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FIG. 2. Discriminative tree tensor network model architec-
ture, showing an example in which V = 2 qubits connect
di↵erent subtrees. Figure (a) shows the model implementa-
tion as a quantum circuit. Circles indicate inputs prepared
in a product state as in Eq. 1; hash marks indicate qubits
that remain unobserved past a certain point in the circuit. A
particular pre-determined qubit is sampled (square symbol)
and its distribution serves as the output of the model. Figure
(b) shows the tensor network diagram for the reduced density
matrix of the output qubit.

takes the form of a tree, with V qubit lines connecting
each subtree to the rest of the circuit. We call such qubit
lines “virtual qubits” to connect with the terminology of
tensor networks, where tensor indices internal to the net-
work are called virtual indices. A larger V can capture
a larger set of functions, just as a tensor network with
a su�ciently large bond dimension can parameterize any
N-index tensor.

At each step, we take V of the qubits resulting from
one of the unitary operations of the previous step, or sub-
tree, and V from another subtree and act on them with
another parameterized unitary transformation (possibly
together with some ancilla qubits—not shown). Then V

of the qubits are discarded, while the other V proceed to
the next node of the tree, that is, the next step of the

FIG. 3. The connectivity of nodes of our tree network model,
as it would be applied to a 4x4 image. Each step coarse-grains
in either the horizontal or the vertical directions, and these
steps alternate.

circuit. In our classical simulations we trace over all dis-
carded qubits, while on a quantum computer, we would
be free to ignore or reset such qubits.

Once all unitary operations defining the circuit have
been carried out, one or more qubits serve as the output
qubits. (Which qubits are outputs is designated ahead
of time.) The most probable state of the output qubits
determines the prediction of the model, that is, the la-
bel the model assigns to the input. To determine the
most probable state of the output qubits, one performs
repeated evaluations of the circuit for the same input
in order to estimate their probability distribution in the
computational basis.

We show the quantum circuit of our proposed proce-
dure in Fig. 2. In the case of image classification, it
is natural to always group input qubits based on pixels
coming from nearby regions of the image, with a tree
structure illustrated schematically in Fig. 3.

A closely related family of models can be devised based
on matrix product states. An example is illustrated in
Fig. 4 showing the case of V = 2. Matrix product states
(MPS) can be viewed as maximally unbalanced trees, and
di↵er from the binary tree models described above in that
after each unitary operation on 2V inputs only one set
of V qubits are passed to the next node of the network.
Such models are likely a better fit for data that has a one-
dimensional pattern of correlations, such as time-series,
language, or audio data.

B. Generative Algorithm

The generative algorithm we propose is nearly the re-
verse of the discriminative algorithm, in terms of its cir-
cuit architecture. The algorithm produces random sam-
ples by first preparing a quantum state then measuring it
in the computational basis, putting it within the family of

FIG. 4. Discriminative tensor network model for the case
of a matrix product state (MPS) architecture with V = 2
qubits connecting each subtree. The symbols have the same
meaning as in Fig. 2. An MPS can be viewed as a maximally
unbalanced tree.



Outline: 

• Yesterday:  

‣ intro to tensor networks, mainly matrix product 
states (MPS) 

‣ computations with MPS 

‣ intro to machine learning & tensor-network M.L. 

• Today:  

‣ tensor network machine learning 

‣ quantum computing with tensor networks



Basics of Machine Learning, 
Continued...



Types of learning tasks:

• Supervised learning      (labeled data)

• Unsupervised learning  (unlabeled data)

• Reinforcement learning ('reward' data)

a priori knowledge

high

low



Given labeled training data (labels     and    ) 
                     
Find decision function

Supervised Learning

f(x)

f(x) > 0

f(x) < 0

x 2 A

x 2 B

A B

Example: identify photos of alligators and bears



•Find function          such that 

•Find function          such that 

•Find data clusters and which data belongs to 
each cluster 

•Discover reduced representations of data     
for other learning tasks (e.g. supervised)

Given unlabeled training data

Unsupervised Learning

{xj}



General Philosophy of Machine Learning

• Solution to problem just some function 

• Parameterize very flexible functions                           
(prefer convenient over "correct")

• Of all     that come closest to     for training data,            
prefer the simplest 

y(x)
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Model Architectures



Let's discuss the 3 most used types of models 
(increasing complexity)

•The linear model

•Kernel learning / support vector machines

•Neural networks



The linear model

f(x) = W · x+W0
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Where       and        are the weights to be learned

Can be surprisingly powerful, and a useful 
starting point

To see the special form of time series generated by the
prediction, we introduce vectors xnª !xn−1 , . . . ,xn−p"T such
that Eq. #5$ takes the form

x̃n+1 = A · xn, #8$

with

A %&
− a1 − a2 − a3 ¯ − ap

1 0 0 ¯ 0

0 1 0 ¯ 0

] ! ! ! ]
0 ¯ 0 1 0

' . #9$

Prediction therefore corresponds to applying powers of A to
the initial vector xN. A #right$ eigenvector decomposition of
A with eigenvalues !i leads to

x̃N+m = !Am · xN"1 = (
i=1

p

ci!i
m, #10$

where coefficients ci are determined from xN and the eigen-
vectors of A. The eigenvalues !i encode the physical reso-
nance frequencies and dampings. The connection is given as
!i=ei"i#t−$i#t. Excluding exponentially growing terms as un-
physical, all !i should obey )!i)% 1. In numerical practice,
eigenvalues )!i)& 1 may occur, and various remedies exist,
all based on the assumption that the corresponding ci are
small. Common manipulations of occurring )!i)& 1 are !i
→!i / )!i), !i→1 /!i

!, and !i→0. We tested all three and
settled on the last option. When linear prediction is appli-
cable, the choice should not matter #see discussion at the end
of Sec. III A$.

From the study of several examples, we found that the
error of the linear prediction is roughly a function of p#t,
i.e., pshould be adapted to the choice of the time step #t in
the DMRG time evolution. In the simulations, p#t= tfit /2
was chosen as a compromise between a large p to allow for
a superposition of as many different oscillations as possible
and a small p to have good statistics for the fit of the coef-
ficients ai.

At T=0, critical one-dimensional systems exhibit power-
law decays in their time-dependent correlators. The superpo-
sition of exponential decays is then taken to mimic these
power laws.27 At finite temperatures, time-dependent correla-
tors S#k , t$ decay typically exponentially for large times #due
to thermal broadening$, making linear prediction especially
well suited for this situation.

III. APPLICATIONS

A. XX model

The Hamiltonian of the XX model reads

ĤXX = (
i

#Ŝi
xŜi+1

x + Ŝi
yŜi+1

y $ + h(
i

Ŝi
z, #11$

where we choose the critical field h =−1. We consider the
observable S#! , t$= 1

2' *!Ŝ!
−#t$ , Ŝ0

+#0$"+(, which is the spectral
function of the corresponding model of hardcore bosons.

This allows for a detailed analysis of the method, as correla-
tors for this model can be calculated numerically exactly by
the evaluation of Pfaffian determinants.26,29,30

The DMRG simulation employed a fourth-order Trotter-
Suzuki decomposition and a time step #t=0.2. Deviations
,))#t

exact+− ))#t
DMRG+, /#t between exactly time-evolved state

and its DMRG approximation were bounded from above by
0.005 per time unit. We used a lattice of L=100 sites.31 To
demonstrate the potential of the prediction method, the cal-
culations was stopped at times tobs=10.4 for (=10 and tobs
=26.6 for (=50 #which can be reached with very moderate
computational resources corresponding to DMRG block Hil-
bert spaces of dimension m* 200$. For the linear prediction
!Eq. #5$", we used p=14 for (=10 and p=34 for (=50. The
fitting interval was taken from half the maximal computation
time onward #tfit= tobs /2 and p#t= tobs /4$.

In Fig. 2 it can be seen that very accurate predictions are
possible far into the future. As Fig. 3 shows, for both tem-
peratures, line shapes can be calculated very accurately upon
Fourier transformation of the predicted data, allowing for
precise experimental analysis. In contrast, even upon win-
dowing #here done by a Parzen filter$, the raw data provide
completely wrong line maxima and widths. Almost the
whole spectral function is reproduced very exactly. The sole
exception occurs for values of k very close to zero and ':
here, the group velocity vanishes, d" /dk→0, leading to a
very slow decay of correlators which is not captured per-
fectly for the chosen temperatures and maximum simulation
times tobs.

In Sec. II B, we gave already arguments for the parameter
choice tfit= tobs /2 and p#t= tfit /2 for the prediction method.
There is one further parameter involved: for the determina-
tion of prediction coefficients ai in Eq. #5$, the autocorrela-

R
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(k
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time t
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FIG. 2. #Color online$ XX model at (=10: the exact Re S#k , t$
and the result of DMRG simulation followed by linear prediction
are in excellent coincidence. The inset shows the long-time behav-
ior of the deviation to the exact result. At t= tobs, the DMRG simu-
lation was stopped #gray area$. For the prediction, the deviation
!Eq. #6$" of predicted to simulated values was minimized on the
interval #tobs− tfit , tobs" #dark gray$ with respect to the coefficients ai
in Eq. #5$. The hatched interval #tobs− p·#t , tobs" determines the
value of the first predicted value at t= tobs+#t.

SPECTRAL FUNCTIONS IN ONE-DIMENSIONAL QUANTUM… PHYSICAL REVIEW B 79, 245101 #2009$

245101-3

W
<latexit sha1_base64="/YQWnyRskUzOU+oJgc5FbwbMHAM="></latexit><latexit sha1_base64="/YQWnyRskUzOU+oJgc5FbwbMHAM="></latexit><latexit sha1_base64="/YQWnyRskUzOU+oJgc5FbwbMHAM="></latexit>

W0
<latexit sha1_base64="buQ6r5qIOQ6gAJ9XIDpPqK2gvAQ="></latexit><latexit sha1_base64="buQ6r5qIOQ6gAJ9XIDpPqK2gvAQ="></latexit><latexit sha1_base64="buQ6r5qIOQ6gAJ9XIDpPqK2gvAQ="></latexit>

Barthel, Schollwöck, White, PRB 79, 245101



given training set              , minimize cost function

Example: Linear Supervised Learning

C =
1

NT

X

j

(f(xj)� yj)
2 yj = { A

B

xj 2
xj 2

+1

�1

{xj , yj}
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Recall strategy:

Cost function measures distance of trial function 
from idealized "indicator" function

by varying adjustable params of

f(xj)
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Example: Linear Supervised Learning

Cost function for linear model:

Gradient with respect to nth weight component

@C

@Wn
=

1

NT

X

j

(W · x(j) � y(j)) x(j)
n
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Update Wn with negative gradient times small step 

C =
1

2NT

X

j

(W · x(j) � y(j))2

<latexit sha1_base64="93C+N7l2Qo/7ig64G7fC2C4Kjk4="></latexit><latexit sha1_base64="93C+N7l2Qo/7ig64G7fC2C4Kjk4="></latexit><latexit sha1_base64="93C+N7l2Qo/7ig64G7fC2C4Kjk4="></latexit><latexit sha1_base64="93C+N7l2Qo/7ig64G7fC2C4Kjk4="></latexit>

Wn  Wn � ↵
@C
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Kernel learning

Want          to separate classes, say

Linear classifier 
may be insufficient

?

?

f(x) = W · x

f(x)



Apply non-linear "feature map" x ! �(x)

Kernel learning



Apply non-linear "feature map" x ! �(x)

�

Kernel learning



Apply non-linear "feature map" x ! �(x)

�

Decision function f(x) = W · �(x)

Kernel learning



�

Decision function f(x) = W · �(x)

Linear classifier in feature space

Kernel learning



�

Example of feature map

�(x) = (1, x1, x2, x3, x1x2, x1x3, x2x3)

x = (x1, x2, x3)

      is "lifted" to feature spacex

Kernel learning



Kernel learning

Technical notes:

• Also called "support vector machine" when using a 
particular choice of cost function

• Name "kernel learning" comes from idea that              
may be too high dimensional, yet                                    
may be efficiently computable, enough to optimize

• Very generally, optimal weights have the form

�(x)
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Kij = �(xi) · �(xj)
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W =
X

j

↵j�(xj)
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a result known as the "representer theorem"



Kernel learning

Kernel learning still popular among academics & for 
certain applications (e.g. life sciences)

But "kernelization" approach scales as N3 where N 
is size of training set – very costly!

Thus kernel methods not popular with engineers

Tomorrow: learning kernel models with tensor 
network weights



Neural networks

Current favorite of M.L. engineers

Often notated diagrammatically  
(not a tensor diagram!)



Neural networks

Actually very simple: compute a function           asf(x)
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• Multiply input      by rectangular "weight" matrix

• Point-wise evaluate components of                    by 
some non-linear function  [e.g.                                       ]

• Multiply result by second weight matrix 

• Plug new components into non-linearities, etc.

x
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Neural networks

Additional facts:

• Non-linearities           called "neurons" 

• Other neurons include tanh and ReLU  

• Neural net with more than one weight matrix is "deep" 

• Number of neurons is arbitrary, but with enough can 
represent any function

[
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Neural networks

Many successful neural nets include "convolutional layers" 
These have sparser weight layers with few parameters.

