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Therma! Conductivity
of
Spin-1/2 Chains and Ladders

Efrat Shimshoni, Achim Rosch, Edouard Boulat,
Pankaj Mehta, N.A.

e Experimental data
- heat conductivity measurements in spin chains and fad-
ders |
- magnetic contribution to heat transport

e Low energy description (RG)
- traditional effective theory describes the
thermodynamics
- insufficient for transport . conservation laws lead
to anomalous transport
- restore lattice effects . highly irrelevant operators

e Weakly violated conservation laws and
~hydrodynamic approach
- heat current is almost conserved at low temperature
- computation of heat conductivity

e Results and comparison to experiments



T heoretical background

Heat (charge) conductivity of spin-chains
(Luttinger liquids) with Umklapp scattering

e Giamarchi (91), (4krp —G) -Umklapp in Lut-
tinger liquids

pertubation theory — (T > 0) < c©

Luther-Emery transformation — o = cc

o many papers; reproduce perturbative results

o Castella, Zotos et al (95-....):
in-integrable systems with co-many conser-
vation laws
o(T > 0,w) =2xD(T){w) + ...

‘e oo heat conductivity in 1d Heisenberg model
(Kliimper, Sakai (01)) |

e generic bchavior?
Numerics: Alvarez, Gros (02) always oc, Heidrich-
Meisner et al. (03) kK < < :



Experiments - spin chain

Heat transport in quasi 1d S = 1/2 chain com-
pound SrCuQOs, SroCuOg3

Is(A)

T .
Sologubenko et al. (01)

o x~ el /T exponentially large

o T* ~ 0.420 determined by phonons

e Why not by spin-spin interactions, J ~ 100nK?



Thermal Conductivity x (W/Km)

Experiments - spin ladders
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(all data taken from Hess et al., 2001)

(Sr,Ca,La)14Cup404; :
two-leg spin-3 ladder — Spin gap m ~ 400°K

disorder
interactions
phonons

| lattice

mechanism for finite conductiVity ? <




Experiments - spin ladders
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magnetic contribution kmag to heat conductivity

low energy collective modes (magnons) carry heat



RG approach

identify the low energy effective theory

Low
energy

4‘3&%,&“

H\ow . low energy
effective theory

High
energy

e Higw describes the (low energy) spectrum

— thermodynamics

e Does H]ow describe the dynamiCs of quasi-particles?

—— | transport 77



Spin chain system

Lattice hamiltonian

N
1 z z
H=J z S-Sk +J: Y 8587
J=1 J=1
(in a real material, H is more complicated : next nearest
neighbour couplings ...)

L.ow energy description »Hl&») = H*4...

H* = o / (WhideWp — whisawy,) +g / OROL
v [ 52 (K2 + 2(0:6)7)

Reminder:

W(z) = \UL(:r)e"ZkF"B 4 W (w)ezkpa:
\ k pR(SC) \UR(:B)WR(IE)
right mover pr(x) = \U}J(:I;)WL(HI)

left mover

also need add: PHONONS




The 3D Spin - Phonon System

e Array 1d spin chains coupled to 3d phonons

e Anisotropic Heisenberg model with finite ran-
ge interactions

N N N
Hs= Y J; (SFST+ SYSY)+ > J5S7Si—h 'y 57
1,7=1 1,7=1 =1

o HgD: 3d acoustic phonons

e Hsp coupling of phonons to spin chains
(symmetry!)



Spin ladder system

| Ji% (1)
Lattice hamiltonian }[ Ji
/ (2)

N N
2. 2 Saj-Saj+1tJL ) S1;-S2;
J—'l a=1,2 71=1

(in a real material, H is more complicated :
diagonal / next nearest neighbour couplings ...)

Low energy description Higw = H* 4+

= [do [“’“‘ £00utT — ERDoER) +ima EREL]

(Shelton et al., 1996)

Spectrum at weak coupling (J; < Jj)

{ Triplet (&), 1,5 93P miocJy

Singlet £3 | gap ms o 3J)

also need add: PHONONS




Spurious conservation laws of H*

H* insufficient for transport

For example: Spin Ladder

e H*(spin ladder) — free field theory

= infinite number of conservation laws
e heat current conserved

Tp =Y 02 [ do (60 0at] + ERO:ER)

But on the lattice:

spin ladder not integrable
heat current not conserved

f%cfw theor g spurious conservati m laws

= anomaiou

o(w) = D(T)é(w) + oreg.(w)
D(T) # 0 & anomalous (dissipationless) transport

Adding leading irrelevant operators to H*
- not enough!

10



Transport and conservation laws

When is D(T) non zero ?

e Conserved current [H,J] =0

D(T) = <J2> /T?| — Drude weight (& peak)

e Current not conserved but protected by a
conserved quantity @n : x;, 70

(XaB = = 2 cross susceptibility)

1 | X3.Qn
lim —T-/O (J(t)J(O)) dt > B= ;Xczn,czn

: Protected current

T—00

(Mazur 1969) 1

<J>

— |D(T) > B/T| Qn

° Partlcular case - INTEGRABL!: MODELS
infinite number of conservation laws — [2{17) >

- anomalous transport

11



Irrelevant operators -
breaking of conservation laws.

