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Value of the Hubble constant: 
New physics or unknown systematics?

• H0 measurements in 
combination with CMB 
parameters are a powerful 
probe of dark energy 

• CMB analysis assumes flat 
ΛCDM (“standard model”) 

• Indications of new physics will 
come from combination of 
CMB and lower-z probes 

• Tension between CMB and 
distance ladder / SN (“Here” in 
figure) 

• Need independent techniques 
to test for unknown 
systematics

Riess+2016
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Figure3:Smallandlargesources.(a)Agalaxysurroundedbyadarkmatterhaloproducesmultipleimagesofasmallbackgroundlight
source(e.g.,anopticalquasar).(b)Foralargerbackgroundsource(e.g.,agalaxyoraradio-loudquasar),themacroimagesmaybestretched
intoarcsorevenacompleteEinsteinring.

focusonsubhalosinthemassrangefromglobularclustersto
dwarfgalaxies(∼105−1010M⊙),sincecurrentpredictions
indicatethatsubhalosatlowermassesmaybeverydifficult
todetectthroughlensingeffects.

4.FluxRatioAnomalies

Itwasnoticedquiteearlythatsimplesmoothmodelsof
galaxylensesusuallyfittheimagepositionsofmacrolensed
systemswell,whereasthemagnificationsofthemacroimages
aremoredifficulttoexplain[64].Toseehowthisworks,abit
ofsimplelenstheoryisrequired.

Specificrelationsareexpectedtoapplyforthemagni-
ficationsofmacroimagesclosetoeachotherandacritical
line.Formally,criticallinesarethecurvesinthelensplane
wherethemagnificationtendstoinfinity.Ifcriticalcurves
aremappedintothesourceplane,asetofcausticcurves
isobtained.Theseseparateregionsinthesourceplanethat
giverisetodifferentnumbersofimages(seeFigure4).The
smoothportionsofacausticcurvearecalledfolds,while
thepointswheretwofoldsmeetarereferredtoascusps.
Forabackgroundsourcewhichisclosetoeitherafold
(Figure4(a))oracusp(Figure4(b))inthecausticofa
smoothlens,two,respectively,threecloseimageswillbe
producednearthecriticallineinthelensplane.Ifthesource
isplacedinthecenterofthecaustic,themacroimageswill
formacrossconfiguration(Figure4(c)).

Allmacroimagescanfurthermorebedescribedashaving
eitherpositiveparity(meaningthattheimagehasthesame
orientationasthesource)ornegativeparity(theimageis
mirrorflippedinonedimensionrelativetothesource).
Whentakingtheimageparityintoaccountandassigning
negativemagnificationstonegativeparityimages,thesum
ofthemagnificationsofthecloseimagesshouldapproach
zero[65–67].Thefollowingrelationsshouldthenapplyfor
thefluxratioRofafoldconfiguration:

Rfold=
∣∣µA
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whentheseparationbetweenthecloseimages(Aand
BinFigure4(a))isasymptoticallysmall[68].Here,µ
representsthemagnificationofaspecificimage.Forthecusp
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However,mostobservedlensingsystemsviolatethese
relations.Thishasbeeninterpretedasevidenceofsmall-
scalestructureinthelensonapproximatelythescaleofthe
imageseparationsbetweenthecloseimages.Magnifications
ofindividualmacroimagesduetomillilensingbysubhalos
wouldindeedcausethevaluesforRfoldandRcusptodiffer
fromzerofairlyindependentlyoftheformoftherestofthe
lens[69–76].

Anotableproblemwiththispictureisthatbothsemi-
analyticalstructureformationmodelsandhigh-resolution
ΛCDMsimulationsseemtobeunabletoreproducethe
observedfluxratioanomalies,sincethesurfacemassdensity
insubstructureislowerthanthatrequired[45,77–80].

