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5 Hyperbolic properties of the chain recurrence classes

5.1 The ergodic closing lemma

A point x G M is called well closable if for any e > 0 there is g e-C^-close to / and n > 0 such
that gn{x) — x and d(fl(x),gl(x)) < e for every i G {0, . . . , n}. Let W be the set of well closable
points.

Mane proved:

Theorem 5.1. For any invariant probability yu one has /i(W) = 1.

5.2 Perturbations of the differential along periodic orbits

Lemma 5.1. (Franks's lemma) Let M be a compact manifold and f a C1 diffeomorphism of
M. Let E C M be a finite set, and e > 0. For any x G E let Ax: TXM —> Tf^M be a linear
map such that \\AX — Dxf\\ < e. Then, for any neihborhood U of E, there is g such that:

1- 11/-Sill < £

2. f = g out of U and on E

3. for any x G E one has Dxg = Ax

This lemma has been used by Mane for perturbing the differential of / along periodic orbits
allowing to turn a saddle in a sink or a source: the fact that it is possible or not just depends
of the differential of / allon the orbit. Marie discovered that the main restrictions on what we
get after pertubating the differential comes from the dominated splitting carried by the orbit.

Definition 5.2. Let K be a f -invariant set, and TRM = E © F be an invariant splititng over
K (that is, E(f(x)) = Dxf(E(x)) for x in K). This splitting is dominated if there is C > 0 and
A < 1 such that for any x G K and any unit vectors u G E(x) and v G F(x) (\\u\\ = ||v|| = 1) ,
for any n > 0 one has:

\\Dxr(u)\\<c-\n\\Dxr(v)\\
We denote E -< F. Sometimes we emphathize the strenght of the domination: the splitting

is (C, X)-dominated and we denote E -<c A F.

First Marie in dimension 2 and then [DPU] (in dimension 3, with dynamical assumption),
[BDP](in any dimension but with dynamical assumption) and now Ef^j~f5- / Gcx*Aji*4x£fa- , V

Theorem 5.2. Let M be a compact riemannian manifold, and k > 0 some positive number.
Then for any e > 0 there is n > 0, C > 0 and A G]0,l[ such that, for any diffeomorphism f
verifying 77iaa;{||Da;/||||I?a:(/^

1)||a; G M} < k, for any periodic point x with periodp(x) > n one
of the two following properties holds:

1. either f admits a (C, A)-dominated splitting on the orbit of x

2. or, for any neighborhood U of the orbit of x, there is g , E-C1-close to f, coinciding with f
out of U and on the orbit of x, and such that the differential Dgv^x'{x) has all eigenvalues
real and of same modulus.
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Pujals and Sambarino in dimension 2, then Wen in any dimension(but with a weaker state-
ment) , and finally Gourmelon in any dimension proved:

Theorem 5.3. Let M be a compact riemannian manifold, and k > 0 some positive number.
Then for any e > 0 there is n > 0, m > 0, C > 0, and A e]0,1[ such that, for any diffeomorphism
f verifying max{\\Dxf\\\\Dx(f~

l)\\x G M} < k, for any periodic point x with period p(x) > n
one of the two following properties holds:

1. cither f admits a (C, A) -dominated splitting E* © E± © • • • ffi Er
k; © En un the orbit of x such

that

(a) dimEf = 1

(f(x))\BS{fi{J < \*M and n^-

2. or, for any neighborhood U of the orbit of x, there is g , e-C1-close to f, coinciding with
f out ofU and on the orbit of x, and such that the (local)invariant manifolds of x present
a homoclinic tangency.
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6 Solution of the exercises

1. Rotations of varying angles on a continuous family of circles (for instance on the torus or
on the sphere S2), or the shift on the Cantor set {0,1}Z.

2. A compact orbit is either periodic or has no isolated point. However any countable compact
set has isolated points, contradiction.

3. On the torus T2 = T2 /Z2 , consider the vector field Z(x, y) - ((sin(7ra;))2 + (sm(vn/))2) ^ .
It has a unique zero at (0,0). All the trajectories of the vectorfield are periodic except on
the circle y = 0, where all the orbits tends to the fixed point (0,0). Let / be the time one
map of Z. Then Rec(/) is not compact.

4. Let / be the shift on {0,1}Z.

Consider the point

••• ,0,0,0,-•• , 0 , 1 , 0 , 0 , 0 , 1 , 1 , 0 , 1 , 1 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 1 , 0 , 0 , 1 , 1 , 1 , 0 , 0 , 1 , 0 , 1 , 1 , 1 , 0 , 1 , 1 , 1 , 0 , 0 , 0 , 0

Its negative orbit tends to • • • 00000000000000000000000000000000000000000 • • • and so it
is not orecurrent. Its positive orbits is dense in {0,1}Z so that is is w-recurrent.

5. (a) Irrational rotations shows that Per(/) may be strictly contained in Rec(/).

(b) Consider the vectorfield

~ + sin(7ry)2—

Then, for every point p = (x,y) with j / ̂  0 the trajectory of p acumulates on the
whole circle y = 0. Let / be the time one map of Z. Then Rec(/) is the fixed point
(0,0) but Lim(/) is the circle y = 0.

(c) On the Mcebius band M = R x [—1, l]/(x,y) ~ (a; + 1, —y) one consider a function
ip: M —>• [0, +oo[ vanishing exactly on the segment {0} x [0,1]. One denote by / the
time 1 map of the vector field Y = <p(x, y)gj . Then the limit set of / is precisely the
segment {0} x [0,1] but the non-wandering set is the union of this segment and of
the circle Sl x {0} C M.

(d) The time one map of sin(fc7ra;)2^ on the circle S 1 is a simple example where Q(f) ^

W)-
6. Let a denote the shift on S = {0,1}Z.

