only modest energy
losses. In contrast, when the particle charge and solar
polarity are opposite (blue line), CRs propagate from the
heliopause to Earth along the heliospheric current sheet, and
suffer significant energy losses during their lengthy trajec-
tory. The geometry of the heliospheric current sheet shown
in Fig. 1 corresponds to a tilt angle of α ¼ 15° (i.e. the
angular width of the heliospheric current sheet, viewed edge
on, is 2α ¼ 30°). For small values of the tilt angle,
propagation becomes more direct, resembling the trajecto-
ries shown for qA > 0. For very large tilt angles, the path
length along the current sheet becomes untenably long, and
perpendicular diffusion begins to dominate propagation.
For both qA > 0 and qA < 0, the CR energy losses due

to solar modulation are adiabatic, and are expected to be
proportional to the time taken to travel between the helio-
pause and Earth. For CRs traveling from the poles with a
direct path length, the solar modulation potential is then
directly related to the amplitude of the HMF. On the other
hand, for CRs traveling through the current sheet, there is a
second term that scales with the drift time defined in Eq. (6)
and additionally depends on the tilt angle, α. We note that
the separation of the solar modulation potential into
rigidity-dependent and independent terms was previously
suggested in Ref. [28].
Taking into account the considerations described in this

section, we adopt the following physically motivated
parametrization for the solar modulation potential:

ΦðR; tÞ ¼ ϕ0gðjBtotðtÞjÞ þ ϕ1Hð−qAÞgðjBtotðtÞjÞfðαðtÞÞ

×
!
1þ ðR=R0Þ2

βðR=R0Þ3

"
; ð7Þ

where, again, jBtotj is the strength of the HMF as measured
at Earth, α is the heliospheric tilt angle, and A is the polarity
of the magnetic field. The polarity, along with the CR’s

charge, determines the value of the Heaviside step function,
H. ϕ0, ϕ1 and R0 are free parameters which we fit to the
data. gðjBtotjÞ and fðαÞ are functions of the magnetic field
and tilt angle, respectively, whose forms we empirically
constrain in Sec. IV. Although this expression is quite
general, it relies on some simplifying assumptions. Perhaps
most significantly, it assumes that the dependance of the
modulation potential on the strength of the HMF is the
same for qA > 0 and qA < 0. We also note that we expect
this equation to be applicable for CRs with rigidities
R≳ R0. For R ≪ R0, drift becomes highly suppressed
and propagation relies again only on diffusion. In what
follows, we test the validity of this parametrization, and use
the available CR data to constrain the value of each free
parameter. As we demonstrate, for appropriate choices of
gðjBtotjÞ and fðαÞ, this equation provides a good descrip-
tion for the solar modulation potential, including its
variation with time, rigidity and charge.

III. THE COSMIC-RAY SPECTRUM IN THE
INTERSTELLAR MEDIUM

To model the injection and propagation of CRs through
the interstellar medium of the Milky Way, we make use of
the publicly available Galprop v54 1.984 code [29–31],
which numerically solves the following transport equation:

FIG. 1. The schematic depiction of CR propagation through the
Solar System (viewed edge on). CRs that reach the Earth follow
very different trajectories, depending on the polarity of the
heliospheric magnetic field. In the negative polarity state
(A < 0), positively charged CRs drift along the heliospheric
current sheet (shown as a periodic solid line, for the case of a tilt
angle of α ¼ 15°), and move across layers of this sheet via
diffusion. In contrast, positively charged particles diffuse more
directly and efficiently during periods of positive polarity
(A > 0). As a consequence, propagation times and corresponding
energy losses can vary significantly depending on the period of
the solar cycle, and on the sign of the charge of the CR. The
curved line represents the boundary of the Solar System,
corresponding to the region near the heliopause and/or termi-
nation shock.
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Figure 10 Contour map of the rigidity cutoff as seen from the Kamioka site. Rigidity
cutoffs are shown as a function of arrival direction of the neutrino. (Zenith angle >90� is for
upward-moving particles.) An outline map of the continents is superimposed on the lower
hemisphere.
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Figure 11 Cutoffs at three locations: north-central North America (Soudan, Sudbury); Gran
Sasso; Kamioka. The left panel shows the passing rate as a function of rigidity integrated over
all directions. The right panel shows the rigidity abovewhich half the particles in the azimuthal
band at each zenith angle reach the atmosphere. (Positive cos ✓ refers to downward-moving
particles.)
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Figure 5 Response to primary energy for several classes of interactions of ⌫µ + ⌫̄µ:
sub-GeV events (A, no cutoff; B, events from the lower hemisphere; C, events from
upper hemisphere at Super-K); vertically upward, throughgoing muons at Super-K
and neutrino-induced muons in AMANDA-B10. For the sub-GeV events, each pair of
curves shows the range of the signal between minimum (solid) and maximum (dashed)
level of solar activity. The dotted curve shows a typical response function for a neutron
monitor, to be discussed in Section 3.3. (The neutronmonitor response is plotted versus
rigidity rather than energy.)

We discuss the geomagnetic effects, which are important for sub-GeV neutrinos,
in the next section.

3.1. Summary of Data on Protons and Helium

In the past decade, measurements with superconducting magnetic spectrome-
ters have greatly improved our knowledge of primary cosmic-ray spectra up to
100 GeV/nucleon. At higher energies, the situation is not as good. Figure 6 is
a summary of the data for protons and helium. The measurements below 100
GeV are made with balloon-borne magnetic spectrometers (48–54) and by the
Alpha Magnetic Spectrometer (AMS) space shuttle flight (55, 56). Measurements
at higher energy have been made by balloon-borne calorimeters of various kinds
(57–61). These do not capture all the energy of the primary, and as a consequence,
the energy determination is not as precise as that of a spectrometer.
Starting with the LEAP experiment (49), the measured fluxes have been consis-

tently lower than that of Reference (48), which had previously been the standard.
Particularly remarkable is the close agreement between the BESS (54) and AMS
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Figure 10 Contour map of the rigidity cutoff as seen from the Kamioka site. Rigidity
cutoffs are shown as a function of arrival direction of the neutrino. (Zenith angle >90� is for
upward-moving particles.) An outline map of the continents is superimposed on the lower
hemisphere.
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Figure 11 Cutoffs at three locations: north-central North America (Soudan, Sudbury); Gran
Sasso; Kamioka. The left panel shows the passing rate as a function of rigidity integrated over
all directions. The right panel shows the rigidity abovewhich half the particles in the azimuthal
band at each zenith angle reach the atmosphere. (Positive cos ✓ refers to downward-moving
particles.)
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America. Moreover, the geomagnetic up-down ratio at Super-K suppresses down-
ward events, which is opposite to the observed path-length dependence of neutrino
oscillations.

4.2. East-West Effect

Kamioka is at a rather low geomagnetic latitude and has therefore a rather high
local vertical cutoff, ⇡11 GV. In addition, there is a strong azimuthal asymmetry,
with the cutoff higher for particles arriving from the east than from the west. The
east-west asymmetry is a result [andwas, historically, the first indicator (74, 75)] of
the fact that the primary cosmic rays are positively charged.A remarkable feature of
Super-K is its ability tomeasure (76) the classic east-west asymmetryof theprimary
cosmic rays as reflected in neutrinos (77, 37). Quantitative understanding of this
feature of the data confirms that deviations of the atmospheric neutrino beam from
isotropy can be understood entirely as arising from effects of the geomagnetic field.
Figure 12 shows that the experimental data agree with the predictions well

within the experimental errors. However, Lipari points out that the azimuthal
variationof⌫e events is somewhat larger than thepredictions of theone-dimensional

Figure 12 East-west effect observed in neutrino interactions. Data points are from
Super-K experiment; solid and dashed lines represent predictions from the one-
dimensional calculations of Honda et al. and the Bartol group. The dash-dotted line
shows predictions by Lipari, taking into account the muon bending. All three calcula-
tions are normalized to the average of the data shown by the horizontal dotted lines.
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Figure 6 Observed flux of cosmic-ray protons and helium. The dashed lines show
the fits described in the text. The data are: Webber (48), crosses; LEAP (49), upward
solid triangles; MASS1 (50), open circles; CAPRICE (52), vertical solid diamonds;
IMAX (53), downward solid triangles; BESS98 (54), solid circles; AMS (55, 56), solid
squares; Ryan (57), horizontal solid diamonds; JACEE (58), downward open triangles;
Ivanenko (59), upward open triangles; Runjob (60), open diamonds; Kawamura (61),
open squares.

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt.

 S
ci

. 2
00

2.
52

:1
53

-1
99

. D
ow

nl
oa

de
d 

fro
m

 w
w

w
.an

nu
al

re
vi

ew
s.o

rg
 A

cc
es

s p
ro

vi
de

d 
by

 U
ni

ve
rs

ity
 o

f D
el

aw
ar

e o
n 

04
/1

2/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.
 

TG	
  &	
  Honda,	
  2002	
  

Nucleons	
  per	
  GeV/nucleon	
  



Flux	
  parameterizaYons	
  

Trieste,	
  28/05/2018	
   Tom	
  Gaisser	
   11	
  

10 Oct 2002 10:55 AR AR172-NS52-05.tex AR172-NS52-05.SGM LaTeX2e(2002/01/18) P1: GDL

164 GAISSER ⌅ HONDA

(55) measurements of the proton flux. They agree with each other to better than 5%
over their whole energy range. In contrast, there is a systematic difference of about
15% between the BESS and AMS (56) measurements of helium. Note, however,
that only some 25% of the total flux of nucleons is carried by helium and heavier
nuclei, so such a difference corresponds to an uncertainty of ⇠3% in the flux of
nucleons.
Reference (62) discusses the measurements of the primary spectrum in the

context of atmospheric neutrinos. Fits of the form

�(Ek) = K ⇥

⇣
Ek + b exp

h
�c

p
Ek

i⌘
�↵

10.

are given, with parameters as tabulated in Table 2. Here Ek is kinetic energy per
nucleon and �(Ek)dEk is the number of nuclei in the interval dEk . The fits for
protons and helium are determined largely by the AMS (55) and BESS (54) data,
with their small statistical uncertainties. They are shown as dashed lines in Figure 6.
Parameters for the three groups of heavy nuclei in Table 2 have been updated by
T. Stanev (private communication) since the publication of Reference (62). Two
fits, “high” and “low,” have been made for helium.

