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Stochastic thermodynamics

Standard Thermodynamics: macroscopic systems
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Stochastic Thermodynamics: mesoscopic systems
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Stochastic thermodynamics

An emerging, evolving field studying nonequilibrium fluctuations of mesoscopic systems

Molecular motors Colloidal heat engines
(S Toyabe et al., PNAS 108, 17951 (201 1)) |A Martinez et al., Soft Matter 13,22 (2017)
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Plot of this talk

* Brief review of classical “textbook’ thermodynamics
* Stochastic thermodynamics: first and second laws

* Fluctuation theorems

* Maxwell’s demons and feedback control

* The latest: Uncertainty relations and Martingales
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First Law of Thermodynamics
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First Law of Thermodynamics

Heat

Sign convention

External

t/s

o
)
=
oo
S
s
e
()




First Law of Thermodynamics
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Extensive coordinate

Intensive coordinate (generalized

Simple system (generalized force) displacement) Work, J
Hydrostatic system P, in Pa V, in m? —PdVv
Wire F,in N L,inm FdL
Surface film 7, in N/m A, in m? vdA
Electrochemical cell &,inV Z,inC & dzZ
Dielectric solid E, in V/m 2, inC-m Edr
Paramagnetic solid Lo, in N/JA-m 7, in A -m? po e AN

Zemansky, Dittman, “Heat and thermodynamics” (1997)

First Law for infinitesimal changes
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Energy: state function
Heat and work: path-dependent

generalized
displacement

W = FdA

generalized
force



First Law for Heat engines

A system interacting
with two thermal baths

First Law
Hot bath
AE:Qh+Qc+W=O Th
Extracted Work

_Wth+Qc

Cold bath
1




Second Law of Thermodynamics

Stot >0 Stot <0



Second Law of Thermodynamics
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Second Law of Thermodynamics

Isothermal W
processes
T Q T

Entropy production  Sioy = AS — (Q/T)
F=E-TS = (AE — AF - Q)/T
AE=Q+W = (W — AF)/T

Stot > 0 W > AF



Second Law of Thermodynamics

Non-isothermal
Heat engines

Entropy production Siot = AS _Qh/Th — Qc/Tc > ()

in a cycle

Oth+Qc+W

Carnot

Efficiency
efficiency

of Ferrari



Entropy production and irreversibility

Forward process

Backward process




Entropy production and irreversibility

Forward process

T T
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Backward process
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Entropy production and irreversibility

Linear irreversible thermodynamics (near equilibrium)

Molecu les of dye

Membrane (cross section)
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* Brief review of classical “textbook™ thermodynamics

L~ e Stochastic thermodynamics: first and second laws

* Fluctuation theorems
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* The latest: Uncertainty relations and Martingales



Stochastic thermodynamics

Currently, an emerging field within statistical physics
(theory and experiment)
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Stochastic
Stochastic energetics | Thermo-

~

dynamics / dynamics
A
Projection
methods o
. Statistical
Micro— .
. mechanics

mechanics

K. Sekimoto, “Stochastic energetics” (Springer, 2010)



Langevin equation

Microscopic Mesoscopic

&sé:j

T environment

\1er) Langevin equation
V() mi(t) = —yi(t) — V'(z(t)) + f(z(t);t) + €
Gaussian white noise (£(t)) = 0

P. Langevin, Compt. Rendus 146, 530 (1908)



Langevin equation

Microscopic Mesoscopic

system

T environment

\1er) Langevin equation
V() mi(t) = —yi(t) — V'(z(t)) + f(z(t);t) + €
Gaussian white noise (£(t)) = 0

Overdamped Langevin equation (At > m/7)

vi(t) = —V'(z(t)) + f(=z(t); 1) + £(2)

