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Chapter 1

Mountain pass theorem

1.1 Differentiable functionals

Let us recall some notions of differentiability.

Definition 1.1. Let ¢ : U — R where U is an open subset of a Banach
space X. The functional ¢ has a Gateaux derivative f € X' at u € U if,
for every h € X,

lim < ip(u + th) — p(u)  {/, th)] = 0.

The Gateaux derivative at u is denoted by ¢'(u).
The functional ¢ has a Fréchet derivative f € X' atu e U if

1
hm —

The functional ¢ belongs to C}(U,R) if the Fréchet derivative of  exists
and is continuous on U.

If X is a Hilbert space and ¢ has a Gateaux derivative at u € U, the
gradient of ¢ at u is defined by

(Vep(u), b) = {¢'(u), h).

Remarks 1.2. a) The Gateaux derivative is given by

1
(¢ (u), h) o= lim —[p(u + th) ~ o(u)].
b) Any Fréchet derivative is a Gateaux derivative. Using the mean

value theorem, it is easy to prove the following result:

Proposition 1.3. If ¢ has a continuous Gateaux derivative on U then
¢ € CY{U,R).



8 CHAPTER 1. MOUNTAIN PASS THEOREM

Definition 1.4. Let ¢ € C'(U,R). The functional ¢ has a second Gateaux
derivative L € £(X, X'} at u € U if, for every h,v € X,

%iﬂ[l) %(tp'(u +th) — ¢'(u) — Lth,v) = 0.

The second Gateaux derivative at u is denoted by " (u).
The functional ¢ has a second Fréchet derivative L € L(X,X') at

u el if 1
lim — [’ (u + k) — ¢'(u) — Lh] = 0.

The functional ¢ belongs to C*(U, R) if the second Fréchet derivative of ¢
exists and is continuous on U.

Remarks 1.5. a) The second Gateaux derivative is given by

(" (W), v) = limy 1 (0 + th) = &), ).

b) Any second Fréchet derivative is a second Gateaux derivative. Using
the mean value theorem, it is easy to prove the following:

Proposition 1.6. If p has a continuous second Gateaux derivative on V
then ¢ € C*(U,R).

We will use the following function spaces.

Definition 1.7. The space
HYRY) = {u ¢ L*R") : Vu € L}(R")}
with the inner product

(u,v), = /IRN [Vu- Vv + uv]

and the corresponding norm

1/2
ll = ([, 1Vl + Jul?)

is a Hilbert space. Let Q be an open subset of RY. The space H}(9) is
the closure of D(1) in HY(RV).
Let N > 3 and 2* := 2N/(N — 2). The space

DYARN) = {u € L¥ (RY) : Vu € LA(R")}

with the inner product
f Vu Vv
RN
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and the corresponding norm

(o 170%™

is a Hilbert space. The space Dy*(Q) is the closure of D(Q) in DVY?(RV).
For simplicity of notations, we shall write 2* = oo when N =1l or N = 2.

For the following results, see {20] or [90].

Theorem 1.8. (Sobolev imbedding theorem). The following imbeddings
are continuous:

HYRM)c LP(RY), 2<p<oo,N=1,2,
HYRM)C LP(RY), 2<p<2,N2>3,
DV2(RM) ¢ L¥(RV), N >3.

In particular, the Sobolev inequality holds:

S:= inf |Vuli>0.
ueDH2(RN)
hulge =1

Theorem 1.9. (Rellich imbedding theorem). If | < oo, the following
embeddings are compact:

HMQ) CLP(f), 1<p< 2.
Corollary 1.10. (Poincaré inequality). If |?] < oo, then

A () = uei}:}f(m |Vu|§ >0
Jula=1

is achieved.

Remarks 1.11. a) It is clear that H}(Q) c Dy*().
b) If |Q) < o0, Poincaré inequality implies that H}(Q2) = Dy2 ().

Proposition 1.12. Let © be an open subset of R and let 2 < p < o0.
The functionals

v = [P xw = [ tP
are of class C*(L?(2), R) and

@@Lk =p [l Puh, (@8 =p [P
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Proof. Existence of the Gateaux derivative. We only consider 1.
The proof for x is similar. Let u,h € L?. Given z € Q and 0 < [¢| < 1, by
the mean value theorem, there exists A €]0, 1] such that

llu(z) + th(@) ~ lu(@)P|/It] = plu(z)+ Mh(z)[P~[2(z)]

pllu(z)] + W) h(z)].

I

IA

The Holder inequality implies that
(lu(@)] + [h(=)]P~"[h(z)] € L}(Q).

It follows then from the Lebesgue theorem that
W@, h) =p [ fupuh.

Continuity of the Gateaux derivative. Let us define f(u) :=
plu/P~%u. Assume that u, — u in LP. Theorem A.2 or A.4 implies that
f(un) — f(u) in L9 when ¢ := p/(p — 1). We obtain, by the Holder
inequality,

(%" (un) — ¥/ (w), B)| < | (un) — f()lg)hly,
and so

1/ (un) = /(W] < 1f (un) = f(un)lg — 0, — o0.

Existence of the second Gateaux derivative. Let u, h,v € LP(Q).
Given z € Q and 0 < |t| < 1, by the mean value theorem, there exists
A €]0, 1] such that

|Lf (u(z) + th(z)) = fu(z))]v(z))/|t]
= p(p — Dlu(z) + Aeh(z)lP~*|A(z)| |v(x)|
< p(p — Dilu(@)] + |h(=)[P?|h(2)| [o(2)]-
The Hélder inequality implies that
[lu(z)] + Ih(2) P2 h(2)] fo(z)] € L ().

It follows then from the Lebesgue theorem that

(%" (w)h,v) = p(p — 1) /n lu[P~2ho.

Continuity of the second Gateaux derivative. Let us define
g(u) := p(p — 1) JulP~2. Assume that u, — u in LP. Theorem A.2 or A .4
implies that g(u,) — g(u) in L™ where 7 := p/(p — 2). We obtain, by the
Holder inequality,

K" (un) — %" (u))h,v) < lg(un) — g(w)l-|hlplvlp,

1.2. QUANTITATIVE DEFORMATION LEMMA 11

and so
9" (un) — 2" (W] £ |9(un) — g(ua)lr = 0, n— 0. o

Corollary 1.13. a) Let 2<p< o0 if N=1,2and2<p<2"if N 2 3.
The functionals v and x are of class C*(H} (), R).
b) Let N > 3 and p = 2*. The functional ¢ and x are of class

C*(Dg*(), R).

Proof. The result follows directly from the Sobolev theorem. O

1.2 Quantitative deformation lemma

We will prove a simple case of the quantitative deformation lemma. The
general version will be given in the next chapter. Let us recall that ¢* :=

Cp-l(] — 00, d])
Lemma 1.14. Let X be a Hilbert space, ¢ € C?(X,R), c € R, ¢ > 0.
Assume that

(Vu € oY [c— 2¢,c+ 2])) : ||¢' (w)]] > 2e.

Then there exists n € C(X, X) such that
(i) n{u) = u,Vu € o~ ([(c — 2¢,c + 2¢]),
(1'1') n(‘P'H-E) c (pc-e_

Proof. Let us define

A = o7 Y[c—2e,¢+ 2]),
B e [c—¢e,c+e)),
¥(u) dist(u, X \A)(dist(u, X \A) + dist(u, B)) ™,

so that 1 is locally Lipschitz continuous, 1 = 1 on B and % = 0 on X\A.
Let us also define the locally Lipschitz continuous vector field

fw) = —9)||[Veull*Ve(u), ue A,
=0, u e X\A.

It is clear that ||[f(u}|] < (2¢)~! on X. For each u € X, the Cauchy
problem ‘

Soltw) = flo(tw),

g(0,u) = v,

I
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has a unique solution o(.,u) defined on R. Moreover, o is continuous on
](Rx X (see e.g. [78]). The map 7 defined on X by n(u) := o(2¢, u) satisfies
i). Since

(L1) ol w) = (Volot,u), So(tw)
= (Ve(o(t,u)), f(o(t, )
= —p(o(t,u)

¢(o(.,u)) is nonincreasing. Let u € ¢°*¢. If there is t € [0,2¢] such that
p(o(t,u)) < c— ¢, then ¢(o(2e,u)) < ¢ — ¢ and (ii) is satisfied. If

a(t,u) € o™ ([c—£,c+€]),Vt € [0, 2¢],

then we obtain from (1.1),
2 o
2%,u)) = <
0(o(26,u) = olu)+ /0 oot u))e
2¢

= o(w) - [ wlo(t,w)t

< c+e—2=c—c¢,

and (ii) is also satisfied. O

1.3 Mountain pass theorem

The mountain pass theorem is the simplest and one of the most useful
minimax theorems.