3.2. Heavier Nuclei and the All-Nucleon Spectrum

Production of pions and kaons in the atmosphere, and hence the neutrino flux, de-
pends essentially on the spectrum of nucleons as a function of energy per nucleon.
One must treat protons and neutrons separately to obtain the charge ratio and the
correct ⌫̄/⌫ ratios. Bound and free protons must be passed separately through the
geomagnetic filter, since the relation between energy per nucleon and rigidity is
different for free protons and for nuclei.
A fit for the all-nucleon spectrum outside the magnetosphere corresponding to

Equation 10 can be constructed directly from Table 2 as �N (Ek) =

P
A A�A(Ek),

with �A from Equation 10 for each nuclear group. Figure 7 shows the fractional
contributions of protons, helium, and three groups of heavy nuclei. In the en-
ergy range important for contained neutrino interactions, protons contribute 75%,
helium 15%, and all heavier nuclei about 10%.

TABLE 2 Parameters for all five components in the fit of Equation 10

Parameter/component ↵ K b c

Hydrogen (A = 1) 2.74± 0.01 14900± 600 2.15 0.21
He (A = 4, high) 2.64± 0.01 600± 30 1.25 0.14
He (A = 4, low) 2.74± 0.03 750± 100 1.50 0.30
CNO (A = 14) 2.60± 0.07 33.2± 5 0.97 0.01
Mg-Si (A = 25) 2.79± 0.08 34.2± 6 2.14 0.01
Fe (A = 56) 2.68± 0.01 4.45± 0.50 3.07 0.41
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(55) measurements of the proton flux. They agree with each other to better than 5%
over their whole energy range. In contrast, there is a systematic difference of about
15% between the BESS and AMS (56) measurements of helium. Note, however,
that only some 25% of the total flux of nucleons is carried by helium and heavier
nuclei, so such a difference corresponds to an uncertainty of ⇠3% in the flux of
nucleons.
Reference (62) discusses the measurements of the primary spectrum in the

context of atmospheric neutrinos. Fits of the form
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⇣
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are given, with parameters as tabulated in Table 2. Here Ek is kinetic energy per
nucleon and �(Ek)dEk is the number of nuclei in the interval dEk . The fits for
protons and helium are determined largely by the AMS (55) and BESS (54) data,
with their small statistical uncertainties. They are shown as dashed lines in Figure 6.
Parameters for the three groups of heavy nuclei in Table 2 have been updated by
T. Stanev (private communication) since the publication of Reference (62). Two
fits, “high” and “low,” have been made for helium.

3.2. Heavier Nuclei and the All-Nucleon Spectrum

Production of pions and kaons in the atmosphere, and hence the neutrino flux, de-
pends essentially on the spectrum of nucleons as a function of energy per nucleon.
One must treat protons and neutrons separately to obtain the charge ratio and the
correct ⌫̄/⌫ ratios. Bound and free protons must be passed separately through the
geomagnetic filter, since the relation between energy per nucleon and rigidity is
different for free protons and for nuclei.
A fit for the all-nucleon spectrum outside the magnetosphere corresponding to

Equation 10 can be constructed directly from Table 2 as �N (Ek) =

P
A A�A(Ek),

with �A from Equation 10 for each nuclear group. Figure 7 shows the fractional
contributions of protons, helium, and three groups of heavy nuclei. In the en-
ergy range important for contained neutrino interactions, protons contribute 75%,
helium 15%, and all heavier nuclei about 10%.

TABLE 2 Parameters for all five components in the fit of Equation 10

Parameter/component ↵ K b c

Hydrogen (A = 1) 2.74± 0.01 14900± 600 2.15 0.21
He (A = 4, high) 2.64± 0.01 600± 30 1.25 0.14
He (A = 4, low) 2.74± 0.03 750± 100 1.50 0.30
CNO (A = 14) 2.60± 0.07 33.2± 5 0.97 0.01
Mg-Si (A = 25) 2.79± 0.08 34.2± 6 2.14 0.01
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primarily to multiplicity, while regions B, C, E, F and H
represent the fragmentation region in which the pion pro-
duction is determined mainly by the valence quarks.
Regions C and B are more closely connected to each other,
as are E and F, but we treat them separately in order to track
which regions of phase space would most benefit from
more precise measurements.

For kaons, region W represents the very poorly mea-
sured part of phase where resonance production is impor-
tant at low energy (below 15 GeV) and s!s pair production
in the central region is important at high energy. X and Y
are used to represent associated production (a "K-pair) at
high energy.

The energy dependent term in both pions and kaons at
very high energies (Eq. (2)) is varied independently, rep-
resented by the regions I and Z.

The effect of changing the layout of these boundaries is
found to have little effect on the uncertainty determination;
we defer a discussion of this to section VIII on cross
checks.

The approach chosen allows different regions of phase
space shown in Fig. 3 in the !Ei; xlab" plane to vary inde-
pendently with the allowed 1! variation shown in Fig. 2.
Since both the K=" ratio and the K#=K$ ratio are nearly
as poorly measured as the K production itself, the K# and
K$ production are varied entirely independently of each
other and of the " production. An uncertainty for the
"#="$ ratio of %5% has been applied. We assume that
the interaction can be considered as a combination of
centrally produced pairs of pions which do not contribute
to an uncertainty in the charge ratio and a 20% contribution
to the uncertainty from projectile fragmentation. This is
obtained by assuming that the projectile may be excited
into a state with given isospin which subsequently decays
to a nucleon and a single pion and evaluating the different
possibilities.

The number of different uncertainty sources in our
analysis is 18 in total (9 in pions, 4 in K#, 4 in K$ and 1
representing the "#="$ ratio). It has been chosen to be
roughly the same as the number of questions and worries in
the model builder’s minds. If the number of regions is too
small (e.g. only 2 or 3), this describes a situation in which
the shape of the hadron production is well defined, but the
overall rate is unknown; in this case, the uncertainty can-
cels almost completely in the ratios of neutrino fluxes. If
the number is too large (e.g. a few hundred) and all vary
independently, this describes a situation in which there are
large variations between local parts of the phase space and
the uncertainties in adjacent regions average out and again
underestimates the true uncertainty.

V. PRIMARY FLUXES UNCERTAINTIES

The primary flux uncertainties are incorporated into the
uncertainties on the neutrino fluxes in a similar way to the
hadron production uncertainties. Gaisser, Stanev, Honda,

and Lipari [44] (GSHL) have parameterized the primary
fluxes as a function of energy in solar minimum conditions,
based on a compilation of a large number of flux measure-
ments. Measurements up to 200 GeV=n are possible using
balloon or spacecraft mounted experiments. At higher en-
ergies, fluxes are determined by balloon borne emulsion-
calorimeter techniques which are less precise. The GSHL
parametrization gives the fluxes as follows

 #!Ep" & a'Ep # b exp!c
!!!!!!
Ep

q
"($d; (3)

where Ep is the primary energy in GeV (in GeV=nucleon
for nuclear cosmic rays) and d & ## 1 is the differential
spectral index. The parameters a, b, c, and d are chosen
separately for the proton fluxes and for the sum of all the
nuclear fluxes. The parameter d governs the most striking
feature of the cosmic ray fluxes; the extremely steep falloff
with energy.

The uncertainties are obtained by estimating the varia-
tion required in the parameters a to d to suitably cover the
spread in the modern measurements. The values used are
shown in Table I. The uncertainty on the parameter d is

TABLE I. Summary of primary flux parameter variation.

Parameter Proton fluxes Nuclear fluxes

a (normalization) 1:49% 0:10 0:060% 0:004
b 2:15% 0:025 1:25% 0:03
c $2:21% 0:02 $0:14% 0:02
d (index) <200 GeV=n 2:74% 0:01 2:64% 0:02
>200 GeV=n 2:74% 0:03 2:64% 0:04
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FIG. 4 (color online). Comparison of proton flux measure-
ments to the GSHL parametrization with parameters given in
Table I as a function of energy. The lines show the uncertainties
on the fluxes used in this paper.

G. D. BARR, S. ROBBINS, T. K. GAISSER, AND T. STANEV PHYSICAL REVIEW D 74, 094009 (2006)

094009-6

increased by a factor of 3 for primaries above 200 GeV=n
where the fluxes can not be measured with spectrometers.

The proton flux measurements are compared on Fig. 4
where the residual between the measurements and the
above parametrization are plotted against cosmic ray en-
ergy. Historically, there was a discrepancy among earlier
measurements of up to 50% in the important region be-
tween 10 and 100 GeV. Modern experiments are in much
better agreement although the data of CAPRICE [28] is a
little lower than AMS [26] and BESS [27] which agree
with each other very well. Analogously to the hadron
production, the proton flux uncertainties are applied by
using four uncertainty sources to allow the changes to the
parameters a, b, c, and d to be applied independently.

The primary cosmic ray flux contains nucleons which
are bound in nuclei of various sizes. For this estimate of the
errors, we have assigned errors to the fluxes to cover the
spread in helium fluxes as shown on Fig. 5 and used these
errors as four more uncertainty sources to represent the
variation for all nuclei other than protons.

VI. ERROR ESTIMATES

The flux calculation proceeds by performing a Monte-
Carlo calculation with the same simulation program as in
Ref. [20] at 70 separate equally logarithmically-spaced
energies between 1 GeV and 10 PeV and summing up the
neutrinos which are produced; normalizing to the correct
number of primary cosmic rays. To estimate the uncertain-
ties, the calculation was repeated 26 times with each of the
uncertainty sources described above (18 in hadron produc-

tion and 8 in primary flux) individually adjusted by 1! to
obtain the variation in neutrino flux as a function of neu-
trino energy, type and zenith angle for each of the changes.
The hadron production adjustment is performed by weight-
ing the neutrinos where the first meson is produced with the
values of Ei and xlab in the appropriate ranges. The total
uncertainty in the neutrino flux is obtained by adding the
deviations in the 26 calculated fluxes in quadrature.
Similarly, to determine the error on a given flux ratio, the
ratio is recalculated for each of the 26 changes and these
deviations are added in quadrature.

