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Can physics be simulated by a universal computer? .. The physical world is
quantum mechanical and therefore the proper problem is the simulation of
quantum physics [...] the full description of quantum mechanics for a large
system with R particles [...] has too many variables, it cannot be simulated
with a normal computer with a number of elements proportional to R [...but it
can be simulated with ] quantum computer elements [...] Can a quantum
system be probabilistically simulated by a classical (probabilistic, I’d assume)
universal computer? [...] If you take the computer to be the classical kind I’ve
described so far [...] the answer is certainly, No!

---R. P. Feynman (1982)



Basic tools for quantum computation and information:

Qubit:

Spin: T Polarization
of photon AV AV
)

A general qubit state: O ‘ 0> +3 ‘ 1>

Atom + Resonant field ‘O> ,

Entanglement, Quantum logic gates, Quantum algorithms

Quantum communication protocols: Quantum teleportation, quantum
networking

Realization by physical systems



Single qubit gates

O Hadamard gate:

H=L(1 1) | x) — H [ (=1)"|x)+|1-x)

O Phase-shift gate:

o-(y ) el

0 e

Hadamard and phase-shift gates are sufficient to
construct any unitary operation on a single qubit.

20
0)—[hl e [} M2

» cosO ‘ 0> + ¢'%sin0 ‘ 1>




» Controlled-NOT:

S & -

-— O @ &

Two-qubit gates

x>£x>
y)-S-|x® y)

(addition modulo two)

» Controlled-phase gate:

o O

— e — )

- &
- = S
S~ T S~ ~——

i
)



Basic gates = Complicated gates, Networks

» Toffoli gate |x, -o—|x,) cxOT X,)
or >
— X y=0 x, @ x
CCNOT gate ‘xz >_ 2> 1 2>
‘y> x1x2@y> x1x2>
» XOR gate U=1/2+8;+8,-28;S;, (Realization in
— (S'S™-1) cavity-QED)

U|11)=—|11); Rest +1



ALGORITHMS

" Quantum Function Evaluation: Z | x,0> — Z | X, f (x)>

=f@)
® Deutsch-Jozsa algorithm: f (x); x= ((),1); f (0) <
# )
Classically, Two queries 2" +1
or VS
Q. mechanically, one query 1

[x)(|0)=]1)) = [x)(|0® f(x))-[1® f(x)))= (—1)““\ >(\ 0)—|1))

‘0>— H ? H —— detector <: = const
(0)—|1)) f (0)-|1) 1) = balanced

N n-1
= Grover’s Search algorithm: Finding a needle in haystack Classical 2

(unsorted database) Quantum O(2"?)



Interferometric realization of single-qubit gates

* 50-50 beam splitter: * Ramsey interferometer
Output state H H
A ﬁ(‘1,0>+ei¢ 0,1)) atom d
> ® >
One photon
> >
1) field field
A (microwave, laser)
0)
‘Mach Zehnder interferometer: M H : Beam splitter
@, 4
® > D DOH®D : Interferometer
1) >
> ®
A
0)




OQuantum entanglement in a two-body system

= Consider two coupled oscillators :

1 2 2
H:z{[fli+kxfj+(f;+kxij+ v(X, —xz)z}

* Diagonalization : H is a sum of two independent oscillators

1 1
H=hw0(n++5j+hm_(n_+5j, n, =a

where,

H

A,

®, = Jk/m, ©_=.(k+v)/m
a, normal mode operators
) 1

:ﬁ(a1 iaz)



= TInitial state : two uncoupled oscillators

v(x,,X,,0)oc exp[—%(xf + xi)} = exp[—%(xi + xf)}

= Hamiltonian in terms of two normal mode operators
_ 1 2 2 1 2 2
H_Ek(x+ +p+)+5[(k+v)x_+p_}

* Final state
W(x,,X_,t)=exp| —A_ ()x} |exp| —~A_(t)x’ |

where,

A, (t)=1/2, A _(t):is a function of ®

Rewriting,

([(m_ + 1)2 —(o_ —1)2 em—t}(xf + xi)—(a)_ —1)(1—e2i°"—t)x1x2 |

W(X,,X,,t)cexp| —1

2[(,0_ +1- (a)_ — l)em—t]




