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1 Introduction

In these notes we present the main ideas for the applications of finite-dimensional reduc-
tions to the study of some singularly perturbed elliptic equations. We will discuss the
following two problems

(NLS,) ~2Au+ V(z)u = u? in R"
and

—?Au+u=u? inQCR"
(P.) % — 0 on 00,
u>0in Q,

where A = Y0 5%% is the usual Laplace operator, p > 1, and v is the outward unit
normal to 2.

Problem (NLS,) arises in the study of standing-waves in the semiclassical limit for the
Nonlinear Schrodinger equation. The function V(z) is the potential, while ¢ is a small
positive parameter which represents the Planck constant A.

On the other hand, problem (P.) models pattern-formation in some biological experi-
ments. More precisely, it is obtained from the study of stationary solutions of the system

U =AU —-U -+ in Qx (0,+00);

(GM) Vi =do AV -V + 4 in Qx (0, +00);
M=y on 9Q x (0, +00),

proposed by Gierer and Meinhardt in 1972. Here the functions U/, V represent the densities
of some chemicals and d,d, are diffusion coefficients. Problem (P.) is obtained from
(GM) letting da — +00. Then non-constant solutions appear, according to the so-called
Turing’s instability.

Problems (NLS,) and (P.) have many common features. They are both variational and
can often be treated with the same abstract approaches. They exhibit solutions u, which
scale roughly in the following way

ue(z) ~T (f) ,

£
where @ solves a suitable limit problem in R” or in R? (the half-space {z,, > 0}).
Much work has been devoted to the study of spike-layer solutions, which concentrate at

single points of R”, or of . In the case of (NLS.), this happens at critical points of V/,
which are equilibria of the classical Newtonian motion.
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About problem (F:), is the geometry of 2 which determines the location of spike-
layers. At the boundary, concentration occurs at critical points of the mean curvature,
while at the interior it occurs, roughly, at critical points of the distance from 0€2.

Let us mention that both problems (NLS.) and (P.) possess multibump solutions
as well, namely solutions with multiple peaks. The techniques used to produce these
solutions are min-max theorems, Lyapunov-Schmidt reductions, penalization methods
and gluing procedures.

Very recently the phenomenon of concentration at curves or manifolds has been investi-
gated. Here we consider (NLS,) and (P.) under the assumption of spherical symmetry.
In this case the method of finite-dimensional reduction can still be applied, using suit-
able modifications. For both problems, new phenomena take place. Non-symmetric cases,
instead, require completely different methods, which go beyond the purpose of these notes.

The main references are the papers [1}, [2], [3], which contain the motivations of this
study, together with complete proofs and detailed bibliography.



2 Notation and preliminary results

Consider the problem

—Au+u=1u" inR%
(Fp) u(z) — 0 as |z| — +o0;
u >0,

where n > 1 and p > 1.

Ifp < 2—1‘3 (in the case n > 3), and if u € H'(R"), solutions of (P) can be found as
critical points of the functional I : H*(R") — R defined as

) 5 [ vup )= — [

Note that, by the Sobolev embedding theorem, I is well-defined (and is actually of class
C?) on H'(R™). We have the following result.

Proposition 2.1 (Berestycki-Lions, Gidas-Ni-Nirenberg, Kwong). Assume p < Z—‘fg (in
the case n > 3). Then there holds

(a) problem (Fy) admits a radial decreasing solution T(r);

(b) there exists a positive constant a,, such that

(2) lim rn_glerﬂ(r) = Ol p} lim = -1

r—+4o00 r—+oo U T)

(c) all the solutions of (Py) are of the form u(|z — &|), for some & € R™;
(d) @(|z]) € H'(R™), and is a mountain-pass critical point of I.

Remark 2.2 From the Pohozahev’s identity (testing the equation in (FPy) on (z, Vu)) and
Jrom some decay estimates, it follows that problem (P,) admits no solution for p > “+2

It is essential to understa,ndw;clhe spectral properties of the linearized equation at @, or
equivalently of the operator I (@), which is given by

(3) T”(H)[vl,vg] = / ((Vy, Vug) + v1vg) —p/ T v vy, vp € HY(R™),

™

With some abuse of notation, we will indifferently consider it defined on R" or on R™.
We have the following well-known result.

Proposition 2.3 Assume p < 22 (in the case n > 3). Then T'(@) is of the form
Identity — Compact, and has the following properties
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(a) the first eigenvalue is —(p — 1), is simple, and the corresponding eigenfunction is U;

(b) the second eigenvalue is O with multiplicity n, and the corresponding eigenfunctions

are
ot N o
al_— . a ——
Oy "o,
where o, ..., are arbitrary real constants;

(c) the remaining eigenvalues are bounded below by a positive constant.
We also need to consider the following variant of problem (F,), namely

—Au+Ny=v? inRY
(P)) u(z) =0 as |z| — +o0;
u > 0,

where n > 1, A > 0, and p > 1. It is immediate to check from Proposition 2.1 and some
scaling argument that all the solutions of (P,) are the translates of the function %,, which
is given by

Uy (z) = )\zﬁ'ﬁ(/\w) ; z € R"

Of course, the complete analogues of Propositions 2.1 and 2.3 hold true for the function
%y and the functional I, : H*(R") — R defined as

- 1 1
@ D=y [ (Ve = [t wemE).

We conclude this section recalling the weak formulation of problems (NLS;) and (F;) in
the case p < Z—fg About the former, after the scaling z — ez, solutions can be found as

critical points of the functional f, : H'(R") — R defined as

1
9

1
/ ((Vuf’ + V(ez)v®) = — | [uf'*'; we H(R).
R

6 LW — |

About the latter, and using the same scaling, one is reduced to find non-negative critical
points of the functional I, : H*(Q.) — R
(6) L(u) = 3/ (IVul® + ) — -1—/ WPt we HY(QL)

£ 2 p+ 1 QE ? £/

&

where €. = Q. In the sequel, we will not distinguish between problems (NLS;), (F:)
and their scaled versions.

On the potential V, we will make the following assumptions

(V1) V € C*}(R"), and ||V]icagn) < +00;



(V2) V is bounded and A = infg. V > 0.

Throughout the notes, the constant C' is allowed to vary from one formula to another,

also within the same line, assuming larger and larger values.
Below, we use the notation a ~ b if the quantities a and b are of the same order when
¢ — 0. In the same way, we write a < b if the order of a is not larger that the order of b

when ¢ — 0.