The 1D approximation has been used to derive the error
sensitivities presented in this paper. Although the 1D ap-
proximation affects the values of the fluxes, it is not
expected to change the sensitivity of the fluxes to the
uncertainties considered here.

Figure 6 uses the muon neutrino to antineutrino flux
ratio averaged over all zenith angles as an example to
illustrate the level to which the cancellation in ratios oc-
curs. The uncertainties on the fluxes are presented in two
ways, firstly the fluxes are shown with error bars represent-
ing the uncertainties. Note how the neutrino flux falls
steeply with energy in the same way that the primary fluxes
do. This paper will concentrate on the uncertainties, for a
more detailed description of the features of the fluxes
themselves, see e.g. [20].
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FIG. 1. Deviation from central fit values of the neutrino flux for (a) proton and (b) helium fluxes as a function of primary
energy for the GSHL parametrization. Solid markers indicate spectrometer measurements, empty markers indicate calorimeter
measurements. The yellow and green regions indicate the 1 and 2 standard deviation contour regions, respectively. The
discontinuity above an energy of 200 GeV/n indicates an increase on the uncertainty on the parameter d due to the calorimeter
measurements in this energy region.

(a) (b)

FIG. 2. Comparison of the (a) individual components and (b) total uncertainties for muon neutrinos between the results of
Barr et al. [7] (dashed) and this analysis (continuous lines).

results for protons yield a softer spectrum whereas the
helium spectrum is harder.

Barr et al. [7] sum the four uncertainty functions in
quadrature to obtain a total primary uncertainty for the
atmospheric ⌫µ flux. Here, we also take into account the
correlations given in Table III. This updated primary un-
certainty is summed in quadrature with the hadron pro-
duction uncertainty determined in Ref. [7] to obtain a
total muon atmospheric neutrino flux uncertainty. The
updated total muon-neutrino uncertainties are compared
to the previous uncertainties in Fig. 2. We obtain an

uncertainty on the muon-neutrino flux related to the pri-
mary cosmic rays of ⇡ (5–15)%, depending on energy,
which is about a factor of two smaller than the previ-
ously determined uncertainty. After adding the hadronic
component, the total atmospheric muon-neutrino uncer-
tainty is ⇡ 5% lower.
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Figure 4. Compilation of helium and heavier nuclei data. The CREAM
elemental fluxes are compared with selected previous data (Asakimori et al.
1998; Derbina et al. 2005; Zei et al. 2008; Ahn et al. 2008a; Alcaraz et al.
2000; Panov et al. 2009): CREAM-1 (filled circles), CREAM-2 (filled squares),
AMS (stars), BESS (open squares), JACEE (X), RUNJOB (inverted triangles),
HEAO-3 (asterisks), CRN (open crosses), TRACER (triangles), and ATIC-
2 (diamonds). The data for elements heavier than C were multiplied by the
indicated factors to separate their fluxes in the figure. The error bars represent
one standard deviation, which is not visible when smaller than the symbol size.

power-law fit (Ahn et al. 2009b), but the data above 200 GeV/
nucleon tend to be systematically higher than a single power-
law fit indicates. A broken power law gives a better fit to our
data. Note that the JACEE and RUNJOB experiments did not
report spectra of individual elements heavier than helium.

Considering the limited statistics, we investigated broken
power law fits with the spectral indices γ 1 and γ 2, respectively,
below and above 200 GeV/nucleon. Within the current statistics,
the fits and their significance are nearly the same for any
breakpoint in the range 200–250 GeV/nucleon. The broken
power-law fits for elements heavier than carbon were normalized
to the carbon fit. The resulting fit indices shown in Figure 5 are
γ 1 = −2.77 ± 0.03 and γ 2 = −2.56 ± 0.04, which differ by
4.2σ . The spectral index γ 1 is consistent with the low-energy
helium measurements, e.g., the AMS index of −2.74 ± 0.01,
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Figure 5. Broken power-law fit to helium and heavier nuclei data. The lines
for helium represent a power-law fit to AMS (open stars) and CREAM (filled
circles) data, respectively. Also shown are helium data from other experiments:
BESS (open squares), ATIC-2 (open diamonds), JACEE (X), and RUNJOB
(open inverted triangles). Some of the overlapping BESS and AMS data points
are not shown to achieve better clarity. The lines for C-Fe data represent a broken
power-law fit to the CREAM heavy nuclei data: carbon (open circles), oxygen
(filled squares), neon (open crosses), magnesium (open triangles), silicon (filled
diamonds), and iron (asterisks).

whereas γ 2 agrees remarkably well with our CREAM helium
index of −2.58 ± 0.02 at higher energies. We note that the
experiment-to-experiment index variations for the low-energy
data are slightly larger than their quoted fit errors, probably due
to different energy ranges for their fits and residual effects of
solar modulation.

4. DISCUSSION

An explanation for the difference between proton and helium
spectra could be that they are coming from different types
of sources or acceleration sites. For example, protons might
come mainly from the supernova explosion of a low-mass star
directly into the interstellar medium. Helium and heavier nuclei
might come mainly from the explosion of a massive star into
the atmosphere swept out by the progenitor star rather than
directly into the general interstellar medium (Biermann 1993).
The strong stellar wind of the massive star would be magnetic
and enriched by mass ejections that expose its deeper layers. The
acceleration rate could be determined at first by the magnetic
field of the progenitor’s wind, which might be significantly
higher than the magnetic field in the interstellar medium. In
this case, the resulting spectra of helium and heavier nuclei
from the wind would be harder than the spectrum of protons
originating from a low-mass star explosion into the interstellar
medium.

The spectral hardening observed above ∼200 GeV/nucleon
could result from a nearby isolated supernova remnant, or it
could be the effect of distributed acceleration by multiple rem-
nants embedded in a turbulent stellar association (Medina-Tanco
& Opher 1993). Most massive stars are born in associations,
and they evolve quickly enough to explode as supernovae in the
vicinity of their parent molecular cloud. The dynamic effect of
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2:77 T 0:03(stat) T 0:004(syst). We applied
Fisher’s andStudent’s t tests to the single–power-law
hypothesis in the range 30 to 230 GV for both
protons and helium [see section 5 of the sup-
porting online material (SOM) for details]. This
hypothesis is rejected at the 95% confidence level
(CL). Considering the same rigidity interval in
terms of kinetic energy per nucleon, the Fisher’s
and Student’s t tests reject a single–power-law
hypothesis at 99.7% CL.

At 230 to 240 GV, the proton and helium data
exhibit an abrupt spectral hardening. Applying
Fisher’s test and Student’s t test to the proton
spectrum above 80 GV, the single–power-law
hypothesis is rejected at 99.7% CL if only sta-
tistical errors are considered. A similar result is
obtained if the fluxes are increased in line with
the systematic uncertainties. If the fluxes are
instead decreased, the single–power-law hypoth-
esis is rejected at 95% CL. The hardening of the

proton spectrum occurs at232þ35
−30 GVwith change

of spectral index from gR80−232GV;p ¼ 2:85 T
0:015(stat) T 0:004(syst) to gR>232GV;p ¼ 2:67 T
0:03 T 0:05. For the helium data, the single–
power-law hypothesis is rejected at 95% CL
with spectral hardening setting in at 243þ27

−31
GV and a corresponding change of spectral in-
dex of gR80−240GV;He ¼ 2:766 T 0:01 T 0:027 and
gR>243GV;He ¼ 2:477 T 0:06 T 0:03. As a con-
sistency check, we repeated this analysis with
the three highest-energy data points excluded;
no changes in the proton and helium results were
observed. We obtained similar results when we
used alternative statistical methods such as the
cumulative sum test (see section 5.4 in the SOM).

One of the most notable features of the cos-
mic rays before PAMELA observations was their
apparently featureless energy spectra. Until now,
single power laws, as predicted by the shock dif-
fusion acceleration model and diffusive propaga-
tion in the Galaxy [see (25) for a recent review],
could reproduce spectra using similar spectral
indices (a fit to the experimental data yields
g ≃ 2:7) for protons and heavier nuclei up to
energies of about ≈1015 eV (the so-called “knee”
region). Such assumptions are routinely incorpo-
rated into commonly used propagation models
such as GALPROP (4), which is widely con-
sidered to be the standard model of cosmic-ray
acceleration and propagation. Our results chal-
lenge this scenario (26). As can be seen in Figs. 2
and 3, the GALPROP calculation does not re-
produce PAMELA data across the full-rigidity
region. Moreover, it is difficult, even with recent
models of nonlinear shock acceleration (27, 28),
to produce significant differences in the proton and
helium spectra as low as a few tens of gigavolts.

The hardening in the spectra observed by
PAMELA around 200 GV could be interpreted as
an indication of different populations of cosmic-
ray sources. As an example of amultisourcemodel,
Fig. 2 shows a comparison with a calculation by
Zatsepin and Sokolskaya (29) (blue curves), which
was put forward to explain ATIC-2 data (16) and
considered novae stars and explosions in super-
bubbles as additional cosmic-ray sources. The pa-
rameters of themodel were fitted tomatchATIC-2
data and, consequently, are in disagreement with
PAMELA data in absolute fluxes and the ratio.
If the parameters of this model are fitted to the
PAMELA data, the agreement can be greatly im-
proved (red curves in Figs. 2 and 3). CREAM
also reported a direct measurement, albeit with
a low statistical and systematic significance, of
a change of the slope for nuclei (Z ≥ 3) at 200
GeV per nucleon; that is, at a higher rigidity
ð≃ 400 GVÞ than our observed break in the he-
lium spectrum.

