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Topology and Sobolev Spaces - an Introduction

Itai Shafrir (Technion-I.I.T, Israel)

1 Introduction

Degree theory is an important basic topic in topology which has many applications
in different domains. Classically, the Brouwer degree was used in the study of
continuous maps between manifolds or domains in finite dimension. A generalization
to a certain class of continuous operators in infinite dimension, the Leray-Schauder
degree, is very useful in the theory of nonlinear partial differential equations. In
recent years degree theory was extended to a class of maps in finite dimensional
spaces, which are possibly discontinuous. This was first done for some Sobolev
spaces, which are limiting cases of the Sobolev imbedding, such as Win(8" 57)
and H'/?(S',S'). Brezis and Nirenberg [9, 10] unified and generalized the previous
results by defining a degree for VMO-maps, (following a suggestion of L. Boutet de
Monvel and O. Gabber, see [5]). This is a class of maps that includes continuous

maps as well as the limiting cases of Sobolev spaces.

In these notes we shall describe, for simplicity, only degree theory for maps from
St to S*, although the theory extends to maps v : X — Y where X and Y are
arbitrary smooth n-dimensional oriented manifolds without boundary. These notes
are based mainly on [7]. A good survey on the subject is [8] and relevant research

papers containing more advanced material are [9, 10, 4, 5].

Acknowledgment. I am grateful to Prof. Brezis for allowing me the use of a draft

of [7]. T thank Prof. Brezis and Prof. Mironescu for very helpful suggestions.



2 Degree for maps in C(S!, S1)

Consider a continuous map ¢ from the unit circle S* to itself. The function f :
[0,27] — S* which is defined by f(8) = g(¢), V6 € [0,27] is also continuous.

Therefore, there exists a continuous scalar function ¢ : [0, 27] — R such that
£(0) = 9 vo e [0, 2n).

Since f(0) = f(27) we must have ¢(27) — ¢(0) = 27k for some k € Z. We then
define the degree of g on S* by

deg(g, S') = degg = k. (2.1)
An immediate consequence of this definition is:
degg #0 = image(g) = S*. (2.2)

Note that if deg g = 0 then the associated ¢ above satisfies ¢(0) = ¢(27). We can
then define a single valued and continuous function, ¢g : S' — R, by ¢y(e?) = $(6),

which satisfies

g(z) = @ vz ¢ S, (2.3)

A function ¢y satisfying (2.3) is called a lifting of g. Actually it is easy to see that
¢ has a lifting if and only if deg g = 0.

An important property of the degree is:

deg(g1g2) = deg g +deggo , deg(g1/g2) = deg g1 —deg gz, V1,92 € C(S', 5%).
(2.4)
Another important property is the stability of the degree with respect to small
perturbations. If uy,us € C(St, S1) satisfy ||ua — u1l|e < 2 then degu, = degus.
Indeed, the map v = us/u; € C(St, St) satisfies |[v — 1]|oe < 2, s0 its image does not
cover all of S'. We must have then degv = 0, so that by (2.4), degu; = deg uy. This
implies, in particular, that the degree remains constant under continuous homotopy,

namely

He (S x[0,1],S") = degH(-,0) = deg H(-, 1). (2.5)
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Let us present two classical results which demonstrate how degree theory can help

in proving existence of solutions for some equations.

Proposition 2.1. Let D denote the unit disc in R* and consider a continuous map
u € C(D,R?) such that its restriction to S* = 0D is an S'-valued map g of degree
d # 0. Then, there exists a point x € D with u(z) = 0.

Proof. Arguing by contradiction, assume that there exists such a map v with u # 0
on D. Then, the map v := u/|u| € C(D,S") and satisfies v|sp = g. We can now
define an homotopy H € C'(S* x [0,1],S") by

H(Y r) = v(re?).

By (2.5) we have deg H(-,0) = deg H(-,1). But this is a contradiction since H(-,0) =
v(0) implies that deg H(-,0) = 0 while deg H(-,1) = degg = d # 0. O

We can now deduce a special case of Brouwer fixed point theorem.

Corollary 2.1. Let T be a continuous self-map of D. Then, T has a fized point,

i.e. there exists some xg € D such that Txy = x,.

Proof. We argue again by contradiction and assume that there exists a continuous
T : D — D with no fixed point. Then,

a :=min|z —Tz| > 0. (2.6)
zeD

We define a new mapping R : D — 0D by setting R(z) to be the point on 9D
hit by the ray emanating from T'z and passing through z. Using (2.6) it is easy to
see that R is well defined and continuous. Moreover, Rx = x, Vo € 0D, so that
deg Rlspp = 1 # 0. By Proposition 2.1 it follows that Rz = 0 for some z € D.
Contradiction. O

When ¢ € C'(S?, S?) the following explicit convenient formula for the degree is

available:

1
_ T 9 2
Glegg—27T Sl(g/\g)ds (2.7)

3



where a A b = a1by — agby (i.e. @ A b is the z—component of the vectorial product
a x b of the two planner vectors @ and b) and ¢, denotes tangential derivative (in the
positive sense). To prove (2.7), let ¢ : [0,27] — R be the function associated with
g as above, i.e. g(e”?) = ¢®® V@ € [0,27], so that degg = (#(27) — $(0))/(27).
Under our current assumption ¢ is a C''-function, and we compute for all § € [0, 27|
() A g5 o) = 0 A ()
= (cos ¢(0), sin p(0)) A (—¢'(0) sin ¢(0), &'(0) cos (0)) = ¢'(0).

