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𝐹 =
𝑣𝑜𝑙 𝛴𝑔

𝐿2
( Magnetic flux for U 1 gauge field )

Classically

A Magnetically charged AdS4 Black hole

𝐀𝐬𝐲𝐦𝐩𝐭𝐨𝐭𝐢𝐜𝐚𝐥𝐥𝐲 𝜌→∞ ∶ AdS4 with asymptotic boundary 𝑹𝑡 ⨯ 𝛴𝑔

𝐍𝐞𝐚𝐫 𝐡𝐨𝐫𝐢𝐳𝐨𝐧 𝜌 =
1

2 Τ1 2
∶ AdS2 ⨯ 𝛴𝑔 ,

RG      :    (3D N =2 SCFT on 𝑹𝑡 ⨯ 𝛴𝑔)  (1D SCQM on 𝑹𝑡)  

topological twisting ∶ 𝐴 𝑏.𝑔
𝑅
= 𝜔 𝛴𝑔

In terms of AdS/CFT, the BH solution describes

Superconformal R-symmetry : “universal twist”

BPS Solution of 4D N =2 minimal gauged supergravity

𝐼 =
1

16𝜋𝐺4
න𝑑4𝑥 −𝑔 𝑅 +

6

𝐿2
−

𝐿2

4
𝐹2 + (fermions)

𝑮𝟒 (4d Newton Const) ,
𝑳 (AdS4 radius) 
𝒈 > 𝟏 (𝐠𝐞𝐧𝐮𝐬 𝐧𝐮𝐦𝐛𝐞𝐫)

Determined by
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From semiclassical analysis  

𝑆BH =
𝐴

4𝐺4
=

𝒈 − 𝟏 𝑳𝟐𝝅

𝟐𝑮𝟒
+ subleadings in 𝐺4 and 1/𝐿

[Bekenstein, Hawking]

If the BH solution (AdS4 supergravity) can be embedded into an UV complete Quantum Gravity,

we may give a non-perturbative definition of 𝒅𝒎𝒊𝒄𝒓𝒐(# 𝐨𝐟 𝐦𝐢𝐜𝐨𝐫𝐬𝐭𝐚𝐭𝐞𝐬 𝐨𝐟 𝑩𝑯), which should satisfy 

1) 𝑑𝑚𝑖𝑐𝑟𝑜 (𝐺4, 𝐿, 𝑔) is a non-negative integer (after including all corrections)

2) 𝑆BH= log 𝑑𝑚𝑖𝑐𝑟𝑜 (𝐺4, 𝐿, 𝑔) =
𝒈 − 𝟏 𝑳𝟐𝝅

𝟐𝑮𝟒
+ subleadings in 𝐺4 and 1/𝐿

AdS4 SUGRA with generic 𝑮𝟒, 𝑳 in `swampland’?  only discrete choices of 𝑮𝟒, 𝑳 in QG?

𝑮𝟒 (4d Newton Const) ,
𝑳 (AdS4 radius) 
𝒈 > 𝟏 (𝐠𝐞𝐧𝐮𝐬 𝐧𝐮𝐦𝐛𝐞𝐫)

Determined by



Classically

A Magnetically charged AdS4 Black hole

In this talk,

N→ ∞
The BH in 𝑨𝒅𝑺𝟒 x𝑴𝟑x෩𝑺

𝟒N M5-branes on 𝑹 × 𝛴𝑔 ×𝑴𝟑

⊂ 𝑹 × (𝑇∗𝛴𝑔) × (𝑇∗𝑀3)

First, embed the BH into M-theory

𝒈 > 𝟏 (𝐠𝐞𝐧𝐮𝐬 𝐧𝐮𝐦𝐛𝐞𝐫)

𝑴𝟑 (hyperbolic 3-manifold

N   (number of M5s)

𝐿2 /𝐺4 =
2𝑵3𝑣𝑜𝑙 𝑴𝟑
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𝑮𝟒 (4d Newton Const) ,
𝑳 (AdS4 radius) 
𝒈 > 𝟏 (𝐠𝐞𝐧𝐮𝐬 𝐧𝐮𝐦𝐛𝐞𝐫)
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Second,  give non-perturbative def  𝒅𝒎𝒊𝒄𝒓𝒐 𝑴𝟑, 𝑵, 𝒈 using AdS4/CFT3