Theorem 1.15. Let X be a Hilbert space, ¢ € C*(X,R), e € X and
T > 0 be such that ||e]] > r and

(1.2) b:= inf p(u) > ¢(0) > ¢(e).

llujl=r

Then, for each € > 0, there exists v € X such that
a)c—2 < p(u) <c+ 2,

b) ll¢’(u)l] < 2,

where

¢:= inf max o(v(1))

and
I':={ve([0,1], X) : v(0) = 0,7(1) = e}.
Proof. Assumption (1.2) implies that

<
b< max ¢(7(t),

1.3. MOUNTAIN PASS THEOREM 13

and so

b<e< .
<c< temi%w(te)

Suppose that, for some € > 0, the conclusion of the theorem is not satisfied.
We may assume

(1.3) c— 2 > o(0) = ple).

By the definition of ¢, there exists v € I" such that
. < .

(1.4) max(y(t)) <cte

Consider 8 := 7 ¢ 7, where 7 is given by the preceding lemma. We have,
using (i) and (1.3),

B(0) = n(v(0)) = n(0) =0,
and similarly (1) = ¢, so that § € T". It follows from (ii) and (1.4) that

< <c-—e©e.
c_mrr}g’ﬁw(ﬁ(t))_c €

This is a contradiction. O

In order to prove that c is a critical value of ¢, we need the following
compactness condition.
Definition 1.16. (Brézis-Coron-Nirenberg, 1980). Let X be a Banach
space, ¢ € C}(X,R) and ¢ € R. The function ¢ satisfies the (PS). condi-
tion if any sequence (u,) C X such that

(1.5) plun) = ¢, @'(un) =0
has a convergent subsequence.

Theorem 1.17. (Ambrosetti-Rabinowitz, 1973). Under the assumption
of Theorem 1.15, if p satisfies the (PS). condition, then c is a critical value
of .

Proof. Theorem 1.15 implies the existence of a sequence (u,) C X
satisfying (1.5). By (PS)., (u.) has a subsequence converging to v € X.
But then ¢(u) =c and ¢'(u) =0. O
Example 1.18. (Brézis-Nirenberg, 1991). Under the assumptions of
Theorem 1.15, ¢ is not, in general, a critical value of ¢. Let us define
¢ € C®(R?,R) by

e(z,y) =2+ (1 - 2)°%".
Clearly ¢ satisfies the assumptions of Theorem 1.15. But 0 is the only
critical value of .
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1.4 Semilinear Dirichlet problem

In this section, we consider the model problem

~Au+ du = [y,
(P1) { u>0,u € HNQ),

where €2 is a domain of R". The main result is the following;

Theorem 1.19. Assume that )| < oo and 2 < p < 2*. Then problem
(P1) has a nontrivial solution if and only if A > —\(Q).

Proof. Necessary condition. Suppose u is a nontrivial solution of
(P1). Let e, € Hj be an eigenfunction of —A corresponding to A; = A;(€2)
with €; > 0 on 02 (see [90]). We have

/\/s;ue; =/Q(u”“+Au)el >/QAuel = —/\1/r;ue1

and thus A > —A,.

Sufficient condition. Suppose A > — ), so that ¢; := 14min(0, A/Ay)
> 0. On H} we have, by the Poincaré inequality,

[Vulz + Ajulf 2 o|Vul3.

On H; we choose the norm ||u|] := /|Vu|2 + A|u|2. Let us define f(u) :=
(u*)P=! and F(u) := (u*)?/p.
By Corollary 1.13, the functional

plu) = /(;[Ezyl_z + /\%2 - F(u)]

is of class C*(H},R). We will verify the assumptions of the mountain
pass theorem. The (PS), condition follows from the next lemma. By the
Sobolev theorem, ¢; > 0 such that, on H},

lulp < cof[ull.
Hence we obtain
1 |
olu) > Gl ~ pul
1
> Sl - Zilp
and there exists r > 0 such that

b= ”iﬂ—f- w(u) > 0= p(0).
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Let u € H with u > 0 on . We have, for t > 0,
¢ 2 a P
i) = ST+ Auld) - T,

Since p > 2, there exists e := tu such that ||e|| > r and ¢(e) < 0.
By the mountain pass theorem, ¢ has a positive critical value and

problem
—Au+ = f(u),
u € Hy(9),

has a nontrivial solution 1. Multiplying the equation by u~ and integrating

over , we find
0=|Vu 5+ Xu~ | = |lu|,

Hence v~ = 0 and u is a solution of (Py). O

Lemma 1.20. Under the assumptions p of Theorem 1.19, if A > —A; any
sequence (u,) C H} such that

d := sup p(u,) < 0o, ¢'(u,) — 0
n
contains a convergent subsequence.
Proof. 1) For n big enough, we have

d+ 1+ luall 2 @(un) = p7H¢ (tn), un)
11 )
= (5—;)(|Vun|§+/\|un|2)

(5~ il

It foliows that ||u,|| is bounded.

2) Going if necessary to a subsequence, we can assume that u, — u
in H}. By the Rellich theorem, u, — u in L?. Theorem A.2 implies that
f(un) — f(u) in L where g := p/(p — 1). Observe that

un = wll? = (') = @), = ) + [ (S () = Fl) = ).
It is clear that
(' (un) — @'(), tn — u) — 0,1 — 0.
It follows from the Hélder inequality that
| () = @) = )] < £ ) = F )yl =y = 0, = 0.

Thus we have proved that ||u, — u|| = 0,n — 00. O
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1.5 Symmetry and compactness

Symmetry plays a basic role in variational problems. For example, the
imbedding H'(R") c L%*(R") is noncompact because of the action of
translations. If ) is bounded, the embedding H}(2) C L?*(R) is noncom-
pact because of the action of dilations. When the problem is invariant
by a group of orthogonal transformations, the situation is different. In
some cases, it suffices to consider invariant functions in order to recover
compactness. We will also see in chapter 3, that, in other cases, symmetry
implies multiplicity.
We will use the following lemma.

Lemma 1.21. (P.L. Lions, 1984). Let r > 0 and 2 < q < 2*. If (uy,) is
bounded in H'(R") and if

sup / Jun|? — 0,7 — o0,
yeRN /B(yr)

then u, — 0 in LP(RY) for 2 < p < 2*.

Proof. We consider the case N > 3. Let ¢ < s < 2* and u € H'(RV).
Hélder and Sobolev inequalities imply that

~A A
[ulam < Iuiqu(B(y,r))’Ule-(B(y,r))

A/2
- 2
C]UI},Q(’\B(%T» [/B(y,r)uu’ + ]Vu|2)]

IA

where A := 2=2Z_ Choosing A = 2/s, we obtain
el

1-A
/B(y,r) ul” = Cs|u|(1,o(3)(:,,r)) B(yyr)ﬂu]? + |vul?).

Now, covering R¥ by balls of radius r, in such a way that each point of
R¥ is contained in at most N + 1 balls, we find

ul® < (N + 1)c® sup u"““*)’/"/ ul? + [vul?).
Joo b < (V) sup [0 Gl o

N

Under the assumption of the lemma, u,, — 0 in L*(R"). Since 2 < 5 < 2,
Uy — 0 in LP(RV) for 2 < p < 2*, by Sobolev and Holder inequalities. O

Definition 1.22. Let G be a subgroup of O(N), y € RY and r > 0. We
define

m{y,7,G) =sup{n€N:3g,,...,0,. €G:j #k = B(g;y,m)NB(gry,T) = 0}.

1.5. SYMMETRY AND COMPACTNESS 17

An open subset  of RV is invariant if g0 = Q for every ¢ € G. An
invariant subset Q of RV is compatible with G if, for some r > 0,
lim my,r,G) = o0
lyl—o0
dist{y,Q)<r
Definition 1.23. Let G be a subgroup of O(N) and let Q be an invariant
open subset of RN, The action of G on H}(R) is defined by

gu(r) = u(g~ x).
The subspace of invariant functions is defined by
Hy () :={u € Hy(Q) : gu =u,Vg € G}.
The following theorem is the main result of this section:

Theorem 1.24. IfQ is compatible with G, the following embeddings are

compact:
Hy () C LP(),2<p< 2"

Proof. Assume that u, — 0 in Hj (). It is clear that, for every n,

[ Jual? < sup [unff/m(y, 7, ).
B(yr) n

Let € > 0. If Q is compatible with G, there exists B > 0 such that, for
every m,

sup [ Juaf? <.
>R Y B(y,r)

It follows from the Rellich theorem that

/ |tn|? — 0,7 — o0,
B(0,R+7)

and so
sup / [un|? — 0,7 — o0.
lyl<R / B{yr)
By the preceding lemma, v, — 0in LP(Q2) for 2 <p < 2*. O
k
Corollary 1.25. (P.L. Lions, 1982). Let N; > 2, j = 1,...,k, ZNJ- =N

i=1
and

G := O(Nl) X O(Nz) X ... X O(Nk)
Then the following embeddings are compact:
HLRN)c LP(RM),2<p< 2.