4.1.Complications:PropagationEffectsandMicrolensing.
Severalalternativereasonsfortheobservedfluxanomalies
havebeendiscussed,suchaspropagationeffectslikeabsorp-
tion,scattering,orscintillationintheinterstellarmedium
ofthelens[81]andmicrolensingbystarsinthelensing
galaxy[82].Sincesomesources,likequasars,canexhibit
intrinsicfluxvariationsondifferenttimescales,fluxratios
mayalsobedifficulttointerpretifthetimedelaybetween
themacroimages(seeSection7)isnotwellknown.

Therelevanceofpropagationeffectscanbetested
bysupplementaryobservationsoffluxratiosatdifferent
wavelengths,sincefluxlossesduetosuchmechanismsshould
varyasafunctionofwavelength.Microlensingbystarscan
becheckedforusinglong-termmonitoring,asthistype
oflensingistransientandexpectedtointroduceextrinsic
variabilityontheorderofmonths.Millilensingbyhalo
substructurecanontheotherhandbetreatedasstationary
[70].Extendedsources(e.g.,quasarsatmid-infraredand
radiowavelengths)shouldalsobefarlessaffectedby
microlensingthansmallpoint-likesources(quasarsinthe
opticalandatX-raywavelengths).Eventhoughitisoften
assumedthatradioobservationsofquasarsareessentially
microlensing-free,somecautionshouldbeapplied,since
substantialshort-termmicrolensingvariabilityispossiblein
thespecialcaseofarelativisticradiojetorientedclosetothe
lineofsight.Thisphenomenonhasbeendetectedinatleast
onemultiplyimagedsystem[83].

Mid-infraredimagingoflensesisattractivesincethe
fluxatsuchwavelengthsshouldbefreefromdifferencesin
extinctionamongthemacroimages,inadditiontobeingfree
frommicrolensingbystarsduetotheextendedsourcesize.
Suchobservationscanthereforebeusedtotestsomeofthe
alternativecausesforfluxratioanomalies.Recentstudies
haveusedthistechniquetoexamineseveralmacrolensed
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RXJ1131-1231, HST

Strong gravitational lensing
Observables:  
image positions + time delays
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RXJ1131-1231, HST

Strong gravitational lensing
Observables:  
image positions + time delays

total mass

geometry
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Time-delay cosmography

• Measure the “time delay” between the 
multiple images of a variable source (Quasar 
or SN) 

• Model the mass distribution of the lens 
• Characterise the line-of-sight perturbation to 

the geometric factors (external convergence 
Ƙext)

SNe “Refsdal”

Time delay Lens potential 
(from mass model)Time-delay distance

�t/D�t⇥�lens / 1
D�t

H0

proposed by Refusal 1964
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A very brief history of cosmology 
from gravitational lenses

• 1979: First gravitational lens discovered 
• 1980s and early 90s:  

–Only a few lenses known. 
–Time delays are very controversial 

• Mid 1990s – mid 2000s: 
–Dedicated monitoring programs produce high-precision time delay 

measurements 
–Modeling makes unwarranted assumptions, giving big spread in 

derived values of H0 
• Late 2000s – today: 

–Improvements in modelling and data lead to first robust high 
precision measurements 

–Blind analysis to avoid confirmation bias 
–Three high-quality systems analysed so far as part of the H0liCOW 

program (Suyu et al. 2010, 2013, 2014; Bonvin et al. 2017) 
–Independent re-analysis of one system (Birrer et al. 2016)
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H0 Lenses in COSMOGRAIL’s 
Wellspring (H0LiCOW)

• Detailed analysis of several time-delay 
lenses (Suyu+2017) 
- long term monitoring from 

COSMOGRAIL (Courbin+2011) for 
accurate time delays 

- high-resolution HST imaging for 
detailed lens modelling 

- wide-field imaging/spectroscopy to 
characterise mass along LOS 

• Goal is to constrain H0 to ~few % 
precision 

• First three lenses have been analysed 
(Suyu+2010, 2013; Wong+2017), three 
more to come this year (Birrer+, Rusu+, 
Wong+ in prep)

HE 0435-1223B1608+656 RXJ1131-1231

WFI2033-4723 PG1115+080 SDSS J1206+4432
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Time Delay Measurements
• COSMOGRAIL: long-term monitoring of time-delay 

lenses using small (1-m and 2-m) telescopes 
(Courbin+2011) 

• Well-tested algorithms for time-delay measurements 
(Tewes+2013) provide precision to few percent or better 

• Long time baselines needed to minimise effects of 
micro-lensing

A

B
C

Bonvin+ in prep.
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software available: $pip install lenstronomy 
https://github.com/sibirrer/lenstronomy

Modelling the lens: imagine
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that’s what 
we care! that’s what we need to know!a lot of 

nuisance!