P. Langevin, Compt. Rendus 146, 530 (1908)



Primer on stochastic calculus

Standard calculus a=z0 <1 <22 < - <z, = b

b n
I= /a f(z)dz = lim ; flzH Az,

Ax;, =x;, —x;_1 Midpoint rule
* — . -
zt € [z, Tt o] z; = (Ti + Tiv1)/2
Lq Ti+1
Stochastic calculus: integration over a trajectory Zg; L1, Z2,...,Zpn € R

1= [ reto)asts) = m gj f(a})Az,

T; € |z;, Tit1]

Stratonovich calculus (midpoint rule)
m?l
I I

.’Igi @ 37Ii+1 T; = (T; + Tiq1)/2 - f(z(8)) o dz(s)

Ito calculus Ty
o | T} =z f(z(s)) - dz(s)

xI; Tit+1 0




Stochastic heat

X0,

~ 100 How much heat Q(t) is exchanged
g 0| ' between the particle and the bath
= -100 >! (a) - in a single trajectory?

0 20 40 60 80 100 120

t(s)
0= —yi(t) — V'(z(t)) + f(z(t);1) + £(2)

Heat absorbed by the x degree of freedom in [t,t+dt]

Particle’s instataneous

5Q(t) T [-’}’iE(t) + g(t)] o d.’l?(t) displacement

Environment’s force

= [V'(z(t)) — f(z(t);1)] o dz(t)

K. Sekimoto, Prog. Theor. Phys. Suppl. 130, |7 (1998) O = Stratonovich product



Stochastic heat

X0,

~ 100 How much heat Q(t) is exchanged
= 0} ' between the particle and the bath
=) P

= —100 >! (a) - in a single trajectory?

0 20 40 60 80 100 120

t(s)
0= —yi(t) — V'(z(t)) + f(z(t);1) + £(2)

Heat absorbed by the x degree of freedom in [0,t]

“0 TV (z(s)) N
5. | f(a:(s),s)_ odz(s)

Q(t) = QXjo,] = /
z(0) L
a functional of the stochastic trajectory Xy

[not a state function!]
K. Sekimoto, Prog. Theor. Phys. Suppl. 130, |7 (1998)



First law of stochastic thermodynamics

Work exerted on the particle in [t,t+dt]

Ve ) \@//

SW(t) = 0V (z(t))dA + f(z(t);t) odz(t) ——m W
+ 0Q(t) = [V'(z(t) — f(z(t);t)] o dz(2) /==

SW () + 6Q(t) = sV (z(t))d\ + 8,V (z(t)) o dz(t) = AV (¢)

SW (1) + 6Q(t) = dV ()

K. Sekimoto, Prog. Theor. Phys. Suppl. 130, |7 (1998)



Heat and work along a trajectory

Simple case: no external, non-conservative force (f=0)

*1) 9V (z(s)) *®) gV (x(s))
Qt) = /m o 0 o dz(s) W(t) = / o O dA

Colloidal microscopic particle in a harmonic potential

x(t) .2
\/ ' \-I W(t) = / Z15) 41(s)
z(0) 2
Viz,t) = %m(t)xz

stochastic

|deal macroscopic gas in a movable piston

s W)= [ ‘(::)p(s)dV(s)

deterministic



Stochastic entropy

Nonequilibrium system’s entropy
S(t) = —kpIn Pi(x(1))
Average over many realizations

(S(t)) ks = — / dzP,(z) In P,(z)

Time e —

=Sas

t

System entropy change along a single trajectory

AS(t) = kpIn 1;2%2 ES))))
Second law? AS(t) Q;t) = Stot (t)éfol

U. Seifert, Phys. Rev. Lett. 95(4) 040602 (2005)



Second law and stochastic entropy

e Po(z(0
&s System’s entropy change AS(t) = kgln P(ZExEt ))))
| t
4 Environment’s entropy change Sc(t) = Q1(1)
-

Stochastic Entropy production

AS(t) = —Se(t) + Siwot(t) = Sior(t) = AS(E) + Se(t)

environment  production

trajectory
P(ng t])

time-reversed
trajectory

(*key assumption local detailed balance: bath/s in thermal equilibrium)