𝐿2 /𝐺4 =
2𝑵3𝑣𝑜𝑙 𝑴𝟑

3𝜋2AdS4/CFT3 : = (𝐌 𝐭𝐡𝐞𝐨𝐫𝐲 𝐨𝐧 𝑨𝒅𝑺𝟒 x𝑴𝟑x෩𝑺
𝟒)(N M5-branes compactified on 𝑴𝟑)
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𝟒)(N M5-branes compactified on 𝑴𝟑)

Finally ,  we will check 1) 𝒅𝒎𝒊𝒄𝒓𝒐 is an integer (after including all corrections)

2) 𝑆BH= log 𝒅𝒎𝒊𝒄𝒓𝒐 =
𝒈− 𝟏 𝑳𝟐𝝅

𝟐𝑮𝟒
=

𝒈 − 𝟏 𝒗𝒐𝒍 𝑴𝟑

𝟑𝝅
𝑵𝟑 + (subleadings in 1/𝑁).
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Two classes of AdS4/CFT3 using M-theory

BH solution with asymptotically AdS4 Can be studied using AdS4/CFT3

Two classes of well-established AdS4/CFT3 using M-theory

AdS4/CFT3 from M2-branes AdS4/CFT3 from M5-branes

𝑹1,2 ⨯ Cone 𝑌7 (𝒀𝟕 : SE 7-manifold)

with N M2-branes on 𝑅1,2
𝑹1,2x 𝑇∗𝑀3 x 𝑹2 (𝑴𝟑: Closed hyperbolic 3-manifold)

with N M5 branes on 𝑅1,2x𝑀3

M-theory on 𝑨𝒅𝑺𝟒 xY7

4D N=2 gauged supergravity with G = ISO(𝑌7 )

𝑆BH =
𝑔−1 𝐿2𝜋

2𝐺4
= 𝑔 − 1

2

27Vol 𝑌7
𝑵 Τ𝟑 𝟐𝜋3

M-Theory on warped 𝑨𝒅𝑺𝟒 x𝑴𝟑x෩𝑺
𝟒

4D N =2 gauged supergravity with G =𝑈 1 𝑅

𝑆BH =
𝑔 − 1 𝐿2𝜋

2𝐺4
=

𝑔 − 1 𝑣𝑜𝑙(𝑀3)

3𝜋
𝑵𝟑

Field theoretic description of  ሿ𝑇𝑁[𝑌7

e.g) ሿ𝑇𝑁[ Τ𝑆7 𝑍𝑘 =ABJM model 

Field theoretic description of  ሿ𝑇𝑁[𝑀3

e.g) ሿ𝑇𝑁=2[ = (U(1) + Φ with k=-7/2)

ሿ𝑻𝑵[𝒀𝟕 ሿ𝑻𝑵[𝑴𝟑

3D N=2 SCFT with global 𝑈 1 𝑅 ⊂ 𝐺 = ISO(𝑌7 ) 3D N=2 SCFT, with global 𝐺 = 𝑈 1 𝑅

(𝐺4/𝐿
2 =

3𝜋2

2𝑁3𝑣𝑜𝑙 𝑀
)(𝐺4/𝐿

2 =
27

8𝑁3𝜋4
Vol 𝑌7 )

[HLLLP;08][ABJM;08][ABJ;08]…….. [Dimofte-Gukov-Gaiotto;11][Dimofte-Gabella-Goncharov;14][DG-Yonekura;18]

5

[Pernici ;‘85]
[Gauntlet-Kim-Waldram;00]



Non-perturbative definition of 𝑑micro using AdS4/CFT3

𝑸𝒖𝒆𝒔𝒕𝒊𝒐𝒏 ∶ Which quantity in CFT3 corresponds to the dmicro of the BH ?