Proof. It is easy to verify that R" is compatible with G. O
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Corollary 1.26. (Strauss, 1977). Let N > 2. Then the following embed-
dings are compact:

Proof. Tt suffices to apply the preceding result. O

1.6 Symmetric solitary waves

This section is devoted to the problem

{ —Au+u = |uff?u,

(P2) u € Hl(]RN),

where N > 2 and 2 < p < 2.
We will apply the mountain pass theorem to the functional

p(u) = /RN ['VQ“'2 + 92—2 — F(u)]

where F(u) := (u™)P/p. In fact it suffices to find the eritical points of ¢
restricted to a subspace of invariant functions.

Definition 1.27. The action of a topological group G on a normed space
X is a continuous map

GxX—X:[gu —gu

such that

1 ou=uq,

(gh)u = g(hu),

u — gu is linear.
The action is isometric if

lgull = flu]].

The space of invariant points is defined by

Fix(G) :={u € X : gu=u,VYg € G}.

Aset AC X isinvariant if gA = A for every g € G. A functionp: X — R
is invariant if po g = ¢ for every g € G. Amap f: X — X is equivariant
ifgof=fog forevery g € G.

Theorem 1.28. (Principle of symmetric criticality, Palais, 1979). As-
sume that the action of the topological group G on the Hilbert space X
is isometric. If p € C}(X,R) is invariant and if u is a critical point of ¢
restricted to Fix(G) then u is a critical point of .

1.6. SYMMETRIC SOLITARY WAVES 19

Proof. 1) Since ¢ is invariant, we have

(' (gu),v) = lim plut tg_:v) — p(u)

= (@'(u),g70).

2) Since the action is isometric, we obtain
(Veolgu),v) = (V(u), g~ 'v) = (gVi(u), v)

and so V¢ is equivariant.
3) Assume that u is a critical point of ¢ restricted to Fix(G). It is clear

that
gVe(u) = Vp(gu) = Vo(u)
and so V(u) € Fix(G). Hence
Ve(u) € Fix(G) N Fix(G)! = {0}. &

Theorem 1.29. (Strauss, 1977). If N > 2 and 2 < p < 27, there exists a
radially symmetric, positive, classical solution of {Pg).

Proof. 1) Consider the functional ¢ restricted to X = H(I)(N)(RN).
We shall verify the assumptions of the mountain pass theorem. Asin the
proof of Theorem 1.19, there exists e € X and 7 > 0 such that |le|; > r

and
b:= inf @(u)>0=(0) > p(e).

Iulfa=r v
2) It remains to prove the Palais-Smale condition. Consider a sequence
{(un) C X such that

sup p(ug) < 00,¢'(u,) = 0 in X',
n

As in the proof of Lemma 1.20, ||u,||; is bounded. Going if necessary to a
subsequence, we can assume that u,, — u in X, By Corollary 1.26, u, — u
in LP. As in the proof of Lemma 1.20, it follows that ||u, — u||; — 0.

3) Using the mountain pass theorem, we obtain a nontrivial critical
point u of ¢ restricted to X. By the principle of symmetric criticality, we
have

—Au+u = (ut)Pu
Multiplying the equation by = and integrating over R", we find
0= |V~ [f +u"l5 = [lu7II}.

Hence v~ = 0 and u is a nonnegative solution of (Py).
4) The next lemma implies that u € C3(R"). By the strong maximum
principle u is positive. O
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Lemma 1.30. Ifu is a solution of (P;) then u € C*(R").

Proof. Since
—-Au =qu

where a := [ujf~2 - 1€ L{Z£2(RN), the Brézis-Kato theorem implies that

u € Ly (RY) for all 1 < p < oo. Thus u € WZP(RV) for all 1 < p < co.

loc

By elliptic regularity theory, u € C3(R"). O

The existence of a nonradial solution of (P;) has been an open problem
for some time.

Theorem 1.31. (Bartsch-Willem, 1993). If N =4 or N > 6 and 2 <
P < 2* then problem (P,) has a nonradial solution.

Proof. Let 2 < m < N/2 be a fixed integer diflerent from (N — 1)/2.
The action of
G := 0O(m) x O(m) x O(N — 2m)

on H'(R") is defined by
gu(z) = u(g™'z).

By Corollary 1.25, the embedding H3(RY) c L?(R™) is compact. Let 7
be the involution defined on RY = R™ @ R™ @ RN-2" by

7(T1, 22, 23) 1= (22, 71, 23).
The action of H := {id,7} on HL(RY) is defined by

hu(z) = u(z), h =id,
= —u(h™lz), h=r

It is clear that 0 is the only radial function of
X :={ue HR") : hu =u,Vh € H).

Moreover the embedding X C LP(R¥) is compact. As in the proof of
Theorem 1.29, we apply the mountain pass theorem. We obtain a non-
trivial critical point u of ¢ restricted to X. By the principle of symmetric
criticality, u is a nontrivial critical point of . O

1.7 Subcritical Sobolev inequalities

Let N > 2 and 2 < p < 2*. The Sobolev theorem implies that

S, = inf ulf? > 0.
p= ok, lul
lulp=1

1.7. SUBCRITICAL SOBOLEV INEQUALITIES 21

In order to prove that the infimum is achieved, we consider a minimizing
sequence (u,) C H'(RV):

2
(18) Iunlp =1, ”un“[ - Spy n — 00.

o (RN
Going if necessary to a subsequence, we may assume u, — u in #'(R"),

so that )
lull? < lim |ua|lf = S

Thus u is a minimizer provided |ul, = 1. But we know oply that Jul, < 1.
Indeed, for any v € H" and y € R" the translated function
v(z) :=v(z +)
satisfies
il =il [P = vl

Hence the problem is invariant by the noncompact group of translations.
In order to overcome this difficulty, we will use the following result.

Lemma 1.32. (Brézis-Lieb Lemma, 1983). Let Q2 be an open subset of
RY and let (u,) C LP(Q), 1 < p < oo. If

a) (u,) Is bounded in LP(Q),

b) u, — u almost everywhere on £, then

i (Junl? — i — f2) = ul?
Proof. Fatou’s Lemma yields
fuly < lim [un], < co.
Fix € > 0. There exists c(€) such that, for all a,b € R,
lla + b7 = laf?] < elal” + e(e)IbP"
Hence we obtain

(N R R ol

< (14 c(e))ul

By the Lebesgue theorem, [, f§ — 0, n — oco. Since
|lunl? = fm = wl? = [uP?] < fi + elun = ul”,

we obtain .
Iim /I]unl” — |u, — uff - |u|p| <ce
n—oo Q

where ¢ := sup|u, — u[b < 0c. Now let £ — 0. D
n
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Remarks 1.33. a) The preceding lemma. is a refinement of Fatou’s
Lemma.

b) Under the assumptions of the lemma, u, — u weakly in L?(£2). How-
ever, weak convergence in LP(f2) is not sufficient to obtain the conclusion,
except when p = 2.

¢) In any Hilbert space

= 0= T (fual? = [ — uf?) = [uf”.
Theorem 1.34. (P.L. Lions, 1984). Let (u,,) C H'(R") be a minimizing
sequence satisfying (1.8). Then there exists a sequence (y,) C RN such

that u¥» contains a convergent subsequence. In particular there exists a
minimizer for Sp.