3 Concentration at points for (NVLS.)

In this section we study concentration at points for (NLS,), and we present the general
procedure to reduce singularly perturbed problems to finite-dimensional ones. The idea,
see Proposition 3.1, is to find an n-dimensional manifold Z° of pseudo-critical points,
which can be perturbed to obtain a natural constraint Z° for f.. This means that a
critical point of f. restricted to Z°¢ is also a critical point for f.. Throughout this section,

we always assume that p is subcritical, namely p < Z—fg

3.1 A Lyapunov-Schmidt type reduction
We set

(7) 24(x) = a(e€)u(B(e€)); £ eR”,

where \
B(e€) = VV(€); afe€) = Ble€)r 1.
Then we define
7f = {2*(x — &) : £ € R"}.

When there is no possible misunderstanding, we will write z, resp. Z, instead of 2°%, resp
Z¢. We will also use the notation z to denote the function z¢(z) := z°¢(z — £). Obviously
all the functions in z¢ € Z are solutions of (Py) or, equivalently, critical points of T, with
A = (3(&€). For future reference, let us point out some estimates. First of all, we evaluate

0cz"(z — £) = O [a(e)u(B(el) (z — £))]
= e/ (e£)U(B(e€)(z — €)) + ea(e€) B (&) (B(e€) (x ~ €)) — aeb)T (B(e€)(z ~ £))-

Recalling the definition of «, 3 one finds:
(8) 02 (z — £) = —0,2%(z — €) + O(e|VV (€))).
The main result of this section is the following proposition.

Proposition 3.1 Let V satisfy the assumptions (V1), (V2). Then for e > 0 small and
€| < € there exists a unique w = w(e, €) € (T,,Z)" such that V fo(z +w) € T, Z. The
function w(e, €) is of class C* (resp. CHP~1) with respect to €, provided that p > 2 (resp.
1 < p <2). Moreover, the functional ®.(€) = f.(2 + w(e, &)) has the same regularity of
w and satisfies

vq),.:(ﬁo) =0 = V. (Zgo + ’IU(€,§0)) = 0.

In order to prove this proposition, we need some gradient estimates, and the invertibility
of f on the orthogonal complement of T'Z.



3.1.1 Gradient estimates

The next Lemma shows that V f.(2¢) is close to zero when ¢ is small, namely z is an
approximate solution of (NLS,).

Lemma 3.2 Assume (V1), (V2) hold. then for all £ € R™ and all € > 0 small, one has
IVe(z)ll < C (] VV(EQ)| +€7), C>0.

PROOF. Since

1

£ =T+ 5 [ V(o) = Viegulds; 3= Viet),

and since 2 is a critical point of I, one has
(Vi) = (Vo) + [ [Viea) = V()] evda
R’ﬂ

= - [V(ex) — V()] zev dx.

Using the Holder inequality, one finds
(9 (VAGOWE < ol | V(o) - Vi) Pefd,
From the assumption that |D?V(z)| < C, one infers

|V (ez) ~ V(e€)| < Ce|VV (e€)[z ~ €| + C®la ~ €.
This implies

V(ex) — V(e€)Pzidz <
Rﬂ

(10) CeYVV ()2 |z — €]22%(z — €)dx + Ce* lz — £*2%(z — £)dx.

R» Rn

Recalling Proposition 2.1 and (7), a direct calculation yields

o — &7z —§)dr = o’(ef) . [yl (B(e€)y)dy

R~

a26~n~2 |yll2ﬁ2 (yl)dyl S C
Rn

From this (and a similar calculation for the last integral in the above formula) one derives
(11) [V (ex) — V(e€)P2ide < CE|VV(e€) + Ce*.
Rn

Putting together (9) and (11), the lemma follows. =



3.1.2 Invertibility of D?f. on TZ+

In this section we will show that D?f, is invertible on TZ+. This will be the main tool
to perform the finite dimensional reduction.

Let Lee : (Th Z°)" — (T, Z°)* denote the operator defined by duality as (L cv|w) =
D? f.(z¢)|v, w]. We want to show the following.

Lemma 3.3 Under the assumptions (V1), (V2) there exists C > 0 such that for € small
enough one has that

(12) |(Legolv)l 2 C70lf?, V€], Yo € (2 @ T3 Z2°)"

PROOF. From (8) it follows that every element { € 7,,Z can be written in the form
¢ = —0,2%¢(x — &) + O(e). As a consequence,

() it suffices to prove (12) for all v € span{z, ¢}, where ¢ L span{z, 8,2 (z — £)}.
Precisely we shall prove that there exist C' > 0 such that for all € > 0 small one has

(13) (Legzelze) < —C™H <0
(14) (Legdlp) > CYo)%

It is clear that the Lemma immediately follows from (*), (13) and (14).
Proof of (13). First let us recall that, by Proposition 2.3, one has
(15) DT\ (2e)[2, 2¢) = —(p— 1) < —C! < 0.
There holds
(Logielze) = DTGo)lees 2 + [ V(o) = V(6] .
The last integral can be estimated as in (11) yielding
(16) (Leg2e|2e) < D?In(z¢)|2¢, 2] + Ce|VV (e€)| + C&°.
From (15) and (16) the inequality in (13) follows.
Proof of (14). As before, by Proposition 2.3, we have
(17) D*1x(z)[¢, ¢] > CH{lolI".
Let R > 1 and consider a radial smooth function x; : R” — R such that

(x) xi(z)=1, for|z|<R;  xi(z)=0, for|z|>2R;

(x") IVxa(z)] < for R < |z} < 2R.

SIS
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We also set x2(z) =1 — x1(x). Given ¢ let us consider the functions

¢i(z) = xi(x — E)p(z), i=1,2

A straight computation yields

[ #=[ d+] d+2] oo

[owore= [ wap+ [ etz [ vo-ve,
R" R® R R®
and hence

JolF = 62" + 02l +2 | [o1 62+ V1 - Vi)

Letting I denote the last integral, one immediately finds

= / XX + Vo) + / FVx: - Vo + / 61V - Vo + V- V.
‘Rn P \R'n, , kR’n P

v v

I¢ II II/

Due to the definition of x, the two integrals I’ and I” reduce to integrals in {R < |z| <
2R}, and thus they are of order og(1)||¢]|*. As a consequence we have

(18) loll* = Heall® + lI2i* + 21, + or(1) 917,

After these preliminaries, let us evaluate the three terms in the equation below

(Legdld) = (Leedi|d1) + (Legdo|do) +2 (Legdi|d2) -

o ag a3

One has
(19) 01 = (Legpil¢n) = D*1)[¢n, 1] + - [V(ex) — V(€)] ¢1.

In order to use (17), we introduce the function ¢, = ¢; — ¢, where

Y = (b1]2e)2e + (01|0p2¢) O 2.