𝑵𝒂𝒕𝒖𝒓𝒂𝒍 𝑨𝒏𝒔𝒘𝒆𝒓 ∶ the number of ground states of 3d SCFT on Σg

𝑑micro= # of supersymmetric ground states of (3DN =2 SCFT 𝑜𝑛 𝛴𝑔)

Near horizon AdS2 ⨯ 𝛴𝑔 ,

RG :  (3D N =2 SCFT on 𝑹𝑡 ⨯ 𝛴𝑔)  (1D SCQM on 𝑹𝑡)  

𝐵𝐻 ∶ Asymptotic AdS4 with∂(AdS4) = 𝑹𝑡 ⨯ 𝛴𝑔

“Twisted index”

[Benini-Hristov-Zaffaroni ;‘15][Hosseini-Zaffaroni ;’16]……. Recently, people found that 

𝑵 → ∞ 𝑔−1 𝐿2𝜋

2𝐺4
= 𝑔 − 1

2

27Vol 𝑌7
𝑁 Τ3 2𝜋3+sub-leadings Log(𝑑micro( ሿ𝑇𝑁[𝑌7 ,g))

SUSY

𝑑micro( ሿ𝑇𝑁[𝑌7 , 𝑔)
SUSY

= 𝑑micro( ሿ𝑇𝑁[𝑌7 , 𝑔) ??

Hints:

𝑐𝑓) 𝑑micro: = Tr 𝐻𝐸=0 3DN =2 SCFT 𝑜𝑛 𝛴𝑔
−1 𝑅SUSY

Maybe no!

“Difficult to compute”



Twisted index

For 𝑔 = 0 𝑆2 case

For general 𝑔

For general 3𝐷 N = 2 theory with gauge 𝐺,
the index can be written as 𝐟𝐢𝐧𝐢𝐭𝐞 𝐬𝐮𝐦 over so called `𝐁𝐞𝐭𝐡𝐞 𝐯𝐚𝐜𝐮𝐚′

Bethe vacua: solutions of exp 2𝜋𝑖𝑧𝑖
𝜕𝑊

𝜕𝑧𝑖
= 1, for 𝑖 = 1, . . , rank 𝐺

𝑊 𝑧1, . . . , 𝑧rank 𝐺 : Twisted superpotential for 2𝑑 2,2 theory

obtained by 𝑆1 reduction keeping all infinity KK−modes

Chiral field ∶ δW = Li2 ෑ𝑧𝑖
−𝑄𝑖 , CS term δW = 𝑘ij ሿLog[𝑧𝑖 ൧Log[𝑧𝑗

𝐻𝛼 𝑧1, . . . , 𝑧rank 𝐺 ∶ `handle gluing operator′ ,

ሿLog[𝐻 = −log ൨Det[𝜕 ሿlog[𝑧𝑖 𝜕 ൧log[𝑧𝑗
ሿLog[𝑊 + ෍

Chiral

Li1 𝑧𝑖
−𝑄𝑖

𝑑micro(𝑔) = Tr𝐻 3DN =2 SCFT 𝑜𝑛 𝛴𝑔
−1 𝑅SUSY

For 𝑔 = 1 𝛴𝑔 = 𝑇2 case ∶ It is just usual 𝐖𝐢𝐭𝐭𝐞𝐧 𝐢𝐧𝐝𝐞𝐱

𝒅𝒎𝒊𝒄𝒓𝒐(𝒈) = ෍

𝜶:𝐁𝐞𝐭𝐡𝐞−𝐯𝐚𝐜𝐮𝐚

𝑯𝜶 𝒈−𝟏 ,
SUSY

[Benini-Zaffaroni ;‘15]

[Benini-Zaffaroni ;‘16] [Closset-Kim ;‘16]

[Kim-Kim ;‘10]

[Seiberg-Intrilligator ;‘12]

[Nekrasov-Shatasivilli]

[Benini-Hristov-Zaffaroni ;‘15]

[Gukov-Pei;’15]



Most recent studies on AdS4 BH in M-theory are about BHs from M2-branes

𝑁 → ∞
𝑔 − 1

2

27Vol 𝒀𝟕
𝑁 Τ3 2𝜋3+sub-leadings Log(𝑑micro( ሿ𝑇𝑁[𝒀𝟕 ,g))

SUSY

Good : Gauge theory description is simple → Matrix model technique

Bad :

Computation of  sub-leading seems to be challenging

Flavor symmetry other than U(1) R-symmetry → Rich SUSY BHs

AdS4 BHs from M5-branes?