Recent upsurge of neural nets since 2012 (ImageNet paper)

"Deep learning" often associated with 3 researchers:

Yann LeCun (Facebook) Geoff Hinton (Vector/Google) Yoshua Bengio (Montreal)



Other model types

Graphical models
very similar to tensor networks, except 
- always interpreted as probability 
- non-negative parameters only

Boltzmann machines
identical to random-bond classical Ising (T=1) 
Jij values learnable parameters 
generate data by sampling subset of spins

Decision trees
make decisions about input by taking 
forking paths



Strong industry ties: Google, Microsoft, etc. have 
booths at conferences, grad students poached often

Machine Learning Research Culture

One sub-community is academic: papers often 
involve theorems

Another community is engineering-oriented: papers 
focus on results, developments are intuitive/faddish

Conference talks/posters valued above journal articles



Recommended Resources

• Online book by Michael Nielsen (quant. computing author) 
http://neuralnetworksanddeeplearning.com 

• Caltech Lectures by Yaser Abu-Mostafa CS 156                          
Available on YouTube. Companion book "Learning from Data"    

• M.L. review article by Pankaj Mehta, David Schwab         
aimed at physicists 

• TensorFlow examples (MNIST demo) 

• Blogs of Chris Olah and Andrej Karpathy

http://neuralnetworksanddeeplearning.com


Tensor Network Machine Learning



Tensor Network Machine Learning

Stoudenmire, Schwab, Advanced in Neural Information 
Processing Systems (NIPS), 29, 4799 [arxiv:1605.05775]



Tensor network methods admit powerful optimization 
techniques, giving high precision results 3

TABLE I. Dominant exponents for each correlation function
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FIG. 2. (Color online) ⟨Sα,+
i Sβ,−

i ⟩, ⟨Sα,z
i Sβ,z

i ⟩, and ⟨Jα
i J

β
i ⟩ cor-

relation functions for g = 1.5. Data for the bulk and junctions with
t = 0.1, 0.3, 0.8 are plotted. Solid lines are power law fitting to the
bulk data with bulk exponents from bosonization. (Cf. Table.I.)

⟨Sz,α
i Sz,β

i ⟩, and ⟨Jα
i J

β
i ⟩ for junctions with g = 1.5 and var-

ious t as well as a bulk wire. We observe that at IR limit all
correlation functions merge into their bulk counterparts. This
confirms that asymptotically the system is renormalized to a
single defect-free wire.

When g < 1, in contrast, we expect that in the IR limit
the system is renormalized into two disconnected semi-infinite
wires. For non-zero t, we still expect that the correlation func-
tions to decay as a power law, but with exponents that are
larger than the bulk counterparts. In Fig.3, we plot the same
correlation functions for g = 0.6 and t = 0.1, 0.01 as well as
the single bulk wire. A scaling prefactor of t−1 or t−2 is also
included in order to collapse the curves with different t’s. It is
clear that the correlators in the IR limit decay faster than their
bulk counterparts, supporting the picture that at IR limit the
system is renormalized into broken wires.

To further understand the behavior of these correlation
functions in both the UV and the IR limits, we use boundary
perturbation theory to determine the exponents of the power
laws. To the leading order, we derive the exponents of uniform
and staggered part of the correlation functions respectively. In
the bosonization framework, the system is described by the
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FIG. 3. (Color online) Rescaled ⟨Sα,+
i Sβ,−

i ⟩, ⟨Sα,z
i Sβ,z

i ⟩, and

⟨Jα
i J

β
i ⟩ correlation functions for g = 0.6. Data for the bulk and

junctions with t = 0.1, 0.01 are plotted. Solid (dotted) lines are
power law fitting to the long (short) distance data with IR (UV) ex-
ponents from bosonization. (Cf. Table.I.)

TLL with the Lagrangean density

L =
1

2πg
(∂µφ)

2. (8)

In the leading orders, the spin and current operators are ex-
pressed as [2, 28]

S−
j ∼ e−iθ

(
b+ c (−1)j cos (2φ))

)
,

Sz
j ∼ −

1

π

∂φ

∂x
+ a(−1)j sin (2φ),

Jj = i
(
S+
j+1S

−
j − S+

j S−
j+1

)
∼

gv

π

∂θ

∂x
, (9)

where a, b, and c are constants. Here θ is the dual field of φ
defined by θ ≡ 1

g (φL−φR), where φ = φL(z̄)+φR(z) is the
chiral decomposition into left/right-movers with the complex
coordinate z = x+ it. The correlation functions of the chiral
fields on the full complex plane (without an impurity) read

⟨φR(0)φR(z)⟩ ∼ −
g

4
log z + const.,

⟨φL(0)φL(z̄)⟩ ∼ −
g

4
log z̄ + const.. (10)

In this convention, φ and θ are compactified respectively as
φ ∼ φ+ π and θ ∼ θ + 2π.

The geometry is half plane with the interaction on the line
x = 0. In the limit t = 0, the system is two decoupled
half-chains. The end of each half-chain is renormalized to the
Dirichlet boundary condition φγ = 0 for γ = α,β. We then
introduce the link Eq. (2) between the two decoupled chains
through the boundary. Let us consider the correlation function〈
Sα+
i+ 1

2

Sβ−
i+ 1

2

〉
, across the link. Obviously it vanishes when

t = 0. In the first order of t, the correlation function is given

Long-distance properties due to 
impurities in Luttinger liquids 

Lo, Fukusumi, Oshikawa, Kao, Chen, arxiv:1805.05006



9

physical states for two di↵erent tensors Q and Q0 on the
same plaquette,

Q Q’ , (38)

is equivalent to equality of the physical states arising from
the same tensors only involving the virtual bonds they
directly act upon,

, (39)

by utilizing the pseudo-inverse on the topologically triv-
ial region not acted upon by the MPO. We are assuming
periodic boundary conditions in the above two equali-
ties and for all lattices throughout the remainder of this
section.

By further utilizing the RG moves we find that this is
logically equivalent to equality of the states formed by Q
and Q0 on the smallest possible torus. Hence we use this
condition [Eq. (40)] to define an equivalence relation on
four index tensors, whose equivalence classes capture all
tensors that lead to the same physical state,

, (40)

note there are periodic boundary conditions for the left
equality and open boundary conditions for the right
equivalence relation.

By the arguments of the previous section we know that
it is possible to close the PEPS tensor network, with a
possibly site dependent Q tensor, on any plaquette of
the lattice to achieve the same physical state. We now
compare the closures at di↵erent points, first considering
Q tensors at two di↵erent locations along the same row of
the dual lattice that give rise to the same physical state

(41)

where we have pulled through the MPO such that the
boundary regions match. Now by employing the pseu-
doinverse on the bulk, followed by RG moves, we arrive
at the equation

(42)

which must be satisfied by Q and Q0 if they give rise to
the same physical state.
Now consider a third Q00 at a di↵erent plaquette along

the same row, we proceed to compare each of the original
tensors Q, Q0 to the new one Q” via two di↵erent maps
(constructed from RG moves) to arrive at two similar
conditions

(43)

and

(44)

which, together, imply equality of the two physical states
that arise from Q and Q0 on the same plaquette of the
PEPS, i.e., Q ⇠ Q0. Note, a similar argument applies
to boundary conditions shifted in the vertical direction,
which then implies (in combination with the horizontal)
that any two tensors closing the PEPS tensor network
(possibly on di↵erent plaquettes) to give the same phys-
ical state must be equivalent.
Hence on the level of equivalence classes we are search-

ing for tensor solutions of the elementary pulling through
equation [Eq. (6)] in both the horizontal and vertical di-
rection and it su�ces to consider a particular represen-
tative Q for each class. This ensures that the resulting
tensor networks, with the same PEPS tensor on every
site and a Q tensor on the virtual level, will be trans-
lation invariant. To determine the degeneracy on the
torus we must then look at the dimension of the sub-
space spanned by physical ground states coming from all
the di↵erent Q tensor solutions. Since the RG maps yield
linear transformations between MPO injective PEPS on
lattices of di↵erent sizes, which are invertible on the sub-
spaces spanned by states of the form given in Eq.(40)
and Eq.(38), we can be sure that the exact degeneracy
does not change for any finite system size. However, it

Tensor networks are highly interpretable, 
due to linear structure

this decomposition to identify the topological sectors with the different blocks, or
equivalently, with the central idempotents that project onto these blocks. A large
part of the paper is then devoted to show that, once one has identified these central
idempotents (for which we give a constructive algorithm), one can construct MPO-
injective PEPS containing anyonic excitations and study their topological properties.
For example, the topological spin hi of an anyon i can be obtained via the identity:

i

= ei2⇡hi

i

, (4)

where we used a blue square to denote a central idempotent (here the one corre-
sponding to anyon i) as opposed to a red square, which denotes a basis element of the
second algebra. In a similar manner one can extract the S-matrix, fusion relations
and braiding matrices in a way that does not scale with the system size.

Let us now illustrate this general scheme for the simplest example, namely Kitaev’s
Toric Code [28]. Note that the excitations in the Toric code are already completely
understood in the framework of G-injective PEPS [18], which is a specific subset of
the MPO-injective PEPS formalism with building blocks Oa that are tensor products
of local operators, i.e. the MPOs have virtual bond dimension 1. However, as a peda-
gogical example we would like to study the anyons in the general language introduced
above. In the standard PEPS construction of the Toric code [17] the virtual indices
of the tensors are of dimension two and have a Z2 symmetry, i.e. they are invariant
under �⌦4

z . So in this case the symmetry algebra is really a group and is given by the
two MPOs O1 = 1⌦4 and Oz = �⌦4

z . Let us now introduce following tensor where all
indices have dimension two:

0 = 1 1 1 = �z0 . (5)

All components that are not diagonal in the red indices are zero. One can clearly
construct the Toric code symmetry MPOs O1 and Oz using these tensors. By defining
a fusion tensor where all indices have dimension two and with the following non-zero
components:

0

0

0

0

1

1

1

0

1

1

1

0= = = = 1 , (6)

one can verify that the zipper condition (2) is trivially satisfied.
The second type of algebra is four-dimensional. The basis elements (3) can be

6

Ground state degeneracy Topological spin of anyons

Şahinoğlu et al., arxiv:1409.2150 
Williamson et al., arxiv:1412.5604 
Bultinck et al., arxiv:1511.08090

N k
ij – are in general harder to obtain directly since they arise from the number of

linearly independent ways the MPO strings emanating from the idempotents can be
connected on the virtual level. One could of course also just calculate the fusion
multiplicities from the S matrix using the Verlinde formula [48].

Note that a projective measurement of the topological charge in some region via
the physical PEPS indices greatly depends on the details of the tensors A and A0 used
to complete the tensor network. This is to be expected since the physical measurement
is determined by the specific microscopic realization of the quantum phase.

(a)

i

i⇤ (b)

i

i⇤

Figure 8: (a) The original tensor diagram for the ground state with an anyon pair
(i, i⇤) in the corners of the lattice. (b) Simplified tensor diagram for the state. In the
remainder of the paper we will only use simplified diagrams. The ground state tensors
are denoted by black squares and the physical indices are omitted. The blue squares
describe an anyon of type i, i⇤ living on the respective sites. The blue tensors are
supposed to be invariant under the virtual action of the idempotent corresponding to
the label i or i⇤. We use blue and red to denote sites containing an anyon, whereas
other colors such as grey are reserved for fusion product of MPOs or anyons.

µ
a b

c

i j

k

Figure 9: The procedure to determine the fusion product of two anyons in the new,
simplified graphical notation (see also figure 8). The anyons are given by the red
and blue idempotents Pi,Pj. We first fuse their outgoing strings a, b to all possible
products c. We can now measure the fusion product of the anyons by projecting the
result on the subspaces determined by the idempotents Pk. The idempotents that
give rise to a non zero projection correspond to the possible fusion products (k) of
the red (i) and blue (j) anyons. Importantly, the sum over all grey idempotents Pk

acts as the identity on the virtual labels.

32

MPO "pulling through" condition



Applicable to classical systems too 
– tensor RG family of methods

Tensor Network Renormalization: Supplementary Material

Section A.– RG flow in the space of tensors: the 2D
classical Ising model.

In this section we provide additional details on the flow
that TNR generates when applied to a tensor network
representation of the partition function of the 2D classical
Ising model on a square lattice, as defined in the main
text.

For all possible values of the temperature T in the Ising
model, the flow is seen to always end in one of three pos-
sible fixed-point tensors: the ordered AZ2 for T < Tc,
the critical Acrit for T = Tc, and the disordered Atriv for
T > Tc. The ordered and disorder fixed-point tensors
can be expressed exactly with a finite bond dimension,
namely χ = 2 and χ = 1, respectively, whereas an exact
expression of the critical fixed-point tensor Acrit is sus-
pected to require an infinite bond dimension, and thus
here we can only obtain an approximate representation.
We emphasize that the non-critical fixed-point tensors
AZ2 and Atriv are equivalent to those previously obtained
by TEFR [1].

For purposes of clarity, instead of following the flow
of tensors A(s) we will display instead the flow of the
auxiliary tensors B that appear in an intermediate step of
the coarse-graining transformation, see Fig. 2 in the main
text, as these tensors have smaller bond dimension [2],
that is less coefficients, and are thus more easily plotted.
However, their behavior under the RG flow is seen to be
essentially equivalent to that of tensors A.