Then we have

(20) DQTA[(bla ¢1] = DQTA[EDEH] + DQTA[‘/% 1/)] + 2D27)\[$17 ’tﬁ]
Let us explicitly point out that ¢, L span{z, 8,2%(z — £)} and hence (17) implies

(21) DPI\[61,61) = O, 1.
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On the other side, since (¢]z¢) = 0 it follows that

(d1l2g) = (Blzg) = (¢2l2e) = —(¢2]2)
= — | ¢ozedx — Vze - Vipodz
R" R"

- /,;,, X2(0)2(0)ly + dy = | Va(y) - Vxa()ely + Eely.

Since xa(z) = 0 for all |z| < R, and since 2(z) — 0 as |z] = R — oo, we infer (¢1|2) =
or(1)|i¢|. Similarly one shows (¢1|0;2¢) = or(1)||¢||, and it follows that

(22) 121l = or(1)i[4].

We are now in position to estimate the last two terms in (20). Actually, using (22) we get
@) DTWl= [P+ Ve [ v -p [ 27 - orll”

The same arguments readily imply

@) DTBu =GV [ Fw-p [ 250 = on)l6l

Putting together (21), (23) and (24) we infer

(25) D*T\[¢r, ¢n] = ll6al” + or(D) 4]

Using arguments already carried out before, one has
A V(ez) — V(e€)lpidz < C A & = &x*(z — €)¢*(z)dx

< eC | yx(y)e'(y + E)dy

Rn
< eCllol.
This and (25) yield
(26) 01 = (Leetr|dr) = CH el — eCllol* + or(1)i 41,

Let us now estimate 0. One finds

az = (Leeal¢) = An|v¢z|2+/ V(6$)¢;2)—P/ 23

@3 U

and therefore, using (V2),
022 Ol -p [ 2763
R®
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As before, ¢o(z) =0 for all |z| < R and 2(z) — 0 as |z| = R — oo imply
(27) o2 2 CH g2l + or(1)14)1%.

In a similar way one shows that

(28) o5 > CH s+ or(1)ll¢]1%

Finally, (26), (27), (28) and the fact that I; > 0 yield

(Legdldp) = o1+ 02+ 203
> C7H[lgll® + ligall® + 21) — Celld® + or(L)I8]I".

Recalling (18) we infer that

(Legdld) = CTH@I? = Cellg] + or(1)llo]*.

Taking £ small and R large, equation (14) follows. This completes the proof of Lemma
33. =

3.1.3 Proof of Proposition 3.1

Let P = P, denote the projection onto (7%, Z)*. We want to find a solution w € (T, Z)*
of the equation PV f.(z + w) = 0. One has

Vi(z+w) = Vf(z) + D*f.(2)[w] + R(z,w),
with
(29)  ||R(z,w)l| = o(||lwll), and |[R(z,ws — wy)l| = of|jwr| + [lwal])|lw1 — wal],

uniformly with respect to 2 = 2. Using the notation introduced in subsection 3.1.2, we
are led to the equation
L.gw + PV f(z) + PR(z,w) = 0.

According to Lemma 3.3, this is equivalent to
w= N.¢(w), where N.((w)= —L;; (PVf.(2)+ PR(z,w)).
From Lemma 3.2 and the first inequality in (29) it follows that
(30) [Nee(w)]| < i (el VV(e€)] + &%) + o([Jwl)).
By the second inequality in (29) there holds
(31) [Neg(wr) = Neg(wi)ll = olffwnl] + walMlw: — well.

Then one readily checks that N.¢ is a contraction on some ball in (T, Z } provided that
€ > 0 is small enough. Then there exists a unique w such that w = N, ¢(w). Let us point

12



out that we cannot use the Implicit Function Theorem to find w(e, ), because the map
(e,u) — PV f.(u) fails to be C?. However, fixed ¢ > 0 small, we can apply the Implicit
Function Theorem to the map (£, w) — PV f.(2¢ +w). Then, in particular, the function
w(e, &) turns out to be of class C* with respect to &.

The final assertion in the proposition is proved as follows. Studying the derivative of
w(e, &) with respect to &, one can verify that

T Z ~ T ruste, §)Z for ¢ small,

where Z = {z + w}. Suppose z, + w(e, &) is a critical point of f;|z. Then Vf.(z, +
w(e, &)) is perpendicular to L twie o) 2 and hence almost perpendicular to Ty 2- Since,

by construction of Z, it is V f.(z¢, +w(e, &) € T, Z, it must be V fo(zg, +w(e, &) = 0.
This concludes the proof.

Remark 3.4 From (30) it immediately follows that
(32) lwll < C (elVV (e€)| +£%)

where C > 0.

3.2 Study of the reduced functional and applications

The main purpose of this subsection is to use the estimates on w established above to find
an expansion of ®.(£) and V&.(£), where ®.(€) = f.(2 + w(e,&)). In the sequel, to be
short, we will often write z instead of z; and w instead of w(e, £). It is always understood
that ¢ is taken so small that all the results discussed in the preceding subsection hold.

We have
2.(6) = 5l + ]’ + 1/ Viea)(s + ) — = ()
c 2 2 Jgn p+1
Since —Az + V(e€)z = 2P we infer that

l2]? = —V(ee) /+ /
(zlw) = —V(€) /n Zw-{—/n P,

Then we find
06 = (5- ;};-i) [ 2745 [ e -vio)s
+ [ Wen)=VieeNzot; [ Vieaw?
+ gl --;}-1- (e wpt = 24— o+ )27

13



Since 2(x) = a(e&)u(B(c€)x), where o = V¥~ and 8 = V12, gee (7), it follows that

_p+l n

/n PHr = GV (e€)?, Cp = /Rn Urtt; 6 13

Letting C; = Cp[1/2 — 1/(p + 1)] one has

5(6) = V(e +5 [ Ven) -Vt [ Ve -Vie)ou

1 1 1
(33) + 5/ V(ex)w? + §||w|l2 51 [(z + w)Ptt — 227 — (p+ 1)2Pw].

The function @, can be estimated as follows.

Lemma 3.5 Let a(cf) = 0C,V (c€)?1. Then one has

(34 B0 = CVEE 400, >0, 0=2T -2
where |p.(€)] < C (elVV(e€)| + £2), and
(35) VO (€) = a(ef)eVV () + "M R.(€),

where |R:(§)| < C and v = min{l,p — 1}.

ProOOF. The first four error terms in (33) can be estimated as in Lemma 3.2, using the
Holder inequality and (32). Let us focus on the last term. Using the uniform boundedness
of z and some elementary inequalities one finds

|(z +w)Pt — P (p 4 1)z”w| <C (lw|2 + |w\p+1) :

Hence, from the Sobolev inequality we deduce

[ s wptt == e 02| <0 (ulf + ).

