{
 "cells": [
  {
   "cell_type": "markdown",
   "id": "5b6d427a",
   "metadata": {},
   "source": [
    "Superficies cuadriculadas en sage\n",
    "============================\n",
    "\n",
    "Mostramos en esta hoja el uso del paquete [surface-dynamics](https://flatsurf.github.io/surface-dynamics/) en el programa sage. Ese paquete puede calcular muchas cosas relacionadas a superficies cuadriculadas. Todo esos calculs puden hacerse en línea https://sagecell.sagemath.org/."
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 16,
   "id": "5dba7b61",
   "metadata": {},
   "outputs": [],
   "source": [
    "from surface_dynamics import *"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "ad2f0e69",
   "metadata": {},
   "source": [
    "El toro\n",
    "---------"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 17,
   "id": "3ec3b9ae",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "Graphics object consisting of 10 graphics primitives"
      ]
     },
     "execution_count": 17,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "o1 = Origami('(1)', '(1)')\n",
    "o1.plot()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "62a176f0",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "c8f86cd7",
   "metadata": {},
   "source": [
    "La superficie en forma de L\n",
    "---------------------------------------"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 18,
   "id": "96baee0e",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "Graphics object consisting of 43 graphics primitives"
      ]
     },
     "execution_count": 18,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "o2 = Origami('(1,2)', '(1,3)')\n",
    "o2.plot()"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "9a46c915",
   "metadata": {},
   "source": [
    "El Eierlegende Wollmilchsau\n",
    "-----------------------------------------"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 19,
   "id": "f08a8208",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "Graphics object consisting of 88 graphics primitives"
      ]
     },
     "execution_count": 19,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "o3 = origamis.EierlegendeWollmilchsau()\n",
    "o3.plot()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "deebd63c",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "4ca69f44",
   "metadata": {},
   "source": [
    "Calculo del estrato $\\mathcal{H}_g(k_1, k_2, \\ldots, k_\\sigma)$\n",
    "------------------------------------------------------------------------------"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 20,
   "id": "64ebbb49",
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "H_1(0)\n",
      "H_2(2)\n",
      "H_3(1^4)\n"
     ]
    }
   ],
   "source": [
    "print(o1.stratum())\n",
    "print(o2.stratum())\n",
    "print(o3.stratum())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "489904ec",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "2b56e3d7",
   "metadata": {},
   "source": [
    "Grupo de Veech (o estabilizador de la $\\operatorname{SL}(2,\\mathbb{Z})$-action)\n",
    "--------------------------------------------------------------------------------------------------------"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 21,
   "id": "74d13175",
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Arithmetic subgroup with permutations of right cosets\n",
      " S2=()\n",
      " S3=()\n",
      " L=()\n",
      " R=()\n",
      "Arithmetic subgroup with permutations of right cosets\n",
      " S2=(2,3)\n",
      " S3=(1,2,3)\n",
      " L=(1,2)\n",
      " R=(1,3)\n"
     ]
    }
   ],
   "source": [
    "G1 = o1.veech_group()\n",
    "G2 = o2.veech_group()\n",
    "print(G1)\n",
    "print(G2)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 22,
   "id": "54e4e1c7",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "True"
      ]
     },
     "execution_count": 22,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "o3.veech_group() == SL2Z"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "0fc88676",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "60839d71",
   "metadata": {},
   "source": [
    "Grafo de Schreier (versisón combinatoria de curva de Teichmüller)\n",
    "-----------------------------------------------------------------------------------------------\n",
    "\n",
    "Los nombres de los generadores en `surface-dynamics` son diferentes de los que se usaron en el curso.\n",
    "$$\n",
    "L = \\begin{pmatrix}\n",
    "1 & 1 \\\\\n",
    "0 & 1\n",
    "\\end{pmatrix}\n",
    "\\qquad\n",
    "R = \\begin{pmatrix}\n",
    "1 & 0 \\\\\n",
    "1 & 1\n",
    "\\end{pmatrix}\n",
    "$$\n",