Starting with the partition function Z of the 2D clas-
sical Ising model at a temperature T , we coarse grain
the corresponding tensor network iteratively using TNR.
This generates a sequence of tensors B(s), for multiple
RG steps s = 0, 1, 2, . . .. Let [B(s)]ijkl denote the com-
ponents of B(s). Here we consider the case where each
index (i, j, k, and l) has dimension 4. The elements of
these tensors, reshaped as 16 × 16 matrices [B(s)](ij)(kl)
and then normalized such that their singular values sum
to unity, are plotted in Fig. A.1.

Below the critical temperature, T = 0.9 TC , we obtain
a flow towards a fixed-point tensor BZ2 that has two
significant elements [BZ2 ]1111 = [BZ2 ]2222 = 0.5, with
all other elements zero or arbitrarily small, correspond-
ing to the (Z2-)symmetry-breaking phase. At critical-
ity, T = TC , the tensors converge to a highly non-trivial
fixed point tensor after a small number of RG steps, one
which appears only slightly changed from the first ten-
sor B(0). Note that, due to the truncation error of the
TNR scheme, we do not obtain a numerically exact fixed
point; nonetheless the individual elements of B(2) and
B(3) all differ by less than 10−4, while the largest ele-
ments of these tensors are of order ∼ 0.1. We thus de-

FIG. A.1. Plots of the elements of tensors [B(s)
]ijkl, when

reshaped as 16 × 16 matrices, after s iterations of the TNR

coarse-graining transformation, for several values of s. Dark

pixels indicate elements of small magnitude and lighter pix-

els indicate elements with larger magnitude. (a) Starting

at a sub-critical temperature, T = 0.9 TC , the coarse-

grained tensors quickly converge to the Z2 fixed-point ten-

sor BZ2 ≡ Btriv ⊕ Btriv
. (b) Starting at the critical tem-

perature, T = TC , the coarse-grained tensors converge to a

non-trivial fixed-point tensor Bcrit
. Notice that the difference

between coarse-grained tensors, |B(s) −B(s+1)|, which is dis-

played with the same color intensity as the plots of |B(s)|, is
already very small (as compared to the magnitude of the ele-

ments in the individual tensors) for s = 1. (c) Starting at the

super-critical temperature, T = 1.1 TC , the coarse-grained

tensors quickly converge to the disordered fixed point Btriv
,

that has only one non-zero element.

fine Bcrit ≡ B(3) as the approximate critical fixed-point
tensor. The precision with which scale-invariance is ap-
proximated over successive RG steps is further examined
in Fig. A.2. Finally, above the critical temperature,
T = 1.1 TC , we obtain a trivial fixed-point tensor Btriv.

that has only a single significant element [Btriv]1111 = 1
with all other elements zero or arbitrarily small, which
is representative of the infinite temperature, disordered
phase.

=

13

exact TRG(64) TRG+env(64) TEFR(64) TNR(24)

c 0.5 0.49982 0.49988 0.49942 0.50001

σ 0.125 0.12498 0.12498 0.12504 0.1250004

ϵ 1 1.00055 1.00040 0.99996 1.00009

1.125 1.12615 1.12659 1.12256 1.12492

1.125 1.12635 1.12659 1.12403 1.12510

2 2.00243 2.00549 - 1.99922

2 2.00579 2.00557 - 1.99986

2 2.00750 2.00566 - 2.00006

2 2.01061 2.00567 - 2.00168

TABLE I. Exact values and numerical estimates of the central

charge c and lowest scaling dimensions of the critical Ising

model. TRG results are obtained using the original Levin and

Nave’s algorithm [4]. TRG+env results are obtained using an

improved TRG method proposed in Ref. [5] under the name

of “poor-man’s SRG”. TEFR results are taken from Ref.

[7]. The first three numerical columns use bond dimension

χ ≡ Dcut = 64 and 1024 spins, while the TNR data uses

χ = 24 and 262,144 spins.

point tensor (and thus recovers scale invariance) at crit-
icality. As demonstrated in Ref. [7], TEFR produces
accurate estimates of the central charge c and scaling di-
mensions ∆α for the Ising model, and one might indeed
misinterpret those as being evidence for having generated
a critical fixed-point tensor. However, the estimates re-
ported in Ref. [7] for c and ∆α are of comparable ac-
curacy to those obtained with TRG and “poor-man’s
SRG” using the same bond dimension (see Table I in
Sect. C.5). Since the above methods demonstrably fail
to produce a fixed-point tensor, the accurate TEFR es-
timates provided in Ref. [7] are no evidence that TEFR
has produced a critical fixed-point tensor. In conclusion,
Ref. [7] refers to the TEFR critical tensors as fixed-point
tensors, but Ref. [7] provides no evidence that TEFR
realizes a fixed-point tensor at criticality.

Extraction of scaling dimensions from a transfer
matrix

In proposing TRG in Ref. [4], Levin and Nave refer
to the significant loss of efficiency experienced by the
method at criticality as TRG’s critical break-down. It is
important to emphasize that, in spite of this significant
loss of efficiency at criticality, TRG can still be used to
extract universal information about a phase transition,
by studying the partition function of a finite system.
The key theoretical reason is that in a finite system

one can observe a realization of the so-called operator-
state correspondence in conformal field theories (CFT),
which asserts that there is a one-to-one map between
the states of the theory and its scaling operators [36].
Specifically, the finite size corrections are universal and
controlled by the spectrum of scaling dimensions of the

theory [37]. This is best known in the context of critical
quantum spin chains, where Cardy’s formula relates the
smallest scaling dimensions ∆α of the conformal theory
to the lowest eigenvalues Eα of the critical Hamiltonian
on a periodic chain according to

Eα(L)− Eα(∞) = η
2π

L
∆α + · · · , (18)

where L is the number of spins on the chain, Eα(∞)
is the energy in an infinite system, η (independent of
α) depends on the normalization of the Hamiltonian,
and where the sub-leading non-universal corrections are
O(1/L2) in the absence of marginal operators. Thus, we
can estimate scaling dimensions ∆α by diagonalizing a
critical Hamiltonian on a finite periodic chain, as it is
often done using exact diagonalization techniques. In a
two dimensional statistical system, the analogous result
is the observation that even in a finite system, a critical
partition function Z is organized according to the scaling
dimensions of the theory as

Z = eaLxLy

∑

α

e−Ly
2π
Lx

(∆α− c
12

)+··· ), (19)

where a is some non-universal constant, c is the central
charge of the CFT, and we assumed isotropic couplings
and a square torus made of Lx × Ly sites.

FIG. 16. Calculation of the smallest non-zero scaling dimen-

sion of 2D classical Ising at criticality, computed using either

TRG or TNR through diagonalization of the transfer operator

on an effective linear system size of L spins, comparing to the

exact result ∆σ = 1/8. For small system sizes, L < 2
6
spins,

finite size effects limit the precision with which ∆σ can be

computed, while for large system sizes truncation errors re-

duce the accuracy of the computed value of ∆σ. However, it

is seen that the TNR approach maintains accuracy for much

larger system sizes than does TRG: while TRG with bond

dimension χ = 80 gives ∆σ within 1% accuracy up to lin-

ear system size L = 2
11

spins, a TNR with bond dimension

χ = 24, which required a similar computation time as the

χ = 80 TRG result, gives 1% accuracy up to L = 224 spins.

As proposed by Gu and Wen [7], if the coarse-grained
tensor A(s) effectively represents the whole partition

Evenbly, Vidal, PRL 115, 200401 (2015)

Levin, Nave, PRL 99, 120601 (2007)



Wavefunction, transfer matrix just large tensors

Tensor network just a math technique

Useful for more than physics?

!
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FIG. 2. RG and deep learning in the one-dimensional Ising Model. (A) A decimation based renormalization trans-

formation for the ferromagnetic 1-D Ising model. At each step, half the spins are decimated, doubling the effective lattice

spacing. After, n successive decimations, the spins can be described using a new 1-D Ising models with a coupling Jn
between

spins. Couplings at a given layer are related to couplings at a previous layer through the square of the hyberbolic tangent

function. (B) Decimation-based renormalization transformations can also be realized using the deep architecture where the

weights between the n + 1 and n-th hidden layer are given by Jn
. (C) Visualizing the renormalization group flow of the

couplings for 1-D Ferromagnetic Ising model. Under four successive decimations or equivalently as we move up four layers in

the deep architecture, the couplings (marked by red dots) get smaller. Eventually, the couplings are attracted to stable fixed

point J = 0.

the two approaches employ distinct variational approxi-
mation schemes for coarse graining. Finally, notice that
the correspondence does not rely on the explicit form of
the energy E({hj}, {vj}) and hence holds for any Boltz-
mann Machine.

IV. EXAMPLES

To gain intuition about the mapping between RG
and deep learning, it is helpful to consider some sim-
ple examples in detail. We begin by examining the one-
dimensional nearest-neighbor Ising model where the RG
transformation can be carried out exactly. We then nu-
merically explore the two-dimensional nearest-neighbor
Ising model using an RBM-based deep learning architec-
ture.

A. One dimensional Ising Model

The one-dimensional Ising model describes a collection
of binary spins {vi} organized along a one-dimensional
lattice with lattice spacing a. Such a system is described
by a Hamiltonian of the form

H = −J
∑

i

vivi+1, (23)

where J is a ferromagnetic coupling that energetically
favors configurations where neighboring spins align. To
perform a RG transformation, we decimate (marginalize
over) every other spin. This doubles the lattice spacing
a → 2a and results in a new effective interaction J (1) be-
tween spins (see Figure 2). If we denote the coupling af-
ter performing n successive RG transformations by J (n),

then a standard calculation shows that these coefficients
satisfy the RG equations

tanh [J (n+1)] = tanh2 [J (n)], (24)

where we have defined J (0) = J [14]. This recursion
relationship can be visualized as a one-dimensional flow
in the coupling space J from J = ∞ to J = 0. Thus,
after performing RG the interactions become weaker and
weaker and J → 0 as n → ∞.

This RG transformation also naturally gives rise to the
deep learning architecture shown in Figure 2. The spins
at a given layer of the DNN have a natural interpretation
as the decimated spins when performing the RG trans-
formation in the layer below. Notice that the coupled
spins in the bottom two layers of the DNNs in Fig. 2B
form an “effective” one-dimensional chain isomorphic to
the original spin chain. Thus, marginalizing over spins in
the bottom layer in the DNN is identical to decimating
every other spin in the original spin systems. This im-
plies that the “hidden” spins in the second layer of the
DNN are also described by the RG transformed Hamil-
tonian with a coupling J (1) between neighboring spins.
Repeating this argument for spins coupled between the
second and third layers and so on, one obtains the deep
learning architecture shown in Fig. 2B which implements
decimation.

The advantage of the simple deep architecture pre-
sented here is that it is easy to interpret and requires no
calculations to construct. However, an important short-
coming is that it contains no information about half of
the visible spins, namely the spins that do not couple to
the hidden layer.

Machine learning has many connections to physics
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P. Mehta and D.J. Schwab, arxiv:1410.3831
S. Bradde and W. Bialek, arxiv:1610.09733

Heirarchical PCA 
Methods

E.M. Stoudenmire, arxiv:1801.00315
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More recent ideas from physics 
useful for machine learning?



Convolutional neural network

"MERA" tensor network
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Are tensor networks useful for 
machine learning?

Tensor networks can represent weights of 
useful and interesting machine learning models

• Linear scaling 

• Adaptive weights

• Learning data "features"

Realized benefits:
• Interpretability / theory

• Better algorithms

• Quantum computing

Future benefits?

"MERA" tensor network



Many proposals already to use tensor networks for machine 
learning

Izmailov, Novikov, Kropotov, arxiv:1710.07324 (2017)

Gaussian Processes

Bengua et al., IEEE Congress on Big Data (2015)

Feature extraction & tensor completion

Novikov et al., Advances in Neural Information Processing (2015) (arxiv:1509.06569)

Compressing weights of neural nets (& other models)
Yu et al., Advances in Neural Information Processing (2017), arxiv:1711.00073

Phien et al., arxiv:1601.01083 (2016)

Bengua et al., arxiv:1606.01500, arxiv:1607.03967, arxiv:1609.04541 (2016)

Garipov et al., arxiv:1611.03214 (2016)

Izmailov et al., arxiv:1710.07324 (2017)

Yang et al., arxiv:1707.01786 (2017)

Lee, Cichocki, arxiv: 1410.6895 (2014)

Large scale PCA



Example: compressing neural network weight layers 

} ≈
Novikov et al., Advances in Neural Information Processing (2015) (arxiv:1509.06569)

Garipov, Podoprikhin, Novikov, arxiv:1611.03214

• Train very "wide" model: 262,144 hidden units 
• Achieve 80x compression, only 1% accuracy loss



Framework where tensor network plays  
central role?

W

• Can natural images be more complex than wavefunctions? 

