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Berry phase

𝐻 𝑹 𝑛(𝑹) = 𝐸𝑛(𝑹) 𝑛(𝑹)

Figure from Pachos, Carollo, Phil. Trans. R. Soc. A 364, 3463 (2006)

Berry, 1984

𝜑 = 𝜑𝑑 + 𝜑𝐵,

𝜑𝑑 = 0׬−
𝑇
𝐸𝑛𝑑𝑡,

𝜑𝐵 = 𝑖ර𝑑𝑹 𝑛(𝑹) 𝜕𝑹 𝑛(𝑹)

𝑹 𝑡 — slowly-changing
𝑹 0 = 𝑹 𝑇 = 𝑹0

𝜓(0) = 𝑛(𝑹0) → 𝜓(𝑡) = 𝑒𝑖𝜑 𝑛(𝑹0)



Berry phase for spin 1/2

Figure from Pachos, Carollo, Phil. Trans. R. Soc. A 364, 3463 (2006)

𝜑𝐵 = −Ω/2𝐻 = 𝑩 𝑡 ⋅ ෠𝑺

Berry, 1984



…defines a phase 𝜑𝑃: 

𝑒𝑖𝜑𝑃 𝑃 = 𝜓0 𝑃𝑁−1…𝑃2𝑃1 𝜓0
= 𝜓0 𝜓𝑁−1 𝜓𝑁−1 𝜓𝑁−2 … 𝜓2 𝜓1 𝜓1 𝜓0

Pancharatnam phase and measurement

A sequence of states:

𝜓0 , 𝜓1 , …, 𝜓𝑁−1

𝑃𝑘 = 𝜓𝑘 𝜓𝑘

Pancharatnam, 1956

𝜓0

𝜓1

𝜓2



Berry phase = Pancharatnam phase

𝜓𝑘 = 𝑛(𝑹𝑘)
𝜓𝑘+1 = 𝜓𝑘 + 𝛿𝜓𝑘
𝛿𝜓𝑘 ≈ 𝑹𝑘+1 − 𝑹𝑘 𝜕𝑹𝑘 𝑛 𝑹𝑘 𝜓0

𝜓1

𝜓2

cf. Chruscinski, Jamiolkowski “Geometric phases in classical and quantum mechanics”

𝜓0 𝜓𝑁−1 𝜓𝑁−1 𝜓𝑁−2 … 𝜓2 𝜓1 𝜓1 𝜓0 =

= exp(−ර𝑑𝑹 𝑛 𝑹 𝜕𝑹 𝑛 𝑹 ) = exp(𝑖𝜑𝐵)

𝜓𝑘+1 𝜓𝑘 ≈

≈ exp −𝛿𝑹 𝑛 𝑹𝑘 𝜕𝑹𝑘 𝑛 𝑹𝑘



(projective) Quantum measurements

Stern–Gerlach device



(projective) Quantum measurements

𝑎 ↑ + 𝑏 ↓ 𝑄 = 0 ⟶
⟶ 𝑎 ↑ 𝑄 = 1 + 𝑏 ↓ 𝑄 = −1

Stern–Gerlach device

𝑎 ↑ = 𝑃↑ 𝑎 ↑ + 𝑏 ↓
𝑏 ↓ = 𝑃↓ 𝑎 ↑ + 𝑏 ↓



Weak measurements



𝑎 ↑ + 𝑏 ↓ ׬ 𝑑𝑄𝜓 𝑄 𝑄

⟶ 𝑑𝑄׬ 𝑎 ↑ 𝜓 𝑄 − 1 + 𝑏 ↓ 𝜓 𝑄 + 1 𝑄

= ׬ 𝑑𝑄 𝑄 𝑀𝑄 𝑎 ↑ + 𝑏 ↓

Weak measurements



Formalism of generalized measurements

Initial state Ψ (e.g., 𝑎 ↑ + 𝑏 ↓ )

Measurement readout 𝑟 (e.g., 𝑄)

Probability of readout 𝑟:

𝑃 = Ψ 𝑀𝑟
†𝑀𝑟 Ψ = 𝑀𝑟 Ψ

2

System state after measurement 𝑀𝑟 Ψ , e.g.,

𝑀𝑄 𝑎 ↑ + 𝑏 ↓ = 𝑎 ↑ 𝜓 𝑄 − 1 + 𝑏 ↓ 𝜓 𝑄 + 1



Two-outcome detector:
the measurement back-action

Two-outcome detector: 𝑟 =↑/↓

𝑀↑ =
1 0
0 𝑡

𝑀↓ =
0 0

0 1 − 𝑡2

Ψ

𝑀↑ Ψ

𝑀↓ Ψ



Weak-measurement-induced phase

Ψ0 𝑃𝑁−1
(↑)

…𝑃1
(↑)

Ψ0 = 𝑒𝑖𝜑𝑃



Weak-measurement-induced phase

Ψ0 𝑃𝑁−1
(↑)

…𝑃1
(↑)

Ψ0 = 𝑒𝑖𝜑𝑃

Ψ0 𝑀𝑁−1
𝑟𝑁−1 …𝑀1

𝑟1 Ψ0 = 𝑒𝑖𝜒geom 𝑃

Ψ0 𝑀𝑁−1
↑

…𝑀1
↑
Ψ0 = 𝑒𝑖𝜒geom 𝑃



Observing measurement-induced geometric phase



Observing measurement-induced geometric phase

To observe interference, detectors should not click
⟹ Null-(outcome) measurement

↑ -postselected phase

Ψ0 𝑀𝑁−1
↑

…𝑀1
↑
Ψ0 = 𝑃𝑒𝑖𝜒geom

𝑀↑ =
1 0

0 1 −
2𝑐

𝑁



Observing averaged phase

Can measure

෍

𝑟1,…,𝑟𝑁−1

Ψ0 𝑀𝑁−1
(𝑟𝑁−1)…𝑀1

(𝑟1) Ψ0
2
= 𝑒2𝑖ഥ𝜒geom−𝛼



Phase dependence on the measurement strength

𝑀↑ =
1 0

0 1 −
2𝑐

𝑁

Ψ0 𝑀𝑁−1
↑

…𝑀1
↑
Ψ0



Surprise: sharp transition



Equator trajectory
and the topological transition

𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑝ℎ𝑎𝑠𝑒 = 0

weak side

𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑝ℎ𝑎𝑠𝑒 = −𝜋

strong side



Surprise: sharp transition



Trajectories and
the topological transition (postelected)



Conclusions
•Use measurement back-action to manipulate states

• Induce geometric phase by weak measurements

•Topological transition in weak-measurement-
induced geometric phase
as a function of measurement strength



Phase dependence on the measurement strength

𝑀↑ =
1 0

0 1 −
2𝑐

𝑁

Ψ0 𝑀𝑁−1
↑

…𝑀1
↑
Ψ0

෍

𝑟1,…,𝑟𝑁−1

Ψ0 𝑀𝑁−1
(𝑟𝑁−1)…𝑀1

(𝑟1) Ψ0
2



Surprise: sharp transition(s)



Equator trajectory
and the topological transition(s)

𝜒𝐺 = 0 𝜒𝐺 = −𝜋 𝜒𝐺 = 0

𝑐 = 1.9 𝑐 = 3.0 𝑐 = 3.0



Observing averaged MIGP

Can measure

෍

𝑟1,…,𝑟𝑁−1

Ψ0 ℳ𝑁−1
(𝑟𝑁−1)…ℳ1

(𝑟1) Ψ0
2
= 𝑒2𝑖ഥ𝜒𝐺−𝛼



Surprise: sharp transition(s)



What do the transitions tell about?
• New property of measurements?

Not really, different critical strengths
depending on what one looks

• New way of revealing 
topological features of the 
measured system?

Seems so,
topological features of
the Bloch sphere
in our example.



Recent experiments observe MIGP



Symmetry protected?

KS, Rao, Kumar, Gefen, in preparation

Two-outcome detector: 𝑟 =↑/↓

•𝑀↑ =
1 0
0 𝑡𝑒𝑖𝜙

•𝑀↓ =
0 0

0 1 − 𝑡2

Ψ

𝑀↑ Ψ

𝑀↓ Ψ = ↓



Symmetry protected?

KS, Rao, Kumar, Gefen, in preparation



Symmetry protected? No.

KS, Rao, Kumar, Gefen, in preparation



Symmetry protected? No.

KS, Rao, Kumar, Gefen, in preparation



Also for the averaged phase

KS, Rao, Kumar, Gefen, in preparation



Phase diagram

KS, Rao, Kumar, Gefen, in preparation


