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Equilibrium States and Pressure

Let / : M —> M be a continuous transformation
on a compact space M, and <p : M -» R be a
continuous function.

Definition An /-invariant measure is an equi-
librium state of / for the potential 0, if it max-
imizes the functional

77

among all /-invariant probabilities 77.

The variational principle tell us that the supre-
mum of this functional over the invariant prob-
abilities coincides with the pressure P{f,<j>) of
/ for



Sinai, Ruelle, Bowen, Parry, Walters (70's):
existence and uniqueness of equilibrium states
for Expanding/Axiom A systems and Holder
potentials.

Can one extend this theory beyond the uni-
formly hyperbolic context? To non-uniformly
expanding systems?

Our goal: Construct equilibrium measures and
(if is possible) prove its uniqueness for large
class of maps exibiting expanding and con-
tracting directions.



Main focus: The set H of points x e M with
assimptotical expanding behaviour. More pre-
cisely, we consider the points such

n-1

E1 v^ - 1

msup— > log \\Df(fl(x)) L\\ < —c < 0
ni=o

Warning:

Maybe the set above is a very small set
from the topological point of view.

There are invariant measures v such v(H) =
0 or the map is expanding (Alves-Luzatto-
Saussol).



Non-uniformly Expanding Maps

f : M —• M a C1 local diffeomorphism and M
compact Riemannian manifold, satisfying

(HI) There exist pairwise disjoint connected open
sets 1Z = {Ri,..., Rq+p} such that u ^ = M
and every f\Ri is injective, and there exist
constants SQ > 0 and <J\> q such that

1. / is expanding at every x e Rq+i\J- • -URq+p

2. / is never too contracting:
every x e M.

3. the image f(Ri) of every atom is a union
of atoms Rj, and there exists N such for
every i = 1 , . . . ,p + g we have fN(Ri) = M.



Low Variation Potentials

We associate to each such a transformation
a certain positive number CQ( / ) that depends
only on 5Q, O\, and p,q and which goes to logg
if 5Q goes to zero or G\ goes to infinity. We
assume that the potential <p : M —> R satisfies

(H2) 0 is Holder continuous and

The inequality holds, for instance, if the oscil-
lation of (j> is less than htop(f) and £Q is small
enough.



Some notation

For each n > 1, let [ZQ, . . . , in_i] be the cylinder

of all points whose length-n itinerary relative to

the partition 1Z is given by symbols ZQ, . . . ,in-i'-

[io,...,in-i\ = {y£M]f(y) GRi. for 0 < j < n-1}.

Let 1Zn be the partition of M into length-n

cylinders, and Rn(x) e 7Zn denote an atom that

contains a given point x e M.

We write 5n0(x) = Y™=l <t>(fj(%)) for each x G
M and n G N. An integer sequence nj e N
is called non-lacunary if it is increasing and

j converges to 1.



Non-lacunary Gibbs Measures

Definition 1. A probability 77 (not necessarily
invariant) is a Gibbs measure of / for <fi if there
exists P e l and K > 0 such that

(1)
exp (Sn<l>(x) - nPj

for every x e M and n > 1. More generally,
ry is a non-lacunary Gibbs measure of / for </>
if there exists K > 0 such that for 77-almost
every x there exists a non-lacunary sequence
of values of n > 1 for which (1) is satisfied.

In the proofs, this non-lacunary sequence will
correspond to hyperbolic times of the system.

8



Non-lacunary versus weak Gibbs
measures

Remark 2. If rj is a non-lacunary Gibbs mea-
sure then for 77-almost every point x e M there
exists a sequence Kn = K n ( ^ ) such that

n

exp ^5

for n > 1 and Mm - log Kn = 0.
IV

In some examples, the subexponential estimate
can not be achieved for all cylinders.



Theorem A. Assume f and 4> satisfy hypothe-
ses (HI) and (H2). Then f admits some invari-
ant ergodic probability which is a non-lacunary
Gibbs measure for § and some constant P which
all of its Lyapunov exponents are positive. Also,
this measure give zero measure to the bound-
ary oflZ.

Warning: here, P = log spectral radius of
is not necessarily the pressure of
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Theorem B. Assume f and <j> satisfy hypothe-
ses (HI) and (H2). Then, there exists a Holder
continuous function h bounded from zero, such
that

CAH = e h

As a consequence of Theorem A and B, we
obtain
Theorem C. Assume f and 4> satisfy hypothe-
ses (HI) and (H2). If SQ is small enought,
then f has some unique equilibrium state /x for
<fi, which is a non-lacunary Gibbs measure and
H has full measure for ji.
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Hyperbolic Times

Definition 3. We say that n e N is a hyperbolic

time for x e M if

7 — 1n
k=0

for every 1 < j < n.

We say that n is a hyperbolic time for a cylinder

Rn e 1Zn if n is a hyperbolic time for every x e

Rn. We denote by TV^ the set of the cylinders

Rn e lZn for which n is a hyperbolic time and

H as the set of x e M that x have infinitely

many hyperbolic times. Note that this set is

invariant but needs not be compact.
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Further Results

In a very related setting with some additional
hypothesis we have the following theorem (in
E T ^ D S , 23:6):

Theorem (O) - Assuming that f is C1+a lo-
cal difreomorphism satisfying some hypothesis
related to [HI]. Then, all continuous poten-
tials with low variation have equilibrium states.
Moreover, all equilibrium states give full mea-
sure to H.

In Arbieto-Matheus-Oliveira (Nonlinearity,2004)
the theorem above is extended to the setting
of random non-uniformly maps.
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Proof of Theorem A

To define a reference measure v via RPF
operator and prove that v(H) = 1.

To prove that v is non-lacunary Gibbs mea-
sure and the first hyperbolic map is inte-
grable.

To define an induced map F via first hyper-
bolic time and prove that F admits some
invariant probability absolutely continuous
with respect o v with bounded density.

To push this measure to a /-invariant mea-
sure.
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Proof of Theorem B

To define a sequence of operators T̂  that
"forgets" pre-images xn e f~n(x) such n is
not a hyperbolic time for xn.

To prove that the average n " 1 E™=o e~iPT
i

is uniformly bounded from above and below
and equicontinuous.

To prove that the some subsequence of the
average above converges to some eigein-
function of
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Proof of Theorem C

To prove that there exists only one invari-
ant non-lacunary Gibbs measure.

To prove that this measure is an equilib-
rium measure.

To prove that any equilibrium measure is
an non-lacunary Gibbs measure
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Questions

What about the hyphotesis of low varia-
tion? How to extend it for more poten-
tials?

If our map admits singularities?

What one can say about the growth of pe-
riodic points? and zeta functions?

Is really the logarithm of the spectral radius
for RPF operator equal to the pressure?

Decay of correlations? Continuity of these
measures? Stochastic Stability?

And the Diffeomorphism case (Partially hy-
perbolic, to fix ideas)?
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Lemma 4 . Given 7 e (0,1) define

c7 = Mm sup - l og # I 7 , n ,

where J7>r l /s tfte set o f (ZQ, . . . , V1-

# { 0 < j < n- l;ij e { l , . . . , g } } > jn.

Then oy goes to 0 when 7 —• 1.

Note that o^ depends only on 7 and p,q. Fix
0 < 7 < 1 such that

and then take CQ(/ ) = oy. As we announced,
c o( / ) depends only on SQ, O\, p, and it goes to
zero when either 5Q —> 0 or a\ —> 00.
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