An indication that proton and helium have dif-
ferent spectral indices at high energy (~10 TeV)
was reported by JACEE (18). More recently,
CREAM (17)—also using AMS (alpha magnetic
spectrometer) (24) and BESS (balloon-borne
experiments with a superconducting spectrometer)
(30) data—indirectly inferred that spectral defor-
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Fig. 3. Ratio of the flux between proton and helium data of PAMELA versus rigidity. The gray shaded area
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the difference of the two spectral indices) and the GALPROP (36) and Zatsepin models with the original
values of the paper (29) fitted to the data. Details of the models are presented in tables S1 and S2.
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the carbon and oxygen fluxes and ∼1.5% at 100 GV for the
helium flux.
Detector.—The layout and description of the Alpha

Magnetic Spectrometer (AMS) detector are presented in
Ref. [13]. The key elements used in this measurement are
the permanent magnet [14], the silicon tracker [15], and the
four planes of time of flight (TOF) scintillation counters
[16]. Further information on the performance of the TOF
is included in the Detector section of the Supplemental
Material (SM) [17]. The AMS also contains a transition
radiation detector (TRD), a ring imaging Čerenkov detector
(RICH), an electromagnetic calorimeter (ECAL), and an
array of 16 anticoincidence counters.
The tracker has nine layers, the first (L1) at the top of the

detector, the second (L2) above the magnet, six (L3 to L8)
within the bore of the magnet, and the last (L9) above the
ECAL. L2 to L8 constitute the inner tracker.
Each layer of the tracker provides an independent

measurement of the charge Z with a resolution of ΔZ=Z ¼
9% for helium, 5% for carbon, and 4% for oxygen. Overall,
the inner tracker has a resolution of ΔZ=Z ¼ 3.5% for
helium, 2% for carbon, and 1.5% for oxygen.
The spatial resolution in each tracker layer is 6.5 μm in

the bending direction for helium, 5.1 μm for carbon, and
6.3 μm for oxygen [18]. Together, the tracker and the
magnet measure the rigidity R of charged cosmic rays, with
a maximum detectable rigidity (MDR) of 3.2 TV for
helium, 3.7 TV for carbon, and 3.4 TV for oxygen over
the 3 m lever arm from L1 to L9.
Helium, carbon, and oxygen nuclei traversing AMS

were triggered as described in Ref. [2]. The trigger
efficiencies have been measured to be >94% for helium
and >97% for carbon and oxygen over the entire
rigidity range.
Monte Carlo (MC) simulated events were produced

using a dedicated program developed by the collaboration
based on the GEANT-4.10.1 package [19]. The program
simulates electromagnetic and hadronic interactions of
particles in the material of the AMS and generates detector
responses. The Glauber-Gribov model [19] tuned to repro-
duce the AMS helium data, see Fig. SM 1(a) and SM 1(b)
in Ref. [2], was used for the description of the nuclei
inelastic cross sections.
Event selection.—In the first five years, the AMS has

collected 8.5 × 1010 cosmic ray events. The collection time
used in this analysis includes only those seconds during
which the detector was in normal operating conditions
and, in addition, the AMS was pointing within 40° of
the local zenith and the ISS was outside of the
South Atlantic Anomaly. Because of the geomagnetic field,
this collection time increases with rigidity, becoming
constant at 1.23 × 108 s above 30 GV.
Helium events were selected as described in Ref. [2].

After selection the event sample contains 90 × 106 helium
events with a purity >99.9%.

Carbon and oxygen events are required to be downward
going and to have a reconstructed track in the inner tracker
which passes through L1. In the highest rigidity region,
R ≥ 1.13 TV, the track is also required to pass through L9.
Track fitting quality criteria such as a χ2=d:o:f: < 10 in the
bending coordinate are applied, similar to Refs. [2,20,21].
The measured rigidity is required to be greater than a

factor of 1.2 times the maximum geomagnetic cutoff within
the AMS field of view. The cutoff was calculated by
backtracing [22] particles from the top of the AMS out to
50 Earth’s radii using the most recent IGRF model [23].
Charge measurements on L1, the inner tracker, the upper

TOF, the lower TOF, and, for R > 1.13 TV, L9 are required
to be compatible with charge Z ¼ 6 for carbon and Z ¼ 8
for oxygen, as shown in Fig. 1 of the SM [17] for the inner
tracker. This selection yields purities of 99% for carbon and
>99.8% for oxygen. The residual backgrounds for carbon
and oxygen are discussed in the Event Selection section
of the SM [17] and in Ref. [24]. After background
subtraction we obtain 8.4 × 106 carbon and 7.0 × 106

oxygen nuclei. The overall uncertainty due to background
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FIG. 1. The AMS (a) helium, (b) carbon, and (c) oxygen
fluxes [17] multiplied by ~R2.7 with their total errors as functions
of rigidity. Earlier measurements of helium, see Fig. 4 in Ref. [28],
and carbon [12] fluxes in rigidity are also shown. (d) The
dependence of the helium, carbon, and oxygen spectral indices
on rigidity. In (d), for clarity, the horizontal positions of the
helium and oxygen data points are displaced with respect to
carbon. As seen, above 60 GV (indicated by the unshaded region)
the spectral indices are identical.
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3	
  new	
  parameters:	
  	
  
•  k	
  ≈	
  150	
  GeV,	
  	
  
•  s	
  =	
  sharpness,	
  	
  
•  	
  α’	
  <	
  α	
  =	
  high	
  energy	
  spectral	
  index	
  

The	
  steepening	
  factor	
  form	
  is	
  from	
  
Ter-­‐Antonyan	
  &	
  Haroyan,	
  hep-­‐ex:0003006	
  
(see	
  also	
  Lipari,	
  Astropart.	
  Phys.	
  97	
  (2018)	
  197	
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FIG. 3. (a) Comparison between the GSHL parameter values from Barr et al. [7] (dashed line) and our fit (continuous line) for
proton and helium primaries; (b) ratio of the two flux parametrisations (this work over Barr et al.)

V. ALTERNATIVE PARAMETRISATION

Recent measurements of cosmic-ray spectra for protons
and helium nuclei using the AMS-02 detector [17, 18]
deviate significantly from a single power-law behaviour,
exhibiting a harder spectrum above primary energies of
⇡ 102 GeV/n. This trend is also observed in the most
recent ATIC [21] and PAMELA-CALO [24] measure-
ments. We therefore propose a modification to the GSHL
parametrisation, labeled GSHL+, that includes a shift in
the spectral index using a multi-spectrum parametrisa-
tion of the form [39]

�(Ep) =

a
h
Ep + b exp(c

p
Ep)

i�d

| {z }
GSHL

⇥

1 +

✓
Ep

k

◆s� d�e
s

| {z }
Spectral index change

, (7)

where a, b, c, and d are the parameters used in Eq. 1, k is
the energy per nucleon where the shift in spectral index
occurs, s is a sharpness parameter, correlated to the rate
of change of the spectral slope, and e is the new spectral
index characterising the spectrum at energies above k.

The results of the fit are shown in Table V, and
the deviation versus energy in Fig. 4. The fit yields
�2/d.o.f. = 1.7 for protons, an improvement compared
to �2/d.o.f. = 2.9 for the GSHL parametrisation. In
Fig. 5 we compare the GSHL function using the parame-
ters of Barr et al. [7] and our global fit using Eq. 7. The
results for protons now yield a harder spectrum, which is
consistent with the recent observations by the AMS-02,
ATIC and PAMELA-CALO Collaborations. However,
fitting the GSHL+ parametrisation for helium returns
parameter values that make the extra term disappear
(the two spectral indices d and e take approximately the
same value) since the helium data is not constraining
enough, i.e., there is no benefit to be gained from using
the GSHL+ parametrisation.
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ter measurements. The yellow and green bands represent the
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VI. DISCUSSION

We show in Sec. IV that the GSHL parameters are
highly correlated and that a correct treatment of corre-
lations is necessary to obtain a realistic estimate of the
total uncertainty. The largest contributions to the total
uncertainty from the parameters a and d exhibit a lower
value than the ones presented in Ref. [7] with di↵erent
factors. The overall total atmospheric muon-neutrino un-
certainty is generally lower than the one previously de-
termined in Ref. [7].
The features shown by the most recent high-energy
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hadronic process. For example, a particularly important moment
for this paper is

ZpKþ ¼
1
r

Z
xc drðxÞ

dx
dx ð5Þ

for the process

pþ air ! Kþ þKþ anything: ð6Þ
The normalized inclusive cross section is weighted by xc where c is
the integral spectral index for a power-law spectrum and x = EK/Ep.
Feynman scaling is assumed in these approximate formulas, so the
parameters may vary slowly with energy, especially near threshold.
However, the scaling approximation is relatively good because the
moment weights the forward fragmentation region.

2.1. Charged pion channel

The next step is to solve the coupled equations for the produc-
tion of charged pions by nucleons separately for P+(X) + P%(X) and
for Dp = P+(X) %P%(X). The solutions are then convolved with the
probability per g/cm2 for decay to obtain the corresponding pro-
duction spectra of muons and neutrinos. The decay kinematic fac-
tors are

1% rcþ1
p

ðcþ 1Þð1% rpÞ
and

!p
cos hEl

1% rcþ2
p

ðcþ 2Þð1% rpÞ
ð7Þ

for muons and

ð1% rpÞc

ðcþ 1Þ
and

!p
cos hEl

ð1% rpÞðcþ1Þ

ðcþ 2Þ
ð8Þ

for neutrinos. In each of Eqs. (7) and (8) the first expression is a low-
energy limit and the second a high energy limit, where low and high
are with respect to the critical energy !p. The ratio rp ¼ m2

l=m2
p ¼

0:5731. The forms for two-body decay of charged kaons are the same
with rK = 0.0458.

The production spectra are then integrated over slant depth
through the atmosphere to obtain the corresponding contributions
to the lepton fluxes. Finally, the low and high-energy forms are
combined into a single approximate expression.

For example, for the flux of ml þ !ml the expression is

/mðEmÞ ¼ /NðEmÞ &
Apm

1þ Bpm cosðhÞEm=!p
þ AKm

1þ BKm cosðhÞEm=!K

!

þ Acharmm

1þ Bcharmm cosðhÞEm=!charm

"
: ð9Þ

Here /N (Em) = dN/d ln (Em) is the primary spectrum of nucleons (N)
evaluated at the energy of the neutrino. The three terms in brackets
correspond to production from leptonic and semi-leptonic decays of
pions, kaons and charmed hadrons respectively. The term for
prompt neutrinos from decay of charm has been included in Eq.
(9) (see Ref. [10]) but will not be discussed further here.