Then, using {32), we obtain (34). We do not treat (35) here, details are given in [3]. m
As an application of the previous results, we give the following theorem, regarding con-

centration at non-degenerate critical points of V.

Theorem 3.6 Assume (V1) and (V2) hold, and suppose & is a non-degenerate critical
point of V., namely for which D?*V (&) is non-singular. Then there erists a solution u. of
(NLS,) which concentrates at &.

14



Proor. Using a Taylor expansion for V, one can find a small positive number dg such
that

(36) V'V #£0 on 8B, (&) and deg(VV,0,8Bs, (&) = (—1)% det D*Viko)

For t € [0,1], consider the function ®L(£) = td.(€) + (1 — t)a(&)V (c€). From (35) and
the first part of (36) one deduces that V. s 0 on 8B, (&) for all ¢ € [0,1]. By the
homotopy property of the degree, it follows that

deg(V®., 0, 0Bs,(&)) = deg(a(&)VV,0,8Bs5,(£0)) = deg(VV, 0,885, (%)) # 0.

As a consequence @, possesses a critical point in By, (&) and hence, by Proposition 3.1,
fe has a critical point of the form zg, +0(1). Scaling back in the variable =, we obtain the
conclusion. m

15



4 Concentration at spheres for (NVLS;)

In this section we study concentration at spheres for (NLS.). We assume that V is radial,
namely V{(z) = V(|z|), and we will work in the space H! of radial functions in H(R").
Using this space, the Euler functional f. becomes, up to a constant factor

L[ e 2\ ..n—1 1 * 1,1 1
(37)  fo(uw) = —/ ((w)? + v(er)u®) r"dr — —— Pt dry u € H,.

2 Jo p+1Jo
To give an idea why (NLS.) might possess solutions concentrating on a sphere, let us
make the following heuristic considerations. A concentrated solution of (NLS.) carries
a potential energy due to V and a volume energy. The former would lead the region
of concentration to approach the minima of V. On the other hand, unlike for the case
of spike-layer solutions where the volume energy does not depend on the location, the
volume energy of solutions concentrating on spheres tends to shrink the sphere. In the
region where V' is decreasing, there could possibly be a balance, that gives rise to solutions
concentrating on a sphere. This phenomenon is quantitatively reflected by an auziliary
weighted potential M defined as follows. Let

_p+1 1

0 —
p—1 2

and define M by setting
M(ry =" Vo(r).
We have the following result.

Theorem 4.1 Let (V1) — (V2) hold, let p > 1 and suppose that M has a point of local
strict mazimum or minimum at r = 7. Then, for £ > 0 small enough, (NLS.) has a
radial solution which concentrates near the sphere |x| =T.

This existence results is complemented by showing that concentration at spheres neces-
sarily occurs on stationary points of M.

Theorem 4.2 Suppose that, for all € > 0 small, (NLS,) has a radial solution u. con-
centrating on the sphere |x| = 7, in the sense that ¥é > 0, ey > 0 and R > 0 such
that

(38) us(r) <o, fore<ey, andlr—7] > ¢R.
Then u, has a unique mazimum at r =r., v =7 and M'(7) = 0.

Theorem 4.2 is the counterpart of known results dealing with necessary conditions for
concentration of spikes.

In the case n = 1 one obviously has M'(r) = 0 iff V’(r) = 0. Otherwise, when n > 1 one

has
M'(r) = r"2VE1(y) [(n = D)V (r) + 0rV'(r)].

Therefore, critical points of M belong to the region V' < 0, as remarked before.
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Remark 4.3 Note that in Theorem 4.1 we do not require any upper bound on the exponent
p, namely we can deal with the supercritical case as well. Roughly, the reason is the
following. The asymptotic profile of a radial concentrating function is the the solution of
(Py) forn =1 (and a suitable ). In this case there is no restriction on p for the existence
of a solution.

4.1 The finite-dimensional reduction

Setting Stat(M) = {r > 0: M'(r) = 0}, let us fix pg > 0 with 8pgy < min Stat(M) and
let ¢.(r) denote a smooth non-decreasing function such that

0, i r<i 4e 1662

¢e(r) = )] < =, |¢Z(r)| < —-

1, if r>e & <
For p > 4po/z, set
(39) 2pe(r) = de(r)Un(r—p); A =V(ep).
Fixed £ > 7, see Theorem 4.1, consider the compact interval 7; = [4e™!py, e 4] and let
Z=Z ={z2=2,:pcT}
Recall that Proposition 2.1 yields
2(r) < Ce~olr—rl, (A2 =inf{V(r) : r ¢ R*™}).

Choose n > 0 such that

Ao
min{p, 2}
Given a positive constants y > 0 (to be fixed later), we define

A=A —7>

(40)  Co={we H: [wlm <ellellm, W) <veE forr e 0,4},
We will look for critical points of f. of the form
v=z2+4+w, z=z,,¢€2Z, w1l T,Z,wcC.
We have indeed the following Proposition.
Proposition 4.4 For ¢ sufficiently small there exists a positive constant ~ such that for

p € T, there ezists and a function w = w(z,.) € W = (T,2)* satisfying Pfl(z +w) =0
and

i) wele={we H: |l < ellzll, lw(r)] < ye I forr € [0,p]},
i) [lwl < CLf(z)I-

17



Setting
P(p) = felzpe + Wpe),
if, for some € K 1, p. is stationary point of ®., then U, = 2,, c + W, . 15 a critical point

of fe.

The reason for the introduction of the set C. is the following. The norm of the function
25 and of the gradient I[(z,.) may diverge as ¢ goes to zero, see (42) and Lemma 4.6.
For this reason it is not possible to perform the contraction argument using only norm
estimates, as in the proof of Proposition 3.1. By means of the set C, we keep the function
w small in L™, see (44), and the function z + w concentrated near |z| = p.

Let us recall that, by the Strauss Lemma, if u € H} one has
(41) lu(r)| < € rt-m/2 lullrgny, 72> 1

Lemma 4.5 Fore > 0 small, w e C., p € T; and r > 0 one has

(42) 1zpellm ~ ™72,
(43) wlla: < e lzpella ~ @2,
(44) lw(r)| < Ce, VYr>0,

where C' depends only onn, p, V and the constant v in the definition of C..

