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AROSA (GRISONS), 27th DECEMBER 1925

At the moment I am struggling with a new 
atomic theory. I am very optimistic about 
this thing and expect that if I can only… 
solve it, it will be very beautiful. 

Erwin Schrödinger



Schrödinger equation and the 
complexity of the many-body Ψ
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“...Some form of approximation is essential, and this would mean the construction
of tables. The tabulation function of one variable requires a page, of two variables
a volume and of three variables a library; but the full specification of a single wave
function of neutral iron is a function of 78 variables. It would be rather crude to
restrict to 10 the number of values of each variable at which to tabulate this
function, but even so, full tabulation would require 1078 entries.”

Douglas R Hartree
Charles G. Darwin, Biographical Memoirs of Fellows of the Royal Society, 4, 102 (1958)



Reduced density matrices
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The exact energy functional is known!
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But: N-representability problem!



Density-functional theory

• The external potential Vext and the number N of 
electrons completely define the quantum 
problem

• The wavefunctions are – in principle – uniquely 
determined, via the Schrödinger Equation

• All system properties follow from the 
wavefunctions

• The energy (and everything else) is thus a 
functional of Vext and N



Fermi’s intuition

• Let’s try to find out an expression for the 
energy as a function of the charge density

• E = kinetic + external pot. + el.-el.
• Kinetic is the tricky term: how do we get the 

curvature of a wavefunction from the charge 
density ?

• Answer: local-density approximation



Local-density approximation

• We take the kinetic energy density at every 
point to correspond to the kinetic energy 
density of the non-interacting homogenous 
electron gas
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It’s a poor man Hartree…

• The idea of an 
energy functional is 
not justified

• It scales linearly, and 
we deal with 1 
function of three 
coordinates !



First Hohenberg-Kohn theorem

The density as the basic variable: the external 
potential Vext determines uniquely the charge 
density, and the charge density determines 

uniquely the external potential Vext.

1-to-1 mapping: Vext ⟺ n



The universal functional F[ρ]

The ground state density determines the 
potential of the Schrödinger equation, and 
thus the wavefunction. 

The universal functional F is well defined:

 
F[n(!r )]= Ψ T̂ + V̂e−e Ψ



Second Hohenberg-Kohn theorem

 
Ev[n(

!r )]= F[n(!r )]+ n(!r )Vext (∫ !r )d!r ≥ E0

The variational principle – we have a new 
Schrödinger’s-like equation, expressed in 

terms of the charge density only 

(n determines its groundstate wavefunction, that can be taken as 
a trial wavefunction in this external potential)

 
Ψ Ĥ Ψ = Ψ T̂ + V̂e−e +Vext Ψ = n !r( )Vext

!r( ) + F[n]∫



From DFT (density) to Kohn-Sham 
DFT (fake electrons)

• The Kohn-Sham system: a reference system is 
introduced (the Kohn-Sham electrons)

• These electrons do not interact, and live in an 
external potential (the Kohn-Sham potential) 
such that their ground-state charge density is 
identical to the charge density of the 
interacting system



The Kohn-Sham mapping

F decomposed in non-interacting kinetic + 
Hartree + mistery



MSE-468 Quantum Simulations of Materials: 
Properties and Spectroscopies - N. Marzari, Fall 

2013, EPFL 

The Homogeneous Electron Gas



It works!

Yin and 
Cohen, 

PRL 1980, 
PRB 1982



• What’s wrong, then?

• Some possible solutions

• Getting some (dynamical) action



Notable failures I: Charge transfer



Neepa Maitra  JCTC 2009, Helbig and Rubio JCP 2009

Beautiful, but perverse



Notable failures II: Delocalization of electrons/holes

D. A. Scherlis and N. Marzari, JPCB (2004), JACS (2005)



LDA

Notable failures III: Photoemission spectra
(IP from HOMO – should be exact)

EXPT

I. Dabo et al. Phys. Rev. B 82 115121 (2010)



Notable failures IV: H2
+ dissociation limit

Schrödinger

Kohn-Sham

+ +

+ +

+ +



It doesn’t work even for one electron!