Therefore,
1 1 2 d .
_ de = — 10 B 6 16
o Sl(g A gr)ds = 0 JCORSUCH)
I ¢(2m) — $(0)
as claimed.

We close this section with two other formulas for the degree. The first is the
index formula (change of argument) for a function g € C*(St,C\ {0}):
degg = L I gs. (2.8)
2mi sl g
To see that (2.8) coincides with the degree that we defined above, it suffices to note
that when g is S'-valued, 1/g = g, hence,

1 - 1 1 27 ) d )
- 97 gs = — | gg9,ds = — e—@¢(9)_(ez¢(0)) do
Tt Jg1 g 2w Jo 27 J, do
1 27 ) ) 1
= —0) (3¢ (0))e* dh = —((21) — ¢(0)).
i [0 —(6(27) — 6(0))

Next we present another formula for the degree, assuming that g € C%(S!, S1),
although it is valid for g € C'(S!, S!), and actually, as we shall see below, also
for more general classes of functions. For such g we consider any extension u €

C?(D,R?) such that u = g on 9D = S* and claim that
1
degg:—/ Uy AUy dedy . (2.9)
TJp
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To prove (2.9) we compute,

1 1 1
/ Uy N Uy = / [(u Auy)e + (us Au)y) dody = / div(u A uy, uy A u)dz dy
D D 27 Jp

77 o

1 1

=5 (U Auy,up Au) -nds = — [ (uAuy)n, + (ug Au)ny, ds
T Jop T Jap
1 1

=— | (wAuy)Ty — (ug Au)Tyds = — U A (UpTy + uyTy) ds
21 Jap T Jap
1

= 5= g/\gT d87
27 an

and the result follows from (2.7).

3 Degree for VMO maps

As pointed out by L. Boutet de Monvel and O. Gabber (see the appendix in [5]), a
notion of degree makes sense for self-maps of S! which belong to the class VMO (=
vanishing mean oscillation), although such maps are not necessarily continuous. This
notion was later considerably developed and generalized to Riemannian manifolds in
dimension N by Brezis and Nirenberg in [7, 8]. Here we restrict ourselves to degree

theory in VMO(S!, S1).
We start with the definition of the space VMO(S',C). Consider a function
f e LYSY,C). For any z € S' and £ > 0 put

A(z)={ye S : ly—af[<e},

so that if = €@ then A.(z) = {e? : t € (¢(z) — o, d(x) + @)} with a =
2sin"!(/2). Next define

1 1
Fo=f =g [ e veess e

The function f belongs to VMO(S!, C) if

lim |f(y) — f.(x)]dy = 0 uniformly in z € S*. (3.2)
e—0 Ae(a;)



It will be also convenient to use an equivalent condition to (3.2), namely:

lir%][ ][ f(2)|dydz =0 uniformly in 2z € S, (3.3)
£— < (z)

The equivalence follows from the inequalities:

][As ) - Fo 'dy<][Ag ][ £ dy d

— folx) + fo(x) — f(2)| dydz )

< %As(x) ][As(m)|f(y) fe(@) + fo(@) = f(2)| dy (3.4)
— f(x)|dy.
§27[A8($)’f(?/) Je(z)| dy

The basic property of S'-valued V M O-maps which enables us to define the degree

is given by the following lemma.

Lemma 3.1. If g € VMO(S, S1) then

liH(l) g.(z)| =1, uniformly in v € S*. (3.5)
E—

Proof. For every x € S* we have,
0< 1 |g.(2)] = dist(g.(2), %) < ][ o)~ g
=X

and the conclusion follows from (3.2). O

By the above, for g € VMO(S!, S1) there exists g9 > 0 such that
5. ()| > 1/2, Vo € S, Ve < &.

Therefore,

0le) = 0 e s v s, (36)

QI |l

is well defined and belongs to C(S', S'). We define
deg g = deg g. for any ¢ < . (3.7)

Note that deg g. = degg.,, Ve < &g, since g., can be connected to g. by the contin-
uous homotopy H(t, ) = giet(1-1)e, () (see (2.5)). Therefore, the definition (3.7)
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makes sense. In particular, for g € C'(S?, S!) the definition in (3.7) coincides with
the one given in Section 2 (since lim, g ||g: — g||co = 0). It can be shown (see [7]) that

the VMO-degree is stable with respect to small perturbations in the VMO-metric:

ze8t
§>0

d(f.g) = sup ][ =0~ Tt dy

More precisely, for every g € VMO(S', S') there exists n > 0 such that for every f €
VMO(S', SY) with d(f,g) < n we have deg f = degg. Note however a significant
difference with respect to the continuous case: 7 really depends on the map ¢ and

cannot be taken uniformly in the map (see [7]).