Proof. Since |un|, = 1, Lemma 1.21 implies that

6:= lim sup [un |2 > 0.
n=co RN JB(y,1)

Going if necessary to a subsequence, we may assume the existence of

(yn) C R¥ such that
2
Unl® > 6/2.
/l:?(yv..l) I | /

Let us define v, := u¥". Hence |v,], = 1, |Jv,]]? — S, and
(1.9) /B o [oel" > 672
Since (v,) is bounded in H'(R¥), we may assume, going if necessary to a
subsequence
Up — U in HY(R"),
ag— in L (R"),
Vp — U a.e. on RV,
By the preceding lemma,
1=[vff +lim fwn b,
where w, = v, — v. Hence we have
Sp =limljoa]l} = (oI} + lim |Jewa]f}
> Spl(IWB)*P + (1 - [ufp)*7).
Since, by (1.9), v # 0, we obtain |v[? = 1, and so
I0ll} = S = lim w3 =

Theorem 1.35. There exists a radially symmetric, positive, C* minimizer
for S,.
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Proof. 1) By the preceding theorem, there exists a minimizer u €
HY(RY) for S,. By Theorem C.4, u is radially symmetric. Replacing u by
||, we may also assume that u is non-negative.

2) It follows from Lagrange multiplier rule that, for some A > 0, uis a

solution of

—Au+u= "L

By Lemma 1.30, u € C*(R"). The strong maximum principle implies that
u is positive. O

1.8 Non symmetric solitary waves
This section is devoted to the problem

{—Au+u=Quww4m

(Ps) u > 0,u € HY(RV),

where N > 2, 2 < p < 2* and @ € C(R") satisfies

= i = inf .
(1.10) 1= lim Qz) = inf Q(z)
By scaling, it is easy to replace 1 by any positive number. Let us define
as before f(u) := (u*)?~! and F(u) := (u*)?/p. By a variant of Corollary
1.13, the functional
[Vul?  u?

olu) = /m[ S+ - Q@F(w)ds

is of class C2(H'(R"),R). Let v > 0 be a minimizing function for S, and
let (a,) C R be such that |a,| — 0o, n — oc. It is easy to verily that

v

1 L 1
(p’(Sﬁ’“zv“") — 0,(,0(5,’,"“’11““) — (5 - =), n — o0,

=B

Bl
Hence condition (PS). is not satisfied for ¢ = (3 =~ 2)S5™.

Lemma 1.36. Under assumption (1.10), any sequence (u,) C H'(RV)
such that
1 p—

* 1 ;;L? /
d:=supy(u,) <c = (5 }—D)Sp @ (uy) — 0

contains a convergent subsequence.
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Proof. 1) As in the proof of Lemma 1.20, ({|ux|)1) is bounded. Going Theorem 1.37. (Ding-Ni, 1986). Under assumption (1.10), if N > 2 and
if necessary to a subsequence, we can assume that 2 < p < 2*, problem (P3) has a nontrivial solution.
Uy — U in H'(RY),

L2 (RV Proof. 1) It suffices to apply the mountain pass theorem with a value
Up — U in N) ¢ < c*. Let v > 0 be a minimizing function for S,. If Q@ = 1, the result
Up — U a.e. on R". follows from Theorem 1.29. We may assume that @ # 1. Hence we obtain

1t follows that fQ(x)'Ude > f’l)pd.’l It follows that

flun) — f(u) in LZED(RY),

and so et = Ol 0< max ptv) = max (—” |2 - _/Q x)de:L'

= (- —)[uvu /(] Qywrdn?]™
2 1 1
a e =80 foupws = - Hing 2o » 1 D
2) We write v, := u, — u. The Brézis-Lieb Lemma leads to f ’1) .
= (z--)8%*=c.
/Q(a:)F(un)d:r = /Q(m F(u)d:r+/Q z)F(v,)dz + o(1) (2 p) ¢
= /Q F(u)dz +/ da: +o(1). 2) Since
Assuming ¢(u,) — ¢ < d, we obtain olu) > ”u”2 M[ lp
ol _ [ @2 . 7y
(1.12) plu) + = 1 /de —ec > “-”Zm - ;gmﬂu]ll,

Since {¢'{u,), un) — 0, we also obtain

oallt = [ipde — p [ Q@)F@)dz - lull

—{¢'(u), w) b= i 1“f @(u) > 0 = (0).
= 0. ufly=r

where M = max @, there exists » > 0 such that

There exists tg > 0 such that [|tgv]]; > r and p(tev) < 0. It follows from

We may therefore assume that !
the preceding step that

ol 5, [P —o.

By the Sobolev inequality, we have

temuz)ulc] p(ttov) < .

[|wallF = Splvd ,2,, By the preceding lemma and the mountain pass theorem, ¢ has a critical
" value ¢ € [b, ¢*[ and problem

and so b > S, b¥?. Either b= O orb > SF~>. If b = 0, the proof is complete.

Assume b > S."’{_2 We obtain from (1.11) and (1.12) { —Au+u=Q(z)f(u),

1 u € HY(RV),
¢ = (- - -) Si< (5
has a nontrivial solution u. Multiplying the equation by 4~ and integrat-
a contradiction. O ing, we find 4~ = 0 and u is a solution of (P3). O

—l)b§c§d<c',
P

™ol
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1.9 Critical Sobolev inequality
Let N > 3. The optimal constant in the Sobolev inequality is given by

S:= inf  |VulZ > 0.
ueDI2(RN)
fulze =1
In order to prove that the infimum is achieved, we consider a minimizing
sequence (u,) C DM2(RV):

(1.13) [tin]2e = 1, |Vun]2 = S,n — oo.

Going if necessary to a subsequence, we may assume u, — u in DV2(RV),
so that
|Vuf} < lim [Vunf3 = S.

Thus u is a minimizer provided |u|s- = 1. But we know only that |uls- < 1.
Indeed, for any v € D1? y € RN and A > 0, the rescaled function

M z) = ANy (Ax + )

satisfies
Voo = [Vola,  [v*fe = [v]o-.

Hence the problem is invariant by translations and dilations. In order to
exclude noncompactness, we will use some results from measure theory
(see [90]).

Definition 1.38. Let Q be an open subset of RN and define
K(Q) :={u € C(Q) : supp u is a compact subset of N},
BC(2) := {u € C(Q) : |u|o := sup |u(z)| < 00}
€N

The space Co(§2) is the closure of K(Q) in BC() with respect to the
uniform norm. A finite measure on §Q is a continuous linear functional on
Co(?). The norm of the finite measure u is defined by
Hasd| == e ({1, w)).
[¢|oo=1
We denote by M(§2) (resp. M™*(§2)) the space of finite measures (resp.
positive finite measures) on 1. A sequence (yi,,} converges weakly to u in
M(QY), written
bn — I,
provided
<l‘n1u) - <P‘7u>’vu € CO(Q)
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Theorem 1.39. a) Every bounded sequence of finite measures on {1 con-
tains a weakly convergent subsequence.
b) If p,, — p in M(2) then (p,) is bounded and

el < Lim {pznl]-
c) If p € M*(Q) then

= ,1 = 3 .
Hull = (1, 1) up {1, u)

Juleo=1

Following P.L. Lions [51] (inequality 1.15), Bianchi, Chabrowski, Szulkin
(inequality 1.16) and Ben-Naoum, Troestler, Willem (equalities 1.17 and
1.18), we describe the lack of compactness of the injection DM*(RV) C
L7 (RM).

Lemma 1.40. (Concentration-compactness lemma). Let (u,) € DV2(RY)
be a sequence such that

Up — U in DM(RY),
[V(un = w)|* — 1 in M(RY),
[t — u|* — v in M(R"),

Up — U a.e. on RY

and define

. - ™ 2 — . Frannd 2‘
(114)  poo := lim TIim MleVunl y Ve = lim lim . |unl®
Then it follows that
(1.15) 1172 < S7Hlull,
(1.16) VAT < S,
(1.17) Iim [Vual3 = [Vulf + [l + poo,
(1.18) n@o Jun|2- = |l + V|| + voo-

Moreover, if u = 0 and ||v||¥* = S~!||u||, then v and u are concentrated
at a single point.
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Proof. 1) Assume first u = 0. Choosing A € D(R"), we infer from the
Sobolev inequality that

( / a2 dz) " < 571 / IV (hu,)|?dz.
Since u, — 0 in L2, we obtain
(1.19) ( / W )" < 57 [ || 2dy.

Inequality (1.15) then follows.

