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LIE GROUPS AND SYMPLECTIC MANIFOLDS

H. BACRY

Centre de Physique Théarique, C.N.R.S., Marseille, France.

There are many reasons why physicists are concerned with sym-
plectic manifolds: i) Classical mechanics is a symplectic theory con-
taining as particular cases Lagrangian and Hamiltonian formalisms;

ii) Quantization procedure is intimately connected with symplectic spaces;
iii) The search for unfitary representations of Lie groups are simplified
by considerations of symplectic structure of orbits of Lie groups in the
co-adjoint representation,

1)

1, Definitions

a) Let M be a differentiable manifold and Ex its tangent space at
point x € M , Defining a tensor field ¢ of degree p on M consists
in defining a differentiable p-linear form ¢ on E:p = Eh & EA B EA. .o
® Ex

dx €E_ : oldx, d d x) = (d, %) X(a IR
ax x .. m( lx, zx’ "“eay px q)ilil' ) iP 1X) ( 2x‘ pX) ‘

o is called a p-exterior form if it is antisymmetriec,

b} Exterior derivative of an exterior form ¢: it isaform VA ¢

the components of which are

P
AD). . . =30, .- 9, @, . . . .
(v ¢)1l12..-1?+1 llwll...l? ‘{Z 12 1213...]1...1?
=2,

One has the properties
VA (VA @)= 0

VAQp=0 & ¢=VAb

2. Examples

a) M : Minkowski space {or space-time in general relativity); the
electromagnetic field Fuv is a 2-form satisfying VA F =0, So,

F=VAA where A is a l-form,

-l-



b) €

avpX the Kronecker tensor,is a 4-form on space-time,

1
3. Symplectic manifold )

It is a differentiable manifold where a field of non-singular 2-

forms auu is defined, such that VAo =0,
Example 1: va on space~time iff det F # 0 .

Example 2: Any surface on which the Kronecker tensor gij is

defined (the symplectic form is the surface element),

Example 3: Let f and g be two functions on a symplectic
manifold and let o‘w be the inverse form of o . One defines

Hy
the Poisson bracket:

{ ]] M of og
aH
2)

Let u and v be two parameters on a two-

Example 4:

dimensional manifold M and let £, g, h be three functions on

M, Itis easy to prove the identity

dh = f%—gi df + {{?ﬁ

where {f,g} M fg oL Qg. Usually {{Q,_g% is written

du v 9v du f.g}
as (2 )

Theorem: All symplectic manifolds are even-dimensional. All

symplectic manifolds of the same dimension are locally isomorphic.

4, Consequences in classical mechanics

a) - From the above theorem, if one is alle to define a Lie algebra of
invariance for a given problem with n degrees of freedom, the same
Lie algebra can be defined for any other problem with the same number

1), 3), 4)

ot degrees of freedom



b} Lagrangian and Hamiltonian theories are the only practical ways
to define symplectic manifolds, A natural generalization consists in
giving a priori a 2-form. One can treat a larger class of problems

in this way.

5. Defining classical particles from group=~theoretical considerations 5

Theorem: Orbits of any Lie group in the co-adjoint representation
Space possess a canonical symplectic structure, invariant under

group transformations.

Example (rotation group): The surface element of a sphere is

invariant by rotation,

Conseguences

a) The orbits of the Poihcaré group in the dual space of the Lie
algebra can be defined as phase spaces for elementary particles (the
concept of transitivity in classical mechanics playing the role of ir-
reducibility in quantum mechanics since irreducibility = transitivity +
superposition principle), Spinning particles have an eight-dimensional

5)

phase-space; this dimension is 6 for spinless and massless particles “’,

" b) With such a definition the quantization procedure consists in look-
ing for unitary irreducible representations of the Poincaré group:

the correspondence principle in its old form {qi, pj} = 6ij = [ai' ﬁj] = i‘héij

5)

is no longer needed ',

c) The photon appears as the particle of a '"geometrical opties'' in-

1)

volving polarization and colour °, The corresponding classical

1)

statistics has no ultraviolet divergence ~.

d) The number of degrees of freedom of a spinning particle is 4, A
wave function defined on a homogeneous space of dimension n and
satisfying p equations or conditions will describe a spinning particle
only if n-p=4 , a spinless or massless particleif n-p=3, a

"Regge trajectory" if n-p=5 . 5)
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