• Import many ideas, algorithms from physics 

• Improve tensor network methods 

Motivation:



Raw data vectors

x = (x1, x2, x3, . . . , xN )

Example: grayscale images, 
components of      are pixelsx

xj 2 [0, 1]



Propose following model

=
X

s

Ws1s2s3···sN xs1
1 xs2

2 xs3
3 · · ·xsN

N

f(x) = W · �(x)

sj = 0, 1

Weights are N-index tensor 
Like N-site wavefunction

Novikov, Trofimov, Oseledets, arxiv:1605.03795
Stoudenmire, Schwab, arxiv:1605.05775

Cohen et al. arxiv:1509.05009



f(x) = W · �(x)

N=3 example:

=
X

s

Ws1s2s3 xs1
1 xs2

2 xs3
3

= W000 +W100 x1 +W010 x2 +W001 x3

+W111 x1x2x3

+W110 x1x2 +W101 x1x3 +W011 x2x3

Contains linear classifier, plus other "feature maps"



More generally, apply local "feature maps" 

f(x) = W · �(x)

�sj (xj)

=
X

s

Ws1s2s3···sN�s1(x1)�
s2(x2)�

s3(x3) · · ·�sN (xN )

Highly expressive!



For example, following local feature map

�(xj) =
h
cos

⇣⇡
2
xj

⌘
, sin

⇣⇡
2
xj

⌘i
xj 2 [0, 1]

x = input

Picturesque idea of pixels as "spins"



Total feature map

�s1s2···sN (x) = �s1(x1)⌦ �s2(x2)⌦ · · ·⌦ �sN (xN )

• Tensor product of local feature maps / vectors 

• Just like product state wavefunction of spins 

• Vector in        dimensional space

� = local feature map

x = input

2N

�(x)



Total feature map
� = local feature map

x = input

raw inputs

�(x) =

x = [x1, x2, x3, . . . , xN ]

�1( )

�2( )[ [⌦ �1( )

�2( )[ [⌦ �1( )

�2( )[ [⌦ �1( )

�2( )[ [x1

x1

x2

x2

x3 xN

x3 xN

⌦. . . feature 
vector 

More detailed notation

�(x)



Total feature map
� = local feature map

x = input

raw inputsx = [x1, x2, x3, . . . , xN ]

feature 
vector 

Tensor diagram notation

s1 s2 s3 s4 s5 s6

=
�s1 �s2 �s3 �s4 �s5 �s6

· · ·
sN

�sN

�(x)

�(x)



f(x) = W · �(x)Construct decision function

�(x)



f(x) = W · �(x)Construct decision function

�(x)

W



f(x) = W · �(x)Construct decision function

�(x)

W=f(x)



f(x) = W · �(x)Construct decision function

�(x)

W=f(x)

W =



Main approximation

W = order-N tensor

⇡ matrix 
product 
state (MPS)



Main approximation

W = order-N tensor

⇡ matrix 
product 
state (MPS)

⇡ PEPS ))



Linear scaling

=
�(x)

Wf(x)

Can use algorithm similar to DMRG to optimize

Scaling is N ·NT ·m3
N = size of input

NT = size of training set
m = MPS bond dimension
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Linear scaling

=
�(x)

Wf(x)

Can use algorithm similar to DMRG to optimize

Scaling is N ·NT ·m3
N = size of input

NT = size of training set
m = MPS bond dimension



Gradient step:
At each bond, update "bond tensor" by computing 
and applying the gradient

�(x)

WBf(x) =

∂f(x)
∂B

= =

=B′� B′� − α



Why should this work at all?

Linear classifier                          exactly m=2 MPS

W =

[ [V̂1

1̂ 0

1̂ [ [1̂ 0

1̂ [ [1̂ 0

1̂V̂2 V̂3[ [V0

· · ·

V̂j = [0 Vj ]

1̂ = [1 0]

1

�sj (xj) = [1 , xj ]

f(x) = W · �(x)

f(x) = V · x

Novikov, Trofimov, Oseledets, arxiv:1605.03795



�(x)

Wf l(x) =

l

Extendable to multiple outputs

Output is a vector over the index 

Models exhibit "feature sharing" – only differ in 
center tensor

l



Experiment: handwriting classification (MNIST)

Train to 99.95% accuracy on 60,000 training images

Obtain 99.03% accuracy on 10,000 test images         
(only 97 incorrect)

Stoudenmire, Schwab, arxiv:1605.05775



Papers using tensor network machine learning

Expressivity & priors of TN based models
• Levine et al., "Deep Learning and Quantum Entanglement: Fundamental Connections 

with Implications to Network Design" arxiv:1704.01552 
• Cohen, Shashua, "Inductive Bias of Deep Convolutional Networks through Pooling 

Geometry" arxiv:1605.06743 
• Cohen et al., "On the Expressive Power of Deep Learning: A Tensor Analysis" arxiv:

1509.05009

Generative Models

Supervised Learning

• Han et al., "Unsupervised Generative Modeling Using Matrix Product States" arxiv:
1709.01662 

• Sharir et al., "Tractable Generative Convolutional Arithmetic Circuits" arxiv:
1610.04167 

• Novikov et al., "Expressive power of recurrent neural networks", arxiv:1711.00811 
• Liu et al., "Machine Learning by Two-Dimensional Hierarchical Tensor Networks: A 

Quantum Information Theoretic Perspective on Deep Architectures", arxiv:
1710.04833 

• Stoudenmire, Schwab, "Supervised Learning with Quantum-Inspired Tensor 
Networks", arxiv:1605.05775 

• Novikov et al., "Exponential Machines", arxiv: 1605.03795



Even startups getting into the game!

John Terilla

Tunnel Tech, 
New York City

Generative Tensorial Networks (GTN), London



Tensor Network Machine Learning Studies



Unsupervised Generative Modeling Using MPS

• Map data to product state, tensor network weights 
• Squared output is probability – "Born machine" 
• "Perfect" sampling (no autocorrelation)

x1
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Zhao-Yu Han, Jun Wang, Heng Fan, Lei Wang, Pan Zhang
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Clearly this is an advantage of our model over the Hopfield
model and inverse Ising model, whose maximum model ca-
pacity is proportional to system size.

Careful readers may complain that the inverse Ising model
may be not the correct model to compare with, and the inverse
Ising models with hidden variables, i.e. Boltzmann machines,
do have infinite representation power. Actually this is exactly
our point of using MPS as a unsupervised model: increas-
ing bond-dimensions of tensors in MPS has similar functions
as increasing number of hidden variables in other generative
models.

In Fig. 3(b) we plotL as a function of system size N, trained
on |T | = 100 random patterns. From the figure we can see
that with Dmax fixed L increases linearly with system size N,
which indicates that our model gives worse capability with a
larger system size. This is due to the fact that keeping joint-
distribution of variables becomes more and more di�cult for
MPS when the number of variables increases. A simple ex-
ample is that the correlation between two arbitrary variable
decays quickly as distance between two variables increases.
This is actually a drawback of our model when compared
with pair-wise models such as the inverse Ising model, which
is the maximum-entropy model given mean and variance of
the probability distribution of training samples, hence is able
to capture long-distance correlations of the training data eas-
ily. Fortunately Fig. 3 (b) also shows that the decay of ca-
pability with system size can be compensated by increasing
Dmax, which reflects the universality approximation capabil-
ity of MPS without any constraint onDmax [15].

C. MNIST data set

In this subsection we perform generative modeling experi-
ment on the MNIST dataset [49]. Since MNIST images are in
grayscale, we first turn them into binary numbers by random
binarization, then flatten the images row by row into a vector
as what was done for the BS dataset in Sec. III A. For the pur-
pose of unsupervised generative modeling we do not need to
use the labels of the digits.

Firstly we randomly selected |T | = 100 samples from the
MNIST dataset and trained the MPS with di↵erent maximal
bond dimensions Dmax. The results are shown in Fig. 4. The
images in the insets are random generations by direct sam-
pling from the MPS at di↵erent NLL values (denoted by the
arrows). It is shown that with Dmax increasing, L converges
gradually to its minimum ln(|T |), and generations become
more and more clear. It is interesting to see that with a rel-
atively small maximum bond dimension, e.g. Dmax = 100,
although the handwriting is not as clear as with a large bond
dimension, we can see that some crucial features, such as
loops in image with label “6”, and the corner in image with
label “7”, have already been reconstructed. When the max-
imum bond dimension increases to a larger value, the MPS
is able to learn clear character of an image such as the pen
strokes, hence we can say that the MPS has learned many
“prototypes”. It has recently been reported that the feature-to-
prototype transition in pattern recognitions can be observed

50 100 150 200 250 300 350
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70

Dmax

L

ln(|T | )

FIG. 4: The mean negative log-likelihood of a MPS trained
using |T | = 100 MNIST images of size 28 ⇥ 28, with varying

maximum bond dimensionDmax. In all experiments,
parameters of learning are set to cutoff = 1 ⇥ 10�6,

nb = 1, ⌘ = 0.001. Each MPS is trained over at most 200
loops, the training is terminated if di↵erence of L between
consecutive loops is less than 0.002. The horizontal dashed
line indicates the Shannon entropy of the training dataset

ln |T |, which is also the minimum value of L on the training
data.

by using a many-body interaction in the Hopfield model, or
equivalently using an higher-order rectified polynomial acti-
vation function in the deep neural networks [50]. It is inter-
esting to remark that in our model this can be achieved by
simply adjusting the maximum bond dimension of the MPS.

Secondly we randomly selected 1000 images from the
MNIST database for training. We restricted the maximum
bond dimension to Dmax = 800. The first loop was carried
out under the hyperparameter configuration of: cutoff = 0.3,
⌘ = 0.05, nb = 10, and the following 150 loops came with:
cutoff = 1⇥10�7, ⌘ = 1⇥10�3, nb = 20. On each bond we per-
formed 10 steps of stochastic gradient descent, c.f. Eq. (11).
After 251 loops of training, the NLL on the training dataset
reached 16.8, and many bond dimensions had reached Dmax.
Figure 5 shows the distribution of bond dimensions where we
can see that large bond dimensions concentrated in the center
of the image, where the variation of the pixels are the largest.
The bond dimensions around the top and bottom edge of the
image remained small, because those pixels are always inacti-
vated in the training samples. They carry no information and
has no correlations with the remaining part of the image. In-
terestingly, although the pixels on the left and right edges are
also white, they have larger bond dimensions because these
bonds learned to mediate the correlations between the rows of
the images.

The samples directly generated after training are shown in
Fig. 6(a). We also show a few original samples from the train-
ing set in Fig. 6(b) for comparison. Although many of the
generated images cannot be recognized as digits, some as-

Negative Log-Likelihood
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FIG. 5: Bond dimensions of the learnt MPS. Each pixel in
this figure corresponds to bond dimension of the right leg of

the tensor associated to the identical coordinate in the
original image.

pects of the result are worth mentioning. Firstly, the MPS
learnt to leave margin blank with width 4 pixels, which is the
most obvious common feature in MNIST database. Secondly,
the activated pixels compose kinds of pen strokes that can be
extracted from the digits. Finally, a few of the samples al-
ready be recognized as digits. We expect as one increases
the maximal bond dimension and keeps on training the MPS
will produce more realistic images. Unlike the discrimina-
tive learning task carried out in [30], it seems we need to use
much larger bond dimensions to achieve a good performance
in the unsupervised learning. We think the reason is that in
the classification task, local features of an image are used for
predicting label of the image. Those local features, such as
presence of loop for label “6”, usually span a shorter range
of pixes, thus do not require MPS to remember longer-range
correlation between pixels. However it is necessary for gener-
ative modeling because learning the joint distribution from the

(a) Generated (b) Original

FIG. 6: (a) Images generated from a MPS trained on the
1000-image training set over 251 loops, achieving a final
average NLL 16.8. (b) Original images randomly selected

from the training set.

(a) column reconstruction on
training images

(b) row reconstruction on training
images

(c) column reconstruction on
testing images

(d) row reconstruction on testing
images

FIG. 7: Image reconstruction from partial images by direct
sampling of a MPS that has been trained on the 1000-image

training set over 251 loops. (a,b) Restoration of images in the
training set, e.g. those shown in Fig. 6(b). (c,d)

Reconstruction of 16 images chosen from the test set. The
test set contains images from the MNIST database that were

not used for training. The given parts are in black and the
reconstructed parts are in gray. The reconstructed parts are:
(a,c) 12 columns from either the left or the right; (b,d) 12

rows from either the top or the bottom.

data consists of (but not limited to) learning two-point corre-
lations between pairs of variables that could be far from each
other.

Thirdly we carried out image restoration experiment on the
MPS trained on 1000 images. As shown in Fig. 7 we first
remove part of images from the samples in Fig. 6 (b) then re-
construct ungiven pixels (in gray) using direct sampling con-
ditioning on given parts. For column reconstruction, its per-
formance is remarkable. The reconstructed images in Fig. 7(a)
are almost identical with the original ones in Fig. 6(b). On the
other hand, for row reconstruction in Fig. 7(b), it made inter-
esting but reasonable deviations. For instance, the rightmost
on the first row, an “1” has been bent to “7”. We also checked
its ability to reconstruct MNIST images other than the training
images, as shown in Fig. 7(c,d). These indicates that the MPS
has learned crucial features of the dataset, rather than merely
memorizing the training instances. In fact, even as early as
when trained over only 11 loops, the MPS could perform col-
umn reconstruction with similar image quality, but its row re-
construction performance was much worse than later when

Reconstructing Testing Images



Machine Learning By Hierarchical Tensor Networks...
Ding Liu, Shi-Ju Ran, Peter Wittek, Cheng Peng, Raul Blazquez Garcia, Gang Su, Maciej Lewenstein

• Supervised learning with tree tensor networks 
• Tests on MNIST, CIFAR-10 
• Studied properties of the trained model (feature representations, entanglement)

Under review as a conference paper at ICLR 2018

Most recently, TNs have been applied to solve machine learning problems such as dimensionality re-
duction (Cichocki et al., 2016; 2017), handwriting recognition (Stoudenmire & Schwab, 2016; Han
et al., 2017). Through a feature mapping, an image described as classical information is transferred
into a product state defined in a Hilbert space. Then these states are acted onto a TN, giving an output
vector that determines the classification of the images into a predefined number of classes. Going
further with this clue, it can be seen that when using a vector space for solving image recognition
problems, one faces a similar “exponential wall” as in quantum many-body systems. For recogniz-
ing an object in the real world, there exist infinite possibilities since the shapes and colors change, in
principle, continuously. An image or a gray-scale photo provides an approximation, where the total
number of possibilities is lowered to 256N per channel, with N describing the number of pixels, and
it is assumed to be fixed for simplicity. Similar to the applications in quantum physics, TNs show a
promising way to lower such an exponentially large space to a polynomial one.