HF B3LYP LDA

A.J. Cohen, P. Mori-Sanchez, W. Yang, Science (2008)



ADAM, TAKE NOTES: 
• LINEARIZATION

• SCREENING
• LOCALIZATION



DFT+U AS A FIRST EXAMPLE OF 
LINEARIZATION+SCREENING



DFT

DFT+U correction

A DFT + Hubbard U approach

• The energy functional has an 
unphysical curvature

• the exact solution is 
piecewise linear



• The energy functional has an 
unphysical curvature

• the exact solution is 
piecewise linear

• a +U correction reproduces 
the exact solution

DFT

DFT+U correction

A DFT + Hubbard U approach

U and rotationally-invariant U: V.I. Anisimov and 
coworkers PRB (1991),  PRB (1995); Dudarev, Sutton and 
coworkers PRB (1995)
LRT U: M. Cococcioni (PhD 2002), and M. Cococcioni and 
S. de Gironcoli. PRB (2005)



DFT

DFT+U correction

A DFT + Hubbard U approach

U and rotationally-invariant U: V.I. Anisimov and 
coworkers PRB (1991),  PRB (1995); Dudarev, Sutton and 
coworkers PRB (1995)
LRT U: M. Cococcioni (PhD 2002), and M. Cococcioni and 
S. de Gironcoli. PRB (2005)



Isoelectronic FeO+ series

FeO+ 5.50

FeN 4.38

MnO 3.41

CrO- 2.85

CrF 2.00

6Σ+



Isoelectronic FeO+ series

FeO+ 5.50

FeN 4.38

MnO 3.41

CrO- 2.85

CrF 2.00

6Σ+

Structural Parameters: FeO+

Delocalized minority spin bond of 4FeO+

GGA+U

H.J. Kulik, M. Cococcioni, D.A. Scherlis, 
and N. Marzari, Phys. Rev. Lett. (2006)



H.J. Kulik and N. Marzari,  JCP 129 134314 (2008)

Methane on FeO+: GGA vs MRCI



H.J. Kulik and N. Marzari,  JCP 129 134314 (2008)

Methane on FeO+: GGA+U vs MRCI



V. L. Campo and M. Cococcioni, JPCM 22, 055602 (2010)

From on-site to intersite: DFT+U+V
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H. J. Kulik and N. Marzari, JCP 134 094103 (2011)

Seesawing TM dioxides: Mn, Fe, Co
Bond angles
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Mixed-valence Fe/Mn/Co olivines for battery 
cathodes



LixFePO,4:,from%PBE%to%scf%DFT+U+V

LiFePO4LiFePO4 Li0.5FePO4Li0.5FePO4 FePO4FePO4
Method 2+ 3+ 2+ 3+ 2+ 3+

PBE 6.22 6.11 6.08 5.93
PBE+U 6.19 6.19 5.68 5.65

PBE+Uscf 6.21 5.74 6.19 5.70
PBE+Uscf+Vscf 6.22 6.22 5.77 5.76

Method F. E. (meV/FU) Voltage (V)
Exp > 0 ~ 3.5
PBE -126 2.73

PBE+U 159 4.06
PBE+Uscf 189 3.83

PBE+Uscf+Vscf 128 3.48
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Method F. E. (meV/FU) Voltage (V)
Exp > 0 ~ 4.1
PBE 63 2.82

PBE+U 212 4.31
PBE+Uscf 126 5.14

PBE+Uscf+Vscf 206 4.15

LixMnPO,4:,from%PBE%to%scf%DFT+U+V



LiMnPO4LiMnPO4 Li0.5MnPO4Li0.5MnPO4 MnPO4MnPO4
Method 2+ 3+ 2+ 3+ 2+ 3+

PBE 5.30 5.19 5.17 5.11
PBE+U 5.19 5.11 5.05 4.96

PBE+Uscf 5.18 5.11 5.07 4.98
PBE+Uscf+Vscf 5.23 5.22 4.99 4.99

Method F. E. (meV/FU) Voltage (V)
Exp > 0 ~ 4.1
PBE 63 2.82

PBE+U 212 4.31
PBE+Uscf 126 5.14

PBE+Uscf+Vscf 206 4.15

LixMnPO,4:,from%PBE%to%scf%DFT+U+V



DFT + U has nothing to do with correlation !!

LiFePO4





That was good, 
Adam. Can you make 

it more general?



OBJECTIVE: SPECTRAL FUNCTIONALS

• Spectral properties with a functional theory
• It’s actually not very difficult, but cannot be done 

with DFT: a functional of the local, static density 
gives you only the energy

• A functional of the local spectral density !(r,ω)) 
provides also the correct energy levels

• In a quasi-particle approximation, this spectral 
functional depends discretely on the orbital 
densities !(r,i)

M. Gatti, V. Olevano, L. Reining, and I. V. Tokatly, PRL 99, 057401 (2007)
A. Ferretti, I. Dabo, M. Cococcioni, and N. Marzari, PRB 89, 195134 (2014)