Proor. By the exponential decay of z,. we have

400
2o, 12L1,} = / "2+ Vier)2®)dr ~ p" .
0

Since p € 7., then p ~ ¢~ and (42) follows. Equation (43) is an immediate consequence
of (42) and of the fact that w € C.. To estimate |w(r)| we first recall that, taking ¢ such
that po/e > 1 and using (41) we get

w(r)] < C 102l < O D2 ulyy,  forall 7> pofe.
Then (43) implies
lw(r)| < C e for all r > py/e.

Furthermore, according to the definition of C,, and recalling that p € 7; implies p > 422,

we have N
lw(r)] < ve M0 < 4e73% < Ck, for all r < py/e.

Hence (44) follows. m
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4.1.1 Gradient estimates and invertibility

Lemma 4.6 For p € 1. there holds

(E1) 1fe(z0, )| S € 120,
(E2) ”f!(zp,s +sw)|| <C, (0<s<1);

3-n}/2 .

|1~ gl

Proof of (E1). For all v € H} one has
+00
fe()] = / "t (2 + V(er)zv — 2Pv) dr
0

+-oc0 +o0
= — / v(r™ 2 Ydr + / " (V(er)zv — 2Pv) dr
0 0

+00 +00 400
—(n ~1) / 22 vdr ~ / r" 2 vdr + / r"H(V(er)zv — 2Pv)dr.
Jo _Jo 0

o~

A;Zv) A;E'u)
Using the Holder inequality we get

+00 1/2
|A0(’U)l < C H,UHH»} (/ (T(n_3)/2z’)2dr
0

Since z decays exponentially away from r = p and since p € 7, it follows that

+0o0 +o0
/0 (r =222 dr = /0 r 2" e o~ p7R| 2R ~ €2l 2l R
Then, using (42) we find
(45) sup{|Ao(v)] : [[v]lgz < 1} ~ & ||2]] ~ £B/2,

To estimate A;{v) we recall that, by definition, z = ¢ - Ty (r — p) and hence

+o0
Ay(v) = =/ N @"U + 2¢' U Yvdr
O ~

.

A;Ev)

+o0 Foo
- / r" 1 (@Uv + V(er)gUv — ($U)'v) dr — / U udr,
~ 0 O d

-~

Az{v)

where U stands for @ (r — p). Since the support of ¢' is the interval [pg/2¢, po/c] and U
decays exponentially to zero as r — co we get

(46) sup{|Az(v)| : ||[v]|mz < 1} ~ e 2.
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Finally, using equation (56) we infer

As(v) = /0 o (V(er) — V(ep)) Uvdr = /o o (V(er) - Vi(ep)) zudr.

Since V is bounded,
1/2

+00
|As(v}} < C |iv||m (/ Tn_?’zzdr) ’
0
and hence, in view of (42),
(47) sup{|A3(v)] : [Jollaz < 1} ~ € [|2]] ~ @72,
Putting together (45), (46) and (47), we find (E1). m

Proof of (E2). For v € H} we get

+o00
/ ()2 + o* + Vier)v® — plz + swlP~'v%) dr
0

[fi(z+ sw)lv, ]| =

—+00
< Clolig | [ e sup it
0

According to (44) one has that |z(r) + sw(r)| < C and thus

+o0
/o r" Tz + swlPPdr| < e |lullF.

Then | f/{(z + sw){v,v]| < ¢ ||v||§ﬂ and (E2) follows. m

As in the previous section, with only minor modifications, one can prove the following
result.

Lemma 4.7 There exists a positive constant C' such that, for every p € 7. and for ¢
sufficiently small there holds

1 (2)w,v] > CHol?, Jor allv L {tz} @ T,Z.

4.1.2 Decay estimates

In this section we just give a brief motivation of the choice of the set C., and in particular
of the number A;. The function w is obtained as a fixed point of a map N, ,. If w = N, ,w,
with w € C,, then % satisfies the equation

—AD+ V(er)w —p o = — ((z+w)f — 22 — p2P~lw) + B(—Az+ V(er)z)
(48) + (=Az+Vier)z —27), in R",

where (3 is a real number with |8] < ¢, and where £z = g—f), see [1]. From the decay of w

and some elementary inequalities we have
l(z +w)? — 2P —pzp“lw] (z) < C max{|wi?, |w[*} < Ce~ @ Mle—lzll < Cpole—l2l],

The function on the right-hand side has a decay comparable to that of z.
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4.2 Proof of Theorem 4.1

First of all we expand the functional ®,.
Lemma 4.8 For e > 0 small, there is a constant Cy > 0 such that:
" flzpe +wpe) = CoM(ep) + O(e%), peT.

PROOF. For brevity, we write z instead of z,. and w instead of w,.. One has

fletw) = £+ £l + [ £+ sw)luds,
Using (43), (E1l) and (E2) we infer

felz +w) = fe(2) + O(£¥).

On the other hand, recall that by definition 2,.(r) = ¢.(r)@x(r — p). Then z concentrates
near p and one finds

L) = /Omrn_l (lz’|2+V(Er)z2 _ zp+1) .

2 p+1
et [+ Viepus  w|T
=, /R( . 2 Ydr (1 of1).

We recall that
Tx(r) = X @Dy, N = Viep).

It follows by a straightforward calculation that

\U'|2+V(er)U? UPH _ 0
/1;( 5 ) dr = CoV¥(ep),

where @ and Cj have been defined in the previous section. Substituting into the preceding
equations we find

fez +w) = Cop" VP (ep) + O(>™).
Recalling the definition of M we get

Folz ) = =22 (o)™ V2 (ep) + O(E™) = 22 Mien) + 0™,

En—l

and the lemma follows. m

Proof of Theorem 4.1 completed. Let us first consider the case p € (1, Z—f—g] By Lemma

4.8, if 7 is a maximum (resp. minimum) of M then ®.(p) = f.(2,. . + w,, ) will possess a
maximum (resp. minimum) at some p. ~ 7/e, with p. € 7.. Using Proposition 4.4, such
a stationary point of ®. gives rise to a critical point %, = 2,, . + w,_., which is a (radial)
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solution of (NLS.). Since u.(r) ~ Ur(r — p:) ~ Ur(r — 7/e), then u.(r) ~ Uy ((r —7)/e)
and hence u,, rescaled in r, concentrates near the sphere |z| = 7.

Let us now consider the case p > Z—fg The proof is done using some truncation for
the nonlinear term, and then proving a-priori L™ estimates on the solutions. We list the
modifications to the above proof which are necessary to handle this case.

For K > 0, we define a smooth positive function Fx : R — R such that
Fr(t) = [t for |t| < K;  Fg(t) = (K+ 1P for |t| > K + 1.

Let fox : H} — R be the functional obtained substituting |u[P™" with Fx(u) in f;, and

let Ko = (supV) 71, Since the non-linear term in fe Kk is sub-critical, this is a well-defined
functional on H?!.