The numerator of each term of Eq. (9) has the form

Aim ¼
ZNi & BRim & Zim

1% ZNN
; ð10Þ

with i = p±, K, charm and BRim is the branching ratio for i ? m. The
first Z-factor in the numerator is the spectrum weighted moment
of the cross section for a nucleon (N) to produce a secondary hadron
i from a target nucleus in the atmosphere, defined as in Eq. (5). The
second Z-factor is the corresponding moment of the decay distribu-
tion for i ? m + X, which is written explicitly in Eq. (8). The second
term in each denominator is the ratio of the low-energy to the
high-energy form of the decay distribution [11]. The forms for
muons are the same, but the kinematic factors differ in a significant
way (Eq. (7) instead of Eq. (8)). Explicitly, for neutrinos

Bpm ¼
cþ 2
cþ 1

# $
1

1% rp

# $
Kp %KN

Kp lnðKp=KNÞ

# $
ð11Þ

and for muons

Bpl ¼
cþ 2
cþ 1

# $
1% ðrpÞcþ1

1% ðrpÞcþ2

 !
Kp %KN

Kp lnðKp=KNÞ

# $
: ð12Þ

The forms for kaons are the same as functions of rK and KK.
The separate solutions for p+ ? l+ + ml and p% ! l% þ !ml have

the form

/pðElÞ' ¼ /NðElÞ
Apl & 0:5ð1' apbd0Þ
1þ B'pl cosðhÞEl=!p

; ð13Þ

where

B'pl ¼ Bpl
1' apbd0

1' cpapbd0
:

Here

b ¼ 1% Zpp % Zpn

1% Zpp þ Zpn
( 0:909; bp ¼

1% Zpþpþ % Zpþp%

1% Zpþpþ þ Zpþp%
( 0:929;

ap ¼
Zppþ % Zpp%

Zppþ þ Zpp%
( 0:165

and

cp ¼
1%KN=Kp

1% bKN=ðbpKpÞ
1þ lnðbp=bÞ

lnðKp=KNÞ

% &
( 1:01:

The numerical values are based on fixed target data in the energy
range of hundreds of GeV [11]. The factors B'pl differ by less than
one per cent. To this accuracy, the charge ratio of muons can there-
fore be written in the form

lþ
l% (

1þ bd0ap

1% bd0ap
¼ fpþ

1% fpþ
; ð14Þ

where fpþ ¼ ð1þ bd0apÞ=2 is the fraction of positive muons from
decay of charged pions.

2.2. Leptons from decay of kaons

The situation becomes more complex when the contribution
from kaons is considered. In the first place, because the critical
energies are significantly different for pions and kaons, the two
contributions have to be followed separately. In addition the
charge ratio of muons from decay of charged kaons is larger than
that from pion decay because the process of associated production
in Eq. (6) has no analog for forward production of K%. Instead, asso-
ciated production by neutrons leads to KK0.

For the charge separated analysis of kaons it is useful to divide
kaon production by nucleons into a part in which K+ and K% are
produced equally by neutrons and by protons and another for asso-
ciated production, which is treated separately. Then in the approx-
imation that kaon production by pions in the cascade is neglected,
the spectrum of negative muons from decay of K% is

/KðElÞ% ¼
ZNK%

ZNK
/NðElÞ

ANK

1þ BKl cosðhÞEl=!K
: ð15Þ

There is an equal contribution of central production to positive
kaons, but in addition there is the contribution from associated
production. The total contribution of the kaon channel to positive
muons is

/KðElÞþ ¼ /NðElÞANK &
1
2 ð1þ aKbd0Þ

1þ BþKl cosðhÞEl=!K
: ð16Þ
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(9) (see Ref. [10]) but will not be discussed further here.

The numerator of each term of Eq. (9) has the form
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with i = p±, K, charm and BRim is the branching ratio for i ? m. The
first Z-factor in the numerator is the spectrum weighted moment
of the cross section for a nucleon (N) to produce a secondary hadron
i from a target nucleus in the atmosphere, defined as in Eq. (5). The
second Z-factor is the corresponding moment of the decay distribu-
tion for i ? m + X, which is written explicitly in Eq. (8). The second
term in each denominator is the ratio of the low-energy to the
high-energy form of the decay distribution [11]. The forms for
muons are the same, but the kinematic factors differ in a significant
way (Eq. (7) instead of Eq. (8)). Explicitly, for neutrinos

Bpm ¼
cþ 2
cþ 1

# $
1

1% rp

# $
Kp %KN

Kp lnðKp=KNÞ

# $
ð11Þ

and for muons

Bpl ¼
cþ 2
cþ 1

# $
1% ðrpÞcþ1

1% ðrpÞcþ2

 !
Kp %KN

Kp lnðKp=KNÞ

# $
: ð12Þ

The forms for kaons are the same as functions of rK and KK.
The separate solutions for p+ ? l+ + ml and p% ! l% þ !ml have

the form

/pðElÞ' ¼ /NðElÞ
Apl & 0:5ð1' apbd0Þ
1þ B'pl cosðhÞEl=!p

; ð13Þ

where

B'pl ¼ Bpl
1' apbd0

1' cpapbd0
:

Here

b ¼ 1% Zpp % Zpn

1% Zpp þ Zpn
( 0:909; bp ¼

1% Zpþpþ % Zpþp%

1% Zpþpþ þ Zpþp%
( 0:929;

ap ¼
Zppþ % Zpp%

Zppþ þ Zpp%
( 0:165

and

cp ¼
1%KN=Kp

1% bKN=ðbpKpÞ
1þ lnðbp=bÞ

lnðKp=KNÞ

% &
( 1:01:

The numerical values are based on fixed target data in the energy
range of hundreds of GeV [11]. The factors B'pl differ by less than
one per cent. To this accuracy, the charge ratio of muons can there-
fore be written in the form

lþ
l% (

1þ bd0ap

1% bd0ap
¼ fpþ

1% fpþ
; ð14Þ

where fpþ ¼ ð1þ bd0apÞ=2 is the fraction of positive muons from
decay of charged pions.

2.2. Leptons from decay of kaons

The situation becomes more complex when the contribution
from kaons is considered. In the first place, because the critical
energies are significantly different for pions and kaons, the two
contributions have to be followed separately. In addition the
charge ratio of muons from decay of charged kaons is larger than
that from pion decay because the process of associated production
in Eq. (6) has no analog for forward production of K%. Instead, asso-
ciated production by neutrons leads to KK0.

For the charge separated analysis of kaons it is useful to divide
kaon production by nucleons into a part in which K+ and K% are
produced equally by neutrons and by protons and another for asso-
ciated production, which is treated separately. Then in the approx-
imation that kaon production by pions in the cascade is neglected,
the spectrum of negative muons from decay of K% is

/KðElÞ% ¼
ZNK%

ZNK
/NðElÞ

ANK

1þ BKl cosðhÞEl=!K
: ð15Þ

There is an equal contribution of central production to positive
kaons, but in addition there is the contribution from associated
production. The total contribution of the kaon channel to positive
muons is

/KðElÞþ ¼ /NðElÞANK &
1
2 ð1þ aKbd0Þ

1þ BþKl cosðhÞEl=!K
: ð16Þ
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Here

aK ¼
ZpKþ # ZpK#

ZpKþ þ ZpK#

and

BþKl ¼ BKl $
1þ bd0aK

1þ bd0aKð1# lnðbÞ=lnðKK=KNÞÞ
:

Combining the expressions for l+ and l# from pions (Eq. (13))
and from kaons (Eqs. (15) and (16)), the muon charge ratio is

lþ
l# ¼

fpþ
1þ Bpl cosðhÞEl=!p

þ
1
2 ð1þ aKbd0ÞAKl=Apl

1þ BþKl cosðhÞEl=!K

" #

$ ð1# fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ðZNK#=ZNKÞAKl=Apl

1þ BKl cosðhÞEl=!K

! "#1

: ð17Þ

For the pion contribution, isospin symmetry allows the pion terms
in the numerator and denominator to be expressed in terms of fþp as
defined after Eq. (14) above. The kaon contribution does not have
the same symmetry. Numerically, however, the differences are at
the level of a few per cent, as discussed in the results section.

3. Primary spectrum of nucleons

What is relevant for calculating the inclusive spectrum of
leptons in the atmosphere is the spectrum of nucleons per GeV/
nucleon. This is because, to a good approximation, the production
of pions and kaons occurs at the level of collisions between individ-
ual nucleons in the colliding nuclei. To obtain the composition from
which the spectrum of nucleons can be derived we use the mea-
surements of CREAM [6,7], grouping their measurements into the
conventional five groups of nuclei, H, He, CNO, Mg–Si and Mn-Fe.

Direct measurements of primary nuclei extend only to
'100 TeV total energy. Because we want to calculate spectra of
muons and neutrinos up to a PeV, we need to extrapolate the direct
measurements to high energy in a manner that is consistent with
measurements of the all-particle spectrum by air shower experi-
ments in the knee region (several PeV) and beyond, as illustrated
in the left panel of Fig. 1. To do this we adopt the proposal of Hillas
[23] to assume three populations of cosmic rays. The first popula-
tion can be associated with acceleration by supernova remnants,

with the knee signaling the cutoff of this population. The second
population is a higher-energy galactic component of unknown
origin (‘‘Component B’’), while the highest energy population is as-
sumed to be of extra-galactic origin.

Following Peters [24] we assume throughout that the knee and
other features of the primary spectrum depend on magnetic
rigidity,

R ¼ pc
Ze
; ð18Þ

where Ze is the charge of a nucleus of total energy Etot = pc. The
motivation is that both acceleration and propagation in models that
involve collisionless diffusion in magnetized plasmas depend only
on rigidity. The rigidity determines the gyroradius of a particle in
a given magnetic field B according to

rL ¼ R=B: ð19Þ

Peters pointed out that if there is a characteristic rigidity, Rc

above which a particular acceleration process reaches a limit (for
example because the gyroradius is larger that the accelerator), then
the feature will show up in total energy first for protons, then for
helium and so forth for heavier nuclei according to

Ec
tot ¼ A$ EN;c ¼ Ze$ Rc: ð20Þ

Here EN is energy per nucleon, A is atomic mass and Ze the nuclear
charge. The first evidence for such a Peters cycle associated with the
knee of the cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to electrons at
the sea level with the KASCADE detector [15].

