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Newcomb’s Connection Theorem

ANNALS OF PHYSICS: 3, 347-385 (1958)

Motion of Magnetic Lines of Force™
WiLLiam A. Newcomsf

Project Matterhorn, Princeton Universily, Princeton, New Jersey

In 1958, Newcomb showed that in a plasma that satisfies the ideal
Ohms law, two plasma elements connected by a magnetic field line at
a given time will remain connected by a field line for all subsequent
times. This occurs because the plasma moves with a transport velocity
that preserves the magnetic connections between plasma elements.
This is one of the most fundamental and relevant ideas in plasma
physics.



Ohm’s law E + ¥ x B =0 implies

3t§=VX(VX§):E—(V-V)§



Ohm’s law E + ¥V x B = 0 implies
OB=V x (¥xB)=— —(¥-V)B

Be dl = ¥ — % the 3D vector connecting two infinitesimally close
fluid elements.

%di: FE) = 5(E) = 9(& + dl) — 9(®) = (dl - V)7

Then

4
dt

-

(dl % B) = —(dl x B)(V - 7) — [(dix B) x v] x 7

Wich means that if df x B = 0, it always remains null



Why is important? Because when the Connetion Theorem is
violated, then it can occur reconnection
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PACS 52.30.Cv — M: hydrod; ics (including electron namics)
PACS 52.27.Ny — Relativistic plasmas
racs 95.30.0d - Magnetohydrodynamics and plasmas

Abstract — The ion th of ideal hydrod, ics by N i
(NEwcoMB W. A, Ann. Phys. (N.Y.), 3 (1958) 347) and its covariant formu]at.lon are rederived
and reinterpreted i m terms of a “time resetting” projection that accounts for the loss of simultaneity
in different reference frames between spatially separated events.




Ohm’s law
e
T dr
F*u, =0
dF .
d: = (0uu*)Fya — (Opu*)F 10
d/dr = u"0,
d

Edlﬂ = dI*Oquy
where dI* is the 4D displacement of a plasma fluid element.

d
E(dl“FW) = —(0,uP)dI"F o5

This means that if dI*F,,, = 0, it always remains null
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The ideal magnetohydrodynamic theorem on the conservation of the magnetic connections between
plasma elements is generalized to relativistic plasmas in curved spacetime. The connections between
plasma elements, which are established by a covariant connection equation, display a particularly complex
structure in curved spacetime. Nevertheless, it is shown that these connections can be interpreted in terms of
magnetic field lines alone by adopting a 3 + 1 foliation of spacetime.
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uuu/‘ = guyu“‘u’/ =-1 ) ij = v,u,Au_vuAp,; d/d’T = u”Vu

Ohm’s law m
F*u, =0= d—: —u"V,A,



uuu“ = guyu/"‘u’/ =-1 ) ij = v,uAu_vyAp,; d/dT = u“Vﬂ

Ohm’s law m

F*u, =0= d—: —u’V,A,
dF,UV . fo e a 5« B
= uV, VoA, —u*V, VoA, + u“RpgyuaA U RgupaA

d (%
Tl = dI*Vau,

d
E(dl“FW) = —(V,uP)dI*F .4

This means that if dI*F,,, = 0, it always remains null



3+1 foliation of spacetime

ds* = gudxtdx’ = —a?df® + v (dx' + Bidt)(d¥ + Bdr)

where « is the lapse function, 3’ is the shift vector (rotation), and Yij
is the 3-metric of spacelike hypersurfaces

ny = (_04707070)§ nt = (1/04, _Bi/a); Yur = uv + Ruhy

Yt =03 nynt = —1

1
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dI"F,, = 0

n,(dI*Ey) — €uupodl”B’n® =0



dI"F,, = 0

n,(dI*Ey) — €uupodl”B’n® =0

dl'E; =0
Eol'jkdli Bk =0

The connected magnetic field is

—

B' =
2

0ijk
e "Fix

with gravitational corrections



» The Connection Theorem does not hold

» Reconnection in flat or curved spacetimes!
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V.(Hu"'u") = =V"p +J'F",
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V,F' =J¥

3
ds* = gudx"dx” = —a’df’ + " (hdx' — ap'dr)’
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FIG. 1. Sketch of a reconnection layer in the azimuthal
direction. The rotating black hole is represented by the black
circle, while the magnetic diffusion region is marked by the
shaded area.

The inflow velocity (reconnection rate)
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Let’s go further: Electro-Vortical unification

Is a Connetion Theorem for a general one—fluid plasma?
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Consider two oppositely charged plasma fluids under the
Electro-Vortical unification

enju, 4y MY =0

en_u, M" =0



momentum equation

J, D" 4 2neld,ZH" =0

Ohm’s law
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Ohm’s law ”
Z/{VDMV = F”’ == JVZ
2ne
d
=Yt
dr U Ou
d 14
—dl* = dI’ o,u*
dr
d
E(dlaDo‘“) = —(dl,D*")O*U, + dl,(0°T* — OHT'*)

» If initially dl,D“* = 0, then later dl,D*" # 0.

» THE CONNECTION THEOREM DOES NOT HOLD IN
GENERAL.

» This implies general reconnection.
» Forideal MHD, T'* — 0



If  vn
r* =222 — A\,D"
2ne "
for some A, then
i = (U" + AM)D
dr H

d

T

(dIaD™") = —(dlaD° )M Uy + Ay)

However, it is very difficult to justify physically A, as it depends on
the electromagnetic properties of the fluid.
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