For every orbital the expectation value

does not depend on the occupation of the orbital 

KOOPMANS’ COMPLIANT SPECTRAL FUNCTIONALS

I. Dabo, M. Cococcioni, and N. Marzari, arXiv:0910.2637 (2009) 
I. Dabo et al., Phys. Rev. B 82, 115121 (2010)



LINEARIZATION (FIRST, AT FROZEN ORBITALS)

remove ~quadratic Slater

add linear Koopmans

I. Dabo et al., Phys. Rev. B 82, 115121 (2010)
G. Borghi et al., Phys. Rev. B 90, 075135  (2014)



SCREENING TO ACCOUNT FOR ORBITAL RELAXATIONS

orbital-dependent
screening coefficient

"i

I. Dabo et al., Phys. Rev. B 82, 115121 (2010)
N. Colonna et al., JCTC 14, 2549 (2018)



Explicitly, the KI Koopmans’ functional adds to the base functional

ρi orbital density at filling fi
niorbital density at integer filling

NK hamilton funcian

G. Borghi et al., Phys. Rev. B 90, 075135 (2014); Phys. Rev. B 91, 155112 (2015)

ORBITAL-DENSITY DEPENDENT



Explicitly, the KI Koopmans’ functional adds to the base functional

ρi orbital density at filling fi
niorbital density at integer filling

KIPZ adds a screened PZ self-interaction term

NK hamilton funcian

G. Borghi et al., Phys. Rev. B 90, 075135 (2014); Phys. Rev. B 91, 155112 (2015)

ORBITAL-DENSITY DEPENDENT



minimization
NOT UNITARY INVARIANT

G. Borghi, C-H. Park, N. L. Nguyen, A. Ferretti, and NM, Phys. Rev. B 91, 155112 (2015)

The functionals are minimized by localized variational orbitals



minimization

N. Marzari, D. Vanderbilt, and M. C. Payne, Phys. Rev. Lett. 79, 1337 (1997)

G. Borghi, C-H. Park, N. L. Nguyen, A. Ferretti, and NM, Phys. Rev. B 91, 155112 (2015)

The functionals are minimized by localized variational orbitals

NOT UNITARY INVARIANT



SCREENING



SCREENING

Expansion of Koopmans additional terms as a function of occupation



HOMOEnergy deviation from linearity

ENERGIES AND EIGENVALUES



minimizationORGANIC MOLECULES

IP, EA from opposite of HOMO, LUMO

IP EA Gap

scfGW 0.31 0.29 0.28
KI 0.45 0.22 0.32

KIPZ 0.25 0.17 0.20

GW: Blase et al., Phys. Rev. B 83, 115103 (2011)
Koopmans: Nguyen et al., PRL 114, 166405 (2015)



minimizationORGANIC MOLECULES                 TRANSITION METAL COMPLEXES

IP, EA from opposite of HOMO, LUMO

GW: Korbel et al., JCTC 10, 3934 (2014)
Koopmans: Colonna et al., JCTC 14, 2549 (2018)

IP EA Gap

scfGW 0.31 0.29 0.28
KI 0.45 0.22 0.32

KIPZ 0.25 0.17 0.20

IP 

G0W0[PBE0] 0.21
KI 0.39

KIPZ 0.20

GW: Blase et al., Phys. Rev. B 83, 115103 (2011)
Koopmans: Nguyen et al., PRL 114, 166405 (2015)



Ultraviolet photoemission spectroscopy

L. Nguyen, G. Borghi, A. Ferretti, I. Dabo, N. Marzari, Phys. Rev. Lett. 114, 166405 (2015)

EXP

KI[PZ]

KI[PBE]

PZ[PBE]

PBE



Fullerene UPS

L. Nguyen, G. Borghi, A. Ferretti, I. Dabo, N. Marzari, Phys. Rev. Lett. 114, 166405 (2015)

EXP

KI[PZ]

KI[PBE]

PZ[PBE]

PBE



Fullerene (C70) UPS (HeI, HeII)



DIFFICULT AFFINITIES: DNA/RNA bases 

PBE 2.51 eV

CCSD(T) 0.32 eV

KI[PZ] 0.06 eV

PBE 0.59 eV

KI[PZ] 0.09 eV

Mean absolute deviations

CCSD(T) ref: D. Roca-Sanjuan et 
al., JCP 129, 095104 (2008) 

Valence bound EA

Dipole bound EA

L. Nguyen, G. Borghi, A. Ferretti,  N. Marzari, JCTC 3948, 12 (2016)



UPS and geometries
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Figure 6. UPS spectra for guanine tautomers calculated us-
ing the KIPZ functional, and plotted as a function of elec-
tron binding energy (h⌫ � ~2k2/(2m)). The calculations are
done for an incoming photon energy of 100 eV, and com-
pared with experimental gas-phase UPS measurement using
the same photon energy radiation7. The blue bars in each
plots mark the vertical ionization potentials of the KS states.

value for ↵ the screening computed for the negatively
charged (i.e., with one electron added) state, where we
refer to this screening as ↵⇤. This recipe enables to ob-
tain EA-VB and EA-DB orbital characters that are in
excellent agreement with what is found in experiment,
with the accuracy is superior than that of scf-GW or
CASPT2/CCSD(T) methods.