In what follows we assume that each of the three components
(j) contains all five groups of nuclei and cuts off exponentially at
a characteristic rigidity Rc,j. Thus the all-particle spectrum is given
by

/iðEÞ ¼
P3

j¼1
ai;jE

#ci;j $ exp #
E

ZiRc;j

! "
: ð21Þ

The spectral indices for each group and the normalizations are given
explicitly in Table 1. The parameters for Population 1 are from Refs.
[6,7], which we assume can be extrapolated to a rigidity of 4 PV to
describe the knee. In Eq. (21) /i is dN/dlnE and ci is the integral
spectral index. The subscript i = 1, 5 runs over the standard five
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Here

aK ¼
ZpKþ # ZpK#

ZpKþ þ ZpK#

and

BþKl ¼ BKl $
1þ bd0aK

1þ bd0aKð1# lnðbÞ=lnðKK=KNÞÞ
:

Combining the expressions for l+ and l# from pions (Eq. (13))
and from kaons (Eqs. (15) and (16)), the muon charge ratio is

lþ
l# ¼

fpþ
1þ Bpl cosðhÞEl=!p

þ
1
2 ð1þ aKbd0ÞAKl=Apl

1þ BþKl cosðhÞEl=!K

" #

$ ð1# fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ðZNK#=ZNKÞAKl=Apl

1þ BKl cosðhÞEl=!K

! "#1

: ð17Þ

For the pion contribution, isospin symmetry allows the pion terms
in the numerator and denominator to be expressed in terms of fþp as
defined after Eq. (14) above. The kaon contribution does not have
the same symmetry. Numerically, however, the differences are at
the level of a few per cent, as discussed in the results section.

3. Primary spectrum of nucleons

What is relevant for calculating the inclusive spectrum of
leptons in the atmosphere is the spectrum of nucleons per GeV/
nucleon. This is because, to a good approximation, the production
of pions and kaons occurs at the level of collisions between individ-
ual nucleons in the colliding nuclei. To obtain the composition from
which the spectrum of nucleons can be derived we use the mea-
surements of CREAM [6,7], grouping their measurements into the
conventional five groups of nuclei, H, He, CNO, Mg–Si and Mn-Fe.

Direct measurements of primary nuclei extend only to
'100 TeV total energy. Because we want to calculate spectra of
muons and neutrinos up to a PeV, we need to extrapolate the direct
measurements to high energy in a manner that is consistent with
measurements of the all-particle spectrum by air shower experi-
ments in the knee region (several PeV) and beyond, as illustrated
in the left panel of Fig. 1. To do this we adopt the proposal of Hillas
[23] to assume three populations of cosmic rays. The first popula-
tion can be associated with acceleration by supernova remnants,

with the knee signaling the cutoff of this population. The second
population is a higher-energy galactic component of unknown
origin (‘‘Component B’’), while the highest energy population is as-
sumed to be of extra-galactic origin.

Following Peters [24] we assume throughout that the knee and
other features of the primary spectrum depend on magnetic
rigidity,

R ¼ pc
Ze
; ð18Þ

where Ze is the charge of a nucleus of total energy Etot = pc. The
motivation is that both acceleration and propagation in models that
involve collisionless diffusion in magnetized plasmas depend only
on rigidity. The rigidity determines the gyroradius of a particle in
a given magnetic field B according to

rL ¼ R=B: ð19Þ

Peters pointed out that if there is a characteristic rigidity, Rc

above which a particular acceleration process reaches a limit (for
example because the gyroradius is larger that the accelerator), then
the feature will show up in total energy first for protons, then for
helium and so forth for heavier nuclei according to

Ec
tot ¼ A$ EN;c ¼ Ze$ Rc: ð20Þ

Here EN is energy per nucleon, A is atomic mass and Ze the nuclear
charge. The first evidence for such a Peters cycle associated with the
knee of the cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to electrons at
the sea level with the KASCADE detector [15].

In what follows we assume that each of the three components
(j) contains all five groups of nuclei and cuts off exponentially at
a characteristic rigidity Rc,j. Thus the all-particle spectrum is given
by

/iðEÞ ¼
P3

j¼1
ai;jE

#ci;j $ exp #
E

ZiRc;j

! "
: ð21Þ

The spectral indices for each group and the normalizations are given
explicitly in Table 1. The parameters for Population 1 are from Refs.
[6,7], which we assume can be extrapolated to a rigidity of 4 PV to
describe the knee. In Eq. (21) /i is dN/dlnE and ci is the integral
spectral index. The subscript i = 1, 5 runs over the standard five
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Table 5 Summary of the assumed parameters and related values
appearing in the charge ratio parameterization (Eq. 3). The parameters
are classified according to the main dependencies

Parameter Value Ref.

Parameters depending on hadronic interactions

Z pπ+ 0.046 [2]

Z pπ− 0.033 [2]

Z pK − 0.0028 [2]

β 0.909 [22]

Parameters depending on primary spectral index

Aπ 0.675 Z Nπ [7]

AK 0.246 Z N K [7]

Bπ 1.061 [7]

BK 1.126 [7]

Parameters depending on primary composition

b −0.035 [2]

Critical energies

επ 115 GeV [22]

εK 850 GeV [22]
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Fig. 4 Our measurement of the muon charge ratio as a function
of the surface energy Eµ (black points). The two-dimensional fit in
(Eµ, cos θ∗) yields a measurement of the composition parameter δ0 and
of the factor Z pK + . The fit result is projected on the average OPERA
zenith ⟨cos θ∗⟩ ≃ 0.7 and shown by the continuous line. Results from
other experiments, L3+C (only for 0.675 < cos θ < 0.75) [12], MINOS
Near and Far Detectors [13,14], CMS [15] and Utah [16], are also shown
for comparison

& K +. On the other hand K − are equally produced in K +K −

pairs by protons and neutrons (Z pK − ≃ ZnK − ).
A linear energy dependence in logarithmic scale of the

parameter δ0 was assumed, δ0 = a + b log10(EN /GeV/nu-
cleon), as suggested by direct measurements of the primary
composition and by the Polygonato model [23]. We fixed
the slope at b = −0.035 which was obtained fitting the val-
ues reported in [2]. All the assumptions on the parameters
appearing in Eq. 3 are summarized in Table 5.

We made a two-dimensional fit of OPERA and L3+C data
as a function of (Eµ, cos θ∗) to Eq. 3 with δ0 and Z pK + as
free parameters. The fit yields the composition parameter at
the average energy measured by OPERA ⟨Eµ⟩ = 2 TeV
(corresponding to ⟨EN ⟩ ≈ 20 TeV/nucleon) δ0(⟨Eµ⟩) =
0.61 ± 0.02 and the factor Z pK + = 0.0086 ± 0.0004.

The result of the fit in two variables (Eµ, cos θ∗) is pro-
jected on the average OPERA zenith ⟨cos θ∗⟩ ≃ 0.7 and is
shown in Fig. 4 together with the measured charge ratio as a
function of the surface muon energy.

4 Conclusions

The atmospheric muon charge ratio Rµ was measured with
the complete statistics accumulated along the five years of
data taking. The combination of the two data sets collected
with opposite magnet polarities allows reaching the most
accurate measurement in the high energy region to date. The
underground charge ratio was evaluated separately for single
and for multiple muon events. For single muons, the inte-
grated Rµ value is

Rµ(nµ = 1) = 1.377 ± 0.006(stat.)+0.007
−0.001(syst.)

while for muon bundles

Rµ(nµ > 1) = 1.098 ± 0.023(stat.)+0.015
−0.013(syst.)

The integral value and the energy dependence of the charge
ratio for single muons are compatible with the expecta-
tion from a simple model [2,22] which takes into account
only pion and kaon contributions to the atmospheric muon
flux. We extracted the fractions of charged pions and kaons
decaying into positive muons, fπ+ = 0.5512 ± 0.0014 and
fK + = 0.705 ± 0.014.

Considering the composition dependence embedded in
Eq. 3, we inferred a proton excess in the primary cosmic
rays δ0 = 0.61±0.02 at the energy ⟨EN ⟩ ≈ 20 TeV/nucleon
and a spectrum weighted moment Z pK + = 0.0086±0.0004.

The observed behaviour of Rµ as a function of the surface
energy from ∼ 1 TeV up to 20 TeV (about 200 TeV/nu-
cleon for the primary particle) shows no deviations from a
simple parametric model taking into account only pions and
kaons as muon parents, supporting the hypothesis of lim-
iting fragmentation up to primary energies/nucleon around
200 TeV.
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The points connected by lines in the multi-TeV range show the re-
sults of the calculation taking account of the dependence on zenith
angle in Eq. (17). The lowest set of points has been adjusted to fit
the MINOS data by varying the parameter ZpKþ , which reflects
p ? K+.

The dependence of l+/l" on zenith angle enters Eq. (17) in the
form El cos(h). For this reason the muon charge ratio is often pre-
sented as a function of this combination. The data of OPERA are
presented only in terms of the product El cos(h). Because of the
complex overburden at Gran Sasso, there is no simple relation be-
tween zenith angle and energy. The MINOS data are also presented
in this form in Ref. [2], but the mean energy for each value of El
cos(h) is not given. For a primary cosmic-ray composition that
has no energy dependence, Eq. (17) depends only on El cos(h).
The effect of the energy-dependence of composition can therefore
be assessed by comparing the calculation for various fixed values
of d0 to the data, which is done in Fig. 4.

The upper curve in Fig. 4 is the same as the corresponding curve
in Fig. 3, plotted for a constant composition with d0 = 0.76, its value
at 10 GeV. The parameter d0 decreases from 0.71 at 100 GeV/nu-
cleon to 0.68 at a TeV, and from 0.64 at 10 TeV/nucleon to less than
0.62 at 100 TeV. The full curve through the data in Fig. 4 is evalu-
ated for d0 = 0.665. The two broken lines in the low energy region
are plotted for 0.71 and 0.69, while those at high energy are for
0.64 and 0.62. A more precise comparison between data and calcu-
lation could be made given complete information about the distri-
bution of energy within each bin of zenith angle, but it is clear that
the data from the various experiments are reasonably consistent
with each other and with the present calculation.