This work contributes in two aspects. Firstly, we derive an efficient quantum-inspired learning
algorithm based on a hierarchical representation that is known as tree TN (TTN) (see, e.g., (Murg
et al., 2015)). Compared with Refs. (Stoudenmire & Schwab, 2016; Han et al., 2017) where a one-
dimensional (1D) TN (called matrix product state (MPS) (Östlund & Rommer, 1995)) is used, TTN
suits more the two-dimensional (2D) nature of images. The algorithm is inspired by the multipartite
entanglement renormalization ansatz (MERA) approach (Vidal, 2007; 2008; Cincio et al., 2008;
Evenbly & Vidal, 2009), where the tensors in the TN are kept to be unitary during the training. We
test the algorithm on both the MNIST (handwriting recognition with binary images) and CIFAR
(recognition of color images) databases and obtain accuracies comparable to the performance of
convolutional neural networks. More importantly, the TN states can then be defined that optimally
encodes each class of images as a quantum many-body state, which is akin to the study of a duality
between probabilistic graphical models and TNs (Robeva & Seigal, 2017). We contrast the bond
dimension and model complexity, with results indicating that a growing bond dimension overfits the
data. we study the representation in the different layers in the hierarchical TN with t-SNE (Van der
Maaten & Hinton, 2008), and find that the level of abstraction changes the same way as in a deep
convolutional neural network (Krizhevsky et al., 2012) or a deep belief network (Hinton et al., 2006),
and the highest level of the hierarchy allows for a clear separation of the classes. Finally, we show
that the fidelities between each two TN states from the two different image classes are low, and we
calculate the entanglement entropy of each TN state, which gives an indication of the difficulty of
each class.

(b)

(c)

(d)

Figure 1: (Color online) The left figure (a) shows the configuration of TTN. The squares at the
bottom represent the vectors obtained from the pixels of one image through the feature map. The
sphere at the top represents the label. The right figures are (b) the illustrations of the environment
tensor, (c) the schematic diagram of fidelity and (d) entanglement entropy calculation.

2 PRELIMINARIES OF TENSOR NETWORK AND MACHINE LEARNING

A TN is defined as a group of tensors whose indexes are shared and contracted in a specific way.
TN can represent the partition function of a classical system, and also of a quantum many-body
state which is mathematically a higher-dimensional vector. For the latter, one famous example is the
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(a) (b) (c)

(d) (e) (f)

Figure 3: Embedding of data instances of CIFAR-10 by t-SNE corresponding to each layer in the
TTN: (a) original data distribution and (b) the 1st, (c) 2nd, (d) 3rd, (e) 4th, and (f) 5th layer.

4.1 BENCHMARK ON CIFAR-10

To verify the representation power of TTNs, we used the CIFAR-10 dataset (Krizhevsky & Hinton,
2009). The dataset consists of 60,000 32 ⇥ 32 RGB images in 10 classes, with 6,000 instances per
class. There are 50,000 training images and 10,000 test images. Each RGB image was originally
32 ⇥ 32 pixels: we transformed them to grayscale. Working with gray-scale images reduced the
complexity of training, with the trade-off being that less information was available for learning.

We built a TTN with five layers and used the MERA-like algorithm (Section 3) to train the model.
Specifically, we built a binary classification model to investigate key machine learning and quan-
tum features, instead of constructing a complex multiclass model. We found both the input bond
(physical indexes) and the virtual bond (geometrical indexes) had a great impact on the representa-
tion power of TTNs, as showed in Fig. 2. This indicates that the limitation of representation power
(learnability) of the TTNs is related to the input bond. The same way, the virtual bond determine
how accurately the TTNs approximate this limitation.

From the perspective of tensor algebra, the representation power of TTNs depends on the tensor
contracted from the entire TTN. Thus the limitation of this relies on the input bond. Furthermore,
the TTNs could be considered as a decomposition of this complete contraction, and the virtual bond
determine how well the TTNs approximate this. Moreover, this phenomenon could be interpreted
from the perspective of quantum many-body theory: the higher entanglement in a quantum many-
body system, the more representation power this quantum system has.

The sequence of convolutional and pooling layers in the feature extraction part of a deep learn-
ing network is known to arrive at higher and higher levels of abstractions that helps separating the
classes in a discriminative learner (LeCun et al., 2015). This is often visualized by embedding the
representation in two dimensions by t-SNE (Van der Maaten & Hinton, 2008), and by coloring the
instances according to their classes. If the classes clearly separate in this embedding, the subsequent
classifier will have an easy task performing classification at a high accuracy. We plotted this embed-
ding for each layer in the TN in Fig. 3. We observe the same pattern as in deep learning, having a
clear separation in the highest level of abstraction.

4.2 BENCHMARK ON MNIST

To test the generalization of TTNs on a benchmark dataset, we used the MNIST collection, which is
widely used in handwritten digit recognition. The training set consists of 60,000 examples, and the
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Figure 6: The components comprising a ‘ConvAC-weights TN’ � that describes the weights tensor
A

y of a ConvAC, are an undirected graph G(V, E) and a bond dimensions function c.
The bond dimension is specified next to each edge e 2 E, and is given by the function
c(e). As shown in sec. 6.2, the bond dimension of the edges in each layer of this TN
is equal to the number of channels in the corresponding layer in the ConvAC. The node
set in the graph G(V, E) presented above decomposes to V = V tn ·[ V inputs, where V tn

(grey) are vertices which correspond to tensors in the ConvAC TN and V inputs (blue) are
degree 1 vertices which correspond to the N open edges in the ConvAC TN. The vertices
in V inputs are ‘virtual’ — were added for completeness, so G can be viewed as a legal
graph. The open edge emanating from the top-most tensor (marked by a dashed line) is
omitted from the graph, as it does not effect our analysis below — no flow between any
two input groups can pass through it.

graph describing its connectivity and a function that assigns a bond dimension to each edge. In this
section we describe the TN we constructed in sec. 6.2 in graph-theoretic terminology.

The ability to represent a deep convolutional network (ConvAC) as a ‘legal’ graph, is a key
accomplishment that the Tensor Networks tool brings forth. Our main results rely on this graph-
theoretic description and tie the expressiveness of a ConvAC to a minimal cut in the graph char-
acterizing it, via the connection to quantum entanglement measures. This is in fact a utilization of
the ‘Quantum min-cut max-flow’ concept presented by Cui et al. (2016). Essentially, the quantum
max-flow between A and B is a measure of the ability of the TN to model correlations between A
and B, and the quantum min-cut is a quantity that bounds this ability and can be directly inferred
from the graph defining it — that of the corresponding TN.

As noted in sec. 6.2, the TN that describes the calculation of a ConvAC, i.e. a network that re-
ceives as inputs the M representation channels and outputs Y labels, is the result of an inner-product
of two tensors A

y
d1...dN

holding the weights of the network and A
(rank 1)
d1...dN

(x1, . . . ,xN ) which is a
rank-1 tensor holding the ‘input’ of N vectors v(0,j)

2 RM , j 2 [N ] composing the representation
layer. In this section we focus on the TN that describes Ay

d1...dN
, which is the upper block of fig. 5

and is also reproduced as a stand-alone TN in fig. 6, referred to as the ‘ConvAC-weights TN’ and
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Figure 10: (color available online) Results of applying deep convolutional rectifier networks with
max pooling to the global and local classification tasks. Two channel arrangements ge-
ometries were evaluated — ‘wide-tip’, which supports modeling correlations between
far away regions, and ‘wide-base’, which puts focus on correlations between regions that
are close to each other. Each channel arrangements geometry outperforms the other on
the task which exhibits fitting correlations, demonstrating how prior knowledge regard-
ing a task at hand may be used to tailor the inductive bias through appropriate channel
arrangements. Furthermore, these results demonstrate that the theoretical conclusions
that were provided in sec 7 for a ConvAC, extend to the common ConvNet architecture
which involves ReLU activations and max pooling.

on both tasks decreases. This is attributed to the ‘hardness’ of the task relative to the amount of
parameters in the network. For these larger numbers of parameters in the networks, a harder task is
expected to exhibit a more noticeable difference in performance between the two architectures.

Overall, in these experiments we show a notable compliance between a typical length of the
data and an appropriate network design. Our results can therefore be seen as a clear demonstration
of how prior knowledge regarding a task at hand may be used to tailor the inductive bias of a deep
convolutional network by designing the channel widths appropriately subject to the amount of re-
sources at hand. We have shown how phenomena that were indicated by the theoretical analysis that
was presented in this paper in the context of ConvACs, manifest themselves in the most prevalent
and successful ConvNet architecture which involves ReLU activations and max pooling.

9. Discussion

The construction of a deep ConvAC in terms of a Tensor Network, is the main theoretical achieve-
ment of this paper. This method, which constructs the ConvAC by inner products between low order
tensors rather than by outer products as has been performed to date, enabled us to carry a graph-
theoretic analysis of a convolutional network, and tie its expressiveness to a minimal cut in the graph
characterizing it. Specifically, network architecture related results were drawn, connecting the num-
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Figure 9: Samples of the randomly positioned MNIST digits to be classified in the global task
(above) and the local task (below).

to size 32 ⇥ 32. In both tasks the digit was to be identified correctly with a label 0, ..., 9. See fig. 9
for a sample of images from each task.

We designed two different networks that tackle these two tasks, with a difference in the channel
ordering scheme that is meant to emphasize the difference between the two tasks in accordance with
the analysis above. In both networks, the first layer is a representation layer — a 3 ⇥ 3 (with stride
1) shared convolutional layer. Following it are 6 hidden layers, each with 1 ⇥ 1 shared convolution
kernels followed by ReLU activations and 2 ⇥ 2 max pooling (with stride 2). Classification in both
networks was preformed through Y = 10 network outputs, with prediction following the strongest
activation. The difference between the two networks is in the channel ordering — in the ‘wide-base’
network they are wider in the beginning and narrow down in the deeper layers while in the ‘wide-
tip’ network they follow the opposite trend. Specifically, we set a parameter r to determine each
pair of such networks according to the following scheme:

• Wide-base: [10; 4r; 4r; 2r; 2r; r; r; 10]
• Wide-tip: [10; r; r; 2r; 2r; 4r; 4r; 10]

The channel numbers form left to right go from shallow to deep. The channel numbers were chosen
to be gradually increased/decreased in iterations of two layers at a time as a trade-off — we wanted
the network to be reasonably deep but not to have too many different channel numbers, in order to
resemble conventional channel choices. The parameter count for both configurations is identical:
10 · r + r · r + r · 2r +2r · 2r +2r · 4r +4r · 4r +4r · 10 = 31r2 +50r. A result compliant with our
theoretical expectation would be for the ‘wide-base’ network to outperform the ‘wide-tip’ network
in the local classification task, and the converse to occur in the global classification task.

Fig. 10 shows the results of applying both the ‘wide-base’ and ‘wide-tip’ networks to the local
and global tasks. Each task consisted of 60000 training images and 10000 test images, in corre-
spondence with the MNIST database. Indeed, the ‘wide-base’ network significantly outperforms
the ‘wide-tip’ network in the local classification task, whereas a clear opposite trend can be seen
for the global classification task. This complies with our discussion above, according to which the
‘wide-base’ network should be able to support short correlation lengths in the input, whereas the
‘wide-tip’ network is predicted to put focus on longer correlation lengths. The low performance
relative to the regular MNIST task is due to the randomization of positions, there is no such degree
of freedom in the regular MNIST task. This is of no concern to us, only the relative performance
between networks on each task is of interest in order to examine how our claims extend to the com-
mon ConvNet architecture. The fact that the global task gets higher accuracies for all choices of r is
unsurprising, as it is clearly an easier task. An additional thing to note is that as r grows, the accura-
cies of both tasks augment and with it, the difference between the performances of the architectures
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• Product-state input processed by an MPO model 
• Output is an MPS, approximated as another product state 
• Capabilities like recurrent neural nets; better results than LSTM!
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FIG. 1: Training phase: a pair of vectors, ~xi and ~yi, is con-
verted to a pair of matrix product states (MPS), X~�

i and Y ~⌧
i ,

and used to train a matrix product operator (MPO) W ~⌧
~� . Pre-

diction phase: an input vector ~xk is converted to an MPS X~�
k

and then multiplied by the trained MPO W ~⌧
~� . The resulting

MPS Ȳ ~⌧
k is then converted to a vector ~̄yk.