Examples of discontinuous maps in VMO(S!, S1) will be given in the next sec-
tion, once we show that H'/2(S*, S') C VMO(S, S'). We mention in passing that
the map g(z) = exp(i|log |z — 1||%) is in VMO(S?, S1) for every o € (0,1), and its
degree is zero. We close this section with a simple result characterizing Z-valued

VMO-maps. We shall use it in the study of lifting for H/2-maps.

Proposition 3.1. Every map u in VMO(SY,Z) is constant.

Proof. For u € VMO(S!,7Z) define %, as in (3.1). By the VMO-property (3.2),

dist(a.(x), Z) < ][ @ (z) — u(y)|dy — 0, as e — 0, uniformly in 7 € S*.
e 5
Since %, is continuous, it follows from (3.8) that there exist integers {m. }{.>0} such
that ||@. —me.||c — 0. Using the convergence %, — u in L'(S'), it follows that {m,}
remains bounded as £ — 0, hence m. = m for ¢ < gy. Therefore, © = m a.e. on

St 0



4 The space H'/?

An important space, which contains discontinuous functions, on which degree theory

can be applied is H'/?(S', S'). We first define,

H'2(S',Q) = {f € I*(S',C) :/ S@ =IO gy < oot (D)

siJ st |515_Z/|2

and then set,
HY2(8Y, 8" = {g € HY*(S,C) : |[g/ =1 ae. on S'}. (4.2)

The standard semi-norm on H'/?(S*, C) is given by

2 _ |f(z) — f(y)I”
1515272 —/S/S wdwdy. (4.3)

As a norm on this space one can use

A = 1 e+ 1£1172 -

The H'Y/? space is only a special case (s = 1/2, p = 2) of the fractional Sobolev
spaces W*? see [1]. The next theorem gives a characterization of H*/?(S' C) in

terms of Fourier series and harmonic extensions.

Theorem 1. (i)For f ¢ L*(SY,C) let f(e¥) = Y20 ane™ be the associated

n=——=co
o
n=—0o0

sion to the unit disc D (P,(e?) =320 7Irle™? s the Poisson kernel). Then,

Fourier series and u(re®?) =3 anritle™? = L(f % P,)(e") its harmonic exten-

feH'?S,C) = > |nflan]’ <0 < ue H'(D,0). (4.4)

n=—o°

Moreover, when f € H'/?(S",C) we have,

5 = @) Y Inflanl® = QW/D [Vul?. (4.5)

n——oo

(i) The space H'/2(S',C) consists exactly of all the functions [ which are the trace

of some harmonic function u in H'(D,C), in the following sense:

li}r% u(€?) = f(e) in L*(SY), where u.(e?) = u(re). (4.6)



Proof. Note first that,

2 _ |f(z) - f@I* T ET) = [
||f||H1/z—/S . |x_ ‘2 ddy/ ew ew|2 dr df

27 27r 6+h 10y |2
|f(e) — / / |f(€’ f(e”)]
/ / |1_€” 0 |2 d dd = . |1_ m|2 df dh .

(4.7)
Using
f( (6+h Z a,e zn0 mh 1)
we get,
27 |f z(6+h) ( 10 |€mh _ 1|2
de dh =2 nl?
/F/ ‘1_ezh|2 W/FnZOJ | 1|2
7T nh
= o7 Z ‘an|2'/ (Sm 2) dh = (27)? Z In||an|?, (4.8)
n=—o00 - Sln% n=—oc
where we used the fact that for m > 1,
1 mh 2
_(sm 2 ) = K,.(h)
m\ sin g

is the Fejér kernel, hence " K, (h)dh = 2r. The first equivalence in (4.4) follows
by combining (4.7) with (4.8).

Next we turn to the second equivalence in (4.4). By assumption, Y o |a,|? <

oo. This easily implies that v € L*(D,C). Now u € H'(D,C) if and only if

sup/ [Vul? < 00. (4.9)

R<1 J{|z|<R}
But a direct computation yields

Vul? =27 |n||a,[*RI".
/{|$|<R} Zoo

Hence, (4.9) is equivalent to > 7 |n|la,|* < oo, and the result follows.
(ii) Let f € HY2(S',C). By (i) we have f(e?) =>°° _ a,e™ with 3% |n||a,|? <
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oco. Therefore, the function u(re®) = 5=

to H'(D,C) by (i). Further, (4.6) holds since the Poisson kernel is a summability
kernel, see [12].

(f % P,)(e') is harmonic in D and belongs

Conversely, if u is harmonic in D, we may write u(re??) = > _ q,rlrle®? for
some {a,}> _ (one can use the Taylor expansion of F' + iG where F and G are
analytic functions in D such that Re F' = Re u and Re G = Im ). The assumption
that u € H'(D,C) implies that Y. _|n[ja,|? < oo ie. f(e?) =327 a,e €

H'/2(S',C), and we conclude as above. O

Remark 4.1. Theorem 1 actually establishes the existence of a bounded linear oper-
ator Tr : H'(D) — H'Y?(8D), called the trace operator, that satisfies T7u = ulsp
for w € H'(D) N C(D). The result extends to smooth domains in RY, see [1].