S,, — two-particle correlation
entropy

1 — X,X, term: Correlation arises
between two modes

1 and 2 -
w=mmp TWo particle Wigner function becomes C
a periodic one with frequency (@ e % ~ |
B S SRR
mmsp  Two parts will become entangled and
disentangled alternatively (i) w=1.1 (i) w=1.5 (iii) w.=2

H. Huang and G. S. Agarwal, PRA 49, 52 (1994)



Coulomb
Y

. Potentlgl energy of the U= lMcoz (XZ +y? ) n C
bound ions at X and Y 2 ‘X — Y‘
Equilibriam conditions: 220, %Yo

quilibrium conditions : X oy

= Equilibrium solutions : X=1/2, Y=L/2

1/3
.. 2
L : characteristic length scale = ( czj
Mo

» Consider deviation from the equilibrium : X = %+ ox, Y= %+ oY

U=Mo? [zﬁ +OX7 +8Y? - SX.SY} +0| (3x)'|

X and Y motions are entangled



O Choose :

U= %Ma)z (QZ + 3R’ +%sz

U 1is sum of two harmonic oscillators with frequencies :

w  for Q-motion (center of mass)

\/ 3w for R-motion (relative coordinate)



VOLUME 75, NUMBER 25 PHYSICAL REVIEW LETTERS 18 DECEMBER 1995

Demonstration of a Fundamental Quantum Logic Gate

C. Monroe, D. M. Meekhof, B. E. King, W. M. Itano, and D.J. Wineland

National Institute of Standards and Technology, Boulder, Colorado 80303
(Received 14 July 1995)

Pan A single trapped °Be* ion
2P1ﬂ .
af *Control qubit:
0
o— Phonon number states ‘ > I 11 MHz
transition —— . ‘ 1
(o) *Target qubit:
{|1)||T).J— T>E le’mF :1>
1) m—
3. 01 - lw . 1.25 GHz
:Ug |0)|~L) >E F:Z’mF :2
|0) [aux)

CNOT
0,4)>[0.d) [1,d)—>[1,T)
0,7) —[0,1) L) |1l




VOLUME 89, NUMBER 26 PHYSICAL REVIEW LETTERS 23 DECEMBER 2002

Experimental Demonstration of a Controlled-NOT Wave-Packet Gate

B. DeMarco, A. Ben-Kish,* D. Leibfried, V. Meyer, M. Rowe," B. M. Jelenkovié,* W. M. Itano, J. Britton, C. Langer,
T. Rosenband, and D. J. Wineland

NIST, Time and Frequency Division, Ion Storage Group, Boulder, Colorado 80305
(Received 20 August 2002; published 9 December 2002)

IT){ 1 125TGH _—
m l R 0,4)>[0,4) [2,4)—[2,7)
W{ 47 ° " 0.1) > [0.1)  [2,1) > [2,4)
n=0

By adjusting the trap strength => Q,,/Q,, =4/3

Qi,j — Two-photon Rabi rate for the coupling i,~1«> <> j,T>
Measured CNOT logic truth table
| 1 The measured probability that
0.989 + 0.006 0050+0007 =y Theionisin [I) state is shown

[ I )

3>
[

0.019 * 0.007 0.968 + 0.007 for different input eigenstates




Collective atomic systems — N atoms

= Dicke states (Superradiance etc.)
(2 Atoms : L(‘e,g>+‘g,e>)
N J2
27 =

1
_ 4 Atoms : ﬁ(\e,e,g,g>+\e,g,e,g>+\e,g,g,e>+

g,e,g,6)+|g,e,e,8)+|g,8,¢€,€))

“Entangled states™

d How to produce Dicke states?



Ouantum entanglement in many body systems

N identical two-level atoms (w,)
Interaction of +

Broad band squeezed radiation

‘{0}>sq = exp[%j[aT (oop +e)aJr (oop —e)&(e)—a(mp +e)a((op —e)g* (e)ﬂ‘{ﬂ}>

H="%0,S"+1 I doa’(w)a(w)+ 4 j do[g(w)S a(w)+h.c.]