We note that by the definition of %y and z,., it is ||z,.|| < Ko for all p € 7; and ¢
sufficiently small.

In the above notation, if K > Kj, the operator P f/;(z) remains invertible and its
inverse A, has uniformly bounded norm, independent of K. In fact, Lemmas 4.5, 4.6,
4.7 and Proposition 4.4 are based on local arguments and remain unchanged. Moreover,
if K > Ko+ 7 (see the definition (40) of C.) and using the pointwise bounds on |w(r)]|
stated in equation (44), one readily checks that the estimates (E1) — (E2) involving f/(2)
and f/(z + w) are also independent of K. Hence the above method produces a solution
u. of fl i = 0 for which ||u.|lc < K. Hence u, also solves (NLS,). This completes the
proof of Theorem 4.1. m

We remark that, since @, depends only on one variable, it is not necessary to study its
derivative with respect to p in order to get critical points.

4.3 Bifurcation of non-radial solutions

In this section we study bifurcation of non-radial solutions from a family of radial solutions

concentrating on spheres. We will assume first that the exponent p lies in the range

(l, Z—f%}, so all the functionals involved are well-defined. The general case p > z—fg will be

handled by a truncation procedure as before.

Proposition 4.9 Let u, be the family of solutions radial solutions u. of (NLS.) having
the form

To
Ue = Zpee + Woe s for some p, ~ =

where w,, . € Ce (see equation (40)). Then the Morse index of u. in H'(R™) tends to
infinity as £ goes to zero.

PROOF. Let {¢;};,7 € N denote the eigenfunctions of —A on ™! with eigenvalues
{1;};, where the y;’s are chosen to be non-decreasing in j. In particular we have

(49) / Vol =uj/ ©;,  j=>1
Sn—l Sn—l
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Recalling the definition of the cutoff function ¢. in Section 2, let us define v; € H*(R")
in the following way

vi(r,0) = ue(r)ge(r)p;(8), r>0,6€8"7 j>1

We note that, in polar coordinates

(50)

Ty = (15(0) G (), 70101 Vamss )

and hence we deduce

(51)

(vi,v;) =0 for 7 # 7.

Moreover it turns out that

(52)
where
Cl £

02,5

I (ue)fv;, v, = Che / &+ O /
Sn-1

sn

» |v99j|27

[ / 7t ((deue))? + / W (er) (geue)? — p / prlyptl ¢§] ;
/ " (Peue ).

From the estimates of the previous sections one easily finds

ra\ =1 _ ra\ =3
01,5 ~ ("9) I"f’(m)[ﬁ)\’ﬁ)\] <0 02,6 ~ (_0) /ﬂi
R

9 £

From (49) and the last equations it follows that, for any fixed j > 1, for £ small one has

ro\"=1—x

1 .
I (ue) v, vi] £ swna ("6*) Iypgl@n] <0, foralli <y,

2

where A\* = V(). Hence setting

M, = span{v; : i=1,...,5},

from the orthogonality relation (51) it follows that I”(u.) is negative-definite on M; for
¢ sufficiently small. This concludes the proof. m

With some delicate analysis of the small eigenvalues of f{’ ue), one can prove the following

result.

Proposition 4.10 Suppose M"(rp) # 0, and suppose u. is a solution concentrating at
|z| = ro constructed with the above method. Then, for ¢ small, u. is non-degenerate in

H!.
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By means of these two propositions, we can prove the following result.

Theorem 4.11 Suppose that, in addition to the assumption of Theorem 4.1, the potential
V' is smooth and that at a point ¥ > 0 of local strict mazimum or minimum of M there
holds

(53) M"(F) # 0.

Then there erists cq € (0,8) such that A = Az ., is a smooth curve. Moreover, there exist
a sequence €5 | O such that from each u.; € A bifurcates a family of non-radial solutions

of (NLS,).

ProOOF. By Proposition 4.10 the solution u. = Z, + @ of (NLS.) is non-degenerate and
locally unique in the class of radial functions. This implies that the set A in Theorem 4.11
is a smooth curve. By Proposition 4.9 the Morse index of f/(u.), in the space H*(R"),
diverges as ¢ — 0. To obtain the conclusion it is sufficient to apply a bifurcation result
of Kielhofer. When p > Z—“_Lg it is sufficient to consider a cutoff function Fx as in the
proof of Theorem 4.1. The above argument yields bifurcation of non-radial solutions of
fix = 0. The L™ bounds on the radial solutions and standard regularity results imply
that non-radial solutions which are sufficiently close to the radial ones (in H*(R")) are

also uniformly bounded. Hence these critical points are also solutions of (NLS.). m
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5 Concentration at spheres for (F;)

In this section we study concentration at spheres for (P.) in the case of the unit ball
=By ={zeR" : |z] <1}, highlighting that new phenomena take place, due to the
imposed boundary conditions. Our main result on problem (N) is the following theorem.

Theorem 5.1 Let p > 1, and consider the problem

- —e2Au+u=uP, in B,
(N) Ju =0
52 =0 on 0By, u > 0.

Then there exists a family of radial solutions u. of (Z‘V ) concentrating on |z| = r., where
re 18 a local mazimum point of u. for which 1 —r. ~ ¢|loge].

A similar result holds in the case of the annulus, 2 = {a < |z| < 1}, with a € (0, 1). Also,
related phenomena occur in annuli when one imposes Dirichlet boundary conditions, see

[2].
As before, it is convenient to scale the problem to the set 2, = %Bl, and to use the
functional I, introduced above

/ (IVul® + V(e|z])u / lu|Pt u€ H}.

5.1 Abstract setting and preliminary estimates

For any ro < 2, let ¢.(r) be a smooth cutoff function such that
2

0 forr € [O, %g] ;

1 forre [m 1] :

4 . — 4e? e} ?
54 = Vi <oe trre 2]
62(r)] < Ce®  forr e [, 3]

We define ZV to be the following manifold

1

(55) ZV = {¢s (z,, + ou,pe_(%_p)e_(g_')) }p = {2 = ¢ (2, + vp)}p; p> f—e

Here v, is the constant in Proposition 2.1 for n = 1, and z,(r) = u(r — p). The range
of p will be chosen appropriately later. The function 2" has been chosen in such a way
that it has a small normal derivative at 0€2.. In fact, we have the following estimate

(56) (=Y (%) = 2, (é)_ame—(%—p)
@ EG-2) )
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The difference between 2" and z can be heuristically viewed as an addition of a virtual
spike outside (2.

We need first the following lemma, which can be proved by reasoning as in [1], Section 3.