𝑁 → ∞
??Log(𝑑micro( ሿ𝑇𝑁[𝑴𝟑 ,g))

SUSY

Bad : UV Gauge theory description is very ugly, no matrix model 

Good : we can use the power of 3d-3d relation

(full perturbative sub-leadings are computable)

(𝑔 − 1)
𝑁3vol 𝑴𝟑

3𝜋

( 𝒖 𝟏 𝑵𝟑
gauge group )

Improperly quantized superconformal R-charge : generically no universal BH



𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) from 3d-3d relation
SUSY

M-theoretic derivation :

ሿ𝑇𝑁[𝑀3 on S ~ PSL 𝑁, ℂ Chern Simons theory on 𝑀3 , not duality but a relation 

6𝑑𝐴𝑁−1 2,0 theory on S⨯𝑀3

( ሿ𝑇𝑁[𝑀3 on S) PSL 𝑁, ℂ Chern Simons theory on 𝑀3

3d-3d relation :

[Yamazaki-Terashima ;‘11][Dimoft-Gukov-Gaiotto;11]
[Yagi;13][Lee-Yamazaki;13][Cordova-Jafferis;13]

S = 𝑆3, 𝑆1xS2, Τ𝑆3 𝑍𝑘,….
𝑀3 → 0 S → 0
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SUSY

M-theoretic derivation :

ሿ𝑇𝑁[𝑀3 on S ~ PSL 𝑁, ℂ Chern Simons theory on 𝑀3 , not duality but a relation 

6𝑑𝐴𝑁−1 2,0 theory on S⨯𝑀3

( ሿ𝑇𝑁[𝑀3 on S) PSL 𝑁, ℂ Chern Simons theory on 𝑀3

3d-3d relation :

[Yamazaki-Terashima ;‘11][Dimoft-Gukov-Gaiotto;11]
[Yagi;13][Lee-Yamazaki;13][Cordova-Jafferis;13]

S = 𝑆3, 𝑆1xS2, Τ𝑆3 𝑍𝑘,….
𝑀3 → 0 S → 0

(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)

Dictionary : 𝑇𝑁[𝑀3ሿ PSL 𝑁, ℂ Chern Simons theory on 𝑀3

Bethe vacuum α PSL 𝑁, ℂ irreducible flat connection Aα

Handle gluing operator Hα 𝑁 ሿExp[−2𝑺𝜶 𝟏

dA𝛼 + 𝐴𝛼 ∧ 𝐴𝛼 = 0

𝒅𝒎𝒊𝒄𝒓𝒐(𝒈) = ෍

𝜶:𝐁𝐞𝐭𝐡𝐞−𝐯𝐚𝐜𝐮𝐚

𝑯𝜶 𝒈−𝟏 ,SUSYRecall that

𝑆𝛼 𝑛 ∶ n loop perturbative expansion coefficient around a flat connection Aα

log඲
𝑑 δA

gauge
቉Exp[

1

2ℏ
ሿCS[𝐴𝛼 + δA

1

ℏ
𝑆𝛼 0 + 𝑆𝛼 1 +. .ℏ𝑛−1𝑆𝛼 𝑛 +. . .

𝑺𝜶 𝟏 =
𝟏

𝟒
𝐋𝐨𝐠[

𝐝𝐞𝐭′𝜟𝟎
𝜶

𝟑

𝐝𝐞𝐭′𝜟𝟏
𝜶 ] 𝛥n

𝛼 = ∗ 𝑑𝐴 ∗ 𝑑𝐴 + 𝑑𝐴 ∗ 𝑑𝐴 ∗ , 𝑑𝐴 = 𝑑 + 𝐴𝛼∧
(Laplacian acting on n-form twisted by 𝐴𝛼)

(Analyic Ray-singer 
torsion)

ሿCS[𝐴 = ඲

𝑀

tr AdA +
2

3
𝐴2

[Dimofte-Gukov
-Holland ;‘10]

[DG-Kim-
Pando Zayas;‘19]
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𝑀3 → 0 S → 0