5. Summary

The muon charge ratio is sensitive both to the proton excess in
the spectrum of primary cosmic-ray nucleons and to the value of
ZpKþ . Using recent data on primary composition, we find a proton
excess that decreases steadily from 10 GeV/nucleon to 500 TeV.
This portion of the cosmic-ray spectrum produces muons from a
few GeV to well over 10 TeV. Assuming associated production
(Eq. (6)) to be the major uncertainty, a level of associated produc-
tion in the range ZpKþ ¼ 0:0079$ :0002 is required to fit the ob-
served charge ratio. For comparison, the nominal value [11] is
ZpKþ ¼ 0:0090. Keeping the nominal values of all other parameters,
the fit here corresponds to a ratio

RK=p ¼
ZpKþ þ ZpK"

Zppþ þ Zpp"
¼ 0:0079þ 0:0028

0:046þ 0:033
¼ 0:135: ð23Þ

It is interesting that analyses of seasonal variations of TeV
muons by MINOS [31] and IceCube [32] also suggest a somewhat
lower value of RKp than its nominal value of 0.149. On the other
hand, the value in Eq. (23) still represents a significant contribution
from the K+ decay channel. If the energy-dependent composition of
the Polygonato model is used instead, a good fit is obtained with
ZpKþ ¼ 0:0074, which reflects the somewhat higher value of d0 in
the relevant energy range (0.68 as compared to 0.64). The fraction
of kaons would be correspondingly lower (RK/p = 0.129).

In the analysis of MINOS, and also in that of OPERA, the muon
charge ratio is written in the form

lþ
l" ¼

fpþ
1þ Bpl cosðhÞEl=!p

þ
fKþAKl=Apl

1þ BKl cosðhÞEl=!K

! "

' ð1" fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ð1" fKþ ÞAKl=Apl

1þ BKl cosðhÞEl=!K

! ""1

; ð24Þ

with AKl/Apl = 0.054. The more correct Eq. (17) has a different form
for the contribution from kaons. In the MINOS analysis the fitted val-
ues of the two free parameters are fþp ¼ 0:55 and fþK ¼ 0:67. For El(
TeV, d0 ) 0.64 for primary energy per nucleon of 10 TeV. Thus
fþp ¼ 1

2 ð1þ apbd0Þ ¼ 0:55 in agreement with the MINOS analysis. A
precise comparison with the MINOS value for fþK is not possible for
the reasons explained after Eq. (17). However, numerical differences
are at the level of a few per cent. For example, BþKl ) 0:95' BKl.
From Eqs. (15) and (16), the value of fKþ ¼ /KðElÞþ=ð/KðElÞþþ
/KðElÞ"Þ ) 0:69 in the TeV region for d0 ) 0.64. However, if the
expression for the kaon contribution in Eq. (17) is expressed in terms
of fþK there is an additional multiplicative factor less than unity. Thus,
although the forms are different, the fits are much the same.

The role of kaons is relatively more important for neutrinos
than for muons. Because the muon mass is close to that of the pion,
the muon carries most of the energy of the decaying pion. Kaons
split the energy almost equally on average between the l and
the ml. The steep spectrum enhances the effect so that kaons are
the dominant source of muon neutrinos above a few hundred
GeV. Forward production of K+ is therefore particularly important.
The effect is illustrated in Fig. 5, in which the ratio ml=!ml is plotted
for the same sequence of assumptions as in the plot of the muon
charge ratio (Fig. 3). The implications of the muon charge ratio
for neutrinos will be the subject of a separate paper.
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  per	
  nucleus	
  
– ComposiYon	
  measurements	
  at	
  best	
  resolve	
  
groups	
  of	
  nuclei,	
  e.g.	
  (p,	
  He,	
  CNO,	
  Mg-­‐Si,	
  Fe)	
  	
  

•  We	
  need	
  the	
  spectrum	
  of	
  nucleons	
  (in	
  E	
  per	
  
nucleon)	
  to	
  calculate	
  fluxes	
  of	
  leptons	
  

•  Physics-­‐based	
  models	
  give	
  useful	
  guidance	
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Peters	
  cycles	
  and	
  parYcle	
  populaYons	
  

•  Rigidity	
  dependence	
  
– R	
  =	
  Ptot	
  c	
  /	
  Z	
  e	
  
–  Implies	
  sequence:	
  	
  	
  	
  	
  
p,	
  He,	
  C,	
  …	
  Fe	
  

•  Spectral	
  hardening	
  
– Suggests	
  new	
  parYcle	
  
populaYon	
  

•  GalacYc	
  and	
  extra-­‐
galacYc	
  populaYons	
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Pop.	
  1:	
  GalacYc	
  I	
  	
  
•  Assume	
  power-­‐law	
  

extrapolaYon	
  of	
  each	
  group	
  
from	
  direct	
  measurements	
  	
  

•  Assume	
  rigidity-­‐dependent	
  
cutoff	
  at	
  the	
  knee	
  

Pop.	
  2:	
  GalacYc	
  II	
  
Needed	
  to	
  fill	
  in	
  before	
  extra-­‐
galacYc	
  component	
  
Assume	
  rigidity-­‐dependent	
  cutoff	
  
	
  
Pop.	
  3:	
  ExtragalacYc	
  



Hillas’	
  GalacYc	
  populaYon	
  B	
  
Review: Diffusive shock acceleration in supernova remnants R101

Figure 2. The cosmic ray spectrum as the sum of galactic H, He, CNO, Ne–S and Fe components
with the same rigidity dependence, and extragalactic H + He (total EGT) having a spectrum ∝E−2.3

before suffering losses by CMBR and starlight interactions. The galactic components were given
a turn-down shape based on KAS CADE knee shape as far as the point marked x. The dashed line
Q is the total if the extended tail B of the galactic flux is omitted.

produced a sharp drop in flux from early radiogalaxies (or gamma ray bursts) above about
4 × 1017 eV (which, encouragingly, matches the position of what is sometimes referred
to as the ‘second knee’). This absorption nearly levels off above 3 × 1018 eV, where the
flux is normalized to agree with the observed cosmic ray flux. (Around 1017 eV one may
receive the unabsorbed source spectrum E−2.3, though, below this, the diffusion efficiency
is uncertain.) This cannot be a unique analysis of the cosmic-ray spectrum, but it shows
that another component is needed between the KASCADE knee ‘A’ and the extragalactic
part just discussed, since so far, parts (i) and (ii) would only add up to give the dashed
curve ‘Q’, falling below the observed total flux.

(iii) ‘B’: Something still has to be added to the ‘KASCADE’ component ‘A’, in order to
make up the well-measured total cosmic-ray flux at several times 1017 eV. The lines (B)
plotted here result from the assumption that the additional galactic component still has
the normal relative numbers of different nuclei (as expected in simple diffusive shock
acceleration models), with a common rigidity spectrum, and everything adds up to the
observed total flux of all particles. The KASCADE-like rigidity spectrum has been
accepted up to 7 × 1015 V, near the experiment’s sensitivity limit. If the rigidity spectrum
extending beyond this point is to make up the observed total flux (when added to the
EG component), the resulting form is shown as ‘B’ in figure 2. (One does seem to need
the light-nucleus dominated extragalactic flux as part of the mixture: one does not get a
good fit to the observations with any overall spectrum which is purely a function of
rigidity with normal composition. One problem in such a case is that where the total
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FIG. 3: Data from giant air shower detectors. Left: Data from AGASA [31], HiRes [29], Auger [18] and Telescope Array [34];
Right: same with data of AGASA shifted down in energy by 0.7 and Auger shifted up in energy by 1.22.

propagation in models that involve collisionless diffusion
in magnetized plasmas depend only on rigidity. The first
evidence for a Peters cycle associated with the knee of the
cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to elec-
trons at the sea level with the KASCADE detector [17].
They found that the knee occurred earlier for protons
and helium and later for heavier nuclei. The same Pe-
ters cycle pattern seems to occur also in the hardening of
spectrum observed recently around 200 GV as reported
in Refs.[8] and [9].

A. Hillas model

The model of Ref. [36] is an attempt to implement the
model of Hillas [40] in which the knee represents the end
of the spectrum of cosmic rays accelerated by supernova
remnants in the Milky Way and the ankle represents the
transition to particles from extra-galactic sources. This
picture depends on the amplification of magnetic fields by
the turbulence associated with non-linear diffusive shock
acceleration [41]. Support for the presence of magnetic
field amplification by a factor of 100 above the level the
interstellar medium comes from the narrow rims of syn-
chrotron radiation by electrons observed at the edges of
some SNR [42]. With fields of order 100 µGauss, accel-
eration of protons to energies Emax ∼ 3 × 106 GeV is
possible given the size and expansion rate of SNR [43].
In this situation it is natural to associate the knee with
the maximum energy for the bulk of the galactic cosmic
rays.
If the ankle signals the transition to extragalactic cos-

p He CNO Mg-Si Fe
Pop. 1: 7860 3550 2200 1430 2120
Rc = 4 PV 1.66 1 1.58 1.63 1.67 1.63
Pop. 2: 20 20 13.4 13.4 13.4
Rc = 30 PV 1.4 1.4 1.4 1.4 1.4
Pop. 3: 1.7 1.7 1.14 1.14 1.14
Rc = 2 EV 1.4 1.4 1.4 1.4 1.4

Pop. 3(*): 200 0.0 0.0 0.0 0.0
Rc = 60 EV 1.6

TABLE II: Cutoffs, normalization constants (ai,j) and inte-
gral spectral indexes (γi,j) for Eq. 3 for the implementation
of the Hillas model (H3a) in which all populations are mixed.
In the bottom part of the table population 3(*) consists of
protons only (H4a).

mic rays, and the cutoff for the SNR component occurs at
a rigidity of several PV, then there is a gap between the
knee and the ankle that has to be filled in by a higher en-
ergy galactic component, which Hillas calls “component
B.” In this case there would be at least three populations
of particles. There could of course be many more compo-
nents in a more realistic picture in which different classes
of sources, or even individual sources have different indi-
vidual characteristics. For this reason a three population
model is a minimal assumption in case the transition to
extra-galactic cosmic rays occurs at the ankle.