The paper is organized as follows: in Sec.II we present
the main parts of the algorithm, in Sec.III we will apply
our algorithm to sequence to sequence prediction, both
in discrete (cellular automata) and continuous (coupled
maps) problems, and to a classification task. Last, in
Sec.IV we draw our conclusions. In the Appendices we
provide further technical details and explanations for the
more interested readers.

II. METHOD

In the following section we describe how we implement
the training (or learning phase) of our model and how
to test the accuracy of its predictions (testing phase).
The MPO algorithm will be able to generate a sequence
of L numbers given another one of same length. Stated
di↵erently, we consider mapping from a vector space X ,
with vectors ~xi, to another vector space Y, with vectors
~yi, which is given by

~yi = f(~xi), (1)

where f does not need to be linear. The MPO algorithm
would try to provide an accurate approximation ~̄yi to the
exact vector ~yi.

We will focus on the case for which each vector ~xi, ~yi
have the same length L and corresponding elements xi,l

and yi,l. The algorithm will be explained in detail in
the following, however, to help the reader we summarize
it in Fig.(1). In the training phase we take a set of M
input and output sequences ~xi and ~yi, where 1  i  M .
Each sequence ~xi and ~yi is converted to a matrix product
state (MPS) – that is a product of tensors. All these MPS
are used to generate/train a mapping from MPS to MPS
which is known as matrix product operator (MPO).

In contrast, in the testing/prediction phase, see
right portion of Fig.1, we take an input sequence
(xk,1, xk,2, . . . , xk,L) (di↵erent from those used in the
training), convert it to an MPS, multiply it to the
MPO trained earlier and this will result in an out-
put MPS which is then converted to a sequence
(ȳk,1, ȳk,2, . . . , ȳk,L). To compute the accuracy of the al-
gorithm, we compare the predicted output sequence with
the exact one.

A. Training

The algorithm aims to provide, given a sequence, an-
other sequence from an exponentially large number of
possible ones. The output will thus be a function of
the possible output sequences, and it will be used to
choose the output sequence. One key ingredient in the
proposed algorithm is to describe inputs and outputs,
or their probability distribution, as MPS [36–39]. For
example, the probability of a given sequence of integer
numbers ~� = (�1,�2, . . . ,�L), i.e. P (~�), can be written
as

P (~�) =
X

a0,...,aL

M�1
a0,a1

M�2
a1,a2

. . .M�L
aL�1,aL

, (2)

where �l describe the local degrees of freedom, whose
total number is d, and the al are auxiliary degrees of
freedom needed to take into account correlations between
di↵erent elements of the sequence. The larger the number
of the auxiliary local degrees of freedom al, also known
as “bond dimension” D, the more accurate is the prob-
ability distribution. A single sequence ~� can be written
as an MPS with D = 1, also known as a product state.
Since we rewrite inputs and outputs as MPS the natural
object to train, which will then be able to map an input
MPS to an output MPS, is an MPO W ~⌧

~� where ~⌧ is a
sequence of output integer numbers. The MPOs can be
parameterized by a product of 4-dimensional tensors

W ~⌧
~� =

X

b0,b1,...,bL

W �1,⌧1
b0,b1

W �2,⌧2
b1,b2

. . .W �L,⌧L
bL�1,bL

(3)

Here, the indices bl indicate an auxiliary dimension which
we refer to as the MPO’s bond dimension DW .
In the next sections we are going to describe how to

convert a sequence (also of real numbers) to an MPS and
then how to train an MPO.

1. From sequence to MPS

The first necessary step to train an MPO is to convert
a sequence (input or output) to an MPS. The input and
output sequences may belong to di↵erent spaces, for ex-
ample an input sequence could be made of words, letters,
real numbers or integers. Each of the above can be rep-
resented as a vector of finite size d for the input, and d0
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FIG. 5: (a) Average position hli, (b) standard deviation �l

and (c) total probability PT versus time for DW = 5, blue
continuous line, and DW = 20, red dashed line. The exact
solution is represented by the black dotted line. Other pa-
rameters are N = 100, M = 20000, kmax = 20, "t = 10�5

and ↵ = 0.001.

line) to DW = 10 (dashed red line) and DW = 20 (dot-
dashed yellow line), while the size of the training set is
kept to M = 20000. In Fig.6(b) instead, we keep the
same bond dimension DW = 20 and we vary the train-
ing data set size between M = 5000 (continuous blue
line), M = 10000 (dashed red line) and M = 20000 (dot-
dashed yellow line). We observe that the error decreases
when both DW and M increase, and " can be as low as
5/1000.

1. Comparison to bidirectional LSTM neural networks

Long short-term memory cells are very useful build-
ing blocks for recurrent neural networks [49, 50]. Thanks
to their ability of remembering and forgetting informa-
tion passed to them, they allow to grasp relevant long-
range correlations (see Appendix D for a more detailed
description of this method). They are thus used for nat-
ural language processing, to classify, to predict time se-
ries and more. Here we consider a bidirectional network
[51], in which information is passed from left to right and
from right to left, with LSTM cells. Such a single layer
network, despite using as many parameters as the MPO
algorithm, is not able to give accurate results for the evo-
lution. This is shown in Fig.6(c), where the error " for
the single layer network, blue continuous line, is plot-
ted against time. We then tried a double layer network
(which has about twice as many parameters) [52, 53], and
the error was significantly decreased, red-dotted line in
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FIG. 6: Average error " between exact and predicted evolu-
tion, computed using Eq.(14), versus time for di↵erent MPO
bond dimensions DW (a), or for di↵erent number of training
data M (b). In (a) M = 20000 while DW = 5, 10 or 20
respectively for the blue continuous line, red dashed line and
yellow dotted line. In (b) DW = 20 while M = 5000, 10000
or 20000 respectively for the blue continuous line, red dashed
line and yellow dotted line. Other parameters are N = 100,
kmax = 20, ✏t = 10�5 and ↵ = 0.001. (c) Comparison
with bidirectional LSTM neural networks. Blue continuous
curve is the error for a single layer bidirectional network while
red-dashed curve is for a double layer bidirectional network.
The yellow dotted line is the error for the MPO algorithm
with DW = 20. All three algorithms have been trained with
M = 20000 samples and N = 100.

Fig.6(c), but still larger than the one obtained with the
MPO algorithm. This shows that, for this task, the MPO
algorithm is more accurate than our implementation of
recurrent neural networks using LSTM cells.

C. Classification

It has been previously shown that algorithms based on
MPS can be useful for classification tasks [26, 28, 29].
Here we show how the MPO model can also be used for
such purpose. In order to explain how to do so e↵ectively,
we consider a well known example which is that of cate-
gorizing pictures of handwritten digits from the MNIST
data set [54]. In this problem, handwritten digits from
0 to 9 are converted in gray scale pictures with 28 ⇥ 28
pixels, and the data set is composed of 60000 training
images and 10000 testing images, each associated to one
of the ten possible digits. In order to threat this prob-
lem we convert each gray scale figure to a sequence of

time series prediction errors

bidirectional-LSTM

MPO
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• Models where inputs are copied, then processed by multiple tensor networks 
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FIG. 3. Copy operation of a vector input Ai, resulting in a
new tensor Bij = AiAj , or of a tensor network.

(a) RBM (b) SBS

(c) Short-range RBM (d) EPS

FIG. 4. (a) Restricted Boltzmann Machine (RBM) consisting
of visible and hidden variables (b) String-Bond State with
1D geometry generalizing RBM. The legs corresponding to
contracted indices in each MPS are depicted in orange for
visibility. (c) Short-range RBM with local connections be-
tween visible and hidden variables (d) Entangled Plaquette
State (EPS) generalizing the short-range RBM.

(Fig. 3). More generally one can apply this copy opera-
tion to a larger tensor network, which is then copied. In
practice one would first contract the incoming network,
resulting in a vector. This vector is then copied and sent
to the remaining edges. The rest of the tensor network
can then be independently contracted. We impose that
there are no directed loops containing dots and ensure
that the tensor network can be e�ciently contracted as
long as it is contracted in the right order.

In general, it is not possible to write this dot as a
tensor[43]. In particular cases, when all the inputs are
discrete and in a fixed basis, it is possible to write the
copy operation as a COPY-dot tensor, as introduced in
Ref.[53]. For discrete inputs and when the copy oper-
ation only applies to the inputs, the generalized tensor
network can therefore be written as a tensor network in-
cluding COPY-dot tensors. In the more general case,
while it is not possible to represent the copy operation as
a tensor, duplicating a vector and sending it to two di↵er-
ent parts of the calculation is easily achieved in practice.
The generalized tensor network can in this case be viewed
as a larger tensor network containing several copies of the
same tensors (weight sharing) and with inputs which are
copied several times.

Examples of such tensor networks with copy of the in-
put states have been used in the quantum physics com-
munity. The simplest example are Entangled Plaquette
States (EPS)[40–42], also known as Correlator Product
States, in which the tensor network is defined as a prod-
uct of smaller tensors on overlapping clusters of variables:

Tx1,...,xN =
PY

p=1

Txp
p , (11)

where a coe�cient T
xp
p is assigned to each of the 2np

(for binary variables) configurations xp of the variables
in cluster p. Because the clusters overlap, the value of
each variable is copied to all the tensors in which it is
included. A sparse or short-range RBM is a special case
of EPS[31] (eventually non-local for a sparse but non-
local RBM) in which the tensor T

xp
p takes the particular

form (1+e
P

j wpjxj ), where the sum is limited to the vari-
ables in each cluster. EPS also share some similarity with
Convolutional Neural Networks (CNN): a convolutional
layer with discrete inputs is a particular case of EPS with
weight sharing between the tensors. The EPS realizes all
possible convolutional filters over a discrete input space,
instead of selecting a small number of filters as CNN do.
Another example are String-Bond States (SBS)[37, 38],

defined by placing Matrix Product States over strings
(each string s is an ordered subset of the set of variables)
on a graph which need not be a one-dimensional lattice.
The resulting tensor network is

Tx1,...,xN =
Y

s

Tr

0

@
Y

j2s

A
xj

s,j

1

A . (12)

The value of each visible variable is copied and sent to
di↵erent MPS. A RBM is a special case of SBS[31] for
which each string is associated with a hidden variable and
covers all visible variables, and the matrices are taken to
be

A
xj

s,j =

✓
1 0
0 ewsjxj

◆
. (13)

SBS thus provide a generalization of RBM that is natu-
rally defined for discrete variables of any dimension and
can introduce di↵erent correlations through the use of
higher dimensional and non-commuting matrices. Since
SBS also include a MPS as a particular case, they provide
a way to interpolate between a MPS (large bond dimen-
sion, only one string) and a RBM (bond dimension 2,
diagonal matrices, many strings). Di↵erent choices of
string geometries can be used and the geometry may be
defined depending on the problem. For example in 2 di-
mensions (which is more suitable to images), one may
place only short horizontal and vertical strings covering
the 2D lattice (Fig. 5a). We will denote this kind of SBS
as 2D-SBS. Correlations along one of the two dimensions
can be captured in the corresponding MPS, and more
complex correlations are included through the overlap of
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(each string s is an ordered subset of the set of variables)
on a graph which need not be a one-dimensional lattice.
The resulting tensor network is

Tx1,...,xN =
Y

s

Tr

0

@
Y

j2s

A
xj

s,j

1

A . (12)

The value of each visible variable is copied and sent to
di↵erent MPS. A RBM is a special case of SBS[31] for
which each string is associated with a hidden variable and
covers all visible variables, and the matrices are taken to
be

A
xj

s,j =

✓
1 0
0 ewsjxj

◆
. (13)

SBS thus provide a generalization of RBM that is natu-
rally defined for discrete variables of any dimension and
can introduce di↵erent correlations through the use of
higher dimensional and non-commuting matrices. Since
SBS also include a MPS as a particular case, they provide
a way to interpolate between a MPS (large bond dimen-
sion, only one string) and a RBM (bond dimension 2,
diagonal matrices, many strings). Di↵erent choices of
string geometries can be used and the geometry may be
defined depending on the problem. For example in 2 di-
mensions (which is more suitable to images), one may
place only short horizontal and vertical strings covering
the 2D lattice (Fig. 5a). We will denote this kind of SBS
as 2D-SBS. Correlations along one of the two dimensions
can be captured in the corresponding MPS, and more
complex correlations are included through the overlap of
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(a) (b)

FIG. 9. (a) Real inputs Xi are mapped to a feature vector
(here with length two). This vector can then be used as in-
put to a generalized tensor network by contracting it with the
open legs of the generalized tensor network. (b) Feature ten-
sors can compress the discretized representation of the inputs
Xi to a smaller dimensional space. These tensors can share
weights and can be learned as part of the tensor network.