Dictionary : 𝑇𝑁[𝑀3ሿ PSL 𝑁, ℂ Chern Simons theory on 𝑀3

Bethe vacuum α PSL 𝑁, ℂ irreducible flat connection Aα

Handle gluing operator Hα 𝑁 ሿExp[−2𝑺𝜶 𝟏

dA𝛼 + 𝐴𝛼 ∧ 𝐴𝛼 = 0

ሿCS[𝐴 = ඲

𝑀

tr AdA +
2

3
𝐴2

[Dimofte-Gukov
-Holland ;‘10]

[DG-Kim-
Pando Zayas;‘19]

Derivation : From 𝑀3 = Τሪ
𝑖=1

𝑘
𝛥𝑖ሪ𝑖

𝑚
𝑆𝑖 ~ , 𝛥: 𝑖𝑑𝑒𝑎𝑙 𝑡𝑒𝑡𝑟𝑎ℎ𝑒𝑑𝑟𝑜𝑛 , 𝑆: 𝑠𝑜𝑙𝑖𝑑 𝑡𝑜𝑟𝑢𝑠

Field theoretic description of ሿ𝑇𝑁[𝑀3

N ሿExp[−2𝑆𝛼 1

(Localization)

M-theoretic derivation is missing

[Dimofte-Garoufalidis;12]
+other mathematical facts

[Dimofte-Gaiotto-Gukov;11]
[Dimofte-Gabella-Goncharov;14]
[DG-Yonekura;18]

Hα



ሿ𝑇𝑁[𝑀3 ~ PSL 𝑁, 𝐶 Chern Simons theory on 𝑀3 , not duality but a relation 

Dictionary : 𝑇𝑁[𝑀3ሿ 𝐏SL 𝑁, 𝐶 Chern Simons theory on 𝑀3

Bethe vacuum α PSL(N,C) irreducible flat connection Aα

Handle gluing operator Hα N ሿExp[−2𝑆𝛼 1

𝑆𝛼 1 =
1

4
Log[

det′𝛥0
𝛼

3

det′𝛥1
𝛼

] (Twisted analyic Ray-
Singer torsion)

3d-3d relation :

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g)  from 3d-3d relation
SUSY

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝑁𝑔−1෌
𝛼
exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁

𝑔−1

We reduce the microstates counting of BH to a mathematical problem !!
Use mathematical results to study BH entropy !!

SUSY
(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)



ሿ𝑇𝑁[𝑀3 ~ PSL 𝑁, 𝐶 Chern Simons theory on 𝑀3 , not duality but a relation 

Dictionary : 𝑇𝑁[𝑀3ሿ 𝐏SL 𝑁, 𝐶 Chern Simons theory on 𝑀3

Bethe vacuum α PSL(N,C) irreducible flat connection Aα

Handle gluing operator Hα N ሿExp[−2𝑆𝛼 1

𝑆𝛼 1 =
1

4
Log[

det′𝛥0
𝛼

3

det′𝛥1
𝛼

] (Twisted analyic Ray-
Singer torsion)

3d-3d relation :

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g)  from 3d-3d relation
SUSY

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝑁𝑔−1෌
𝛼
exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁

𝑔−1

We reduce the microstates counting of BH to a mathematical problem !!
Use mathematical results to study BH entropy !!

SUSY

Using the expression, Let us check followings

1) 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) is an integer  (after including all corrections)

2) 𝑆BH= log 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) =
𝑔 − 1 𝑣𝑜𝑙(𝑀3)

3𝜋
𝑁3 + (subleadings in 1/𝑁).

SUSY

SUSY

(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)



Irreducible flat connection ∶ dA𝛼 + 𝐴𝛼 ∧ 𝐴𝛼 = 0

𝑆𝛼 1 [M;Nሿ =
1

4
Log[

det′𝛥0
𝛼

3

det′𝛥1
𝛼

] (Ray-singer torsion)

Integrality of 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) 

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝑁𝑔−1෌
𝛼
exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁

𝑔−1SUSY

SUSY

Conjecture

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) ∈ 𝒁SUSY

(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)



Irreducible flat connection ∶ dA𝛼 + 𝐴𝛼 ∧ 𝐴𝛼 = 0

𝑆𝛼 1 [M;Nሿ =
1

4
Log[

det′𝛥0
𝛼

3

det′𝛥1
𝛼

] (Ray-singer torsion)

Integrality of 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) 