2.1 Lensing formalism

The lensing potential  (~✓) at an angular position ~✓ = (✓1, ✓2) is given by

 (~✓) =
1

⇡

Z
d
2~✓0(~✓0) ln |~✓ � ~✓0| (2.1)

where  is the convergence and is given by

(~✓) =
⌃(Dd

~✓)

⌃crit
(2.2)

with

⌃crit =
c
2
Ds

4⇡GDdDds
(2.3)

is the critical density and ⌃(Dd
~✓) is the physical projected surface mass density. Dd, Ds

and Dds are the angular diameter distances from the observer to the lens, to the source and
from the lens to the source 2, respectively. The deflection angle is ~↵(~✓) = ~r (~✓) and the
lens equation, which describes the mapping from the source plane ~� = (�1,�2) to the image
plane ~✓ is given by

~� = ~✓ � ~↵(~✓). (2.4)

The convergence (~✓) can also be written as

(~✓) =
1

2
r2
 (~✓). (2.5)

2.2 Time delays

The Fermat potential is defined as

�(~✓, ~�) ⌘
"
(~✓ � ~�)2

2
�  (~✓)

#
. (2.6)

The excess time delay of an image at ~✓ with corresponding source position ~� is

t(~✓, ~�) =
D�t

c
�(~✓, ~�) (2.7)

where

D�t ⌘ (1 + zd)
DdDs

Dds
(2.8)

is referred as the time delay distance. The relative time delay di↵erence �tij between two

images positioned at ~✓i and ~✓j , the actual observable, is then given by

�tij = ti(~✓i, ~�)� tj(~✓j , ~�). (2.9)

Line-of-sight (LOS) structures external to the lens also a↵ect the observed time delay distance
through additional focusing or de-focusing of the light rays. We parameterize the LOS
structure with a single constant mass sheet parameter ext, the external convergence. The
actual time delay distance D�t relates to the one inferred by ignoring the external LOS
structure by

D�t =
D

model
�t

1� ext
. (2.10)

2Dds is not the subtraction Dd �Ds. In a flat universe: Dds = 1
1+zs

(Md �Ms), where M is the transverse
co-moving distance.

– 2 –

?

software available: $pip install lenstronomy 
https://github.com/sibirrer/lenstronomy

geometric delay gravitational delay

Modelling the lens: imagine



Trieste, 3 July 2018 Simon Birrer 
H0LiCOW

• High-resolution imaging needed to model 
quasar host galaxy (so far primary HST) 

• Adaptive PSF correction using quasar 
images (e.g. Chen+2016, Wong+2017, 
Birrer+2017) 

• provides few % uncertainty on H0

Wong+2017

Modelling the lens: imagine

Birrer+ in prep
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source reconstruction: 
example with perfect lens model

software available: $pip install lenstronomy 
https://github.com/sibirrer/lenstronomy
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source reconstruction: 
example with missing (sub)-structure

software available: $pip install lenstronomy 
https://github.com/sibirrer/lenstronomy
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Figure 6. Estimated LOS central velocity dispersions �P vs. time delay distances D�t of the sample
of lens models from Figure 5 (in the same colors) for a kinematic anisotropy prior of P[0.5,5](rani).
The 1-2-3 sigma contours are shown. The external convergence ext was explicitly set to zero and the
cosmology has been fixed to the Planck mean values in this particular plot. The gray band reflects
the 1-� uncertainty range of the LOS velocity dispersion estimates from the data. This shows that
velocity dispersion estimates add important information on the lens model constraints.

