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Motivation

= The rotating wave approximation of the system-field
Interactions 1S a wide-used treatment under serious

conditions.

Semiclassical Rabi model

o)

H(t)

1 n A (wt)
3 05
1 A _
= Zwoo, + __(ezwto__ 4 e—zwt0_+)

2 4




Background

» The physics of the ultrastrong- and deep-strong coupling regimes of
light-matter interaction may be realized through state-of-the -art
technology such as circuit QED, flux qubit etc.

A/wo wo(GHz) Experiment

0.1,.,03 10 Ref.[a]
0.1,...,0.3 40 Ref.[b]
0.25,...,1 4.8 Ref.[c]

(a)W.D. Oliver, Y. Yu, et. al, Science 310, 1653(2005).

(b)C.M.Wilson, G.Johansson, et. al, Phys. Rev. B. 81, 024520(2010).
(c) F. Yoshihara,Y.Nakamuraq, et.al, Phys. Rev. B. 89, 020503(R)(2014).
(d) F. Yoshihara, T. Fuse, et. al, Nat. Phys. 13, 44 (2017).

» The analytical method could provide a clear picture to understand
the physics of strongly driven systems.



Background

= Driven two-level system

NMR  Hxun(t) = —ii- B} = — 3 holow Ba(t) + 0, B,(t) + 0=Bu(t)
Rabi model Ha(t) = %woaz + Q cos(wt)o,

. 1 1
Tunneling TLS Hris(t) = —§Aam — 5[50 + ¢(t)]o

M. Grifoni and P. Hanggi, Phys. Rep. 304, 229 (1998)



Background

®»Rabi rotating wave approximation

] A - . |
H(t) = W00z + 5(0+e_“"t +o_e™?) + §(a+e“t + o_e” ™)

» Floquet theory idv(t)) = H)Y(t))
[Ya(t) = lualt)e™ ", |ua(t)) = |ualt +T))
Hr|ua(t)) = calua(l))
Floguet Hamiltonian Hrp = H(t) —i0;

M. Grifoni and P. Hanggi, Phys. Rep. 304, 229 (1998)



B Ourplan

1. CHRW approach for semiclassical Rabi models, which is as
simple as the usual RWA approach but the results are in good
agreement with the numerical calculations.

2. We studied the quantum dynamics of the semiclassical Rabi
model without and with static bias, the Bloch-Siegert shift.

3. Because of the simple math structure, the approach my be used
for more complex systems.



Unitary transformation

. A
= Driven two-level system  H(t) = %az + 5 cos(wt)a,

» Unitary transformation vyt =viv=1U=¢% sf=-5

SO LH(t) i | [ SOSO ()] = | H(1) — i 5| 1W(0) = 0
H'(t) = SO H(1)e= 5O — ies(”%e—s(f)

A
S(t) = iﬁﬁ sin(wt)o,
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¢sinfit)| o, |
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03 Juner () snon + 1)ty
Zhiguo LU and Hang Zheng, Effects of counterrotating interaction on driven tunneling dynamics:
coherent destruction of tunneling and Bloch-Siegert shift, Phy.Rev.A 86, 023831(2012)



A A A
The parameter & Ji (—g) Wo = 5(1 — &) = -

The Hamiltonian A i |
HCHRW(t) = §J0 (;f) WO == Z(B_Zwt0_|_ =F sztO'_)
] A A
Hoprw = R(t)HCHRw(t)RT(t) — R(?f)?,%RT(i) = EO‘Z + ZO}U
R(t) = exp (%wtoz)
. ) ~ jz Modified g A
Rabi frequency Op = JAZ + R detuning A = Jy (a§> Wy — W



Diagonalization of the CHRW Hamiltonian

- Its eigenstates and corresponding eigenenergies are given as

follows
I£) = sinf|F) & cosf|L), o:|E) = £[£)

~

By = +0\/A 4 Bj1=+30p 9 = arctan |2(Qr — A)/A

Time evolution operator :  Ug(t) = e SR (t) exp(~iHorrwt)

Provided that the initial states of TLS is |1+ (0)) = £), we have the final state
1h4(t)) = Us(t)[9+(0)) = e~ ®nt|uy,(t)), where

Floguet mode g (1))

(i1 2ot =S(0) i () T,

quasienergies ein = (W £QR)/2+ nw.