B. Ultraviolet photoemission spectroscopy

The accuracy of KIPz functional is highlighted not only
in predicting the energy of frontier orbitalsof the nucle-
uobases, but also for the deeper valance states. This
is shown through the successfully prediction their bind-
ing energies, and the correct photoemision amplitudes
in comparision with experimentals UPSs. In this work,
we reproduce theoretically the photoemision spectra fol-
lowing the well established three-step model, within the
sudden approximation37. This approach treats the pho-
toexcitation as a transition from an electronic initial state
|�N

0
i — which is the ground state with energy EN
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Figure 7. UPS spectra for cystosine tautomers calculated us-
ing the KIPZ functional, and plotted as a function of electron
binding energy (h⌫ � ~2k2/(2m)). The calculations are done
for an incoming photon energy of 80 eV, and compared with
experimental gas-phase UPS measurement using the same
photon energy radiation5. The blue bars in each plots mark
the vertical ionization potentials of the KS states.

8101214161820
Binding energy (eV)

0.5

1

1.5

N
o
rm

al
iz

ed
 i

n
te

n
si

ty
 (

ar
b
. 
u
n
it

) h ν: 20 - 80 eV

Figure 8. Theoretical predictions for the photoemission spec-
trum of adenine performed at di↵erent incoming photon ener-
ies (the same studies for other nucleobases are shown in SI).
The photon energies range between 20 and 80 eV (the high-
est value has been recored in UPS experiment5). The energy
changes with step of 3 eV.

9

Table III. The relative mean absolute error (in unit %) of
bond lengths and angles of A, T, and U molecules computed
using the PBE, PZ, KIPZ, PBE0, B3LYP methods, compared
with experiments38.

PBE KIPZ PZ PBE0 B3LYP
A 1.39 0.67 0.70 0.56 0.69

R̄ij T 1.77 0.89 0.55 0.85 1.06
U 1.76 0.96 0.70 0.93 1.11
A 0.51 0.52 0.56 0.54 0.57

✓̄ijk T 0.74 0.59 0.64 0.63 0.61
U 1.05 0.69 0.64 0.81 0.81

Table III, we test the accuracy of this functional in com-
puting intramolecular bond lengths and angles, by com-
paring the mean absolute error (MAE) with respect to ex-
perimental data of KIPZ, DFT-PBE, DFT-hybrid func-
tionals (PBE0 and B3LYP), and PZ-SIC. Experimental
data are taken from the Cambridge Structural Database
by Clowney et al.38 where bond lengths are measured
at room temperature through high-resolution X-ray and
neutron di↵raction; these data should be compared to the
most stable tautomer form of each nucleobase. There-
fore, in Table III, we show MAE for only A, T and U
molecules COMMENT:¡¡ why not for G and C? ¿¿ (one
can refere the details of the absolute values in the SM.39

Overall, one can see that the maximum error for struc-
tural properties corresponds to PBE (MAE > 1.39%)
and the minimum error corresponds to the hybrid func-
tional B3LYP (MAE< 0.5%). The KIPZ accuracy (MAE
⇠ 0.6%) is better than PZ, and close to that of hy-
brid functionals. For angles, the discrepancy between
the methods even smaller. We find the same trend is
found for T and U, except for A which shows PBE as the
best approach to describe its intramolecular angles.

Table IV. Absolute dihedral angles (�1 and �2) of the nu-
cleuobaes with amino group. For A �1 = \H2N10C4N3

and �2 = \H1N10C4C5; for G1..5 �1 = \H2N10C2N1 and
�2 = \H1N10C2N3, and for C1,2,4 �1 = \H1N7C4C5 and
�2 = \H2N7C4N3, where the index of the atoms can be seen
in SM39.