U. Seifert, Phys. Rev. Lett. 95(4) 040602 (2005)



Second law and stochastic entropy

P(Xp,4)

= ks D|P(Xjo,0) P (X0 )| > 0

KL divergence

(Stot (t)) = kp /DX[o,t] 'P(X[o,t]) In

(b)
Ag
Aa
<1 time Tt time
(Stot(t)) ~0 (Stot (2)) >0

However, stochastic entropy production Stot (t) can be negative
when a rare trajectory occurs !



Negative stochastic entropy production

£(t) = v + V2DE(t)

= Stot (t) = 5} z(t) — z(0)]
V("B) c::dt:c::z)(')n '16 02 04 06 08 1
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Stochastic entropy production

Equilibrium :

Stot(t) = 0= (Stot(t)) =0

Nonequilibria: (Stot(t)) > 0
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Relation to financial concepts

Dynamical trajectory

Particle’s position

Financial Asset

Price of Gold

ot

60 80
t(s)

100

Thermodynamic quantities

Entropy, heat, work...

Entropy production

Time

120

Financial

Derivatives!  Market index?




Plot of this talk

* Brief review of classical “textbook’ thermodynamics
* Stochastic thermodynamics: first and second laws

* Fluctuation theorems

* Maxwell’s demons and feedback control

* The latest: Uncertainty relations and Martingales



Jarzynski’s equality

Initial state Non-equilibrium Final state
A(t) equilibrium process equilibrium
| \5/ \/ \:/
0 t e—H(z;0)/ksT Py(z) = e—H(z;t)/ksT
= t

Non-equilibrium equality for any protocol_arbitrarily far from equilibrium

(e=BW )y — ¢—BAF

"oV (x(s)) 4

where W(t) is the nonequilibrium work W(t) = /
2(0) OA

and the equilibrium free energy change AF = —kgT In(Zgn/Zini)

C. Jarzynski, Phys. Rev. Lett. 78,269 (1997)



°9 °
Jarzynski’s equality
Non-equilibrium equality for any protocol_arbitrarily far from equilibrium

(e BIWH-AF]y _

i : x (x)
Jensen’s inequality (€%) > € Probability for “second law violations”

(W(t)) =2 AF Pr(W(t) — AF < —¢) < ¢ &/ksT

4 October 2019
Jarzynski @ ICTP Colloquium

C. Jarzynski, Phys. Rev. Lett. 78,269 (1997)



Jarzynski’s equality

() Optical trap
DNA handle
DNA hairpir
DNA handle
pipette

J Liphardt, S Dumont, SB Smith, | Tinoco, C Bustamante, Science 296 (5574), 1832 (2002)



Crooks theorem

Forward process  A(T) T € [0, 1]
work distribution  Py(W) = P(W (t) = W)

Backward process 5\(7') =At—71) T€]|0,t

work distribution Pt(W) . P(W(t) — W)

T 1 time

Asymmetry relation between forward
and backward work distributions:

f’t(W) _ o—B(W-AF)
P(—W)

= (e PW(O)) — ¢~BAF

G. E. Crooks, Phys. Rev. E 60,2721 (2000)



Crooks theorem

25 .A.I‘ T T T | n T
02  Unfoliing B 15pNet
20 i3 - - Rafolding 2 B 7SpNes!
¥ 0.15 B8 W2
g | i : o) W I\
§ & i‘ R %o | o"'{: |
EE g 0.1 Al ®s o
... | ‘ .
S S S ol s
ali® a é | o _‘ «® B
9 ) ) O,
o %o
: 0.06 - d .
E s ‘™ v o
| o >
340 350 380 370 380 30 . a J SN ) | o E 5
s o ' ' . g'q o‘ p— '_ . B et
(a) Optical trap 5 100 1 110 116 120
Wik, T
L apeTTa »a
DNA handle } g L :. MUt L2
Crooks —1 %0 S 4
DNA handl AR AG T 37.2 -+ lkcalnl()l ‘ g 1’r O
andle | " -
fold 1 I T g~ PR
m 0 —_— - }4': - 1
w  AGH T = 38kecalmol Eak AR I
185 156 157 158 150 160
WikeT