Remark 4.2. From the definition (4.1) it can be easily seen that if ® is globally
Lipschitz and f € H'/?(S',C) then ®(f) € H'?*(S',C). Further, if f, — f in
H'2(S',C), then ®(f,) — ®(f) in HY?(S',C) (this follows by the dominated

convergence theorem, see Step 4 of the proof of Theorem 4 below).

Remark 4.3. We give some examples of discontinuous functions in H'/?. We claim
that f(t) = log|log|t|| € H'*((—R, R),R), VR > 0. Indeed, consider the extension
of f to the disc Bg(0) = {|z| < R} by F(x) = f(|z|). Since

[VE(z)] € L*(Bg(0)),

~ [a][log|a]]

we deduce that F' € H'(Bg(0)). Consequently, its restriction to (—R, R), f, belongs
to H'/?((—R, R)) as claimed. Using Remark 4.2 we get that g(z) = e’'slloslll ¢
HY?(S', SY). By a similar argument, g,(z) = ello8lel® ¢ H1/2(8 SY) for 0 < o <
1/2.

Next we prove

Theorem 2. H'/?(S',C) c VMO(S,C).
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Proof. For f € HY?(S',C) and ¢ > 0 we have by the Cauchy-Schwarz inequality,

][ ][ () \dydz<][ ][ 1) = FE) - (2¢) dy dz
Ac(z)d Aclz) |y - Z|
2 1/2
< C / / M dy dz .
A(x) S Ac(x) ly — 2|

Since the r.h.s. of (4.10) tends to zero with &, uniformly in z, we deduce that
condition (3.3) holds, hence f € VMO(S',C) as claimed. O

(4.10)

5 Lifting for H'-maps

In the next section we will define a notion of degree for H'/?-maps which is based on
lifting. Since H'/2(9Q) is the trace space of H'(Q), we shall first investigate the lift-
ing problem in H'(Q2) where Q is a domain in RY for some N > 2 (although we will
later use only the case N = 2). The next theorem is due to Bethuel and Zheng [2].

We give a proof based on Carbou [11] and Bourgain, Brezis and Mironescu [4].

Theorem 3. Let Q be a smooth, bounded and simply connected domain in RY and

w € HY S, SY). Then, there exists some ¢ € H*(Q,R) such that u = e,

The proof is based on the following generalized form of Poincaré’s lemma.

Lemma 5.1. Let Q be as in Theorem 3 and let f € L?(Q,RY). Then, the following

properties are equivalent:

(i) There is some ¢ € H'(Q,R) such that f = V.

(ii) One has,
0fi _ 9f;
(9Ij (933,

in the sense of distributions, i.e.,

/fzax] /f]

Vi, 5, 1<1i,j <N, (5.1)

Vi € C°(2). (5.2)
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Proof. The implication (i)=-(ii) is obvious, so we turn to the proof of (ii)=-(i).
Extend f to RY by setting,

_ r) x €L,
Fay= {7 TS
0 reRV\Q,

and let f. = p.xf € C°(RY,RY) where {p.}.-0 is a family of mollifiers, i.e. p.(z) =
Srp(Z) for some p € CP(RY) satisfying p > 0 and [px p = 1. For any w CC €,
smooth and simply connected domain, we have

of)s . 0fi _ 3f; _ 9(f);

in w, Vi,7,

provided that £ < dist(w, d€2). Therefore, by the classical Poincaré’s lemma there
exists a function ¢, € C®(w) such that f. = V. in w. Moreover, we can choose ).
such that [ 1, = 0. Since lim,_,q f, = f in L*(w,RY), it follows that ¢ = lim, o 1),
exists in H'(w) and satisfies Vi) = f.

Next we choose a sequence of such domains, w(™ * Q. For each m there exists
by the above, a function (™ € H'(w!™) such that V™ = f in w(™. Setting for
every m, @Z_)(m) =cp+ w(m) for an appropriate constant c,,, we get a new sequence

{4(™} satisfying,

P = ™ on ™ whenever n > m.
Passing to the limit, we obtain a function ¢ € H}.(Q) satisfying Vé = f. By a

theorem in Sobolev spaces, see Maz’ja [13], it follows that ¢ € H' (). O

Proof of Theorem 3. The basic idea behind the proof is the following. Assume a

lifting ¢ does exists. Then we have, u = u; + tus = cos ¢ + isin @. It follows that,
Vu; = —(sing)Veo = —uuVeo  and  Vus = (cosp)Vod = u1 Vo,

ie.,

V¢ = U1VU2 — UQVUl . (53)

Our strategy will be to find ¢ by solving (5.3), using Lemma 5.1.