Lemma 5.2 Let ZV be as above, and let w € C.. Then the following properties hold true
(E) [ +sw)<C (0<s<1);

(B2) |2+ sw) — L)) < Omax { oo, [0l &70 ], (@< s < 1)

The same arguments of [1] Section 4, with some minor modifications, yield the following
result.

Proposition 5.3 There exists a positive constant p with the following property. For ¢

sufficiently small, and for oll p € [fsﬂ,% — ] there exist a function w(zf)v )= wév satisfying

i) I(z) +w(z])) = aﬁ)vg—pzf,v;

ii) w(z)) L Ty ZV;

i) (=) < CIL()I);
iv) ()l < C (= + 2 11U).

where af,v € R and C s a positive constant depending only on n,p and u. Moreover, if
for some € K 1, p. is stationary point of ¥.(p) = Is(zf,v + wév), then 4, = zf,i + wf,i is a
critical point of I..

Proposition 5.3 is proved using the Contraction Mapping Theorem in the set C.. The
condition p € [%1 L. ,u], for p sufficiently large and for e sufficiently small, makes the

'

functional 17 (2} qualitatively similar to T (@) and allows to conclude
17(z0)[v, v} > 8lll%; for all v L 2/ @ Tz‘zovZN,
for some é > 0, as in [1], Lemma 4.1.

We note that in the case {2 = A the functions in H} belong to L*°. The argument carries
over directly in H! and there is no need to introduce the set C..

For proving Theorem 5.1 we need to be careful in the expansion of ¥, since we want to

consider values of p which are close to the exterior boundary of {2.. In the next Lemma
we estimate the quantity || Z(z))||, which by iii) is an upper bound for {|w(z'}||.
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Lemma 5.4 Let ZV be defined in (55). Then there holds
MLz < Ce' T (E +o0 (e_(%_p))) , for every =) € ZV.
for some constant C depending only and n and p.

ProoF. In the proof we will often omit the index p in 2, and v,. Since 2z, = u(- — p)
and v, satisfy respectively the equations —z;,’ + 2, = 25 and —’v;,’ + v, = 0, we have

IV = / (—AY + Vi(er)s" — (ZV))u+ e)n—l (Y (1l /e)
— SN /eult/e) - (- D) [ 1Y
- [ @8 - [ (@),
From formulas (41) and (56) we find
(58) (VY (1/e)u(1/e)] = &0 (e (0)) Jull
On the other hand, since the function Z is supported in {r > 2}, one has also
(59) JECT

From the exponential decay of 2, and v, from the fact that ¢., ¢ have support in [g, gg]
and from p > ;13—5, one deduces the estimates

it 13

< Ce™ " |lull.

< C% e 2 Jul.

(60) ’/cgﬁ;(zp + v,) u

< Cee'? o2 |ul; | [ e+ vy

Let us consider now the term [ ((zN >P— qﬁezg) u. We can write

(V)P = Gzt = GE (2 + 0)P = 2P) + ¢ (¢027 — ¢ 28) .
Since z is uniformly bounded, we have

|(z +v) = 27 — p2" v} < Cmax{v|?, [v}"}.
It follows that

/[(z +v)P —2Flu| <p ’/zp"lzﬂu]

Again from the Holder inequality we obtain

[ e

+0| [l maxoP, o).

< e—@w)(2-p) / e~ (2] < Cem M (Er) T u).
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1
We have also | [ 27 tvlu|| < ([ 2%*"Dv?)? [|u]|. We divide the last integral in the two
regions r < &gi and r > Pi.;:i When r < %A, v satifies |v| < ¢ 3(37°) and hence

1

2
/ zZ(p—l),UZ < Ce“%(éwp) / 2(19_1) < Oe~%(é<p)gl_7n_

On the other hand when r > ﬁ%—l, z satisfies |2(r)| < e ~2(2-#) 50 we have

1
2 1
/ z2(p—l),u2 < Ce_PE_I(%_p) (/ ’1}'2) ’ < Ce_(l_'_}%l')(%_p)gl_Tn,
roege

‘We have also the estimate

[ @z-op)

The above estimates yield

[ @y - o)

Hence (58)-(61) imply

IR < 0™ (e 40 (e ) 4o %),

1
2

<c ( [ - @)2#?) lull < Ce %5 u].

(61)

< Ce'F" (e () (2-0) 4 - 46) .

This concludes the proof of the lemma. m

5.2 Expansion of I, on ZV

In this subsection we expand I, (zﬁ,v ) as a function of p and e. Integrating by parts and
using the equations satisfied by z and v (see the proof of Lemma 5.4}, we find

L(zY) = %/(|VZN|2+( p+1/| NP = /(—AzN—f—zN) 2N
1) #umeam - [l

= %(%)" 1 N1/e)ZNY(1/e) + /qf)ezpz il/llep“
(62) - n;l/‘ Ml / LN (2 +v) — /¢”Nz+v

Let us estimate each of the seven terms in the last expression. From equations (2) and
(56) we deduce

(63) e 2N (1/e)(ZVY (1/e)| = o (e"z(%"”>) :
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To estimate the second and the third term, we can write
1 1 1 1
— PN T Nip+1 o +1 _p+1
2/¢’Ezz p+1f'z' (2 p+1)/¢5 ‘
1 1
64) + -2-/ (62 — ¢#t) 2P (2 +v) — 3 / T Py

1
g [ Pt )2).
p

(

We have
/(ﬁg—klzp+1 __pn—l/-,lzp—i—l
R

<[ wieg [ - g
r>1/e [0,1/€}

[ et mne- g,
[0,1/¢]

Using a Taylor expansion for the function r"~! — p"~! and the fact that r < C(rg)p (since
p > ro/€), we obtain

L @ wie=) < Coum? [ - pwtie - ) < 0
[0,1/¢} [0,1/¢]
On the other hand, from (2) we get

ﬂ"_l/ @ (r —p) < Ce' (e‘(“”(%_p) + e“(p%)rg)
r>l/e

+

/ r (1 — PRt < Ot~ T2

[0.1/¢]

Hence from the last three equations we deduce

/ goHiaptt — prt / 7w < O (e‘@’“)(%"’) + 6) .
R

The term [ ¢2*1 (|z + v[Ptt — 2271 — (p + 1)2Pv) in (64) can be estimated as follows. From
the inequality

2+ o™t = 221 — (p+1)2P0 — p(p + 1)27710?| < C'max{Jo]’, [ufP*'},

(65)

one finds
/ lz 4ot =27 — (p+1)2P0 < C 2+ C max{|v]?, |v|F*}.
0,1 /€] [0,1/¢] [0,1/¢]