2) For R > 1, let ¢z € C*(R") be such that ¥g(z) = 1 for |z| > R+1,
Yr(z) = 0 for |z] < R and 0 < ¥p(z) < 1 on RM. By the Sobolev
inequality, we have

(f Wnual* dz)""" < 57 [19@xun) P

Since u, — 0 in L}, we obtain
(1.20) Tim ( / Wrua?dz) ™" < $7 Tim / V292 dz
’ n—oo REn - n—co n Lo
On the other hand, we have
/ |Vu,|?dz < /IVunlzwfzd:r S/ |V, |2dx
|z|>R+1 lz|>R

and
/ [un|* dz < /[unlr 2 dx 5/ [un|? dz.
lzl>R+1 lz)> R
We obtain from (1.14)

Hoo = lim lim /|Vun[2wndr Voo = lim Iim /Iunlrz/;z}{dx.
R—00 M—+00 R-00 —00
Inequality (1.16) follows then from (1.20).
3) Assume moreover that ||v||%% = S~!||u||. The Holder inequality
and (1.19) imply that, for h € D(RY),

zy )1/2‘ 1/2*

< 72|l N (

We deduce v = S~7/2||u|[¥¥-2u. 1t follows from (1.19) that, for h €

D(RN)’ 1/2° 1/2
([ 10 ) 1™ < ([ 1vied)
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and so, for each open set
V(Q)I/Z‘V(RN)I/N < V(Q)l/z,

It follows that v is concentrated at a single point.
4} Considering now the general case, we write v, = u, — u. Since

v, — 0, in Dm(RN),
we have
|Vun? — p+|Vul?, in MRY).

According to the Brézis-Lieb Lemma, we have for every non negative h €

K(RY),
[ = o - [

Hence we obtain
|un]2' — v+ |u* in M(RM).

Inequality (1.15) follows from the corresponding inequality for (vy).
5) Since

lim | = lim Vua|* - Vul?,
im |V im V| /|I|>R| u|

n—% Jig|>R =00 Jiz|>R

we obtain
lim lim IVUn|? = foo-
R—oon—00 lz{>R

By the Brézis-Lieb Lemma, we have
2 . 2 2*
ul* = lim / U — / v,
-/I;r:')Rl ' "“’°°( 1z|>Rl nl |1:|>R| n| )

lim lim [va]® = Voo
R—00=% Jig|>R

and so

Inequality (1.16) follows then from the corresponding inequality for (v,).
6) For every R > 1, we have

T [ 19l = T ([ wnlVul + [(1 = o) Vual?)

= I [rlVul + [ = pm)de+ [(1 =) Vul®
When R — o0, we obtain, by Lebesgue theorem,
T [ 190l = i+ [t [ 190 = jaoe + sl + [V}

The proof of (1.18) is similar. O
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Theorem 1.41. (P.L. Lions, 1985). Let (u,) C D**(R") be a minimiz-
ing sequence satisfying (1.13). Then there exists a sequence (Y, An) C
RN x]0, 0o such that (u¥»*») contains a convergent subsequence. In par-
ticular there exists a minimizer for S.

Proof. Define the Lévy concentration functions

Qn(A) := sup /B(“) [un|?.

yeRN

Since, for every n,
,\l—i;%k Qn(A) =0, AlLr{:o Qn(/\) =1,

there exists A, > 0 such that Q,(\,) = 1/2. Moreover, there exists y, €
RY such that

oe
Un|® = An) =1/2
B(y.’.,,\,,), | Qn(An) =1/

since
lua|?" = 0.

lim
[yl —eo B(y,An)
Let us define v, := u¥**». Hence |v,|o- = 1, [Vvg|2 — S and

1 . .
(1.21) = =/ |va]* = sup [va]?.
2 B(0,1) yeRV JB(y.1)

Since (v,) is bounded in DM?(R¥), we may assume, going if necessary to
a subsequence,

Up — 0 in DV3(RY),

V(v —v)? — in M(RV),
[ — 0¥ — v in M(]RN),

Up — U a.e. on RV,
By the preceding lemma,
(1.22) 8 = lim [Vvnf? = [Vl + ] + oo
(1.23) 1= ual3e = ol + {[vl] + Voo,
where
loo = lim Tim |VUn|?, Voo := lim Iim [vn] .

R—oo 00 Jiz|SR R—o00 N-—00 lz|>R
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We deduce from (1.22), (1.15), (1.16) and Sobolev inequality,

S > S((WB)Y* + Wl + 7).

It follows from (1.23) that |v|%:, ||v|| and v, are equal either to O or to
1. By (1.21), ve < 1/2 so that v = 0. If |Jv|| = 1 then v = 0 and
W% > 8~|u||- The preceding lemma implies that v is concentrated
at a single point z. We deduce from (1.21) the contradiction

2* 2*
- = Sup/ 2, > v, — {lvl] = 1.
2 yerv B(u,l)l nd B(z.nl g g

Thus |[v|& =1 and so
|Vo2 = 8 = lim |V, |2 o
Theorem 1.42. (Aubin, Talenti, 1976). The instanton

N o
Y=

is a minimizer for S.

Proof. 1) By the preceding theorem, there exists a minimizer u €
DLERN) for S. By Theorem C.4, u is radially symmetric. Replacing u
by |u|, we may also assume that « is non-negative.

2) It follows from Lagrange multiplier rule that, for some A > 0, u is a
solution of

g

2
wl

—Au = \u¥~-2,

By the argument of Lemma 1.30, u € C*(R"). The strong maximum
principle implies that u is positive.
3) After scaling, we may assume

Nt2

—Au = u~N-2,

i

Moreover we can choose € > 0 such that
Ud(x) := @My (x/e)

satisfies

U.(0) = u(0).

But then u and U, are solutions of the problem

8, (rN-19v) = rN‘lv%'E%,r >0,
v(0) = u(0) O,v(0) = 0.

It follows easily that © = U,. By invariance, U/ is a minimizer for S, O
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Proposition 1.43. For every open subset Q of RV,

S):= inf |Vuf=S
iy
Ujgs=

and S(Q) is never achieved except when Q = RV,

Proof. 1) 1t is clear that S < S(Q). Let (u,) C D(RY) be a minimizing
sequence for S. We can choose y, C R" and A, > 0 such that

udt € D(Q).

Hence we obtain S(2) < 5.

2) Assume that © # RY and u € Dy*() is a minimizer for S(€2).
By the preceding step, u is also a minimizer for S. We may assume that
u > 0, so that u is a solution of

—Au = MV,
By the strong maximum principle, © > 0 on R". This is a contradiction,
since u € Dy?(Q). O
1.10 Critical nonlinearities
This section is devoted to the problem

(P2) { —Au+ du = |uf*' P,

u > 0,ue H}Q),

where 2 is a bounded domain of RY, N > 3 and A > —A(Q).
Let us define as before f(u) := (u™)¥~! and F(u) := (u*)*/2*. By
Corollary 1.13, the functional

p(u) = /{‘)[|V2u|2 -+ /\%2: - F(u)]d:v

is of class C2(H}(2), R). On H} (), we choose the norm ||u|| := /|Vul? + Auf.

Lemma 1.44. Any sequence (u,) C H3(Q) such that

d = sup p(u,) < ¢ := SN?IN, ¢ (u,) — 0,

contains a convergent subsequence.
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Proof. 1) As in the proof of Lemma. 1.20, (||u.]|) is bounded. Going if
necessary to a subsequence, we can assume that

u, —u in Hy(Q),
u, —u in L%(2),
Up — % a.e. on S

Since (un) is bounded in L¥' (), (f(u,)) is bounded in L¥/(V+2(Q) and
so (see [90])
flun) = fu) in  L2NN*2(Q).

It follows that
—Au+ Adu = f(u)

and
u z -
a2 =T ey = - g 2o

2) We write v, := un, — u. The Brézis-Lieb Lemma leads to

/F(u,,) =/F(u)+/F(vn)+o(1).

Assuming ¢(u,) — ¢ £ d, we obtain

“vn”2
(1.25) e(u) + - F(v,) — c.
Since (' (un), un) — 0, we obtain also

oall? = 2° [ Flon) — 2 [ F(u) = llulf
= —@ww
= 0.

We may therefore assume that
[ual2 = b, 2'/F(v,,) —b.

Since v, — 0 in L?(R), it follows that |Vu,|2 — b. By Sobolev inequality,
we have
IVuals > Slut
and so b > Sb¥? Either b= 0orb > SN2 If b = 0, the proof is complete.
Assume b > SN2, We obtain, from (1.24) and (1.25),
1 1

- 1 N/2
B (P < | -
== =G

2
2+

1
—2—’)b§c§d<c*,

a contradiction. D
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Theorem 1.45. (Brézis-Nirenberg, 1983). Let Q be a bounded domain
of RN, N > 4. If =),(R2) < A < 0, then problem (P;) has a nontrivial
solution.