12



Setting f = u1Vuy — usVuy = (ulg? Us g“;l)l 1> we need to verify condition

(5.1). Consider first the case of a smooth u. Then,

of;  0f Ouy Qug  Quy Qug Qu, fw
— :2( — ):_th L3 *i 5.4
But differentiating the relation |u|> = u? + u3 = 1 yields,
ou ou Juy Ou ,
ulaxi u28xj = (u1, uz) - (a—x:,a—xj) =0, Vi=1,...,N, (5.5)

i.e. the vector (uy, ug) is orthogonal to (24, 292) for all 4. It follows that the vectors

{(?;;;, ?;;j)}f\;l are all collinear. Therefore, the r.h.s. of (5.4) is zero and (5.1) is

satisfied.

The case of a general u € H'(Q,S') will follow by approximation. By the
density of smooth functions in H'(£2), see [1], there exist sequences {u1y,}, {uan}
in C*°(Q,R) such that u;, — w; and us, — ug in HY(Q,R) and |[uinlle <
1, ||ugn]le < 1 (note that we do not claim that u, = (U1, us,) takes its values
in S1). Put f, = w1, Ve, — U, Vur, so that f, — f in L2(Q,RY). Indeed, to

prove for example that u, , Vug, = ©1Vus in L? write,
U1 Vg n — U1 Vg = Uy (Vg — Vug) + (1, — ur) Vg,

and apply the dominated convergence theorem. Next we claim that forall 1 <, <

N,

3(fn)z _ a(fn)] _ Q[Gum 8u2,n _ 3U1’n 8u2,n] ) |:8U1 3u2 _ 3U1 8u2 Ll(Q)
61]- 3@- 83,']- 3@- 813- 81‘j 833]' a[L‘Z‘ axi axj
(5.6)
Indeed, to prove, for example, that Bu” 8;;” — ‘g’;jl 21;2 in L', write first,
8“1771 3u2’n 8U1 3u2 _ 8’&1’” 8u2’n 8u2 8’&1’” aul 8u2 (5 7)

83@» 8.TZ' B 83;']' 8331; - aﬂ’)j ( axi B 8.TZ' +( axj B 8$j)833i '
Next use the Cauchy-Schwarz inequality to get,

/‘&Lln 3u2n_3u2| /|8U1n /‘&LG_% )1/2

<o /\‘%zn_auz )




The second term on the r.h.s. of (5.7) is treated similarly, and (5.6) follows.

Testing the equality in (5.6) against ¢ € C(Q2) yields,

aw 8w / 8u1 n aUQ n aul n 8u2 n
— - P — 2 ’ s _ ’ » .

Passing to the limit n — oo, using (5.6), yields

81/} sz 8u1 811,2 8'&1 8u2
— T f. ) = 2 — . .
/Q (fz Oz J; 8:1;1') /g; L?xj dx; O 8:1;Jw (5-8)

But for any v € H*(€,S') we have, by the same argument as for smooth u,

Juy  Buy

det [ %% 9% | =0 ae. on Q. (5.9)
duy  Buy
Ox;  Oxj

Therefore, the r.h.s. of (5.8) vanishes and (5.2) follows. Applying Lemma 5.1 we get
that there exists some ¢ € H'(Q, R) such that f = Vé. We will now prove that, up
to an additive constant, ¢ is the required lifting.

Recall that if g, h € H'(Q) N L>(Q) then gh € H'(2) N L>®(Q) and

9 . 8h 0y

Therefore, v = ue™* € H* (), S') satisfies

Vv = e (Vu — iuVe) = ue " (aVu — iVe)
= ue”(uVu —if) = ue " (u; Vu;, +uaVauy) = 0.

Therefore, v = const, and since |v| = 1 we have v = € for some constant ¢ € R.

Thus u = e*?9) ie. ¢ + c is the required lifting. O

Remark 5.1. An analog to Theorem 3 holds when we replace H'(Q, S*) = WhH2(Q, St)
by WHP(Q, S') with p > 2. But the conclusion fails for every 1 < p < 2 (although an
analog of Lemma 5.1 holds for any 1 < p < oc). Assume for simplicity that N = 2
and assume w.l.o.g. that 0 € Q. Tt is easy to see that u(z) = z/|z| € WH(Q, S*)
for every 1 < p < 2. We claim that there exists no ¢ € W'?(Q,R) such that

14



u = €. Assume by contradiction that such ¢ exists. Since u € C°(Q\ {0}) it
follows that also ¢ € C*°(2\ {0}). Fix r > 0 small such that {|z| <r} C Q. Then,
on S, = {|z| = r} we have e = ¢ Therefore for some constant k € Z we
must have ¢(r,0) = 0 + 2wk. But this is impossible since ¢ is single-valued and

continuous.

6 Existence of local lifting in H'/?

Since by Theorem 2, H/2(S' 8Y) ¢ VMO(S', S"), every g € H'/2(S',S') has a
degree as defined in Section 3. We denote this degree temporarily by degy ¢ and
investigate in the sequel other definitions of degree for H'/2-maps (we shall show

later that they all coincide).