D. Collin, F. Ritort, et. al, Nature 437,231 (2005)



Detailed and integral fluctuation theorem

Entropy production along a stochastic trajectory of finite time duration in a
generic non-equilibrium (stationary or non-stationary) process

* Diffusion processes e.g. Langevin
* Discrete systems e.g. continuous-time Markov processes

* Non-Markovian stochastic processes

100 ——r——

50

7’( Xlo, f)

S

3 Py (S) S/k
) 2 e B —St0(, (t)/kB
: PpEEE L) (e )
o etailed integral
2 %IWQ%ﬁtéﬁ)eoreﬁg" ) fluctuation theorem
0 2 Tir:et . t 8 ft(W) _ e—ﬁ(W—AF) (e_ﬁ[W(t)_AF]> _

U. Seifert, Phys. Rev. Lett. 95(4) 040602 (2005) P (—W)

=1



Detailed and integral fluctuation theorem

Entropy production along a stochastic trajectory of finite time duration in a
generic non-equilibrium (stationary or non-stationary) process

* Diffusion processes e.g. Langevin
* Discrete systems e.g. continuous-time Markov processes

* Non-Markovian stochastic processes

100 ——r——

dP
d(fj °00) |

Stot (t) —_— kB ].n

: b 30

o T Radon - Nykodim derivative
wﬁ:; @ z(e_stot(t)/kls) — 1
0 2 4 6 8 dp P

U. Seifert, Phys. Rev. Lett. 95(4) 040602 (2005) Smell of Martingales.....



Detailed and integral fluctuation theorem

Experimental tests: electrical circuits, colloidal particles, nanoelectronic devices...

C1

(a) |

1.1

1}
0.9¢

- (b)
§ da43% 3 Y

4 (exp (—A Stot/kB) )

50 100 150 - 200 250 300

1

(e—StoL(t)/kB> — 1

(c) P (S) S/ ks

P(—-8)

T,=88K 1=05s
T,=184K 1=05s
T,=256K 1=05s
T,=88K 1=005s

<4 O o +

Theory

1 2 3 4
A Sior [Kg]

Reviews: S. Ciliberto, PRX 7, 021051 (2017); Martinez.Soft Matter ‘17



Plot of this talk

* Brief review of classical “textbook’ thermodynamics
* Stochastic thermodynamics: first and second laws
* Fluctuation theorems

e Maxwell’s demons and feedback control

* The latest: Uncertainty relations and Martingales



Maxwell’s demon

Information

Ueed back

e I
o AR eyt &5

Information processing at the level of thermal fluctuations

v Foundation of the second law of thermodynamics

v’ Application to nanomachines and nanodevices

Review: J. M. R. Parrondo, J. M. Horowitz, & T. Sagawa, Nature Physics 11, 131-139 (2015)



Szilard engine

.
o

Val

|4 |4 kBT
Wy=— [ pav=—[ "BLav — kT2
V/2 vie V

(W) — AF > —kgTH(p)

H(p) = — Z p;Inp;, =In2
i=1,2




Sagawa-Ueda fluctuation theorems

Maxwell’s demon %) Feedback

Measurement System J

Heat bath
(inverse temperature f)

P(x9 y) X: system’s state
P(x)P(y) y: demon’s outcome

Stochastic mutual information: i(x:))=1n

Generalized fluctuation theorem: (e - (E"Ot +?') ) p— 1

Etot: = Stot/kB
generalized second law: (S, : (%)) > —kglI(t)