Proof. 1) It suffices to apply the mountain pass theorem with a value
¢ < ¢*. By the next lemma, there exists a nonnegative v € H}\{0} such
that

ol /lvl3. < S.
We obtain
2 . T,
0 < maxp(tv) = qlg,x(gllvll ——2:/11 )
= (lll?/WE)"?/N
< SM?/N =,
2) Since
lull? 1 o
p(u) > 5 *51143'
[lul® 1

[Vulf,

2 9 - 9+ §2*/2
there exists r > 0 such that

b:= inf @(u) > 0= (0).

Hujl=r
There exists also ¢; > 0 such that ||(v]] > 7 and p(tgv) < 0. Tt follows
from the preceding step that

ttov) < c*.
trg[g’alc]w( ov) <c

By the preceding lemma and the mountain pass theorem, ¢ has a critical
value ¢ € [b,¢*[ and problem

—Au+ I = f(u),
u € HM{SY),

has a nontrivial solution u. Multiplying the equation by u~ and integrat-
ing, we find v~ = 0 and u is a solution of (Py). O
If U is the instanton, we have, for A < 0,
U2 _ [VUB+ AU _ [YURB _
U3 U U1
Since U ¢ H}(Q), it is necessary to “concentrate” U near a point of
after multiplication by a trunction function.
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Lemma 1.46. Under the assumption of Theorem 1.45, there exists a
nonnegative v € H}(Q)\{0} such that

ell*/Ivl3. < S.

Proof. We may assume that 0 € . Let ) € D(Q2) be a nonnegative
function such that iy = 1 on B(0, p}, p > 0, and define, for € > 0,

Udz) = @M1y (z/e),
ue(z) = P(x)Ue(z).
It follows from Theorem 1.42 that

2 = SN2,

IVUelg = IUE

As € — 0%, we have that

/n |V |?
[ el
[ fel?

/RN [VU|? +O(e"~?) = §¥% + O(e" ),
Jon IV +O(e™) = 572 4 O(e™),

2 N-2
Jro IVel? + 0N

[ 2)e) 7 [ bW “ 9T | en

B(0,€) [2e?)N~-2 e<ll<p 2]V 2

{ de?|tne| + O(e?), if N =4,
de? + O(eN-%), N >5,

Il

where d is a positive constant. If N = 4, we obtain
ue||? < S5? + Me?|tne| + O(e?)

W S T GO
S + Met|tne| S + O(e%) < S,

i

for € > 0 sufficiently small. And similarly, if N > 5, we have
||uel)? < SN2 4 Ade? + O(eN-2)
lueld. = (SNE+O(eN)V*
= 5+ de?SPM2 1 0N ) < S,

for £ > 0 sufficiently small. O

When {2 is a smooth starshaped bounded domain, Theorem 1.45 is
sharp.
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Proposition 1.47. Assume that problem (P,;) has a nontrivial solution.
Then we have A > —A1(Q). Moreover if Q is a smooth starshaped bounded

domain, then A < 0.

Proof. As in Theorem 1.19, it is easy to see that A > —X;(f2). Let
us prove that any nontrivial solution u of (P;) is smooth if € is smooth.
Since

—-Au=au
where a := u?’~% — X\ € LN/?(Q), Brézis-Kato theorem implies that u €
LP(Q) for all 1 < p < co. Thus u € W2P(2) for all 1 < p < oco. By elliptic
regularity theory, u € C?(Q2) N C'(Q). The Pohozaev identity (Theorem

B.1) leads to
2
——/\/Quzzfm-lyiu-l—-o-uda

If £ is starshaped about the origin, we have s-n > 0 on 9Q. It follows
that A < 0. If A =0, then Vu = 0 on 90 and we obtain from (P,)

0:—/Au=/u2"l,
a Q

Remarks 1.48. a) It is interesting to compare Propositions 1.43 and
1.47. Under the stronger assumption that the domain 2 is starshaped,
Proposition 1.47 gives the stronger conclusion that equation

so that u =0. O

(1.26) —Au = |u/*

has no positive solution in H}(§2).
b) For some domains §2, equation (1.26) has a positive solution in
H}(Q) (see [21]). By Proposition 1.43, it is not possible to construct this

solution by minimization.
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1. Introduction

Let us consider Hénon's equation (see [7]) with Dirichlet boundary conditions:

-Au =izl w>0 inQ,

w=_0 on 011, (1)

where (1 denotes the unit ball in RV,
We are interested in the symmetry of ground states solutions of (1). For o > 0
and p superquadratic but subcritical

2<p<2 =4, if N =2,
2 2" 2N fN>3
<p< = if N s
P N -2 -
it is easy to verify that
Vu|dc
Sap = fQ v (2)

in e
NGE (./Q lz|eiulPdr)2/p
uz0

is achieved at least by a positive function. By ground state, we mean any minimizer
u in (2). After rescaling. u is a solution of (1). Since (1) and (2) are invariant under

467



rotations of €1, it is natural to consider

Ao i Jo Vujda
Sap = ueni‘fi{d(m (Jq Izl [ulrdz)2/P )

u#£0

where H} .,(€0) denotes the space of radial functions in H(Q). It is also easy to
verify that S? » is achieved by a positive function v. By the symmetric criticality
principle (see e.g. [12]), after rescaling, v is a solution of (1).

Since the weight |z|* in front of the nonlinearity is increasing, the celebrated
theorem of Gidas, Ni and Nirenberg [6] nor any of its later variants do apply.
For the same reason, symmetrization will in general not increase the value of the
denominator in (2) (see {9] for a survey on symmetrization). Hence, there is an
interest in analyzing the symmetry praperties of the ground states.

In a very interesting paper [3] there are numerical computations suggesting that,
in some cases,

Sap < Sns- (4)

Our main result is that for any 2 < p < 2*, there exists a* > 0 such that (4) holds
provided a > a*. A monotonicity result can also be proved in dimension 2.
The existence of nonsymmetric ground states of symmetric problems was first

proved by Brezis and Nirenberg in [2] for an annulus when p is almost critical.

The subcritical case was treated by Coffman [4] for an expanding annulus. The
survey [1] by Brezis contains many references. Notice that for an annulus, the
Gidas-Ni-Nirenberg theorem does not imply symimnetry even in the autonomous
case.

In Sec. 2, we prove a general necessary condition for radial ground states, which
also holds for local minimizers. This condition is used in Sec. 3 to prove our main
result. Section 4 contains an asymptotic analysis:

1+2/p
sgy~c(“+N) P (5)

N

Sections 5 and 6 are devoted to ground states for p close to the limit values 2 and
2*. Section 7 contains somne nuinerical computations concerning the transition from
radialicity to symmetry breaking, and in Sec. 8 a generalization to the g-Laplacian
is presented.

2. A Necessary Condition for Radial Ground States

Let Q be a radial bounded domain in RY, N > 3, e.g. a ball or an annulus. For
2<p<2and pe LUN), g = 2*/(2* - p), p positive. we define on H} () the
Rayleigh quotient

Z(w) o VufPdx

R(u) = = - R
™) = R = Ty @) uapdepe

(6)

Non-Radial Ground States for the Hénon Egquation 469

Theorem 2.1. If p is a radial function then any radial local minimizer u of R

satisfies
N-1 2
/ 1Vu)2dz < / “dz.
a p—2 Jalx
Proof. Without loss of generality, we can assume that

[ plaliuiyrds =1.
0

Any local minimizer u of R satisfies g”(0) > 0 where g{e) = R{u + ¢h) and h €
H}(Q) is fixed. Since ¢’(0) = 0,
_A{Z"{u)h. )N (u) — (N"(u)h. h) Z(u)

where
(Z"(u)h, b =2/ |Vh|?dr, (8)
Q
and

2
(N"(u)h,h) =2 |:(2—p‘)(/n p(x).‘ui”‘?uhdr) +{(p~-1) /ﬂp(m)!ulp"‘?h?dz] )]

from which we deduce that

2
/;2 [Vul?dr [(2 - p) (/Q p(z)!ul””uhdut) +(p-— l)fﬂp(x)[u|p_2h2d1]

< / IVh|%dz. (10)
Q

Assume now that u is radial. For h we choose a function of the form h = u(r)f(o)
where f is a smooth function defined on the sphere 5V -1, with zero mean. Notice
that h € Hj since N > 3.