- Our renormalized scheme
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quasi energiesiy
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Solid line: CHRW
Red dashed line: numerical

- Checks: transition element Blue line:RWA
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B Rabi frequency
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- Bloch-Siegert shift

MARCH 15, 1940 PHYSICAL REVIEW VOLUME 57

Magnetic Resonance for Nonrotating Fields

F. BLocH AND A. SIEGERT*
Department of Physics, Stanford University, Stanford University, California

(Received January 19, 1940)

A treatment of the magnetic resonance is given for a particle with spin 3 in a constant field
Hjy and under the action of an arbitrary alternating field with circular frequency w perpendicu-
lar to Hyp. A method of finding a solution, valid at any time, is given which converges the better
the smaller the deviations from a rotating field or the larger Ho. It is shown that in the lowest
order correction the shape of the resonance curve is unchanged but that it is shifted by a per-
centage amount H,2/16 H* where H; is the effective amplitude of the oscillating field. This
also involves a correction in the values of the magnetic moments thus obtained towards
smaller values which however in all practical cases is negligibly small.

Resonance condition

0 Q! =0,
0w,



Bloch-Siegert shift

Bloch & Siegert, PR57, 522 (1940)

Definition  dwps = wWres — wo

The resonance frequency is defined as the frequency at
which the transition probability Pup averaged is a maximum.

Resonance

condition -
W W w
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Bloch-Siegert shift
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Bloch-Siegert shift

o

ours

— — numerical Floquet
—-— analytical Floquet

large A limit
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J. H. Shirley, Phys. Rev. 138, B979 (1965).



Compared with SC flux qubit:

Flux qubit noise spectroscopy using Rabi oscillations under strong driving conditions

PHYSICAL REVIEW B 89, 020503(R) (2014)
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Our results
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Quantum dynamics

What we dropped:

vV
e

sin(nwt), odd n

cos (nwt), even n > 2

What we calculate:

o,(t)=(w®)|o,|w ) = ¥'1t)|e*Va,e Oy (1))
i%\w(t» “H (t)\«//(t»—»i% V()= H' Oy )




B» Quantum dynamics P, (1) =%(1+ o, (t))

Black: ours (CHRW)
Red: exactly numerical
Blue: RWA
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B  Quantumdynamics P, (t)= %(1+ o,(t))

Black: ours (CHRW)
Red: exactly numerical
Blue: RWA
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: . . 1
) Driven tunneling dynamics Pup(t)=§(1+02(t))

AU g(t)a AG gU_Acos(wt)U

H:—E X_T Z:_E X_E z 9 z
—%O‘X—EGZ—A(eiWIO'_+e_iwtO'+)——( ia)t0++e—iwt0_) o, = (Gz _iCTy )/2

PHYSICAL REVIEW A 81, 022117 (2010)

Dissipative two-level system under strong ac driving: A combination of Floquet
and Van Vleck perturbation theory

. £ . Yy e .
Johannes Hausinger and Milena Grifoni
Institut fitr Theoretische Physik, Universitat Regensburg, DE-93040 Regensburg, Germany

In a first step. we neglect environmental effects on the driven
['LS and consider the Hamiltonian

h
Hyps(t) = -3 |Ao, + (e + Acoswt)o,]. (1)



- Resonance and near Resonance € =0
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FIG. 1. (Color online) P,,(¢) as a function of dimensionless time Af for A/w = 1,2, and A/w = 2.5 in the on-resonance case
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Far off-resonance and CDT
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Far off-resonance and CDT

The dynamics of the other far off-resonance case 6o = A 1s shown
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Far off-resonance and CDT
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-lcs—modulq’red case St) = -i —sin(wt)iéo, + ¢o, |
[n a first step, we neglect environmental effects on the driven
[LS and consider the Hamiltonian <
I— 1 ~v A —
Hris(t) = —% |Ao, + (e + Acoswt)o.]. (1) CHRW \/AZ + 520 n E (@ o +e Ja)t6+)
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Zhiguo L Yiying Yan, Hsi-Sheng Goan and Hang Zheng, Bias-modulated dynamics of a
strongly driven two-level system, Phys. Rev.A 93, 033803(2016)
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Bias modulated dynamics: Resonace @ = & = VA
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Biased modulated dynamics:
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Biased modulated dynamcis: far off-resonace
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Fluorescence spectrum

Fig. 3. Resonance fluo- 3
rescence triplet: spectrum
of inelastically scattered
radiation. (A) Linear fre-
quency spectral density
[S = 2nS()] of emission
power under a resonant
drive with the Rabi fre-
quency of Q2 =57 MHz
corresponding to the in-
cident microwave power
of Wp = =112 dBm or :
6.3 x 10™° W. Experi-
mental data are shown o
by the open circles. The -100
red solid curve is the

emission calculated from

Eq. 3 with no fitting pa-

rameters. A schematic of the triplet transitions in the dressed-state picture  emission spectrum as a function of the driving power. The dashed white lines
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artificial atom

0. Astafiev, A. M. Zagoskin, A. A. Abdumalikov, Yu. A.Pashkin, T. Yamamoto, K. Inomata,
Nakamura, and J. S. Tsai, Science 327, 840 (2010).