<a(o)1)a(oo2 )> = cosh Dci(col —, ) Jsinhﬂi(ml —o)p) J

><<i(co1 —oop)/?;(ool —o)p)

><8((x)1 +, —2(x)p)

Correlation between ®, & ®, =2®, — ®,



= Steady state of atomic system : N even ; pure state

(S cosh(| & ) +S" sinh(| & )]/ /2sinh(2 [ £]) )| w) =0

&', —> Squeezing parameter

E,o>
2

exp(26) = tanh (2|¢|)

w)= A, exp(6S, ) exp (—%SYJ

"N-Atom entangled state”

Production of Dicke State in Rotated Basis

G. S. Agarwal and R. R. Puri, PRA 41, 3782 (1990)



Ouantum Entanglement by Collective decay

= Two atoms in a cavity :

H, = [g(Sl_ cols(9+ S, sin G)a + h.c.]

Mode-function dependent

= Resonant cavity : £ < K

Atomic master equation:
2

p=-=(R'Rp-2RpR"+pR'R™), R =S cosO+S,sin6
K

Steady state: R- ‘\I’> -0

v)=(2.8,)
\|1E> = \/E(cos O‘ g, ez> —sin G‘el,gz» Entangled state




Initial state : Selective excitation

‘g1,62>

elag2>]
61>g2>]

where, o =c0s0, [=sin0

‘g1562> = OL[COSO‘gl,62>—sine

+B[sin9‘gl,ez>+0086

p=lof |we)(we|+[B[ |21-2) (2125
The entangled state /) is prepared with a probability |a/|?

Maximal incoherent mixing : 0 =



Generation of Werner States for Atomic Oubits

Model : Coherently Driven Systems + Collective Decay

p= p|\|;><\|/|+ (1;[)) : ‘\|!> — Singlet State

Initial State :  Selective addressing ‘e19g2>

p=p|lw)(w|+A-pp, ; Tr[p, |=1

Py — Triplet State

Master Equation for Collective Resonance Fluorescence :

p, : (a+S‘)_1(8*+S+)_
— 1/3 in high field limit

1



Quantum Entanglement using Dispersive interaction in a cavity

n=50
Interaction of N identical two-level atoms
with a single-mode microwave cavity (w,)

n=49
H = hw,S, +ho_a'a +hg (S+a + S_aT)

Rotating frame frequency (O, :

H =7AS, +hg(S+a+S_aT) A=o, -,
Collective basis states : ‘ n, S, m>

Where : aTa‘n>:n‘n>, S,

S,m>=m‘S,m>



= Consider dispersive interaction : A >> g

“These states experience Stark shifts”

Amount of Stark shift of the level ‘1> =|n,S, m> :
v, H‘\pl i) =n-1,8,m+1),

(
Zj: (E,-E,) n+1,S,m-1)

{2nm S* —m’ +S+m} 5
= + hg

A A
Hence,
Hy = Z (shift),,,, ><n9 S, m‘ ) Quadratic in S,
n,m (analog of single mode field
#o? [ NI N ) > propagating through a
_g +1=8% + (2ﬁ + 1) S? Kerr medium)
AL 202 )

N —> Mean number of photons



Consider :

y(0)) =

oo

() =e " [y(0))

0 (|)> : atomic coherent state

exp(ik)sin ¥ (gj cos¥ (9

ik . N-k 9 K 9
_Z\/(N k)'k' X ' Sin (2jCOS (2j

x exp[—In{N + (N -1k —k*}t]

E_k>
2

WZX



s
At special times : t =——

mmn
w(t)>:exp[ ”‘N}Zf@ e,¢+n2q_N>, ‘m’ is even
m q=0 m
w(t)>:exp[ “‘N}Zf@ e,¢+n2q_N”>, ‘m’ is odd
m q=0 m

‘w(t)> : a superposition of atomic coherent states

!