Since

2 _ @_ ’ 2 __1_ 2‘V 12
thl - ar f + rzu | Gf] H

we obtain

2
(p-2) ]VuIQdJ/ fdo < / I-“—m-dl‘/ Vo fl?da .
0 SN Jo I §N-1

But
inf Jov-: VoS P N1
——ee e = Y — ],
fERISN =1 JsN.,f2d0
Jsn -1 1=0

since the infimum is attained by the first non constant spherical harmonic in
dimension N (see [8]). This ends the proof. g
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Our argument was suggested in part by {10]. However. it should be pointed out
that the function f(c) used in [10] is not in H'(SV¥-1). Nevertheless, the argument
there is easily corrected using the same function f(o) as in Theorem 2.1.

3. Non-Radialicity of the Hénon Equation Ground States

For the Hénon equation, (2 is a ball and p is a pure power. By a scaling argument,
we can assume that Q is the unit ball. Let o > 0 fixed and u, denote a minimizer

of the problem (3) such that
/ (Vug|de =1.
JB(0.1)

Proposition 3.1.

2
u
/ -—‘,’z-dz——>0 as a = +2¢.
B, ||

Proof. Choose ¢ > 0.

Step 1. There exists 0 < R < 1 independent of & such that us(R) < <.
Indeed, as fp |, 1Vual?dz = 1. R:=1 - ¢ is an admissible value.

Step 2. From the next lemma, we deduce that
/ |Vugl?dr -0 asa — +oc. (11)
B(0.R)

Step 3. Split the integral in the following way:

22 2 2
U, . Uy N Uy

Juon 5% fyom B [, %

B(0.1) ITi B(0.R) A(R.D)

-2 2 2
gz/ ﬁ%da:w/ ?i‘-)l-(-{z—)—d:z+/ Zadr, (12)
Bio.r) |7l BO.R) Tl Jaray 1zl

where i, 1= uy — ug(R).
As i, € HY(B(0, R)), we deduce from the Hardy inequality that

/ LF dr < 4 / |Vugide (13)
— < i } ",
so.R) 1z? (N =22 Jpor ©

Using Step 2. this term must converge to 0 as o goes to +c.

For the second term,
R 2
/ UO(Q) dr < Ce?,
po.R |7l

where = depends only on N > 3.
And for the third term. we deduce from Step 2 that u, weakly converges to 0
in Hy as « — +2c. Hence, by Rellich theorem,

2
/ Ya gy 0. (14)
ARy 122
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Since £ was arbitrary, this ends the proof. m)
The next estimate was used in the proof of Proposition 3.1.
Lemma 3.1. Forall0 < R< 1,

/ |Vugl?ds —+ 0 as o — +0o.
B(0.R)

Proof. Fix ¢ > (. From the equation

-1
A, = / z|®uBdr | |zfourt, (15)
B{0,1)

we deduce that for each r > 0,

/ [Viua|2ds =/ u(,%d(r + / Im{“uﬁdz) / |z|*uPdz .
B(0.r} 8B(0,r) on B(0.1) B(0,r)

Hence, u, being decreasing with respect to |z,
jr|*uPdz
/ Vg 2dz < -f-’*‘—"—)—a—:T (16)
B(0.r) Jac0.y 2> ubdz

Let & € N such that 2R*! < ¢. We define the stretched functions v, (|z|) =
uo (I21?), where 3:= 1+ k/(a + N — k). A calculation leads to

J‘B(O.]) !$[Q4k!ua[ﬂdr

R(v )—P/Q = g-1-p/2, L . -
’ ) (fn(o p lel” i [Vug|2dx)P/2
From Holder inequality. it follows that
z]® k |y, |Pdx
R(v,)P/2 » g=1-P/2. S 171°7 " tal )

k(N -2; , .
IB(O.I) ,Il m)g ]Vua|2da:

Notice that ~ := %L(—’;/f%)—)’f = ¢(1) and define

1 if s<1
9(8):={ .

s~V ifs>1

Then.

1
/ |21~ 7| Vug|?dz = wN-lf Yl )2 (e T dr
B(0.1) 0

+oc pg(s) N

= WN-1 / / (up )2 (r)r™ " drds
Jo  Jo

+oc pgls) -1
<wn-oy / / 7 ug|Pr™Y ~ldrds - / jz{®uldr
B o Jo B(0.1)

-1
= / lz|®~ Yl dx - / Izl“uﬁdx) (19)
B(o.1) B(0.1)
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Since R(va) > R(uq), we deduce from (18) and (19) that

1-p/2 Joo. 171°Fuldz
Is o 1l Tuhdr ~

s

which clearly imply
Bri-pizpmker. Ty " ubds 1. (20)
fa(rn) lzle~vubdz —

Also,

/ [.t{"""uﬁdx/ l;tl"uﬂdm—/ |.r1°‘"'u{.’dz/ |z{®uldx
B(0,R) B(0.1) B(0.1) B(O.R)
> [ e ([ al s
B(0.R) A{R.1)

=0 / !I{“u’;dx/ 2"~ Tuldr | as o — +oc. (21)
B(0.1) B(0.1)

From Eq. (20), we now have

fsro my |Z1%uGdr

e < 23RN < 22
Jse.  lzfe ubdr ~ (22)
if a is large enough. The conclusion then comes from Eq. (16). m]

Using Theorem 2.1 and Proposition 3.1. the next theorem immediately follows.

Theorem 3.1. Assume N > 3. For any 2 < p < 27, there exists a® > QO such that
no minimizer of R is radial provided a > o*.

4. Asymptotic Estimates

The technique used in the two previons sections can be adapted easily to prove
equivalent symmetry breaking results in dimension two. In this situation one uses
the test function h := u(r)¢(r)f(o) where u and f are as before and ¢ is a cut-off
function which is zero in a neighborhood of r = 0 and one on a neighborhood of
r = 1. Thanks to the concentrating behaviour proved in Sec. 3, the contradiction
comes the same way.

Nevertheless, we have a different method of proof which is particularly simple
when N = 2 and which we will present now. It depends on a change of variable that
leads to an asymptotic estimate of S¥_ as a — +ac. Again. (2 stands for B(0.1).

Theorem 4.1. If N > 2, there exists C > 0 depending on N and p such that

£\ 1+2/p
R a+ N
Sa’pva( N > . o +oC,
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Proof. Let u € Hj () and define the rescaled function v(|z]) = u(]z|?), where
3= N/(a+ N). Then

1
/"I{“fuipdr=w1v_1/ u(r)Pro+N =14y
Ja 0

1
= wm’—ﬁ/ lo(p)Pp? @M1 P 1dp
[¢]

= B/Q[v”’da: (23)

1
/!Vu12d:1;:wN_l/ ' (M)2rN - 1dr
Q 0

= w1 3" / W (p)[2p2 BN =18 B0,

and

=wnoy 3! / [V (p) 2 p(3=NII=B) )N =1y,

=,i3'l/ [Vo[?r]-N0-8) gy (24)
Q

It follows that
1 f (V21| (2-N=8) gy

R(u) =
{u) 37 ( [olPdaye
Forevery 0 < 3< 1,
jn ‘;vv!2lz’(2-;\/](l—ﬁ)dx
¢3 = ——
vEH] ,4(R) (o lvPdz)?/P

is achieved by standard arguments. Since ¢z is non-decreasing on [0, 1],

c o+ N\ITHP
R
Sa.pN ’5|+2/p =C( N ) . = +00,

where C = limg_o_ ¢3. .

We now derive from Theorem 4.1 another proof of Theorem 3.1, valid from
dimension N = 2.

Theorem 4.2. Assume N 2> 2. For any 2 < p < 2*, there exists a* > 0 such that
Sap <SP, provided a > a*.
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Proof. Let u € D(Q2), ©v > 0, and define uq(x) := u(a(r — r4)), where z, =
(1 -1/e.0....,0). One has

/ [Vua|?dzx
0

i

a2/ [Vu({oz — £4))%dz
o

=a2‘N/ |Vuj?dr, (25)
Q

/ﬂlﬂ"uﬁdz 2 (1 - %)a/nugdx
= (1 - %)QQ“N/QuPd.t. (26)

o N [, |Vul?dr
(a=N(1 ~ 2)a [ updz)?/»

and

Hence by definition, one obtain

iA

Sa.p £ Rlua)

< caQ—N"'% . (27)

Since 1 +2/p> 2~ N + (2N)/p whenever p > 2, it suffices to use Theorem 4.1. O

5. Analysis for p Close to 2

In Theorems 3.1 and 4.2, we proved the existence of a limiting a* above which an
infimum cannot be radial. At this point, e is only an upper hound, and it could
be that no minimizer is radial whatever a > 0 is. We will now prove that this is
not the case, by showing that as p decreases to 2, the limit o* goes to +oc.