(a) (b)

FIG. 10. (a) Dataset with two features X1 and X2 and two
classes (depicted in di↵erent colors) that cannot be learned
by a MPS of bond dimension 2 with features in Eq. (26). (b)
Two normalized features learned by a tensor while classify-
ing the previous dataset with a MPS of bond dimension 2.
The features have been discretized in 16 intervals. Using this
choice of features the MPS can classify the dataset perfectly.

functions and learning them at the same time as the rest
of the network. To be able to use a purely tensor net-
work algorithm, we can parametrize these functions using
a tensor network. In the simplest case, we discretize the
real data and use a tensor to compress the large dimen-
sional input into a smaller dimensional vector of suitable
length. This tensor can be learned as part of the whole
tensor network and prevents the size of the rest of the
tensor network to increase when the discretization size
changes. The feature tensor can be the same for all vari-
ables, for example image pixels, but can be di↵erent in
the case where the variables are of di↵erent nature. Us-
ing this procedure, a MPS of bond dimension 2 is able to
get perfect accuracy on the dataset presented in Fig. 10a.
The two features that the network has learned are pre-
sented in Fig. 10b. We note that starting from random
features on more complex datasets makes learning dif-
ficult, but the feature tensor can be pretrained using a
linear classifier, before being trained with the rest of the
network.

In comparison, we also show in Fig. 11b the features
learned while classifying MNIST with greyscale pixels
and a snake-SBS (see sectionV). These features are not
very di↵erent from the choice in Eq. 26 (Fig. 11a), and
we could not distinguish performance with this choice or

(a) (b)

FIG. 11. (a) Choice of two features in Eq. (26) for an in-
put taking real values between 0 and 1. (b) Two normalized
features learned by a tensor with output dimension 2 com-
bined with a snake-SBS classifying the MNIST dataset. The
input features x are the greyscale value of pixels, normalized
between 0 and 1 and discretized in 16 intervals.

with learned features on this dataset. We expect however
that this procedure will be necessary for more complex
datasets which are not easily approximated by a binary
function. Moreover the size of the feature vector provides
a regularization of the model, and higher sizes might be
necessary for more complex datasets. More generally this
tensor could be itself represented with a small tensor net-
work, to prevent the number of parameters to increase
too much with a very small discretization interval. It
is interesting to note that the features learned in our
examples are almost continuous even if we use smaller
discretization intervals. This means that two real inputs
that are close to each other will lead to the same predic-
tions by the network, a property which is in general not
true if we simply discretize the inputs and use a larger
tensor network. Our approach of learning the features
as part of the tensor network may be especially relevant
in the context of quantum machine learning, where the
tensor network is replaced by a quantum circuit and it
might be suitable to have the full network as part of the
same quantum machine learning architecture.

As an alternative way of choosing the features, we can
combine the feature choice with other machine learning
techniques. If the input data represents images, it is a
natural choice to use Convolutional Neural Networks as
feature extractors, since these have been highly success-
ful for image classification. CNN consist in convolution
filters, which use convolutional kernels to transform an
image into a set of filtered images, and pooling layers
which downsize the images (Fig. 12). The di↵erent fil-
ters can be seen as di↵erent features of the corresponding
pixel or region of the image and preserve locality. There-
fore it is natural to consider the vector of applied filters
associated with each location in the image as a feature
vector that can be used in conjunction with generalized
tensor networks. The CNN and the tensor network can
be trained together, since the derivatives of the tensor
network can be used in the backpropagation algorithm
which computes the gradient of the cost function.
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with learned features on this dataset. We expect however
that this procedure will be necessary for more complex
datasets which are not easily approximated by a binary
function. Moreover the size of the feature vector provides
a regularization of the model, and higher sizes might be
necessary for more complex datasets. More generally this
tensor could be itself represented with a small tensor net-
work, to prevent the number of parameters to increase
too much with a very small discretization interval. It
is interesting to note that the features learned in our
examples are almost continuous even if we use smaller
discretization intervals. This means that two real inputs
that are close to each other will lead to the same predic-
tions by the network, a property which is in general not
true if we simply discretize the inputs and use a larger
tensor network. Our approach of learning the features
as part of the tensor network may be especially relevant
in the context of quantum machine learning, where the
tensor network is replaced by a quantum circuit and it
might be suitable to have the full network as part of the
same quantum machine learning architecture.

As an alternative way of choosing the features, we can
combine the feature choice with other machine learning
techniques. If the input data represents images, it is a
natural choice to use Convolutional Neural Networks as
feature extractors, since these have been highly success-
ful for image classification. CNN consist in convolution
filters, which use convolutional kernels to transform an
image into a set of filtered images, and pooling layers
which downsize the images (Fig. 12). The di↵erent fil-
ters can be seen as di↵erent features of the corresponding
pixel or region of the image and preserve locality. There-
fore it is natural to consider the vector of applied filters
associated with each location in the image as a feature
vector that can be used in conjunction with generalized
tensor networks. The CNN and the tensor network can
be trained together, since the derivatives of the tensor
network can be used in the backpropagation algorithm
which computes the gradient of the cost function.

learning local features:

fashion MNIST
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Two recent ideas for machine learning  
with a quantum computer

1. supervised / discriminative learning

Farhi, Neven, arxiv:1802.0600
Schuld, Killoran, arxiv:1803.07128
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1. efficient parameterization of N-qubit circuit? 
      (vanishing gradient?*)

* McClean, Boixo, et al., arxiv:1803.11173
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2.  require too many qubits for realistic data sizes

1. efficient parameterization of N-qubit circuit? 
      (vanishing gradient?*)

* McClean, Boixo, et al., arxiv:1803.11173
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Machine learning is a promising application of quantum computing, but challenges remain as
near-term devices will have a limited number of physical qubits and high error rates. Motivated by
the usefulness of tensor networks for machine learning in the classical context, we propose quantum
computing approaches to both discriminative and generative learning, with circuits based on tree
and matrix product state tensor networks that could have benefits for near-term devices. The result
is a unified framework where classical and quantum computing can benefit from the same theoretical
and algorithmic developments, and the same model can be trained classically then transferred to
the quantum setting for additional optimization. Tensor network circuits can also provide qubit-
e�cient schemes where, depending on the architecture, the number of physical qubits required scales
only logarithmically with, or independently of the input or output data sizes. We demonstrate
our proposals with numerical experiments, training a discriminative model to perform handwriting
recognition using a optimization procedure that could be carried out on quantum hardware, and
testing the noise resilience of the trained model.

I. INTRODUCTION

For decades, quantum computing has promised to rev-
olutionize certain computational tasks. It now appears
that we stand on the eve of the first experimental demon-
stration of a quantum advantage [1]. With noisy, inter-
mediate scale quantum computers around the corner, it
is natural to investigate the most promising applications
of quantum computers and to determine how best to har-
ness the limited, yet powerful resources they o↵er.

Machine learning is a very appealing application for
quantum computers because the theories of learning and
of quantum mechanics both involve statistics at a fun-
damental level, and machine learning techniques are in-
herently resilient to noise, which may allow realization
by near-term quantum computers operating without er-
ror correction. But major obstacles include the limited
number of qubits in near-term devices and the challenges
of working with real data. Real data sets may contain
millions of samples and each sample vector can have hun-
dreds or thousands of components. Therefore one would
like to find quantum algorithms that can perform mean-
ingful tasks for large sets of high-dimensional samples
even with a small number of noisy qubits.

The quantum algorithms we propose in this work
implement machine learning tasks—both discriminative
and generative—using circuits equivalent to tensor net-
works [2–4], specifically tree tensor networks [5–8] and
matrix product states [2, 9, 10]. Tensor networks have
recently been proposed as a promising architecture for
machine learning with classical computers [11–13], and
provide good results for both discriminative [12–17] and
generative learning tasks [18].

The circuits we will study contain many parameters
which are not determined at the outset, in contrast to
quantum algorithms such as Grover search or Shor factor-
ization [19, 20]. Only the circuit geometry is fixed, while
the parameters determining the unitary operations must
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FIG. 1. The quantum state of N qubits corresponding to
a tree tensor network (left) can be realized as a quantum
circuit acting on N qubits (right). The circuit is read from top
to bottom, with the yellow bars representing unitary gates.
The bond dimension D connecting two nodes of the tensor
network is determined by number of qubits V connecting two
sequential unitaries in the circuit, with D = 2V .

be optimized for the specific machine learning task. Our
approach is therefore conceptually related to the quan-
tum variational eigensolver [21, 22] and to the quantum
approximate optimization algorithms [23], where quan-
tum circuit parameters are discovered with the help of
an auxiliary classical algorithm.

The application of such hybrid quantum-classical al-
gorithms to machine learning was recently investigated
by several groups for labeling [24, 25] or generating data
[26–28]. The proposals of Refs. 24, 25, 27, and 28 are re-
lated to approaches we propose below, but consider very
general classes of quantum circuits. This motivates the
question: is there a subset of quantum circuits which
are especially natural or advantageous for machine learn-
ing tasks? Tensor network circuits might provide a com-
pelling answer, for three main reasons:

1. Tensor network models could be implemented on
small, near-term quantum devices for input
and output dimensions far exceeding the number of
physical qubits. If the hardware permits the mea-
surement of one of the qubits separately from the
others, then the number of physical qubits needed
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Tensor networks are equivalent to quantum circuits



Quantum circuit for matrix product state  (m = 4)
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Quantum circuit for matrix product state  (m = 4)
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Suggests MPS parameterization of generative quantum 
model 
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• much fewer parameters than arbitrary circuit 

• can initialize with classically optimized MPS



Discriminative model basically the reverse
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Training a quantum program:

• run the program (multiple 
times to estimate output)

• feed results to classical 
algorithm

• algorithm proposes new 
parameters

"

Also possible to estimate gradient using modified circuit
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FIG. 8. Test accuracy as a function of the number of SPSA
steps for binary classification of handwritten 0’s and 1’s from
the MNIST data set. The test set consisted of 1000 samples
from the o�cial MNIST test set. The upper figure shows the
accuracy of labels the model assigns to the test set throughout
the initial part of training procedure; the lower panel shows
the test accuracy at later stages of the optimization.

where H is a Hermitian matrix (the matrices H were al-
lowed to be di↵erent for each node). The free parameters
were chosen to be the elements forming the diagonal and
upper triangle of each Hermitian matrix, resulting in ex-
actly 1008 free parameters for the 8⇥8 image recognition
task.

The mini-batch size and the other hyper parameters for
the training procedure and the loss function were hand-
tuned by running a small number of experiments with
the goal of obtaining the most rapid and consistent per-
formance on a validation data set. Each mini-batch of
training data consisted of elements drawn uniformly at
random from the full MNIST training set, while the test
data consisted of 1,000 examples selected randomly from
the o�cial MNIST test set.

Ultimately, we found that a network trained with the
choices (� = 1

3 , ⌘ = 2, a = 0.1, b = 0.05, A = 1.0, s =
0.6, t = 0.3, � = 0.9, n = 30) was able to quickly achieve
a test accuracy above 95%, and ultimately reached an
accuracy of 99% on the held out validation data. Data
from a representative example of this training process is
show in Fig. 8.

IV. IMPLEMENTATION ON NEAR-TERM
DEVICES

A key advantage of carrying out machine learning tasks
with models equivalent to tree or matrix product tensor
networks is that they could be implemented using a very
small number of physical qubits. The key requirement
is that the hardware must allow the measurement of in-
dividual physical qubits without further disturbing the
state of the other qubits, a capability also required for
certain approaches to quantum error correction [36]. Be-
low we will first discuss how the number of qubits needed
to implement either a discriminative or generative tree
tensor network model can be made to scale only loga-
rithmically in both the data dimension and in the bond
dimension of the network. Then we will discuss the spe-
cial case of matrix product state tensor networks, which
can be implemented with a number of physical qubits
that is independent of the input or output data dimen-
sion.

Another key advantage of using tensor network models
on near-term devices could be their robustness to noise,
which will certainly be present in any near-term hard-
ware. To explore the noise resilience of our models, we
present a numerical experiment where we evaluate the
model trained in Section III with random errors, and ob-
serve whether it can still produce useful results.

A. Qubit-E�cient Tree Network Models

To discuss the minimum qubit resources needed to im-
plement general tree tensor network models, recall the
notion of the virtual qubit number V from Section II.
This is the number of qubit lines connecting each subtree
to higher nodes in the tree. Viewed as a tensor network,
the bond dimension D, or dimension of the internal ten-
sor indices, is given by D = 2V .

For example, the tree shown in Fig. 7 has V = 1 and a
bond dimension of D = 2. The tree shown in Fig. 9 has
V = 2 and D = 4. When discussing these models in gen-
eral terms, it su�ces to consider only unitary operations
acting on 2V qubits, since at each node of the tree, two
subtrees (two sets of V qubits) are entangled together.

Given only the ability to perform state preparation
and unitary operations, it would take N physical qubits
to evaluate a discriminative tree network model on N

inputs. However, if we also allow the step of measure-
ment and resetting of certain qubits, then the number of
physical qubits Q required to process N inputs given V

virtual states passing between each node can be signifi-
cantly reduced to just Q(N, V ) = V lg(2N/V ).

