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Lecture 4
d-e-→ hadrons

IRC safety



eté → hadrons

simplest
"
QCD

"

process

"

Jinny? hadrons
e-

We actually stray et e-→ got because

rate-→ hadrons / = Tete- → 99-(1-+1) to 4)
non - perturbative corrections£

At leading order, actually pure e. in . process
(but with quarks)
we can use this process to introduce
discuss a number of points
- characteristics of QCD emissions
- factorisation of soft /coll radiation

- infrared structure
.
Need for teal/

virtual cancellations
- structure of higher order calculations

- scale dependence
- excursus : henorcnalous

- Infrared and collinear safety
- IRC - safe observables . Event shapes, jets

- Parton - hadron duality ,

hadtouisa Lion
corrections / power corrections



start with leading order :
I

d- e- → got %)Ép
,

I
,

↳

CH energy = (e , teal = Cp
,
+ pay = I

do = Is IÑd&z

withddi.eu?Fi-e,d!Y-,e.kn-YsYCe.+ez-P.-PyTotaP--
sect for massless quarks

( for a single quark flavour /

• = ein
,÷
number of colours

.

Experimental evidence
that Nc =3

= d-

sr-i.IE?:!I:;-1=n.-zei=nik:i+i:i+t:-j=NcgG---Nc2z=2



49. Plots of cross sections and related quantities 5

σ and R in e+e− Collisions
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Figure 49.5: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)
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Go now to first higher order :
emission of a gluon

Born
eikoual cursent

Factorial forint



Proof of eikonal factorisa Eon

and then similarly with the other term
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In the soft limit (keep
, ,
e)

s = Q2=(p
,
tp
,
+ KY = (P

,
+BY = ZP

,

- Pz

and we can choose a frame where

p,°=pi=E

In this frame (and massless quarks)

ZP
,
.pe s

Cpiklcpik)
=
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emission of
soft radiation





If one tries to calculate a total ✗- sect

integrating over the gluon phase
space,

a double divergence appears :

{ d¥÷ is logarithmically

This is a SOFT divergence . It
appears when the gluon is emitted
with infinitesimally small energy

Jsd÷ ~ / ÷ is logarithmically dir .
0 0

This is a COLLINEAR divergence .
It appears when the gluon
is emitted collinear ly to a
quark (NB this divergence does
not appear if the quarks are massive)



And one can check that in the soft limit
this coincides with the previous result

✗ is #singular regions,1 collinear f
soft gluon soft or
and
collinear
✓ collinear to

quarkscollinear
8

0 µ 1 -4

✗3=1 =D ✗ , 1- ✗2--2-1 = 1

(hard gluon)









Simpler expressions in dimensional regularization
D= 4- > c-

,
and D > 4 (=D C- co)

rR958=IÉp¥H(e) + E- +¥+014]

rii-riici.IE#CtiL-Ez-E-8t0k-I
when Ñi= No Eeg role'_ e- →Hi)
and H(E) =

30 - E)
2

(3- ZE / FC2.ge ,
= 1+0 (E)

We have therefore

him (85+41%997)
c-→o =NcEei(1T¥ +0147)srfet e- →entry fl

while real and virtual corrections to

the total e. section are separately
divergent, their sum is finite



BN and kin

This cancellation of divergencies in
the total e'- e- → got (+g) cross section

is neither an accident nor a

surprise .

Two theorems guarantee that this is
the case to all orders

Bloch - Nordsieck (1937) :
For abelian theories with massive fermions
( i. e. like QED)
"

Infrared singularities cancel when

summing over all unobserved photons in
the final state

"

Kinoshita
,

Lee +Wauueuberg (1962 and 1964) :
"Infrared and collinear divergencies
cancel when summing over all degenerate
initial and final state "



Perturbative calculasility in higher orders

Diverging seal and virtual corrections
show that calculating higher order
corrections is delicate → we need

the divergencies to cancel in

perturbative/g calculable quantities .

However
,
Bn and KCN only apply

to fully inclusive chess sections
.

what do we do when we want

to calculate non inclusive quantities
(e. g. production of a Higgs with
transverse momentum

, recoiling against
hard QCD radiation) or we

simply cannot sun over everything
(for instance , the initial state of a
pp collision has specific hadrons

,

not "

everything hadronic
"

) ?

QCD calculations employ two
strategies to ensure perturbative
calcnlabilitg ( = finiteness)



-

• It is sufficient to be inclusive

over the region where the cancellation
takes place, provided the observable
is properly behaved ( next page)



IRC safety
write the + - sect for an observable 0
calculated with upton particles in the final
state as

a- If / MY data snap:} )

If Su = ' =D 0 = F.+
total ✗- seat

If fist - pig )/ =p a- 9¥ ¥¥t
When calculating higher order corrections
to 0
,
we need teal cost

.
in the soft/

collinear limit and virtual corrections

to cancel
,
for finiteness of the

calculation
.

For the total e- sect
,

this happens
( BN, Ken) :

0 - / 1M¥'ddu+
,
+FIRTH finite



This cancellation takes place in the
soft / collinear region .

Whatever I do with the calculation
,

inserting now a E. ({ pi } / function
in place of the f. =/ for total
✗- sect

,
I must avoid spoiling it

I need 2-
soft look

4+1
set

because in the total ✗ - sect
,
case say ,-5, =/

In practice, this means that a soft
emission or a collinear splitting
must not change the observable :

{Xnti (Pi , Pa ,
- - - -

, -42,4--412+11 = Ffp,, - . - Pn )
Xnti (R , R , - - - Pu, °) = tncp, , - . - R )

Equivalently
,

we can say that an IRC

safe quantity must be invariant under
the branching p?→p? +PI whenever
PJ HPI or either of them is soft



Examples

1) The multiplicity of gluons is not

IRC safe (a soft emission or
a collinear splitting change the
number)

2) "Hardest particle
"
in an event is not

collinear safe
Coll

,
2

±÷ IiiIli
P P

hardest is 2 hardest is 1

3) At least a certain amount of energy
flowing into a one with finite
aperture is IRC safe

.
.

I
can afford can split
losing alike collinearby
energy

inside one

(It's integrated
over)