This three population picture is implemented in the
model of Ref. [36] by assuming that each of the three
components (j) contains all five groups of nuclei and cuts
off exponentially at a characteristic rigidity Rc,j . Thus

H3a	
  
	
  
H4a	
  

GalacYc	
  A	
  
	
  
GalacYc	
  B	
  

ExtragalacYc	
  

TG	
  Astropart.	
  Phys.	
  35	
  (2012)	
  801	
   7

p He C O Fe 50 < Z < 56 78 < Z < 82
Pop. 1: 7000 3200 100 130 60
Rc = 120 TV 1.66 1 1.58 1.4 1.4 1.3
Pop. 2: 150 65 6 7 2.3 0.1 0.4
Rc = 4 PV 1.4 1.3 1.3 1.3 1.2 1.2 1.2
Pop. 3: 14 0.025
Rc = 1.3 EV 1.4 1.2

Pop. 2*: 150 65 6 7 2.1 0.1 0.53
Rc = 4 PV 1.4 1.3 1.3 1.3 1.2 1.2 1.2
Pop. 3*: 12 0.011
Rc = 1.5 EV 1.4 1.2
Pop. 4*: 1.2
Rc = 40 EV 1.4

TABLE III: Global Fit results for the cutoffs, normalization constants (ai,j) and integral spectral indexes (γi,j) for Eq. 3. In
the bottom part of the table(*) populations 2 and 3 are slightly modified to accommodate a Population 4 of protons to bring
< ln(A) > down to the observed level in Fig. 5.

approaches its maximum, as illustrated in the left panel
of Fig. 5. Another important point is that the higher en-
ergy populations can contribute significantly to the flux
in the region dominated by the lower population. The
right panel of Fig. 4 shows the overlap of the three pop-
ulations of the global fit of Table III.

The hardening of the spectrum observed by PAMELA
and CREAM around 200 GV is suggestive of the onset of
a new population [50]. In this interpretation, the Popula-
tion 1 of our global fit would be a higher energy popula-
tion which becomes dominant above 200 GV, but which
still contributes significantly at lower energies. Other ex-
planations have been suggested. For example, Ref. [51]
suggests that the hardening reflects the concave spec-
trum characteristic of non-linear diffusive shock acceler-
ation. In Ref. [52] it is suggested that a dispersion in
the injection spectra of different SNR is responsible for
the hardening of the spectrum. Reference [53] shows how
the hardening of the spectrum could be attributed to a
change in the type of turbulence responsible for diffusion
of the cosmic rays.

A general feature illustrated by the various parame-
terizations discussed here is that a Peters cycle of cutoffs
of elemental components with rather hard spectra before
the cutoff can produce regions of the all-particle spectrum
that can be described approximately by steeper power
laws. The differential spectral index between 100 GeV
and one PeV is close to 2.6 while the index above the
second knee, between 2×1018 and 5×1019 eV is approx-
imately 3.35. The individual spectra in the global fit
of Table III, for example, have differential indices below
their cutoffs ranging from 2.2 to 2.4 (except for hydrogen
and helium below 200 GV).

In the case of the ankle structure, there is one model
in which the absolute energy of the feature is fixed by
the physical assumptions of the model. That is the orig-
inal work of Berezinsky et al. [27], which explains the
dip in the plot of E3dN/dE as a consequence of physi-
cal process of pair production by protons during propa-

gation through the cosmic microwave background radia-
tion (CMB), which fixes the energy scale. In this “dip”
model, the extragalactic spectrum extends below the an-
kle and the galactic-extragalactic transition occurs below
one EeV. In this case, according to Ref. [32] there is no
need for a second, higher energy galactic component B.
However, in order to avoid a gap in the energy spectrum
around 1017 eV, the knee population would have to ex-
tend to significantly higher the Rc ≈ 4 GV as in both fits
in this paper.
The different populations of particles presumably cor-

respond to different classes of sources. For this reason
it is instructive to compare the energy content of the
different populations of particles and estimate the power
required at the source. As is well known, the total energy
in the cosmic-ray spectrum of galactic cosmic rays, which
is dominated by particles with energy below a TeV, can
be provided by supernova explosions at the rate of 3 per
century. The assumption is that approximately 10% of
the kinetic energy released goes into acceleration of cos-
mic rays, presumably by non-linear, first order, diffusive
shock acceleration. With 1051 erg in kinetic energy of
the ejecta per supernova explosion, the total power into
cosmic rays is then ∼ 3× 1050 erg/century or 1041 erg/s.
It is interesting to compare the power requirement for

the second galactic population in the two models de-
scribed above with the total power of the galactic cosmic-
ray sources. To estimate this from the parameterizations
of Tables II and III, we start from a simplified version of
the diffusion equation,

N(E) = Q(E)× τesc(E). (4)

Here N(E) is the density of cosmic-ray particles (dif-
ferential in energy) and Q(E) is the number of parti-
cles per second per unit volume at which the sources
inject particles of energy E. τesc(E) = τ0E−δ is the
energy dependent escape time from the galaxy. We as-
sume τ0 = 107 yrs and δ = 0.33. [62] Multiplying by
the factor 4π/c, which converts flux to density, we can
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extragalactic component we assumed that 〈ln A〉¼ 0:5 correspond-
ing to the composition " 75% of protons and " 25% of He nuclei.
If we assume a pure proton composition, then 〈ln A〉¼ 0 at
E41018 eV. The predicted maximum of 〈ln A〉 value reaches 2.5–
3, but in no case a value of 4 as in the KASCADE data [22]. In Fig. 12
we show the new Tunka data, and data from Ref. [1] presented
earlier as well as some selective data from other experiments.

In the first approximation the third model fit (the black line)
does not contradict to 〈ln A〉ðEÞ, measured in the Tunka 133
experiment [1], and the pink line fits new data. However, one
can see that three last points in Fig. 11 and in Fig. 12 are slightly
higher than calculated predictions. Is this difference only of
statistical origin or there are some systematic errors in energy
determination (stretched energy scale) is not clear yet. It is worth
noting that it is impossible to move the position of a second knee
to the right staying still in the frames of considered model.

To clarify this difference we show in Fig. 13 the predictions of
our model (the same curves as in Fig. 11) for proton þ He spectra
in comparison with Tunka 133 ‘light’ component (see Fig. 8). At
Fig. 14 we show the model prediction for all nuclei with Z46 and
‘heavy component’ (Fig. 8). At Fig. 14 some excess of heavy
components is also seen in the region of ð2C5Þ1017 eV.

This excess in the region of ð2–5Þ & 1017 eV may be interpreted
as a contribution of one galactic source (such as Cas A [16]), but
cosmic rays produced by this source should have an abnormal
chemical composition [16].

7. Conclusions

1. The primary spectrum above the knee cannot be fitted with
a single power law index but with three indices: 3:237 ð0:01Þstat

7 ð0:05Þsyst for 6& 1015'2& 1016 eV, 3:007 ð0:01Þstat7 ð0:05Þsyst

for 2& 1016'3& 1017 eV, 3:337 ð0:15Þstat7 ð0:05Þsyst for 3& 1017

'1018 eV.

Fig. 9. Elemental spectra of H, He, N, Fe. The merged all-particle spectrum of Tunka-25 (○) and Tunka-133 ((). Errors bars and shaded bands represent statistical and
systematic uncertainties.

Fig. 10. 〈ln A〉 as a function of energy. Errors bars and bands represent statistical
and systematic uncertainties.
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IceCube/IceTop	
  coincident	
  events	
  CR Spectrum/Composition from 3 Years of IceTop/IceCube K. Rawlins†

Figure 6: Individual spectra for the four nuclear types (protons, helium, oxygen, and iron), compared with
two different sources of systematic uncertainty: the in-ice light yield (dark grey= -12.5%, light grey= +9.6%)
on the left, and QGSJET-II-03 (light grey) as alternate hadronic interaction model on the right. The baseline
result (in color) is the same on the left and right.

Figure 7: Mean log mass for the three years combined, using baseline simulations (black stars), and sys-
tematic uncertainties from alternate simulations represented by other symbols.
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Figure 2. Top panel: Conventional ⌫ + ⌫̄ fluxes averaged over all zenith angles for 5 primary
spectra calculated with the EPOS-LHC model [5]; Bottom panel: ratio to Honda 06.

3. Hadronic interaction models
Spectrum-weighted moments have been tabulated as a function of beam energy for several
interaction models using the CRMC program [14]. The energy-dependent inclusive cross sections
are then derived for each model and the neutrino fluxes are calculated using the numerical
method of Ref. [15] as described in Ref. [6]. The hadronic interaction models are listed in
Table 1. The neutrino fluxes from these models are compared to each other in Fig. 3.

Model Comment
Scaling Energy-independent Z-factors from [16]
Honda [17] Tuned to atmospheric µ±; used in [11] for atmospheric ⌫
QGSjet II-04 [18] Post-LHC version of QGSjet
EPOS LHC [5] Post-LHC version of EPOS
Sib 2.3 dev [19] Development version of post-LHC SIBYLL
Sib 2.1 [20] Pre-LHC Sibyll

Table 1. List of hadronic interaction models for the atmospheric neutrino spectra in Fig. 3.
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Figure 3. Top panel: Conventional neutrino plus anti-neutrino fluxes averaged over all zenith
angles for several interaction models; Bottom panel: Ratios to fluxes calculated with EPOS-
LHC. (Note: The numerical calculations shown here by the lines do not include neutrinos from
decay of muons, which are negligible for ⌫µ with E > TeV. There is still some contribution to
TeV ⌫e, which probably accounts for the steeper ⌫e flux from the tables of Ref. [11], which do
include this contribution.)

4. Prompt neutrinos from decay of charm
There are many calculations of the flux of prompt neutrinos from decay of charmed hadrons
produced by interactions of cosmic rays in the atmosphere. Several of these are shown in
Fig. 4 with solid lines. There are uncertainties in the level of prompt neutrinos related to
limited knowledge of production of charmed hadrons and also from the primary spectrum and
composition. Examples of both are shown in the figure. The heavy solid lines are from ERS [21]
(rescaled to include the e↵ect of the knee) and BERSS [22], both assuming the H3a model for
the primary spectrum and composition.

To illustrate the e↵ect of di↵erences in primary spectrum, a simple model of the energy-
dependent charm production was made based on Fig. 2 of BERSS [22]. The prompt flux was
then calculated using the same numerical method as for the conventional neutrinos, taking
account of the much higher critical energies for charmed hadrons (3.84 ⇥ 107 GeV for D± and
9.71⇥107 GeV for D0). The results are shown for spectrum models H3a, H4a and GST1 by the
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