T. Sagawa, M. Ueda, Phys. Rev. Lett. 104, 090602 (2010)



Finance and feedback control

Call Option Put Option

_ Profit . Profit
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Appetizer over thermodynamic uncertainty relations

: ks ki k)
Example: Single Enzyme EF4+§ = ES —=— EP—=—E 4+ P
Ky Ky Ko
T p _ r p
ES) 1EP S S
1 S
q q S C
S
S = P S
P
P P

Generation of P is driven by free energy consumption

Is there a fundamental relation between the uncertainty (in the
number of produced P’s) and the free energy cost to sustain the
bimolecular process?

A. C. Barato, U. Seifert, PRL 114(15), 158101 (2015); J. M. Horowitz, T. R. Gingrich, PRE 96(2), 020103 (2017)



Appetizer over thermodynamic uncertainty relations

k— ks
aYa'
L @

yr—] x x+1

%P(x, £) =k P(x — 1,8) + k_P(x +1,t) — (ks — k_)P(x, t)

Velocity J=(x)/t = (ky — k_)

({(x*) = (x)?)/(2t) = (k+ + k=)/2

Dispersion D

2y —(x)2 2D ki + k_
Relative uncertainty €2 = ) — ) == =-_" i 1
(x)?2 J2t (kg — k_)?

A. C. Barato, U. Seifert, PRL 114(15), 158101 (2015); J. M. Horowitz, T. R. Gingrich, PRE 96(2), 020103 (2017)



Appetizer over thermodynamic uncertainty relations

2y —(x)2 2D ke + k_
Relative uncertainty €2 = x ><x> 2<X> = oy = (k:j_k_)z 1

Thermodynamic Affinity = A = (us—pup)/(keT) = In(ks/k=)

Rate of entropy production o=A(k, — k_)
Total dissipated heat (cost) C = kg Tot = (Siot(t))

Total cost x relative uncertainty

Ce’ = kg T Acoth[A/2] > 2kg T

A. C. Barato, U. Seifert, PRL 114(15), 158101 (2015);



Appetizer over thermodynamic uncertainty relations

Universal cost-uncertainty tradeoff for time-integrated currents in
non-equilibrium stationary Markov processes

Continuous time
172(1,3) Var(.](t)) > 2"5B
) (J())?2 ~ (S(@))

3
1/7(%4) J. M. Horowitz, T. R. Gingrich, PRE 96(2), 020103 (2017)
2

w
~—~

Discrete time

var(J(t)) S 2AS
(J(£))2 = eAS/ka — 1

1/7(1,2)

Integrated Empirical Current

K. Proesmans, C.Van den Broeck, EPL 119(2),20001 (2017)

' Consequence of joint fluctuation theorem

Y Hasegawa, T Van Vu arXiv:1902.06376 (2019) §

A. C. Barato, U. Seifert, PRL 114(15), 158101 (2015)



Why martingales?

Most fluctuation theorems concern events that take place at a fixed time

However, most interesting stuff happens at random stopping times

Axke and whee

Paw!

Completion of a cycle in
e.g. autonomous heat engines

Execution of cellular functions
e.g. bacterial cell cycle



Why martingales!

Extreme-value statistics
of active molecular processes

(a) L ki
N ~
-2 -1 0 1 2 "X
b T T T T T
(b) 10
% 5
‘g‘, Ximax (1)
o 0
3 X(1)
o
7))
N -5t
10 | | | Xmin(t) 1
0 10 20 30 40 50

Time, t

Two Refreshing Views of Fluctuation Theorems Through
Kinematics Elements and Exponential Martingale

Raphaél Chetrite - Shamik Gupta

Statistics of Infima and Stopping Times of Entropy Production
and Applications to Active Molecular Processes

=

Entropy production

Entropy production

Izaak Neri,l’2 Edgar ROldflIl,l’3 and Frank Jiilicher'

A t Time_
>
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