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HYDRODYNAMICS: THE EULER SCALE

[Picture from: Dubail, Physics 9, 153]

SEPARATION OF LENGTH SCALES

d ≪ ℓ ≪ L

• Macroscopic scale : 

• Microscopic scale : 

• MESOSCOPIC scale:

L = ρ/∂xρ
d

SEPARATION OF TIME SCALES

τrelax

τrelax ≪ t ≪ T

• Macroscopic time : 

• Microscopic time : 

• MESOSCOPIC time:

T = ρ/∂tρ

H. Spohn, Large Scale Dynamics of Interacting Particles (1991)
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(CONVENTIONAL) HYDRODYNAMICS

We thus end up with a simple hydrodynamic equation which governs the
evolution of the density ⇢(x), by combining the continuity equation with the
equation of state,

@t⇢+ @xF (⇢) = 0. (1.4)

That description is coarse-grained: we have obviously lost a huge amount of
information from the microscopic model. Nevertheless it becomes an exact
description at large scales (i.e. in the limit a ! 0 with our notations).

These equations are the hydrodynamic equations at the Euler scale for
the ASEP. The name Euler scale refers to the largest length- and time-scale,
at which there is no dissipation. It corresponds precisely to the regime of
separation of scales that we described in paragraph 1.1.2, with the conclusion
that the current j is a function of the density ⇢ only (as opposed to a function
of ⇢ and its derivatives @x⇢, @2

x⇢, . . . which would lead to dissipative terms
that would be beyond the Euler scale).

At the Euler scale, two di↵erent microscopic models look exactly the
same if and only if they have the same equation of state.1 When they do,
they can di↵er only by microscopic fluctuations.

1.2 Hydrodynamics of galilean invariant systems

The ASEP has a single conserved quantity: the number of particles. That
is why its hydrodynamic description involves only the particle density ⇢(x).
In these notes I will focus on 1d gases with more conserved quantities such
as the momentum or the energy; let me briefly sketch the Euler-scale hydro-
dynamics of these systems.

1.2.1 Systems with conservation of mass, momentum and

energy

In a continuous translation-invariant system, the momentum is a conserved
quantity with a local density. If the energy is also conserved, then there are
three continuity equations expressing conservation of mass, momentum and
energy:

@t⇢+ @xj = 0

@t⇢P + @xjP = 0 (1.5)

@t⇢E + @xjE = 0.
1This is true as long as no shock appears in the solution of the equations (1.4). If

a shock develops (i.e. a singularity of ⇢(x)), then one needs additional input from the
microscopic model in order to properly regularize the shock.
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• Mass 

• Momentum 

• Energy

CONSERVATION LAWS:

{
CONTINUITY EQUATIONS:

{
⟨O(x)⟩t = ⟨O(x)⟩ρGibbs

, ρGibbs = ρGibbs(x, t)
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CONSERVATION LAWS: CONTINUITY EQUATIONS:

∂tqi + ∂x ji = 0 i = 1,2,⋯

GENERALIZED HYDRODYNAMICS (GHD)  

Qi = ∫ qi(x) dx i = 1,2,⋯

Castro-Alvaredo, Doyon, Yoshimura, PRX 6, 041065 (2016) 
Bertini, Collura, De Nardis, Fagotti, PRL 117, 207201 (2016)
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CONSERVATION LAWS: CONTINUITY EQUATIONS:

∂tqi + ∂x ji = 0 i = 1,2,⋯

f dr(θ) = f(θ) + ∫ dθ′ 

2π
dϕ(θ − θ′ )

dθ
n(θ′ )f dr(θ′ )

GENERALIZED HYDRODYNAMICS (GHD)  

veff(θ) = (E′ )dr(θ)
(p′ )dr(θ)∂tn(θ) + veff(θ)∂xn(θ) = 0 +

⟨O(x)⟩t = ⟨O(x)⟩stat,ρGGE
, ρGGE = ρGGE(x, t)

|θ1, ⋯, θN⟩ TDL

“Occupation function” “Rapidities” 

n(θ)EIGENSTATES:

Qi = ∫ qi(x) dx i = 1,2,⋯

Castro-Alvaredo, Doyon, Yoshimura, PRX 6, 041065 (2016) 
Bertini, Collura, De Nardis, Fagotti, PRL 117, 207201 (2016)



QUA N T U M GE N E R A L I Z E D  HY D RO DY N A M I C SPAOL A RUGGIERO

CONSERVATION LAWS: CONTINUITY EQUATIONS:

∂tqi + ∂x ji = 0 i = 1,2,⋯

f dr(θ) = f(θ) + ∫ dθ′ 

2π
dϕ(θ − θ′ )

dθ
n(θ′ )f dr(θ′ )

GENERALIZED HYDRODYNAMICS (GHD)  

veff(θ) = (E′ )dr(θ)
(p′ )dr(θ)∂tn(θ) + veff(θ)∂xn(θ) = 0 +

⟨O(x)⟩t = ⟨O(x)⟩stat,ρGGE
, ρGGE = ρGGE(x, t)

|θ1, ⋯, θN⟩ TDL

“Occupation function” “Rapidities” 

n(θ)EIGENSTATES:

Qi = ∫ qi(x) dx i = 1,2,⋯

Castro-Alvaredo, Doyon, Yoshimura, PRX 6, 041065 (2016) 
Bertini, Collura, De Nardis, Fagotti, PRL 117, 207201 (2016)

“FREE” GHD
θ → p,

n(x, θ; t) → n(x, p; t)

Bettelheim, Abanov, Wiegmann, PRL 97, 246402 (2006) 

Bettelheim, Abanov, Wiegmann, J.Phys.A 41 392003 (2008)   

Bettelheim, Wiegmann, Phys. Rev. B 84, 085102 (2011)   

Bettelheim, Glazman, PRL 109, 260602 (2012)   

Protopopov, Gutman, Schmitteckert,  

Mirlin, PRB 87, 045112 (2013)  

veff → p,

Evolution Wigner function≡GHD
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ZERO-ENTROPY GHD

Doyon, Dubail, Konik, Yoshimura, PRL119, 195301 (2017)
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EXAMPLES:  
Ground states within  

inhomogeneous potentials

θ ∈ [θ1, θ2] ∪ … ∪ [θ2q−1, θ2q]

“Split Fermi seas” 
Fokkema, Eliens, Caux, PRA 89, 033637 (2014) 
Eliens, Caux, J.Phys.A 49, 495203 (2016) 
Vlijm, Eliens, Caux, SciPost 1, 008 (2016)
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Wiegmann, Abanov, PRL 113, 034501 (2014)

CLASSICAL EQUATIONS QUANTIZE THEM

  
Different problem:  

Corrections  
to GHD equations: 

Fagotti,  
SciPost Phys. 8, 048 (2020) 

Dean, Le Doussal, Majumdar, Schehr,  
EPL, 126 20006 (2019)

HERE:  
Look at propagation of linear  
sound waves on top of GHD  

and quantise them: 

! We talk about "quantum fluids"  
in the same sense in which  

a Luttinger Liquid is a quantum fluid !

≠
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0 otherwise .
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<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

�⇢̂(s)
<latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit>
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<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>
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<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>
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<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>
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a δpb] = 0 , 0 b
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∂t pa + ∂xϵa = 0
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<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>
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<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>
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<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

(xt(s), ✓t(s))
<latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>

✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>

�t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit>

x+ dx
<latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit>

✓1
<latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit>

✓2
<latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit>

✓3
<latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit>
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<latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit>

�⇢̂(s)
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Ĥ[Γt] = 1
4πℏ ∫ dx∑

a,b
δ ̂pa(x)0abδ ̂pb(x)

[δ ̂pa(x), δ ̂pb(y)] = − iσa2πℏ2δab δ′ (x − y)

"QGHD HAMILTONIAN"

QUANTUM GENERALIZED HYDRODYNAMICS
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Time-dependent, spatially inhomogeneous, multicomponent 
LUTTINGER LIQUID  
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s
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x
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<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>
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<latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit>

x+ dx
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Ĥ[Γt] = 1
4πℏ ∫ dx∑

a,b
δ ̂pa(x)0abδ ̂pb(x)

[δ ̂pa(x), δ ̂pb(y)] = − iσa2πℏ2δab δ′ (x − y)

"QGHD HAMILTONIAN"

QUANTUM GENERALIZED HYDRODYNAMICS
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QUANTUM (conventional) HYDRODYNAMICS

H =
N

∑
i=1

[− ℏ2

2 ∂2
xi

+ V(xi)] + g∑
i<j

δ(xi − xj), g → ∞

1. Look at fluctuations around hydrodynamics 
2. Quantize them in a semiclassical fashion.PLAN:

V(x) = ω2x2

2 , ω0 → ω1

k/
p
!1

x
p
!1
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p+(x, t), p−(x, t)

ρ(x, t), j(x, t)

n(x, p; t)

1. (ρ + δρ, j + δj)(ρ, j) →

S(2) = 1
8π ∫ dxdt [ m

πρ
δj2 − 2 mj

πρ2 δρδj + ( mj2

πρ3 − 1
π

∂2
ρε) δρ2]  Time-dependent,  

inhomogeneous 
LUTTINGER LIQUID  

PR, Brun, Dubail, SciPost Phys. 6, 051 (2019)

eiS ≈ eiS(0)+iS(2)+ ⋯2. (δρ, δj) → (δ ̂ρ, δ ̂j ) :
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QGHD: Numerical check in the Lieb-Lininger model

Quench: V0(x) = a4x4 − a2x2 → V(x) = ω2x2/2

PR, Calabrese, Doyon, Dubail, PRL 124, 140603 (2020) 
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FREE QGHD: checks in the Tonks-Girardeau limit

x

〈ρ
(x
,t
)〉
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<latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit>

k

x

t = 0
<latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit>
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t = 0.15τ
<latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit>
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k

x

t = 0.30τ
<latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit>

x
<latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit><latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit><latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit><latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit>
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k

x

t = 0.45τ
<latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit><latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit><latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit><latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit>
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THANK YOU.

1. GHD provides a more efficient way to describe 
interacting quantum particles in 1D 

2. Still, it misses important quantum effects 

3. QGHD gives a way to construct quantum 
fluctuations around GHD 

4. This is not the end of the story…

SUMMARY