Low
energy

High | Hiow = /" + Hyjyy +0H

energy

Classification of irrelevant operators

1] H, : all translation invariant operators.

Along with 7/, determines the thermodynamics.

example : ¥ / do (£2026R + £002¢7)
a .
“conventional” field theory description

H™ 4 Hijpp = /dw H(x), H(z) - translation invariant

H;i,, breaks many spurious conservation laws
but continuous translation symmetry unbroken

12



Irrelevant operators -
breaking of conservation laws

2 SH = Umklapp processes

—— necessarily present for a lattice model
— breaks transiation invariance
— infinitely irrelevant in the RG sense

example :
leading Umklapp operator for the spin ladder

3
SH ~ / dz e2*FT T 0%(z)

a=0

e SU(2) invariant 6H = [ dz J(z) - #(x) cos (2ikpz)
e all other Umklapp operators have greater scaling dimension

Heat transport determined by 6 H

13



Weakly violated conservation laws

#iongst the spurious conservation laws of the effective theory :

e most are violated by H;,, — strongly violated

e the rest is violated by § H — weakly violated
= the associated approximately conserved
quantities J, are slow modes (slowly decaying)

— the slow modes determine long time asymp-
totics of protected current correlations

NE—

<I>

<J. >

o

t

e The translation operator is a slow mode (trans-
lation invariance broken by Umklapp operators)

e The heat current is ALVWAYS protected by the
translation operator

= it is therefore a slow mode itself

= the heat current is degraded by 0H

14



The Spin-phonon system -
(Approximately) conserved charges

The low-E Hamiltonian possesses (approximately)
conserved “charges”:

Js = K / dr[Yhvr —vivr] = vK / dzIl

Pr = /dmﬂ@xqﬁ + /dSmP&cq

Jo = -—/d:z:vQH%QS_/dBa:ngaﬁq
Where

e J, = spin current
o Pr = momentum operator
o Jo = heat current
These are the “slow modes™: |
o J;, Pr commute with H* = H;, and with 6H
e do not commute with HY = sldw current decay
o J,, Pr “protect” Jg

e other conserved charges decay fast

(approximately) conserved charges strongly affect dynamics

- low energy processes cannot relax the heat current

15



Irrelevant operators
e Spin UmKkIlapp:

n Fermions from L. to R
= { 4+ m lattice - momenta
Aknym = n2kp — mG

Hvlv,]m - ggm /dmeiAknmm H "ab-}r{(m + ja)yr(z + ja)
T

— g'l[z]m / dxetDknmz ei2n¢(a:)

(2ma)™

e Spin-Phonon Umklapp: .

n Fermions from L to R
HY\, = {+ m lattice - momenta
+ phonons

U,p

gUs—p — gnm /dw[eiAknma:ez’anbaxq + h.c]

T (2wa)™
e Some non Umklapp operators:
Hy"Y = / YhOTPR
HiU = [(9)%0uq

16



The Calculation

Pertubation theory for, x(w,T)?
- perturbations are irrelevant operators

k= {Jo, JO)H*+H;, +6H
But:

r({w,T) - singular function of perturbations:

k= {JQ: JQ) 1+ H,, = 0

" What to calculate?:

Mori (65), Zwanzig (61)

Philosophy: Conservation laws weakly violated
— slow modes:

— ""hydrodynamic” description possible

— asymptotically exact for small perturbations

if +Fimo_craloc wiall canaratoAd

17



Transport and the Memory Function Formalism I

- Transport in the presence of several approzimately
conserved - “slow” - variables: Ji. Js.... n

e Scalar product in operator space

(AWB) = = | dN(ABTBGEA)
\ Sy y :{ \ A S g
M0

e Dynamic Correlation function
P20 & ’
Caplw) = / dte'™" (A(1)|B)
Jo

! >
: I | . .
} S 3o i ks -
S i 7

e Matrix of conductivities (Kubo)

N T

ol

e Thermal Conductivity

. r .7 17 o 3 ) "'j, R ta ;”‘L-
a {”'";" ‘{ 3 . ?{?’{Q(g i’*ﬁ*‘* f :;
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Transport and the Memory Function Formalism 11

The conductivity has no good perturbative expansion -
(o ~ 1/T', singular in PT in presence of slow modes.)
Define: M(w,T) - Memory Matrix

~ o The conductivity

6w.T) = X(T) (M (w,T) = iwX(T))  K(T)
o The susceptibility matrix

1 _,
o — AT
Xgﬂf - T i Fe % 'j:g} i '] £ }

e The memory matrix (~ matrix of Relaxation Rates)

. 1/ i g 3
P ,

o The projection away from slow modes

Q-"ximz }}?%K )M(]{z

Pq

Philosophy: M non-singular in P.T.
- P.'T. valid for short-time behavior

- P.'T. also valid for long-time behavior of slowest modes

(provided slow modes dynamics projected out - Q .)