6.3 Source scale and kinematic anisotropy priors

The combination and inference coming from the di↵erent data sets relies on priors on the
source scale of the background galaxy and on the anisotropic behaviour of the stellar kine-
matics in the lens galaxy. In particular, the inference of the Hubble constant H0 is related
to the inference of the angular diameter distance D�t as

H0 / D
�1
�t

. (6.3)

In Figure 6, we see a significant dependence between the size of the source galaxy (/ �)
and D�t. Furthermore the interpretation of the kinematic data is also dependent on the
anisotropic behaviour of the lens galaxy.

Choices of the priors on the source size P (�) and aniosotropic kinematic P (�ani(r)) must
be chosen with care based on information gained from other work as these priors potentially
have a significant impact on the infered parameter posterior (i.e. H0). In the following, we
discuss two di↵erent priors in the kinematic anisotropy and the source scale. 3

6.3.1 Source size prior P (�)

A simple form of the source size prior which does not impose any specific form of knowledge
about � is a uniform prior in the range [0”, 10”]. We refer to this prior as Pflat(�). This prior

3Comments from the authors about confirmation bias: The analysis of the mentioned priors on the cos-
mological inference has been made after posting a first version of this paper on arXiv.
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Birrer+2016

Suyu+2014

Modelling the lens: spectroscopy
• Stellar velocity dispersion of lensing galaxy 

breaks additional degeneracies 
• e.g., when comparing a simple power-law 

mass model with a more complex 
NFW+stellar composite model (Suyu+2014, 
Wong+2017) 

• e.g., mapping the source position transform 
(Birrer+2016)
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Mass Along the Line of Sight

Rusu+2017

Sluse+2017

• Angular diameters are perturbed by large 
scale structure relative to the 
homogeneous prediction 

• Compare relative galaxy number counts to 
cosmological simulations to calibrate Ƙext 
(e.g., Fassnacht+2011; Greene+2013; 
Suyu+2010,2013)  

• Deep multi-band imaging to get 
photometric redshift and stellar masses to 
reconstruct line of sight mass distribution 
(Rusu+2017) 

• Multi-object spectroscopy to characterise 
nearby galaxies, groups (Sluse+2017) 

• Independent Ƙext constraint using weak 
lensing data (Tihhonova+2018)
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Latest H0LiCOW Results

~3.8% precision on H0 from 3 H0LiCOW lenses 
H0 = 71.9     km/s/Mpc for flat ΛCDM cosmology+2.4

-3.0

Bonvin+2017

HE 0435-1223B1608+656 RXJ1131-1231
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Latest H0LiCOW Results
Riess+2016
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Planck (CMB) Distance Ladder/Type Ia Supernovae

H0LiCOW (gravitational lensing)

Latest H0LiCOW Results
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Error budget
• Right now we are getting ~6-7% precision per lens 

system 
• Three main contributions, all at roughly the same 

level (a few percent from each) 
– Time delay measurements (Δt) 
– Mass distribution in the primary lensing galaxy and its 

local environment (ψ) 
– Line-of-sight mass distribution (κext) 

• Two ways to improve precision: 
– increase sample size: sqrt(N) statistics 
– more precise individual measurements: total sample 

can be reduced by more than a factor of two and 
allows for systematics check
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The near future of Time Delay 
Cosmology

HE 0435-1223B1608+656 RXJ1131-1231

WFI2033-4723 SDSS J1206+4432PG1115+080

• Three additional H0LiCOW lenses 
to be completed this year, more to 
come in the future 

• Improvement/refinement of analysis 
- alternative lens modeling codes 
- ground-based AO data 
- high-cadence monitoring 

(Courbin+2017)
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Figure 1. Comparison between the observed (first and third columns) and reconstructed (second and fourth columns) strong-lens
systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to create the
red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of the bands
have been adjusted for each lens system for clear visulaisation of the features in the system.

2.2.8 PS J0630-1201

This system is the first-ever discovered five-image lensed
quasar system (Ostrovski et al. 2018). The discovery was
the result of a lens search from Gaia data from a selection
of lens candidates from Pan-STARRS and WISE.