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝑁𝑔−1෌
𝛼
exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁

𝑔−1SUSY

SUSY

e.g)  
5

𝑴𝟑 = , 𝑵=2

{exp −2𝑆𝛼 1) 𝑴𝟑; 𝑵 𝛼=1,2,3,4

={-1.90538-0.568995 i,-1.90538+0.568995 i,1.73992, 2.57085}

{𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g)}𝑔=0,1,2,.. = { 0, 4, 1, 65, 97, 1045,...}
SUSY

Conjecture

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) ∈ 𝒁SUSY

( 𝑥4− Τ1 2𝑥3 − 8𝑥2 + Τ283 16 = 0 )

Conjecture

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g=0) = 0SUSY
No ground states for g=0

[Computable using tools 
developed by mathematicians]

(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)



(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)

𝐓𝐰𝐨 𝐜𝐚𝐧𝐨𝐧𝐢𝐜𝐚𝐥 𝐢𝐫𝐫𝐞𝐝𝐮𝐜𝐢𝐛𝐥𝐞 𝐟𝐥𝐚𝐭 𝐜𝐨𝐧𝐧𝐞𝐜𝐭𝐢𝐨𝐧𝐬 𝐴ℎ𝑦𝑝 𝑎𝑛𝑑 𝐴ℎ𝑦𝑝

ሿ𝐴ℎ𝑦𝑝 = 𝜌𝑁[𝜔 + 𝑖𝑒 , ൧𝐴ℎ𝑦𝑝 = 𝜌𝑁[𝜔 − 𝑖𝑒

𝜔: spin connection
𝑒: vielbein

𝑓𝑜𝑟 𝑢𝑛𝑖𝑞𝑢𝑒 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑖𝑐 𝑚𝑒𝑡𝑟𝑖𝑐 𝑜𝑛 𝑀 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑅μν = −2𝑔μν

𝐵𝑜𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒𝑚 𝑐𝑎𝑛 𝑏𝑒 𝑙𝑜𝑐𝑎𝑙𝑙𝑦 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒𝑑 𝑎𝑠 𝑠𝑜 3 𝑣𝑎𝑙𝑢𝑒𝑑 1 𝑓𝑜𝑟𝑚𝑠

𝜔 ± 𝑖𝑒 ∶ 𝑠𝑙 2, 𝐶 𝑣𝑎𝑙𝑢𝑒𝑑 1 𝑓𝑜𝑟𝑚 𝑠𝑎𝑡𝑖𝑠𝑦𝑓𝑖𝑛𝑔 𝑓𝑙𝑎𝑡 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑑𝐴 + 𝐴 ∧ 𝐴

𝜌𝑁: su 2 → su 𝑁 ,𝑁 − dimensional irred representation

Large N of 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) 

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝑁𝑔−1෌
𝛼
exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁

𝑔−1SUSY

SUSY

These two give dominant contributions to the 𝒅𝒎𝒊𝒄𝒓𝒐 in large N (g>1)  SUSY

SUSY
𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝐻hyp 𝑔−1

+ 𝑐. 𝑐

+exponentially small in Τ1 𝑁
𝐻𝛼= 𝑁 exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁



Large N of 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) 
SUSY

2Re[𝑆hyp ሿ1 [𝑀3; 𝑁 ] −
(𝑁3−𝑁)vol 𝑀3

3𝜋
−
vol 𝑀3

6𝜋
(𝑁 − 1) − a 𝑀3 − b 𝑀3; 𝑁

𝐌𝐚𝐭𝐡𝐞𝐦𝐚𝐭𝐢𝐜𝐢𝐚𝐧𝐬 𝐬𝐭𝐮𝐝𝐢𝐞𝐝 [Muller;14] [Park;17] using Selberg’s trace formula 

Two canonical flat connections give dominant contributions

SUSY
𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝐻hyp 𝑔−1

+ 𝑐. 𝑐

+exponentially small in Τ1 𝑁
𝐻𝛼= 𝑁 exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 2Cos ሿ𝜃𝑵[𝑴𝟑 exp 𝑔 − 1
2𝑁3 − 𝑁 − 1

6𝜋
vol 𝑀3 + log𝑁 + 𝑎 𝑀3 + b 𝑀3; 𝑁 + (… )