In the next section we shall define another notion of degree which is based on a
local lifting. The rest of this section is devoted to the lifting problem. Consider a

map f € H2(I,S"), where I C R is a bounded interval, i.e. we require that,

JIECE HOF 44y < o

Applying extension via reflections we may assume that f € Hllo/f (R, S'). The next
lemma shows that such f can be extended to an H'-map on a rectangle. We present

the proof from [5].

Lemma 6.1. For every f € HY?(I,S") there exists an &9 > 0 such that,

Fla,e) = f.(x) = Je@) H'Y(I x (—¢0, ), SY),

| fel2)]
where for € # 0 we define (analogously to (3.1)):

_ 1 z+e
fe(z) = %/_ f(t) dt.

Proof. We first prove that F'(z,2) = f.(x) belongs to HY(I x (—&g,2¢), C) for every
gg > 0. Note that F(z,e) = ([T f(t)dt+ [*7° £(t) dt). Hence it suffices to show

£ r—e
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that G(z,¢) == L [7° f(¢)dt € H'(I x (=&, &), C). Clearly

oG _ l(f(x+g) — f(x)) € L*(I x (—¢0, 0), C),

Jx €

since f ¢ H'/?(I,C) implies that,

/80/|f(x+8)_f($)|2d$d5<00
—go T 52

Next we compute,

% e) - —12/ sy I =L [ ey
1 oG L aa
=3 i (ta—m(x t)) dt = /0 s%(x,es) ds.

Therefore,

8G BG oG

ox A sg)HU ds < ;H% L

</1

/ / (x, se ‘ dwds——/ /‘ (x J)‘Qdazda
—s&q

2 —_— -

I AE I

Our claim that F' € H*(I x (—&9,50),C) is established.

where we used

e,

2
2

Next, f € H'/?(I,S") implies that f € VMO(I, S') by the same argument as in
Theorem 2 (the space VMO(I, S') is defined analogously to the definition in (3.2)).
Therefore,

lir% |F(z,¢)] = 1, uniformly in z € I.
£—

In particular, there exists some £y > 0 such that,

‘F(;E,E)‘ > Vz € [: Ve € (_80a80) :

o | =

It follows that F = F/|F| € H'(I x (—¢&¢,0), S') as required. O

An easy consequence is the existence of a lifting for maps in f € HY/2(I,S").

16



Proposition 6.1. For every f € H'/2(I,8') there exists a function ¢ € H'/2(I,R)
such that f = e,

Proof. Fix any bounded open interval .J such that I CC J and recall that we may
assume that f € H'/2(J,S"). Applying Lemma 6.1 we obtain, for some £ > 0, an
extension F € H'(J x (—&¢,£0),S"). Let © be a smooth, simply connected domain
such that,

I'x{0}CcQCJx(—¢g,z0).

By Theorem 3 we may write F' = €™ for some ¢ € H'(Q,R). The restriction
¢ = 9|; then belong to H'/2(I,R) (see Remark 4.1, it can also be deduced from
Theorem 1) and satisfies

f=¢%onl. (6.1)

O

7 Degree theory on H/?(St S1)

In this section we shall define different notions of degree for maps in H'/2(S*, 1) (in
addition to the VMO-degree deg, that was defined in the beginning of Section 6)
and show that they all coincide.

We begin by showing how the results about local lifting from Section 6 can
be used to define a degree for a map g € HY?(S',S'). Consider the function
F(t) = g(e"), Vt € R Clearly f € HY?(R,S') and f(t + 2r) = f(t) ae. By
Proposition 6.1 there exists some ¢ € Hllo/f(R, R) such that f = ¢, which is unique
up to an additive constant in 27Z, by Proposition 3.1, or rather by a variant of it
for functions defined on an interval (since H'/?2 ¢ VMO by Theorem 2). Clearly
5= (¢(t+271) — ¢(t)) € Z a.e. on R. By Proposition 3.1 there exists a constant k € Z
such that,

ot + 27) — ¢(t) = 2wk a.e. on R (7.1)

17



Since ¢ is unique up to an additive constant it follows that the integer & is indepen-

dent of the choice of ¢, and it makes sense to define:
deg, g = k. (7.2)
Next we define two additional notions of degree for a map ¢ € HY?(S',S'). The
first one is a generalization of (2.9). Take any u € H'(D,R?) such that v = g on

OD = S' in the sense of traces (one can take for example the harmonic extension,

see Theorem 1). We set

1
degp g = ;/ Ug A Uy dz dy. (7.3)
D

To see why degy g is well defined, we need to prove that the r.h.s. of (7.3) is inde-
pendent of the choice of u. Consider another v € H'(D, R?) such that v = g on D,
ie.w=wv—u€ Hy(D,R?). Now,

/(vm/\vy—ux/\uy):/ww/\uy+/uw/\wy+/wm/\wy. (7.4)
D D D D

It suffices to show that
/ wy A fy =/ wy A f, Yw € Hy(D,R?), Vf € H'(D,R?). (7.5)
D D