2.2.9 DES J0420-4037

The discovery of this quad is reported in Ostrovski et al.
2018b. Several small knots are visible near the quasar images
that are possibly multiple images of extra components in the
source plane.

2.2.10 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Agnello et al. 2017b). This is a very complex
lens system with multiple lensed arcs visible in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or
they can be at di↵erent redshifts. This system has measured
time-delays (Courbin et al. 2018).

2.2.11 SDSS J1251+2935

This quad was discovered from the Sloan Digital Sky Survey
(SDSS) Quasar Lens Search (SQLS) (Kayo et al. 2007). The
source redshift is zs = 0.802 and the deflector redshift is zd =
0.410 measured from the SDSS spectra.

2.2.12 SDSS J1433+6007

This lens systems was discovered from the SDSS data re-
lease 12 photometric catalogue (Agnello et al. 2018a). The
redshifts of the source and deflector are zs = 2.737±0.003 and
zd = 0.407±0.002, respectively (Agnello et al. 2018a).

3 LENS MODELLING

To devise a uniform approach that will suit a wide range of
quads that vary in size, configuration, light profiles, etc., we
need to choose from the most general models for the lens
mass profile and the light distributions. It is often required
to fine-tune the choice of models by adding complexities to
the lens model in a case-by-case basis to suit the purpose of
the specific science driver of an investigator. However, such
detailed lens-modelling is outside of the scope of this paper.
We only require our models to satisfactorily ( �2

red ⇠ 1) fit

MNRAS 000, 1–15 (2017)

Shajib, Birrer+ (DES internal review), modelling with lenstronomy 
discovered: Agnello+, Ostrovski+, Lemon+, Schechter+, Oguri+ and the STRIDES collaboration

Increasing the sample size…

…and follow them up!
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• Resolving the lensed AGN host 
galaxy in the radial direction is a 
key to improving the lens 
modelling 

• Keck AO vs. HST has shown 
improvements in modelling 
precision 
– Lagattuta+2010, Vegetti+2012, 

Chen+2016 
• Can expect fast improvements in 

resolution with ELTs  
• Caveat: Requires an extremely 

well characterized PSF 

HST Keck AO

Lagattuta+2010

Improving lens model precision
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Improving lens model precision
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Table 5. Cosmological models and parameter priors

Model name Description Priors

⇤CDM Flat ⇤CDM cosmology h 2 [0,1.5], ⌦m 2 [0,1]
o⇤CDM Non-flat ⇤CDM cosmology h 2 [0,1.5], ⌦⇤ 2 [0,1], ⌦k 2 [�0.5,0.5], ⌦m > 0
wCDM Flat wCDM cosmology h 2 [0,1.5], ⌦⇤ 2 [0,1], w 2 [�2.5,0.5]

Ne↵CDM Flat Ne↵CDM cosmology h 2 [0,1.5], ⌦⇤ 2 [0,1], Ne↵ 2 [1,5]
owCDM Non-flat wCDM cosmology h 2 [0,1.5], ⌦⇤ 2 [0,1], ⌦k 2 [�0.5,0.5], ⌦m > 0, w 2 [�2.5,0.5]
waCDM Flat waCDM cosmology h 2 [0,1.5], ⌦⇤ 2 [0,1], w0 2 [�2.5,0.5], wa 2 [�8,4.5]

Table 6. Uncertainties of Dd and D�t for di↵erent lens systems

Lens system zd zs Velocity dispersion data �Dd �D�t

(per cent) (per cent)

HE0047 0.41 1.66 Resolved 9.6 5.9
J1206 0.75 1.79 Resolved 8.8 5.4
HE0435 0.46 1.69 Resolved 9.5 7.0
HE1104 0.73 2.32 Resolved 9.1 5.5
RXJ1131 0.29 0.65 Resolved 10.0 6.6
J0246 0.73 1.68 Resolved 8.9 5.5
HS2209 0.38* 1.07 Integrated 21.7 7.0
WFI2033 0.66 1.66 Integrated 18.5 6.1
B1608 0.63 1.39 Integrated 19.8 6.1

* The deflector redshift for HS2209 has not been accurately measured yet, therefore we
used a fiducial redshift of z = 0.38. The results are not sensitive to the assumed redshift.