(Relative phase)

SUSY

𝑎 𝑀3 =− 𝑹𝒆෍

𝛾

1

𝑠

𝑒−𝑠𝑙ℂ 𝛾

1 − 𝑒−𝑠𝑙ℂ 𝛾

2

, b 𝑀3; 𝑁 =𝑹𝒆෍

𝛾

෍

𝑠=1

1

𝑠

𝑒−
𝑁+1 𝑠𝑙ℂ 𝛾

2

1 − 𝑒−𝑠𝑙ℂ 𝛾

2

𝛾 ∶ primitive conjugacy class of 𝜋1 𝑀3

𝑙ℂ 𝛾 : complex length of 𝛾

(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)



𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 2Cos ሿ𝜃𝑵[𝑴𝟑 exp 𝑔 − 1
2𝑁3 − 𝑁 − 1

6𝜋
vol 𝑀3 + log𝑁 + 𝑎 𝑀3 + b 𝑀3; 𝑁 + (… )

(Relative phase)

SUSY

Large N of 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) 
SUSY

Large N leading part : Bekenstein-Hawking entropy 

Log N term : match with SUGRA zero-mode analysis    3 𝑔 − 1 (1 + 𝒃𝟏(𝑴𝟑))log 𝐿 = (𝑔 − 1)log 𝑁

Other sub-leadings : 
−
𝑁 + 1

6𝜋
vol 𝑀3 (𝑔 − 1)

𝑎 𝑀3 (𝑔 − 1), b 𝑀3; 𝑁 (𝑔 − 1)

𝑆BH =
𝑔 − 1 𝐿2𝜋

2𝐺4
=

𝑔 − 1 𝑣𝑜𝑙(𝑀3)

3𝜋
𝑁3

𝑎 𝑀3 =− 𝑹𝒆෍

𝛾

1

𝑠

𝑒−𝑠𝑙ℂ 𝛾

1 − 𝑒−𝑠𝑙ℂ 𝛾

2

, b 𝑀3; 𝑁 =𝑹𝒆෍

𝛾

෍

𝑠=1

1

𝑠

𝑒−
𝑁+1 𝑠𝑙ℂ 𝛾

2

1 − 𝑒−𝑠𝑙ℂ 𝛾

2

(Bekenstein-Hawking) (Logarithmic correction 3(𝑔 − 1)log 𝐿)

(𝑓𝑜𝑟 𝑀3 𝑤𝑖𝑡ℎ 𝑯𝟏 𝑀3, 𝑍𝑁 = 0)

[S. Bhattacharyya, A. Grassi, M. Marino, A. Sen;’14]

[J. Liu,1, L. Pando Zayas,V.Rathee,W. Zhao;’17]
2-form ghost 3-form 𝑪𝟑

How to understand from M-theory on 𝑨𝒅𝑺𝟒 x𝑴𝟑x෩𝑺
𝟒?

From M2-branes wrapping 𝜸 in 𝑀3?



Summary and future directions

We study microstate counting 𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) for 4d magnetically charged BHs made of wrapped M5-branes

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 𝑁𝑔−1෌
𝛼
exp(−2𝑆𝛼 1) 𝑀3 ; 𝑁

𝑔−1SUSY

Using a 3d-3d relation, the counting to a mathematical  problem

Then, using known mathematical results

Future work : 1) 6D derivation of the 3d-3d relation for twisted index

2) Perturbative corrections  (a, b) from quantum gravity? (b from M2?)

3) Curious integral properties of ray-singer torsions on hyperbolic 3-manifolds

SUSY

[Work in progress with 
Seonhwa kim, Seokbeom Yoon]

𝒅𝒎𝒊𝒄𝒓𝒐( ሿ𝑻𝑵[𝑴𝟑 ,g) = 2Cos ሿ𝜃𝑵[𝑴𝟑 exp 𝑔 − 1
2𝑁3 − 𝑁 − 1

6𝜋
vol 𝑀3 + log𝑁 + 𝑎 𝑀3 + b 𝑀3; 𝑁 + (… )

(Relative phase)

SUSY

(Bekenstein-Hawking) (Logarithmic correction 3(𝑔 − 1)log 𝐿)



Thank you 
for your attention !!