Effects of CR interaction on Fluorescence

1 1 X
Our model  H(t) = jwoo. + Acos(wrt)os + > wiblbr + 5 > gn(b] + br)os
k k

1 2A 2A
(t) = swodo <—5) 0, + wod1 (—6) sin(wrt)oy
2 wr, Wi,

1
+A(1 — &) cos(wrt)o, + ;wkbgbk + > Zk:gk(b,za_ + broy),

0> o (_g> sin [(2n + Dwzt] oy

n=1

= 24 1 .
+w Z Jon, (wL f) cos(2nwrt)o, + 5 Zk: gk(b;ca+ + bro_),

n=1

Y. Yan, Zhiguo L and H. Zheng, Effects of counter-rotating-wave terms of the driving field on the
spectrum of resonance fluorescence, Phys. Rev. A88, 053821(2013).
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— 5(5@ + Qo) + Z(wk — wr)bybk + 5 ng(b};U— + bro),
k k
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H = R(t)H'(t)R'(t) — iR(t)

Born-Markov master equation

d _
Chs(t) = —illos. ps(t /0 dr ng
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Resonance Fluorescence

1 1 . (it

. B (1) g 1\, —iw(t—t")

Definifion S(w) 27TTIE>nooT/O dt | drglags ,
Two time gD (t,1") = (U (D)o UOU (' )o_U (X))

correlation function

In the transformed frame
gVt t) = T|Rt) SDo e SORN )T (1) R () 5! ) g_e=5(t)

RV () pes @ ppUt (1) |, T=t—t

B. R. Mollow, Phys. Rev. 188, 1969 (1969).



ReSU |'|'S (i) the asymmetry of the sidebands with respect to the central peak,
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(i) The generation of the higher-order Mollow triplets at MWL, n = 3,5, ...
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FIG. 4. (Color online) The fluorescence spectrum obtained by
our method (solid line) and Mollow’s method (dashed line) on a
logarithmic scale for €2 = 20k, 2/wy; = 0.9, and @; = . The inset
shows the spectrum obtained in Ref. [14] with the same parameters.



(i) Shifts of the sidebands
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probe-pump spectrum

Hiot(t) = H(t) + Hp(2)
Hy(t) = Qp(ope ™" +o_e™)

A(v) = Q\Qp\zRef dr A(t)e™"
0

A(T) = lim <[UT(t+7‘)0_U(t+7‘),UT(t)0+U(t)]>

t—o0

B. R. Mollow, Phys. Rev. A5, 2217 (1972).



- Population of the upper state
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Applications:

Multi-chromatic field  H(t) = %[wo + Q. cos(w-t)]o. + 2, cos(w,t)o,

superconducting circuits

Observation of the Bloch-Siegert shift in a driven quantum-to-classical

Bloch-Siegert shift i
transition, Phys. Rev. B 96, 020501(R)

Observation of the Bloch-Siegert Shift in a Qubit-Oscillator System in
the Ultrastrong Coupling Regime, Phys. Rev. Lett. 105, 237001

Moo1 j

Driven dissipative system

Dynamical effects of counter-rotating couplings on interference
between driving and dissipation Phys. Rev. A90, 053850 (2014)



Summary

= (i) We investigate the dynamics of a driven two-level system (classical Rabi
model) using the counter-rotating hybridized rotating-wave method (CHRW),
which is a simple method based on a unitary transformation. Since the CHRW
approach is mathematically simple as well as tractable and physically clear, it may
be gxtended to some complicated problems where it is difficult to do a numerical
study.

® (ii)\We calculate the Bloch-Siegert (BS) shift over the entire driving-strength range.
we demonstrate the signatures caused by the BS shift by monitoring the excited-
state population and the probe-pump spectrum under the experiment accessible
conditions.

® (ii1)) We investigate the fluorescence spectrum of a two-level system driven by a
monochromatic classical field by the Born-Markovian master equation based on a
unitary transformation We find the main effects of counter-rotating-wave terms of
the driving on spectral features of the fluorescence.
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- The tenth order of A
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- Enhancement of BS shift

H(r) = %[wo + Q. cos(w,1)]o, 4+ €2, cos(w,t)o,
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Enhancement of BS shift
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