Indeed, applying (7.5) with f = w and f = w in (7.4) yields [, v, Avy = [, ug Ay,
Consider first w € C>(D,R?). Then,

/Dwafy=/D(wwAf)y—/Dw$yAf=—/DwxyAf
/DwyAfm—/D(wyAf)m—/DwmyAf——/waAf,

so that (7.5) holds. The general case follows by approximation.

and

Finally we give a definition generalizing (2.8). Consider g € C*(S!, S') with its

Fourier series expansion
o)

g(ew): Z anemé’.

n=—0oc

18



Then, by (2.8)

_ 1 mH ¢ — 72‘719) _ S 2
degg = 57 ng ds = 57 ( Z ina,e ) (n_Z_OO ape do = n_z_oonan| .
Motivated by the above we define for g = Y 00 a,e™ ¢ HY2(S!, St):

degp g = Z nlan|* . (7.6)

Note that the series on the r.h.s. of (7.6) converges absolutely thanks to (4.4). The

next theorem shows that all this four notions of degree coincide for H'/? maps.
Theorem 4. For a map g € HY?(S*, SY) we have
degy g = deg, g = degp g = degp g := degg

and when g € HY? N C(S",S") we obtain the usual degree. Moreover, the map

g+ deg g is continuous from HY? to Z.

For the proof we need the following density result.

Lemma 7.1. For every g € H'/?(S',SY), g. (as defined in (3.6))tends to g in H'/?.
Moreover, C*®(S*, S1) is dense in HY/?(S', S').

Proof. Put g.(x) =+, m)g y) dy as in (3.1). Then,

. 1 Zﬂas _ efinag
— 0y _ n{6+t) _ inf
Ge(e™) = 2045/_ Z ane™ ™ dt = ay+ ) ane ( Yina, )

Qe p=—00o n#0

with a. = 2sin™'(£). Therefore, by Theorem 1

N _ ,—inoe

2

[#
—0 ase — 0.

19 = g3 < C Y Inag] 1 -
n#0

Since |g:(x)] — 1 uniformly in z and the function ®(¢) = {/|¢| is Lipschitz on
{|¢| > 1/2} we deduce from Remark 4.2 that g. — ¢ in HY/2. Finally, for the

24no,

assertion about density, given § > 0 we can find by the above £; > 0 such that
G = g, satisfies ||§ — g[|z1/2 < §/2. Since § € HY> N C(S',S') we can find some
h € C=(S',S') such that ||h — g||g1/2 < 6/2 by convolution with a mollifier and

normalization. O
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Proof of Theorem 4. The proof is carried out in 5 steps.
Step 1: The maps g — degy g and g — deg, g are continuous from H'/? to Z.
For g,h € H'/2(S', S') let u,v € H'(D,R?) be their respective harmonic extensions

(see Theorem 1). Then,

‘/(uz/\uy—vz/\vy)
D

< ‘/um/\(uy—vy) +‘/(um—v$)/\vy
D D

< lu = vl (lullar + l[vlla)

< Cllg = kll g2 llgll sz + Bl gr2),

and the continuity of degy on H'/? follows.

Let g(e?) = 57°° _a,e™ and h(e?) =370 ___ b,e™®. Then,

n=—oc n=—oc 1

o9}

|degp g —degphl = Y nllanl* = b)) < Y Inflan — bul(Jan| + |ba])

n=—0oc n=—0oc

< Clig = Al llgllzrr + Al gr2r2),

and the continuity of degp on H'/? follows as well. Using Lemma 7.1 we get that
degy g, degp g € Z, Vg € H'3(S, 5Y).

Step 2: degy g = degp g, Vg € HY?(S*, S) and degp, g = deg g, Vg € HY2(S*, SN
o(st, SY).

The equality for smooth g extends to all of H'/2(S', S} by Step 1 and Lemma 7.1.
The same argument, combined with (2.9), shows that degpg = degg for g €
HY2nC(s', ).

Step 3: For g ¢ HY?(S',S") with deg, ¢ = 0 there exists 1 ¢ H'?(S",R) such
that g = €.

By the definition of deg; it follows that there exists some ¢ € HI/Q(R, R) such that

loc

f(t) = g(e") = € on R, and in our case we have,
ot + 2m) — ¢(t) = 2rdeg;, g =0 a.e. on R.
We can then define on S*, 1(e) = ¢(t), which satisfies ¢» € H'/?(S',R) and g = ™.
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Step 4: deg; g = degy g = degp g, Vg € H'/2(S', S1).