The first integr@} in the last e:_tPression can be estimated dividing the domain in the two
regions r < &;— and r > m’%, as before, while for the second it is sufficient to use the
explicit expression of v. In this way we find

/[01/ | ¢rt (|z + Pt — 2P — (p+ 1)2"’7})

o3 (1
z

1-p) 4 e—(3/\(p+1))(%—p)) )

(66)

< Cetm (6"3(%"") +e
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The term [ A ¢P+12Py in (64) turns out to be of order g'="e~2(:-"). We need to have a
rather precise expansion of this term, so we treat it in some detail. There holds

1

[0,1/¢]

- Q{l,pp - (“‘P) ﬂp(’r — p)e(r_p)
r>1/e

+ / (r" ™t — p"H2Pu +/ (¢FT! — 1)2Pv.
i0,1/¢] [0,1/€]

Reasoning as above, we obtain

pn—le~2(~15-~p)/ Tﬂ’(r~ p)e(r—p) < Cal—ne~(p+l)(%~p);
>1/e

(p+Brg
4e

f ("t — 2Py < et e () / (1 — )Py < Cel™"e™
[0,1/¢] [0,1/¢]

Hence the last three equations and the expression of # imply

/¢g+1zpv — al,ppn—le—’a’(%—ﬂ)/aper_i_el—ne—Q(-;-—p)O (E_I_e—(p—l)(%—p))
R
(67) = a1,p€lwn(€p)nwle_2(%—p) /ﬂpe“” +sl‘”e_2(%_9)0 (g_|_e—(P‘1)(§—P)) :
R

for £ small. The fourth term in (62} can be estimated as for (59), and gives

(68) ’ /

The fifth and the sixth terms in (62) can be estimated in the following way

Ce2m,

T

— _To
< Ced ez,

(69) ‘/qﬁ (2 +v)

Y < Ce* e~ 32 ’/¢”Nz+’u

From (63)-(69) we deduce the following result.

Lemma 5.5 Let 2V be defined in (55). Then one has

L(z)) = & (ep)™! [(——m)/_“ ——al,pe (2 ")/—Pe}

+ O™+ (6“2(”"” )

forall p € [45, E]
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5.3 Proof of Theorem 5.1
For s € [0, 1], using (E1) and (F2) in Lemma 5.2, we have

LG 1 sw™) — 2EY)| < 1w + / (1 + Cow™) — I(2)) [w]ch

= O™} +O (max { ™ 2, [ |P}) -

Hence using property iii) in Proposition 5.3 and the smallness of ||I(2"V)||, we deduce

LN +wizY)) = LEY)+LEMwE)]+ /1 (I;(ZN + sw™) — I;(ZN)) [w]ds
0
= L)+ O (M) .
Hence from Lemmas 5.4 and 5.5 it turns out that
(70) Lz +wl) = p7° [a - ,66_2@_”)] + 0™ + &0 (6_2(%_"))

where

1 1 1
1 PR e — 7p+1. /—P T
(71) o (2 1)/u ; 5_20514, e

We are going to show that the function p — Ie(zf,v + wf,v ) possesses a critical point p.
with l% - psl ~ |loge|. We give first an heuristic argument, which justifies the choice

of the numbers pog, p1 and ps e below. The main term in (70) is p"! [a — [)’e‘z(e‘P)].
Differentiating with respect to p we obtain

(n—1)p"2 [a _ ﬂe—w\(%—p)] _ zﬂpn—le—2(%—p)'

Since ’% — p€| ~ |logel, the term e~2(:-r) converges to 0 as € goes to 0, hence to get a

critical point we must require, roughly
(n—1)p"% = 2pp" 1 Hi0),

Taking the logarithm, and using the fact that all the terms except ¢ and e 2(3-) are
uniformly bounded from above and from below by positive constants, we obtain the
condition

1 1 | log ¢
72 loge| ~2 (= — = o)~ 088
(72) | log ¢ (8 p) (E p) 5

We now begin our justification of the above arguments. Given Cy > 0 (to be fixed later
sufficiently large), consider the three numbers

1 1 1 1 1
(73) Po,e=g“'2“|10g€|; P1,e=g"50|10g€’; Pz,e=g—collogﬁ|-
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By condition (72) we expect po. to be almost critical for the function p — ¥ (p) =
Ig(zf,v + wf,v ). Using Lemma 5.5 and some elementary computations, one finds

U (o) = 7™ (1 + olelloge])) [a - 65(1"2%)]

+ O™+ (8(1_3“_;@))

We have e(1==5) = g1+0(eloge) — O(¢) <« ¢lloge|, and hence

W.(po,) = £ (1 + ofelloge]))
On the other hand, there holds

V.(pre) = &7 (1+ o(e|logel)) {a - ,Bg2(1_

+ 02" + &l (82(1——5'§§EE)/6‘0) ’

“454)1]

1—Ellogel ICC:OE )/Co

If Cy > 2, we use the estimate £ = /ot Oellogel) — £2/00(14.0(1)) > eloge],

to obtain
V. (pre) =¢t™ [oz - ﬁecio +o0 (5010)] )
For the third term, we can write
Telpne) = &7 (1+o(elloge])) [o — et oeloeeh
+ 0(82—n) + Sl_nO (82C0(1—00€| loge|)) )
If Cy > 1, we obtain g2Col—Coellogel) — ¢2Co+O(eliogel) — ((2Co+0(Ellogel)) « ¢|logef, and
hence
Ve(pae) = €' (1 + o(ellogel)) ,
for € sufficiently small. If Cj is chosen sufficiently large, the last three equations imply
sup V.> sup V..
[pZ,E:PI,a] a[PZ,mPl,E]
Hence it follows that the reduced functional ¥, possesses a critical point (maximum) p in
1

the interval (% — Collogel, = — Ci0| log8|). By Proposition 5.3, we obtain a critical point

of I. with the desired asymptotic profile. By construction, this solution is close in L™ to
& positive function. Then from the maximum principle it is easy to conclude that u. is
strictly positive. This concludes the proof of the theorem.

Considering a more general equation, with a radial potential V

{—szAu +V(z)u=v" iny

%:Oonaﬂ, © > 0in {2,

(V)
the above result admits the following extension.
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Theorem 5.6 Let (V1) — (V2) hold, p > 1 and let Q@ C R™ be the ball By (resp. the
annulus A). Suppose that the function M satisfies the condition

(74) M(1)>0 (resp. M'(a) < 0).

Then there exists a family of radial solutions u. of (N) concentrating on |x| = r., where
re 18 a local mazimum for ue such that 1 — 7, ~ ¢|loge} (resp. r. — a ~ e} loge|).
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