To see why, consider the circuit showing the most
qubit-e�cient scheme for imeplementing the discrimina-
tive case Fig. 9(a). For a given V , the number of in-
puts that can be processed by a single unitary is 2V .
Then V of the qubits can be measured and reused, but
the other V qubits must remain entangled. So only

Test discriminative idea, using only operations 
available to quantum hardware:

8x8 images (MNIST) 
distinguish 0's from 1's

Obtain 99% accuracy 
training & test

Bill Huggins
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available to quantum hardware

Bill Huggins

Steps to train ("SPSA" algorithm): 

• pick one of the angles of the unitaries 

• make two new circuits: 

‣ slight increase of the angle 

‣ slight decrease of the angle 

• evaluate both & accept the better one
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FIG. 14. Success probability of two di↵erent pairwise clas-
sification circuits prediction on their test sets (sorted by de-
creasing probability of success along the x-axis) over a wide
range of T1 values (y-axis). For each T1 shown, the proba-
bility of successfully classifying each member of the test set
is indicated. Note that success probabilities which are larger
than .5 even by a relatively small margin imply that the cor-
responding test example could be correctly classified with a
majority voting scheme. Gate time Tg = 200ns was held
fixed while T2 was set to be 7

5T1. Noise levels corresponding
to current hardware are approximately two thirds of the way
up the chart. Grey areas indicate regions where the model
would misclassify the test example.

we study how performance is a↵ected by independent
amplitude-damping and dephasing channels applied to
each qubit. In particular, we investigate how this error
model would a↵ect the pairwise tree network discrimi-
native models of the type described in Section II A and
shown in Fig. 7.

The specific error model we implemented is the fol-
lowing: during the contraction step of node i in the
model evaluation, we compose amplitude damping and
dephasing noise channels acting on its left and right
children ⇢iL and ⇢iR, mapping ⇢iL ! Ea (Ed (⇢iL)) and
⇢iR ! Ea (Ed (⇢iR)). Any completely positive trace-
preserving noise channel E(⇢) can be expressed in the

operator-sum representation as E(⇢) =
P

a Ma⇢M
†
a ,

where
P

a MaM
†
a = I. Here the Kraus operators Ma for

the amplitude damping channel Ea are (in the z-basis)

M0 =

✓
1 0
0

p
1 � pa

◆
, M1 =

✓
0

p
pa

0 0

◆
,

while for the dephasing channel Ed the Kraus operators
are

M0 =
p

1 � pd I , M1 =

✓p
pd 0
0 0

◆
, M2 =

✓
0 0
0

p
pd

◆
.

To evaluate model performance under realistic val-
ues of pa and pd on current hardware, we determine pa

and pd based on the continuous-time Kraus operators
of these channels, which depend on the duration of the
two-qubit gate Tg, the coherence time T1 of the qubits,
and the dephasing time T2 of the qubits. Specifically,
pa = 1 � e

�Tg/T1 and pd = 1 � e
�Tg/T2 . Realistic val-

ues for the time scales are Tg = 200 ns and T1 = 50 µs,
T2 = 70 µs, corresponding to pa = 0.004 and pd = 0.003.
But numerical experiments with these values showed al-
most no observable noise e↵ects, so we consider an even
more conservative parameter set with T1 and T2 reduced
by an order of magnitude, such that pa = 0.039 and
pd = 0.028.

We plot the resulting test accuracies in Fig. 13, noting
that the Kraus operator formalism allows us to directly
calculate the reduced density matrix of the labeling qubit
under the e↵ects of our noise model, therefore no explicit
sampling of noise realizations is needed. Given that the
coherence times used for the plot are easily achievable
even on today’s very early hardware platforms, the re-
sults shown in Fig. 13 are encouraging: many of the
models give a test accuracy only slightly reduced from
the noiseless case Fig. 9. The largest reduction was for
the digit ‘4’ versus digit ‘9’ model, which dropped from a
test accuracy of 0.88 to 0.806. Interestingly this was also
the model with the worst performance in the noiseless
case. The typical change in test accuracy across all of
the models due to the noise was about 0.004.

To mitigate the e↵ect of noise when classifying a par-
ticular image, one can evaluate the quantum circuit some
small number of times and choose the label which is most
frequently observed. For example, one could take a ma-
jority vote from 500 executions and classify and correctly
classify an image whose individual probability of success
is .55 with almost 99% accuracy. In order to shed a more
detailed light on our approach’s robustness to noise, we
plot in Fig. 14 the individual success probabilities for
classifying each test example (x-axis), sorted by their
probabilities for ease of visualization, over a range of de-
coherence times (y-axis). The two panels show two di↵er-
ent models, one trained to distinguish images of digits ‘0’
versus ‘1’ ; the other digits ‘9’ versus ‘4’. These models
were trained and evaluated at various levels of noise us-
ing the same training hyper-parameters that were found

Evidence of robustness to noise

Increasing  
noise

As long as correct output > 50% likely, can sample to 
get correct answer



Near-term quantum computers (of high quality) 
will have a limited number of qubits
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than number of qubits
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Test of tensor network model on actual quantum 
device!

4.3 Characterising the e↵ect of noise on classification performance

Many machine learning models including neural networks are highly robust against the negative
e↵ects of noise and many kinds of noise can help with convergence and even generalization [36,
37]. In this experiment we tested the e↵ect of depolarizing noise on the quantum classifier by
simulating a depolarizing channel which is a completely positive map �� parameterized by � from
a 2N -dimensional state ⇢ to a linear combination of ⇢ and a maximally mixed state given by

��(⇢) = �⇢ +
1 � �

2N
I. (4)

This depolarizing channel was applied to the system following the application of each unitary
gate in the circuit. We used the TTN classifier for classes 1 and 2 of the Iris dataset (see Sec. 2). To
test the e↵ect of noise, we simulated the circuit using the IBM Quantum Experience and included
depolarizing noise on single-qubit rotations and CNOT gates. The noise was increased from 0 to
0.5 in 0.01 increments. 401 computational basis measurements were performed on the simulated
target qubit. The predicted class remained the most frequent measurement outcome. 200 trials
were conducted for each noise level. Fig 5 shows that the classifier accuracy reduces as the noise
increases but the mean accuracy across 200 trials remains above 95% for depolarizing noise up to
� = 0.07.

Figure 5: E↵ect of depolarizing noise on accuracy of the TTN Iris classifier.

4.4 Deployment on a quantum computer

In this experiment we deployed the Iris classifier for classes 1 and 2 (see Sec. 2) on the ibmqx4
quantum computer available in the IBM Quantum Experience. As shown in Fig. 6, this TTN
classifier has three CNOT gates and seven rotations in the Y direction. A test set of 34 unseen
examples was used to determine accuracy. For each example, the circuit was run 400 times, and
the samples were used to compute the most likely class. The circuit correctly classified 100% of
the test set, and achieved a cost function value of 0.0811 (Eq. (3)).
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✓1 3.64129925
✓2 1.04422998
✓3 2.99327683
✓4 4.18602991
✓5 1.3215133
✓6 2.78138208
✓7 4.68090534

Figure 6: Iris TTN classifier circuit schematic and parameters.

5 Conclusion & Future Work

In this report we have demonstrated that hierarchical quantum circuits can be used to classify
classical and quantum data. Circuits based on the Multi-Scale Entanglement Renormalization
Ansatz (MERA) outperform simpler tree-like circuits known as Tree Tensor Networks (TTN).
These circuits can be parameterized with a simple gate set that can be easily implemented on
existing quantum computers. A trained model is shown to be resistant to depolarizing noise and
is successfully deployed on the ibmqx4 quantum computer.

Both MERA and TTN are naturally extendable to larger inputs. In 1D each additional layer
doubles the dimensionality of the input. It is less clear how to increase or decrease the modelling
power of a circuit without changing the dimension of the input. In classical neural networks this is
achieved by increasing the depth and breadth of the network. One possibility for accomplishing this
with quantum hierarchical classifiers is to use �-level quantum systems (qudits) for some suitable
� > 2 as the unit of computation, rather than qubits (� = 2). Ref. [28] demonstrates that model
expressiveness in tensor network classifiers can be increased by increasing the input and internal
bond dimensions. This is equivalent to performing computation using qudits. Data can be encoded
in qudits using a generalization of qubit encoding described in Ref. [29]. Whilst it is possible to
simulate qudits with qubits, there are practical considerations that can make this challenging [38].

Currently it is unclear what network architecture is ideal for a classification task, a thorough
examination of the role entanglement plays in classification circuits may help illuminate this. Con-
sider the case of a TTN circuit applied to a product state input. In this circuit the measurement
qubit interacts with each other qubit in the circuit at most once and therefore its entanglement
with the rest of the circuit will increase as unitaries are applied. If the measurement qubit is highly
entangled with the rest of the network it will struggle to minimize the cost function Eq. (3) but
clearly it is necessary to introduce some entanglement in to the network for correlations between
input qubits to be shared. Such a trade-o↵ may limit the e↵ectiveness of TTN circuits, especially
as they are scaled to larger inputs.

Constraining machine learning models using regularization can help them to generalize better
to unseen data. Indeed, parameters with large magnitude are a characteristic of overfitting. The
unitary constraint of quantum circuits naturally prevents parameters from becoming large, and it is
likely acting as a strong regularizer. Additional regularization methods from the machine learning
literature will become important in future quantum machine learning work. For example, the
addition of noise during training of classical neural networks can also have a regularizing e↵ect [36]
and help the model to learn invariant representations [37]. In our study, we did not simulate circuit
noise during the training phase, but we did show high resistance to depolarizing noise during the
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For a model f(x) = W · �(x)

Given training data {xj}

Can show optimal        is of the formW

W =
X

j

↵j �(xj)

Holds for wide variety of cost functions / tasks

"representer theorem"

Schölkopf, Smola, Müller, Neural Comp. 10, 1299 (1998)
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j

�s
j
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Can choose any basis for span of

= �s
j

W s

{�s
j}

↵j

U s
⌫

�⌫==
U s
⌫

S⌫
⌫0

V ⌫0

j

↵j

(SVD)



Why switch to         basis?

�s
j =

U s
⌫

S⌫
⌫0

V ⌫0

j

(SVD)

U s
⌫

Orthonormal basis

Can compute         fully or partially using tensor networksU s
⌫

Can discard basis vectors corresponding to small s. vals.



Computing        efficiently

�s
j

U s
⌫

Define feature space covariance matrix 
(similar to density matrix)

�† j
s

=

U s
⌫

U † ⌫
s

(S⌫)
2

Strategy: compute       iteratively as a layered (tree) 
tensor network

U s
⌫

⇢ =
1

NT



For efficiency, exploit product structure of �

⇢ = ��† =
1

NT

�(xj)

�†(xj)
=

1

NT

NTX

j=1



=

s1 s2

s01 s02

s1 s2

s01 s02

⇢12 =

s1 s2

s01 s02

s1 s2

s01 s02

= P12

U12

U †
12

Compute tree tensors from reduced matrices

Truncate small  
eigenvalues

⇢12 =
X

j2 training



P34

U †
34

U34

s03

=

=

s04

s3 s4

⇢34 =

s03 s04

s03 s04

s3 s4

s3 s4

Compute tree tensors from reduced matrices

Truncate small  
eigenvalues

⇢34 =
X

j2 training



�(x)

= �1(x)

Having computed a tree layer, rescale data



With all layers, have approximately diagonalized ⇢

⇢ '

Equivalent to kernel PCA, 
but linear scaling with size of data set

U

U †



Can view as unsupervised learning of representation 
of training data



Use as starting point for supervised learning

`

Only train top tensor for supervised task

f `(x) =



Experiment: handwriting classification (MNIST)

`

Cutoff 6x10-4 gave top indices sizes 328 and 444 
Training acc: 99.68%    Test acc: 98.08% 



Refinements and Extensions



No reason we must base tree around 

�(xj)

�†(xj)
=

1

NT

NTX

j=1

⇢

Could reweight based on importance of samples

⇢̃ wj



Another idea is to mix in a "lower level" model  
trained on a given task (e.g. supervised learning)

+ µ
X

j

(1� µ)

If           , tree provides basis for provided weightsµ = 1

If                   , tree is "enriched" by data set0 < µ < 1

⇢µ =



Using  

with trial weights trained from a linear classifier 
and                   

Experiment: mixed correlation matrix for MNIST

⇢µ = (1� µ)⇢+ µ
X

`

|W `ihW `|

Train acc: 99.798%   Test acc: 98.110% 
Top indices of size 279 and 393.

µ = 0.5

Comparable performance to unmixed case with 
top index sizes 328 and 444



Also no reason to build entire tree

Approximate top tensor by MPS



Experiment: "fashion MNIST" dataset

28x28 grayscale

60,000 training images

10,000 testing images



Experiment: "fashion MNIST" dataset

•Used 4 tree tensor layers 

•Dimension of top "site" indices 
ranged from 11 to 30 

•Top MPS bond dimension of 300   
and 30 sweeps
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Experiment: "fashion MNIST" dataset

•Used 4 tree tensor layers 

•Dimension of top "site" indices 
ranged from 11 to 30 

•Top MPS bond dimension of 300   
and 30 sweeps

Train acc: 95.38%   Test acc: 88.97%

Comparable to XGBoost (89.8%), AlexNet (89.9%), 
Keras Conv Net (87.6%)

Best (w/o preprocessing) is GoogLeNet at 93.7%



Much Room for Improvement

•Use MERA instead of tree layers 

•Optimize all layers, not just top, for specific task 

•Iterate mixed approach: feed trained network into 
new covariance/density matrix 

•Stochastic gradient based training 



Recap & Future Directions

•Models with tensor network weights have 
interesting capabilities  

•Same models can be applied on classical or 
quantum hardware 

•Tensor networks can be used for adaptive, 
unsupervised learning similar to renormalization 
group