Figure 7. Posterior PDF of cosmological parameters for the
flat ⇤CDM model obtained from distance measurements for nine
lenses (L9) without kinematics (dotted), for nine lenses with
kinematics (dashed) and for 40 lenses (L40) with kinematics
(solid). The contours represent 1� and 2� confidence regions.
Solid straight lines show the fiducial values. Using kinematics
breaks the degeneracy between parameters and improves the pre-
cision on H0 from 3.2 to 2.0 per cent for nine lenses.

lensing data quality equivalent to �� ⇠ 0.04, the sample of 40
lenses constraints H0 with 1.3 per cent uncertainty. The pa-
rameter uncertainties are estimated for o⇤CDM model to be
�(H0)= 1.6 per cent, �(⌦m)= 0.089, and �(⌦K)= 0.12 and for
wCDM model to be �(H0) = 2.9 per cent, �(⌦m) = 0.05, and
�(w) = 0.22. For Ne↵CDM model, we estimate the parame-
ter uncertainties to be �(H0) = 0.93 per cent, �(⌦m) = 0.045.
Adding more lens to the sample does not improve the degen-
eracy in Ne↵ showing time-delay cosmography is insensitive
to Ne↵ .

For the owCDM model, we estimate the parameter un-
certainties to be �(H0) = 3.6 per cent, �(⌦m) = 0.17, �(⌦K) =
0.21, �(w) = 0.42 (Figure 9). For the waCDM model, w0
and wa are estimated with uncertainties �(w0) = 0.55 and
�(wa) = 3.0, respectively.

5.2 Joint analysis with Planck

We combined the inference on cosmography from strong
lensing with Planck 2015 data release (Planck Collabora-
tion et al. 2016, hereafter Planck).2 To combine the two
data sets, we followed the importance sampling method pre-
scribed by Lewis & Bridle (2002) and implemented by Suyu
et al. (2010, 2013), and Bonvin et al. (2017). We used the
bivariate normal distribution fit of the posterior PDF of Dd
and D�t given in Equation (33) to compute the“importance”
or weight of each point in the Planck chain.

2 We used the Planck chains designated by
“plikHM TT lowTEB” which uses the baseline high-l Planck
power spectra and low-l temperature and LFI polarization.

MNRAS 000, 1–18 (2017)

Shajib+2018

Improving lens model precision

• Resolved 2-d kinematic 
information for the lensing 
galaxy can provide a big 
improvement in the 
precision of the lens 
modelling 

• Observations are 
challenging on a 8-10m 
class ground-based 
telescope 

• ELT are designed to provide 
resolved kinematic maps of 
high redshift galaxies
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κext: Improving the LOS constraints 

• Wide-field and deep imaging from new sky 
surveys (e.g., LSST, HSC, possibly DES) will 
give requisite photometric data. 

• Multiplexing spectroscopic follow-up with 
ELTs could improve LOS galaxy and group/
cluster mass estimates

Wong+2017

Sluse+201
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Δt: Time delay measurement 
possibilities

• Continuation of monitoring programs with 
1-2m class telescopes 
– Including purchasing of telescope time 

explicitly for monitoring 
– Requires several years of data to overcome 

microlensing 
• Intensive short-term monitoring with 

8-10m class telescopes 
• LSST provides 10 years of lensed 

quasar monitoring “for free” 
– Time delay challenges to see how cadence 

and multiple filters impact the ability to 
measure delays at high enough precision
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Time-delay strong lensing

• Time delay cosmology tests the 
standard ΛCDM model, in an 
independent fashion from other 
distance-scale techniques 

• Current 3-lens H0liCOW sample 
already gives better than 4% 
precision on H0 

• With ELTs and larger sample 
sizes, we can aim for ~1% 
precision (or better?) on H0