19



The Thermal conductivity -1

Compute (to lowest order in irrelevant pertur-
bation) for aT < vp, v:

W(T) ~ o273 () pp + 200 gr + (1™ o]
where:

N =3 (N + NP
nm

I i . ?f Y :’% Z ' . ,”:3 \3 50 A\\ is s /‘}2’
; Sy 7 3\’ i N FASS S e d
A',%‘»{M;H e ixz{z&igﬁg%/ &
oy T \ A Ly g
3:;’ e F) ’;”‘{ an t{X ?L 3 o 14{}& };J» yry 7 2 j
Mg T 4 . |

e Process with smallest Aknm dominates at
low - T (Akun determined by commesurabilty).

e For h 0, (half-filling), dominant process
Ako 1 = 0, but ineffectual (conserves pseudo-
momentum).

e The second strongest process Ak; 1 = G/2
determines rate.

o v, K v = Mpy > M:S.® , spin-phonon
Umklapp processes dominate..




The Thermal conductivity - 1I

e T he second strongest process determines the
rate

dominant process:
Umklapp spinon-spinon scattering
%{_2’1 = 4k F — G=0

H;lij,fi - deL' W};WTR\UL\ULei(«ikF—G)m

but: conserves pseudo momentum

second strongest process:
mixed phonon-spinon scattering
&%‘ii,i = G - ﬁkF = ﬁ%%&q,o —_— QkF

HY; = [de W] Whw W (a + al)et e

21



The Thermal conductivity - III

e Comparison to experiment (no parameters!)

- isotropic ©p = vp(672/a3)1/3 = 0.6 vpG

- T* = 0.410p (theory)

- T* = 0.420p (experiment)

Kk~ exp[T*/T] with
# T*{phonon)= 2 T*spin)

N 2 . L R
0.02 0.03

1/T (K)

Sologubenko et al. (01)

0.04

22

Why exponential?
pseudo-momentum

G — 4kp
cannot

conservation,
Umklapp relax

heat current completely

Why phonons?
cheapest way to absorb ex-
tra momentum, (vphonon K

’Uspin)

WhHY T onon = 2T spin?
small ‘mixed spincn-
phonon Uriklapp,
Ak =G —2kp = G/2



Heat conductivity in a magnetic field - 1

Magnetization dependence of the spin chain he-
at conductivity «:

e phonons and spinons start to mix (linear coup-
ling)

e more important: kp = z(1 + M) changes
a
modifies interplay of Umklapps

e strongest Umklapp is strongest for almost
commensurate M
but cannot relax heat current fully

e second strongest weakest for almost com-
mensurate M

| 2
e = peaks for commensurate M = <20 _
_ ﬁg
G
with Kk ~ exp Y
2ny T

23



Heat conductivity in a magnetic field - II

schematic magnetization dependence of heat
conductivity &

1/51/4 113 2/5 1/2  3/5 2/3 3/4
T T L AL D L v

1/51/4 13 25 12 3/5 2/3 34

- T =1/500
1217100 —
U - T=
2001 o T = 1/50 D T=}go

log, KM, )]

peaks: k- exp[

vG]

2ngT
background: & ~ exp[(T*/T)2/3] |
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Results - spin ladders

k(T) = kmag(T) + kpn(T)

0
0 50 100 150 200 250 300
Temperature (K)

T /T

pn(T) ~ ' 7/ kimag(T) ~ e=ome/T
. v hG

— T =5

— a=3/2
Note that:

R nph(T) > kmag(T) ,' (for very low T)
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Results - spin ladders

Putting tog=ther low and high temperature results,
with phonons, for magnetic contribution :

A Km E
ﬁ\\x |
existence of a maximum _amt“}/.\
in I“Lmag(T) fOr T ~ mi € T//‘ '\MMM?T&!T
7, —
Tmax T
150 . :
125 & s
E 100 000 \ ) -
X | o°o ca9"ascuz4o41 '
= 75 ;,f"**\\k ]
=) & ‘. ]
[} i :: ... ]
& 50 £ ., |
ot ]

50 100 150 200 250 300
Temperature (K)
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mag (W/Km)
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Low Temperature Transport -
General Approach

e RG flow of Hamiltonian H (typically on a lattice),
H — Hiowp = H" + Zz, giOi
- The fixed point H*.
- - Insufficient to describe transport (k = 00)

- The irrelevant operators around it O;.
(all operators consistent with symmetries of H.)

e Classify irrelevant operaors:
- OF Umklapp operators - break translation invariance
of H*
- 0"V non Umklapp operators - do not dlrectly lead
to current degradation

° Identlfy “slow modes” .Jj;---.Jy
- (approximately) conserved operators }3’
(conservation violated only by Umklapp operators)
- those protected by them v ;p %= 0

e Use hydrodynamic approach (Memory Matrix
formalism) to computed conductivities of slow modes.

plw. T) = (Jg. Jo)(w,T)
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