We will exhibit two numbers n, m and two invariant disjoint compact sets S n and S m such
that fn admits an invariant compact set in Eo on which fn is conjugated to the shift / ,
and fm admits an invariant compact set in Si on which fm is conjugated to / .

Let denote a = (0,1), b = (1,0) and c^ = (00 • • • 00110011 • • • 11) begininig by n letters
"0" and finishing by n letters " 1 " .

Let Sn C S be the set of infinite words generated by the finite words an = cn_2a and
bn = cn-2b, that is words obtained by (infinite) concatenation of words of length n each
of them being an or bn. Let E n = Sn U a(Sn) U ••• U an~1(Sn). Then for any n,m
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greater than 5 the sets Sn are pairwize disjoint invariant compact sets. Furthermore,
Sn, cr{Sn),..., CTn~1(iS'n) are pairwize disjont and the restriction of fn to Sn is conjugated
to the shift a

Then each of these shifts contains two disjoint invariant compact sets on which some iter-
ates induces a shift... one build a family of decreasing invariant compact sets parametrized
by an infinite regular tree, and each end of this tree corresponds to an invariant compact
set: then one get a family of pairwize disjoint compact sets parametrized by a Cantor set.
Finally each of these compact sets contains a minimal set. Indeed, it is not hard to verify
that the compact sets we build are minimal and uniquely ergonic and even conjugated to
some adding machine.

7. Just consider any homeomorphism on the circle having a unique fixed point. Then the non-
wandering set is reduced to the fixed point, but the union of the positive (resp. negative)
iterates of any neighborhood of this fixed point is the whole circle.

8. On a manifold, given any two disjoint compact sets KQ and K\, there is a smooth function
rp with value on [0,1] such that il)~l(0) = K$ and ip~l(l) = K\. So we chose ipn equal to
1 exactly on M \ fn(U) and equal to 1 exactly on fn+1(U).

Now one choose a,i €]0, |y[ such that (in a choice of chart covering the manifold M) all the
derivatives of order les than i of a^i are bounded by p-. Now the announced function is

9. if x -\ yn and yn —> y then x H y: for yn close enough to y and x = xo,x\,..., Xk = yn an

j£-pseudo orbit joining x to yn then x — xo, x\,... ,x'k = y is a e-pseudo orbit joining x
to y. In the same way, if zn H x and zn —>• z then z -\ x. So the clas of x is the intersection
of two compact sets.

The invariant follows from the easy remark that x € TZ-(f) implies that x H fl{x) for all
i GZ.

10. for any x consider the set W™(x) — {y | x H£ y}. One will show that W^{x) is open and
close and no empty, so that it coincides with X by connexity of X. This set is open by
definition of e-pseudo-orbits. We will show that it contains its e/2-neighborhood, implying
that it has no boundary, and so is compact. Let y S WJ?(x). Then the e-open ball around
f(y) is also contained in W^(x). On the other hand, as J7(/) = X, there are points z,
arbitrarily close to /(y), such that z has positive iterate fk(z) arbitrarly close to y. Then
the open £-ball around fk(z) is contained in W"(x). In particular the e/2-ball around y
is contained in W™(x).

11. if not, the Lyapunov fnction of the Theorem decrease strictly along an orbit, so that this
orbit has its a and LJ limits in different classes.

12. Just notice that any continuous function is a Lyapunov function for the identity map,
which has a unique chain recurrent class if the space is connected.

Consider now an irrational rotation around the vertical axe of the sphere S2 (considered
as being the unit sphere of R3). In that case, there is a unique chain recurrence class but
the Lyapunov function are precisely the continuous functions depending only of the vertcal
coordinate z.
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13. Is is just the compacity oflZ(f).

14. Es{x) (resp. Eu(x)) is the set of vectors whose positive (resp. negative) iterates tends
in norm to 0. If u 6 TXM is a limit vector of a sequence un £ Es(xn) with xn ->• x,
the the uniform contraction of un by forward iterates implies the uniform contraction of
u by forward iterates, and the uniform expansion of un by negative iterates implies the
expansion of u. The same holds for the limit vectors of the unstable direction. This implies
directly the continuity of the bundles.

15. I found the following example, obtained as the time one of a vector field on S2. Just
consider two saddles p, q of a vector field having two common separatrices 71 and 72 (one
stable and one unstable for each one); the union of this two common separatrices is a
topological circle separating S2 is two disks D\ and D2; furthermore we assume that the
two other separatrices of p are in D\, and those of q are in D2.

It is easy two complete the picture by one sink and one source in each disk Di, such that
every non-singular orbit has its a andw-limits on two distinct singularity. Let / be the
time one of this flow.

Then fi(/) is reduced to the fixed points, all hyperbolic, but TZ(f) is the sinks the sources
and the circle 71 U 72 (containing the two saddles), and is not hyperbolic.

16. (a) Approximate (for the Hausdorff metric) the closure of the set of hyperbolic periodic
points by a finite set of it. Now each of this points varies locally continuously (because
they are hyperbolic) for the Cr-topology, r > 1: so evry g Cr close to / has the closure
of its hyperbolic periodic points containing a subset Hausdorff-close to those of / .

(b) If gn converges to / (for the Cr-topology), r > 0, and xn -> x, xn € TZ{gn), then
x G 7£(/). For seing that just notice that the sequences x,y™,... ,y^_i,x, where
xn = yQ,y",.. . ,y^_1,xn = y% is a e-pseudo-orbit for gn, is a 2£-pseudo-orbit for /
for n large enough.

17. For / generic W™(x, f) = {y\x~<y} and Wu(x, f) is Lyapunov stable.
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