�1 �2

PBE KIPZ MP240 PBE KIPZ MP240

A 0.05 23.16 18.70 0.05 23.15 21.10
G1 2.00 10.80 - 2.03 46.12 -
G2 2.05 17.60 11.80 2.03 35.364 43.20
G3 1.82 23.69 - 1.92 24.44 -
G4 1.81 25.35 - 1.88 22.51 -
G5 1.82 21.97 - 1.88 27.69 -
C1 8.25 30.64 26.20 7.20 17.27 14.10
C2 8.68 27.97 - 8.01 21.01 -
C4 8.90 28.57 - 8.02 20.53 -

The optimization of geometries with scf-KIPZ enables
to describe correctly the slight tilt of the amino groups if
any with respect to the nucleic acid base. This property

Figure 9. The side view and top view of the isosurface plot
of the spin-majority minimzing orbital densities formed upon
minimizing the (a) DFT-PBE functional and (b) KIPZ func-
tional. These orbitals is identify to relate the unpaired elec-
tron on the amino group of C1 molecules. While GGA-PBE
orbitial is sparially delocalized, KIPZ one is very localized and
has a sp3 character. The shape of this later orbital makes
structure of the amino group in the ground state geometry to
be non-planar.

Table V. Vertical ionization potentials (IP) and vertical elec-
tron a�nities (EA) for .

IP EA
geo. PBE KIPZ Expt. PBE KIPZ Expt.
A 8.25 8.41 8.30�8.50 -0.01 -0.02 0.01
G1 7.86 8.25 8.00�8.30 0.08 0.03 �
G2 7.77 8.07 � 0.13 0.08 �
G3 7.76 8.01 � 0.02 -0.02 �
G4 7.79 8.02 � 0.01 0.01 �
G5 7.78 8.05 � 0.04 0.02 �
C1 8.48 8.70 8.80�9.00 0.11 0.11 0.23
C2 8.56 8.67 � 0.05 0.03 0.09
C4 8.57 8.67 � 0.03 0.05 �

was subject to some controversy in the past (for a detailed
discussion, see, e.g., refs.? and? )Originally, theoretical
studies of nucleic acid suggested the molecule to be per-
fectly planar. Subsequent calculations carried out at the
HFlevel with polarized basis sets of atomic orbitals sug-
gested a weak non-planarity of the amino groups of the
base molecules. More recent calculations COMMENT:¡¡
what type of calculations? ¿¿ indicate a rather strong
amino group pyramidalization. For cytosine for exam-
ple, Bludsky et al obtain amino (NH2- group hydrogen
dihedral angles of 5.5 and 26.2o, using the HF/6-31G⇤⇤

and MP2/6-31G⇤ levels of theory, respectively. The MP2
prediction, considered as benchmark, results in a dihedral
angle of 21.4o. In contrast, our DFT-PBE calculations
yield rather small deviations from planarity (see Table
3), such as for instance a dihedral angle of 11.2o for cyto-
sine, and even flatter predictions are made for the other
DNA bases. The DFT-GGA studies by Di Felice et al.
also indicate a very weak nonplanarity, confirming our re-
sults. The DFT-GGA approach thus seems not to be able
to reproduce the order of NH2 nonplanarity predicted
by quantum chemistry calculations. In a benchmark on
the G2-set, the self-interaction error of DFT-GGA was
shown to a↵ect geometrical properties, typically resulting

L. Nguyen, G. Borghi, A. Ferretti,  N. Marzari, JCTC 3948, 12 (2016)



N. Colonna, L. Nguyen, A. Ferretti, and N. Marzari, JCTC (2018)

GW100 TEST SET

KOOPMANS SPECTRAL FUNCTIONALS
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BAND GAPS AND IPs (30 SOLIDS)

GW: W. Chen and A. Pasquarello PRB 92 041115 
(2015)
Koopmans: L. Nguyen, N. Colonna, A. Ferretti, and 
N. Marzari, PRX (2018)
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Compact mapping of Bloch states into local orbitals
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G-point : ~ 2eV 
pseudo gap

Two eigenchannels 
at EF ð perfect 

recovery of 
metallic character !

EF

Solid: G-sampling, 100 atoms, five-folded Brillouin zone
Dotted: Full SCF calculation (5 k-points, 20 atoms supercell)
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KOOPMANS BAND STRUCTURES

DFT(PBE): 4.10 eV
KI(PBE): 5.98 eV

Exp (-ZPR): 5:88 eV

DFT(PBE): 0.68 eV
KI(PBE): 1.21 eV

Exp: 1.17 eV

Diamond

Silicon



CONCLUSIONS

• Linearity as a foundation (orbital energies 
independent from their occupation), plus 
screening, plus localization.

• Beyond-DFT orbital-densities formulations
• Functional theories of both energies and 

spectral properties
• Can we substitute GW or DMFT with spectral 

functionals?
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About your cat, Mr. Schrödinger –
I have good news, and bad news.
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