    "(También existen otro generadores $S_2$ y $S_3$ que vamos a ignorar)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 23,
   "id": "aa23e298",
   "metadata": {},
   "outputs": [],
   "source": [
    "t1 = o1.teichmueller_curve()\n",
    "t2 = o2.teichmueller_curve()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 24,
   "id": "27e88824",
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Looped multi-digraph on 1 vertex\n",
      "Looped multi-digraph on 3 vertices\n"
     ]
    }
   ],
   "source": [
    "P1 = t1.orbit_graph(s2_edges=False, s3_edges=False, l_edges=True, r_edges=True)\n",
    "P2 = t2.orbit_graph(s2_edges=False, s3_edges=False, l_edges=True, r_edges=True)\n",
    "print(P1)\n",
    "print(P2)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 25,
   "id": "43e34f0a",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "Graphics Array of size 1 x 2"
      ]
     },
     "execution_count": 25,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "graphics_array([P1.plot(), P2.plot()])"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "97054292",
   "metadata": {},
   "source": [
    "Dominio fundamental del grupo de Veech\n",
    "-----------------------------------------------------------"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 26,
   "id": "86c1458f",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "Graphics Array of size 1 x 2"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "P1 = G1.farey_symbol().fundamental_domain().plot()\n",
    "P2 = G2.farey_symbol().fundamental_domain().plot()\n",
    "P1.axes_range(ymax=1.5)\n",
    "P2.axes_range(ymax=1.5)\n",
    "graphics_array([P1, P2]).show()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "0e25484a",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": 27,
   "id": "d0fd8eae",
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "1\n",
      "True\n"
     ]
    }
   ],
   "source": [
    "print(G1.index())\n",
    "print(G1.is_congruence())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 28,
   "id": "a1c4d1b8",
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "3\n",
      "True\n"
     ]
    }
   ],
   "source": [
    "print(G2.index())\n",
    "print(G2.is_congruence())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "8a68e67f",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "37ee81ec",
   "metadata": {},
   "source": [
    "Mas ejemplos en $\\mathcal{H}_2(2)$\n",
    "----------------------------------------------\n",
    "\n",
    "Abajo, calculemos las curvas de Teichmüller aritmeticas de origamis con menos de 10 cuadrados. Por cada una, calculemos el tamaño (ie el cardinal de la $\\operatorname{SL}(2,\\mathbb{Z})$-órbita))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 29,
   "id": "ade5ebed",
   "metadata": {},
   "outputs": [],
   "source": [
    "H = AbelianStratum(2).unique_component()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 30,
   "id": "09f4c925",
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "N=3: 1 arithmetic curves\n",
      "  size   : 3\n",
      "  congr. : True\n",
      "\n",
      "N=4: 1 arithmetic curves\n",
      "  size   : 9\n",
      "  congr. : False\n",
      "\n",
      "N=5: 2 arithmetic curves\n",
      "  size   : 18\n",
      "  congr. : False\n",
      "\n",
      "  size   : 9\n",
      "  congr. : False\n",
      "\n",
      "N=6: 1 arithmetic curves\n",
      "  size   : 36\n",
      "  congr. : False\n",
      "\n",
      "N=7: 2 arithmetic curves\n",
      "  size   : 54\n",
      "  congr. : False\n",
      "\n",
      "  size   : 36\n",
      "  congr. : False\n",
      "\n",
      "N=8: 1 arithmetic curves\n",
      "  size   : 108\n",
      "  congr. : False\n",
      "\n",
      "N=9: 2 arithmetic curves\n",
      "  size   : 81\n",
      "  congr. : False\n",
      "\n",
      "  size   : 108\n",
      "  congr. : False\n",
      "\n"
     ]
    }
   ],
   "source": [
    "for N in range(3,10):\n",
    "    A = H.arithmetic_teichmueller_curves(N)\n",
    "    print(\"N={}: {} arithmetic curves\".format(N, len(A)))\n",
    "    for T in A:\n",
    "        G = T.veech_group()\n",
    "        print(\"  size   : {}\".format(G.index()))\n",
    "        print(\"  congr. : {}\".format(G.is_congruence()))\n",
    "        print()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "5ff4e39c",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "4fbd4879",
   "metadata": {},
   "outputs": [],
   "source": []
  }
 ],
 "metadata": {
  "kernelspec": {
   "display_name": "SageMath 9.2",
   "language": "sage",
   "name": "sagemath"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.9.4"
  }
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 "nbformat": 4,
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}