Let (—A)~! denote the inverse of the Laplacian opcrator with Dirichlet
boundary conditions. We define the operator

P:22)xRy x HH{() xR — HIO) xR
(pv a,u, ’\) i (('A)_](A!"Kﬁaluip¥2u) U “u”2 - l) '

Notice that P is well defined,

2

u€ Hy = [ulP %uc L# = (=&)Y Alz|*ufP %) € W2 n WOL;’T‘ C H}

since (2*/(p — 1))” > 2 when p < 2",

Proposition 5.1. Let ag > 0 fized. There exist ¢ > O and continuous functions
A2,2+ &) x (o —£,00 +¢) = (Sag2 — £.Sa0.2 + £)
U:[2,2+¢)x (g —&,ag +£) — Blugg.2,¢) (28)

such that. in (2,2 +¢) X (@ ~ €,0p + &) X B(uag2:¢) X (Sag.2 = . 802 + ).

Pp,o,u,A) =0 <= u=Ulp,a) and A= A{p.a).
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Proof. This will follow from the implicit function theorem if we prove that
the partial derivative of P with respect to (u,A) at (2, g, %aq,2: Sap.2) 15 an
homeomorphism on H} () x R. Clearly,

OP(2, 00, Uag.2: Sao,2) (¥, )
= ((—8)"(Sap.2l7%) — v + (=) (|2|*®uqqg,2), 2{tta0.2, V) ,
so that
t=0,
OP(2, 00, Uag 2, Sap.2) (1, 1) = 0 == { {(—A) (Sap.2lx|®v) —v =0,
(Ugp,2,v) =0.

Since the kernel of (=A) Y (Sa,.2/2/% 1) — I is reduced to the multiples of 14,2, it
follows that

OP(2.00.Ung.2, Sng.2){v.t) = 0 &= (v.t) = 0.

Let (w,s) € H}(Q) x R. Since (—A)~1(|z]* uqq,2) is proportional to ua,.2, there
exist t € R such that @ := w—t(=A)" ' (|2]%°Uaq.2) € (Uag.2)*. By self-adjointness,
there exists & € H{} such that (—=A)"!(S4,.202|®07) — © = . Choose v := ¥ +
(8/2)uqy.2. Then,

P2, a0, Ugg 2, Sap.2)(v, t) = (w,8).
Being continuous and bijective, the partial derivative of P is a homeomorphism. .
This ends the proof. 9]

Theorem 5.1. For cachn € N, there exists 6, > 0 such that the unique minimizer
of Sa.p s radial provided a < n and p £ 2 + 6,.

Proof. By contradiction assume that there cxist n € N and sequences (d¢) — 04,
{ax) C [0.n] such that a minimizer uy for S, 244, is non radial. Without loss of
generality. we can assume that o — Goe < n and ug — o € H}. One has,

2—;:‘—"(170)
[atazrs s (fraena) 7 ([ )
JQ Q Q

:14»::5! p
o [raend) T e
Q
1 1

where ¢ := N(575- - 37) = 1 as k — +oc. From this, and the Rellich theorem, we
infer that

25!
;2 o

/ (zl*~uldr > 1,
3!
s0 that in particular ux # 0. On the other hand,

/ Vo 2dr < liminf/ (Vug|?dr = liminf Say. 2460+
¥ 19)
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which implies that S, 2 < liminf S,, 244, By upper semi-continuity, it follows
that So_ 2 = lim S, 244, and by uniform convexity, that ux — tec = Uq 2 I
H}. By the preceding proposition, u is unique when k is large, and hence radial,
which is a contradiction. O

6. Analysis for p Close to 2°

In this section, we analyse the case where p is close to 2*. We will show that for
any fixed a > 0, the minimizer of R is radial provided 2* — p is sufficiently small.

Lemma 6.1. If N > 3, there exists co > 0 such that for every 2 < p < 2* and for
every a > 0,

c0a/? < Sf_p.
Proof. It follows from the Ni inequality (see [111), if w € H} ,4(92),
u(r)|Proth =1 < o) (Vulfr T protN-1

We obtain
2-N

' -1
/ lz|®lulPdx < cp|Vulf ( p+a+ N> \
Q

or

2-N AL Joy 1Vuj?dx
o () s .

Since u € H&rad(ﬂ) is arbitrary,

9_N 2/p
co< 5 p+a+N) SSﬁp,
which ends the proof. a

Let us denote by S the classical Sobolev constant,
Jo IV u)?dx
m ——9-1.——,5‘ .
we By ([q [ui® dr)?/

It is standard that this Rayleigh quotient is invariant under translations and

S =

dilations.
Lemma 6.2. If N >3 and o > 0. then
S =S80 < Sf_g. .
Proof. Using the Ni inequality, it is easy to verify that Sf_g. is achieved. so that

S < §%,.. By invariance, using a minimizing sequence for 5 in D(§1) concentrating
at y € (), we obtain

5 < Sap < Iyl7HS.

NON-Healal LTOUNA JlALes JoT Lne tenon Lquation 477
Since y € €1 is arbitrary, the proof is complete. 0

We can now state the counterpart of Theorem 5.1.

Theorem 8.1. Assume N > 3. For any n € N there exists 6, > 0 such that
Sap < Sf‘p provided a > 1/n and 2* — 8, < p < 2*.

Proof. By contradiction, assume that there exists n € N and sequences ay > 1/n
and d; — 0 such that

Sap 20 -8, = Scﬁ,&'—é,, . (30)
By (27), there exists ¢3 independent of 2 < p < 2%, such that
Sa » < 63a2-N+2N/p .
Lemma 6.1 implies that

C(]uz/p S Sf‘p.

It is then clear that oy is bounded. We can assume that ax — a > 1/n.
As in the proof of Theorem 5.1,

R _ 1 R
Scx.?' - Ic—l—:T:x: Sak.i"—ék . (31)
On the other hand. by upper continuity,
Sa.2- 2 limsup Sq, 2- -5, - (32)

k—+oc

We obtain, from (30), (31), (32). Sa,2->S%,.. But this contradicts Lemma 6.2. O

7. Numerics for the Threshold Value of o

In this section, we briefly present some numerical computations concerning the
frontier between radialicity and symmetry breaking. More precisely. the curves in
the figures below correspond the limiting a’s above which the necessary condition
of Theorem 2.1 fails to be satisfied. To compute these curves. we have implemented
an algorithm converging, for fixed a and p. to the radial minimizer for Sgp. Then,
p remaining fixed. we determine which value of a vields an equality in the necessary
condition. by using a modified secant method. Given the time to compute one mi-
nimizer, it is important to make use of the already computed points and minimizers
to provide the algorithm with accurate initial guesses.

The first figure here below correspond to N = 3, the second is just a zoom of
the first one for p > 3. and the third correspond to N = 6.

Notice that. as one would expect, symmetry breaking occurs later in higher
dimension.
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8. The Case of the g-Laplacian

The necessary condition of Sec. 2 and the symmetry breaking result of Sec. 3 can
be generalized in the framework of the case g-laplacian. More precisely, define the
minimization problem

min{fnwuwdx. we W@, /qu)wdx - 1} : (33)

where ¢ > 1 and ¢ < p< g~ = qN/(N — ¢). Then,

Theorem 8.1. If p is a radial function then any rodial local minimizer u of (33)

satisfies
_ 972
[ rounas < (WMo 0y [,
Q '] Ja 1z

Proof. The proof follows the same lines as the one of Theorem 2.1. The equivalent
of equation (10) is

2
/ IVul*dr {(q ~p) (/ p(r)IUI”"’uhdz) +(p- 1)/ p(I)lUI”'Zh?dr}
Q Q Q

<(-1) [ (Vur? VAL (34)
Q
from which it follows, with the same h as in Theorem 2.1, that
2
(=) [ 1Valrde < (g - D =) [ 2592, (35)
Q o
The conclusion comes from the Holder inequality. [}

In the case of the modified Hénon equation. we now have

Theorem 8.2. Assume N > g and p(z} = [z[* for some a > (. Then. for any
g < p < ¢*, there exists a* > 0 such that no mimimizer of (33) is radial provided

a>at.

Proof. The proof of Proposition 3.1 is easily adapted to the present setting. The
conclusion follows from the previous theorem. ]
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After this work was completed, we were mentioned a result by Ding and Ni
[5] where symmetry breaking is proved for a semilinear equation on expanding
balls. The situation is however somewhat different since the weight in front of the
nonlinearity is unbounded, leaving more chances for symmetry breaking,.
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