First note that H'/2(S', S') is an algebra since for g, h € H'/2(S", S') we have

l9(x)h(x) = (g () < 2(l9() = g(y) + |h(2) = b)), (7.7)

which leads to
198l %1/2 < 201911522 + 1Al[7172)-

Moreover, if g,, h, € HY/?(S', S!) satisfy g, — ¢g and h,, — h in H'/2, then g,h, —
gh in H'Y?. Indeed, since we may assume after passing to a subsequence that
gn — g a.e. and h, — h a.e., there exists a function B(z,y) € L*(S' x S') such
that,

19n(2) — g ()] |Pn(2) = Bn(y)|

z—yl 7 |zl

see [6, Théoreme IV.9]. Therefore, by (7.7)

|gn($)hn($) — gn(y)hn(y)’
|z =yl

< B(z,y), ae. onS'x S, vn,

< 2B(xz,y), a.e. on S' x S*, Vn,

and we conclude by the dominated convergence theorem.
Next we claim that,
deg(gh) = degy g+ deg, h and deg, (gh) = deg, g +deg, h, Yg,h € H'/2(S', 1),
(7.8)
In fact, (7.8) is clear for smooth maps and the assertion concerning degy follow by

density (see Lemma 7.1), Step 1 and the above discussion. On the other hand, the

assertion in (7.8) for deg, is clear from the definition (7.2).

Let k = deg; g, so that by (7.8), deg;(g2 %) = 0. By Step 3 there exists
¢ € HY?(S', R) such that gz—* = €. Therefore, by (7.8) we have,

degy(g27F) = degy ((em/”)") = ndegy(e¥'™), VYn > 1.

This implies that degy,(gz—*) = 0 since otherwise we would get that degp(e™¥/") ¢ Z

for n large enough. Invoking once more (7.8) we finally obtain that £ = degp g =
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degrg.
Step 5: degy g = deg g, Vg € HY/2(S', SY).

Fix any g € H'/2(S', 81). For € > 0 small enough we have by definition, deg, g =
deg g.. Since g. € C N HY2(S', SY, degpg. = degg. = degy g. Since g. — g in
H'Y? (by Lemma 7.1) and degj, is continuous under H'/? convergence (see Step 1)

we conclude that degy ¢ = degy g. ]

An immediate consequence is
Corollary 7.1. Every g € H/?(S,S") of degree d can be written as
g(z) = 223 2 € St

for some ¢ € H'/2(S,R).

We conclude with an application to the Dirichlet problem for S'-valued maps on

the unit disc D. For g € HY/2(S', 1) we denote
1 2y _ 1 2 _
H,(D,R°)={uc H (D,R*) s.t. u=gon 0D}

and

1 1y _ 1 2 _ :
H,(D,S") ={ue€ H;(D,R*) s.t. |[u[|=1ae. in D}.
Theorem 5. Let g € H'/?(S',S'). Then, H,(D,S") # 0 if and only if deg g = 0.

Proof. Assume first that H;(D,S") # 0 and take any v € H, (D, S"). Recall that
uy Auy =0 a.e. on D (see (5.9)). Therefore, by (7.3)

1
degg:degEg:—/um/\uyda:dy:O.
TJD

Conversely, assume that deg g = 0. By Step 3 in the proof Theorem 4 there exists
¥ € H'?(S",R) such that g = €. Let v € H},(D,R) be the harmonic extension of
¢. Then clearly u = e" € H)(D,S"). O
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Finally we present the solution to the minimization problem for the Dirichlet
energy over H (D, S') when deg g = 0 (by Theorem 5 this is the only case for which

the problem makes sense).

Theorem 6. Let g ¢ H'/?(S",S") with degg = 0. Let 1 € HY?(S",R) be a lifting
for g, ie. g = €, and let vy € Hi(D,R) denote its harmonic extension. Put

ug = €. Then,

/D|Vu02 = min{/D Vul? : uc H;(D,Sl)}. (7.9)

Moreover, ug is the unique minimizer in (7.9).

Proof. For each u € H (D, S") there exists by Theorem 3 a ¢ € H'(D,R) such that
u=¢"?. Let ¢ € H'/2(S',R) denote the trace of ¢. Then,

gzew:eid’ on 0D = S*.

Hence by Theorem 2, %(& — ) € HY23(S',Z) c VMO(S',Z). By Theorem 3.1 it
follows that for some k& € Z we have, (5 = 1) + 27k, a.e.. Therefore, u = €' with
¢ — 21k € Hy(D,R). Using |Vu| = |[V¢| = |[V(¢ — 27k)| we deduce that,

min{/ Vul? - ue HA(D,S)} :min{/ Vol e HYD,SY},  (7.10)
D D

and any two minimizers, @ to the problem on the Lh.s. of (7.10) and ¢ to the
problem on the r.h.s., are related via & = €. But it is well-known that the problem
on the r.h.s of (7.10) has a unique minimizer, namely vg-the harmonic extension of
. Hence ug is the unique minimizer for the problem on the Lh.s. of (7.10), i.e. for

(7.9). O

Remark 7.1. Consider a smooth g : 0D — S* of degree d # 0. Since H}(D,S") is
empty the minimization problem (7.9) makes no sense. One may consider different
ways to “get around” this topological obstruction by relaxation. In their fundamen-
tal work [3], Bethuel, Brezis and Hélein use the following approach. They denote

for each € > 0 by u. a minimizer for the Ginzburg-Landau type energy

1 1
Ew) =5 [ IVul'+ 15 [ (1= Py
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over H)(D,C), and study the asymptotic behavior of {u.} as ¢ goes to 0.
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