"ATOMIC CAT STATES”
Agarwal et al., Phys. Rev. A 56, 2249 (1997)



" m=2:

g2 ~ N-3
o) 04-57)|

Superposition of two coherent states with same 6, but different ¢

e,¢—nN2_1>+ei“/4

= Relation of multiatom GHZ states and atomic CAT states

6,0) = IN¢H(cos—\gJ> sinz ‘ >j
{HI(‘ )+ \e>)—1U%(‘gj>‘(‘“N‘ej>)}

O=mn/2, ¢=-m/2

'y (0)) =

1n/4

v)==

GHZ kind of states in the basis of eigenstates of the operator,

(@ re ) L (g)2erle)




Quantum computation by dispersive interaction of a Raman-like system
with a bimodal cavity

A, I 1A g.’s : Atom-cavity coupling
_____ b constants
2>
f)

A,'s : Detunings

AI,Z > 81,2

Effective Hamiltonian

H, =- A Dg><g aTa+‘f><f‘b*b}—A—Dg><f‘aTb+‘f><g‘ab*]

+h(A1 _ Az) f> <f‘




» Hamiltonian includes interaction term
as well as the Stark shift term

Using this Hamiltonian, we perform:

‘Quantum Phase gate, CNOT gate, and SWAP gate
*Quantum State Transfer (QST)
*Quantum Network

*Quantum Memory



Quantum logic gates using Stark shifts

A #A, & |A-A,Kg,

Under the condition :

(Al_AZ) 2

g (A, /g)

and at time,

V2n

(AI _Az)/g

gl =




CNOT gate

Quantum Phase gate

TS~ o~~~
I < 4 <
o P -
] Ob — —
\/na P Y
< <
S o o o
< C% < Cﬁ < Cﬁ < C%
\M P U
< <
S e D lA
= =
S S = e
e S e S
< < < <
& & & &
/7
— e S <
< <« < v
S = e =
= =) ”W v
S S e
TN~ -
<& < « 0
S o <O |

A. Biswas and G. S. Agarwal, Phys. Rev. A 69, 062306 (2004)



SWAP gate under two-photon resonance

A=A, =A
2
H, =- g [S*R‘ +S"R" — ZSZRZ]
+ - z 1
S*=|f)(g[, S =|g)(f|, S =5(‘f><f‘—‘g><g‘)

1
R*=a'b, R =ab’, R%= E(aTa—bTb)

0),[0x)—2—[0), [0) (12)=10),./1)=[1),)

0),[Le) ===, 100)  (j0,.1,)=]0,)1,.0,) =[1,))
1>A‘OR> s 0>A‘1R> . 207t
1), 1)), 1) O TP R -

A. Biswas and G. S. Agarwal, Phys. Rev. A 69, 062306 (2004)




Quantum State Transfer under two-photon resonance

t=0 t=T
> > li> e > > g
oo "> o o o >
C B A NClav .~ ¢ B A

-t

(ofg)+B[f), [0,1)

ﬂ 7 pulse on atom A

), ([0,1)-p[1,0))
ﬂ Atom B enters

2), (a'|g)+B[f)), (ct[0,1)~B[1,0))

ﬂ 7 pulse on atom B

8), (o[g) +Bf)), (c']0,1)~p|1,0))
A. Biswas and G. S. Agarwal, Phys. Rev. A 70, 022323 (2004)



Quantum Network

/..—--——'——--..\ _,_..—--"—'——--5\
- C C/'
S 1 — 2
/ ° _

Atom A Atom C

StepL: (ofg)+Blf)), [0,1), - |g), (o[0,1)-B[1,0)),

r

(a'lg)+B'|f)), ([0,1)~p[1,0)),
Step II: < ﬂ.
_ (oc|g>+[3|f>)B(oc'|0,1>—[3'|1,0>)1

Step III: (Oc\g>+B‘f>)B 0,1), > g), (‘1‘091>_B‘1’0>)2

A. Biswas and G. S. Agarwal, Phys. Rev. A 70, 022323 (2004)



Quantum Memory

(a'|g>+l3'|f>)A(oc|0,1>—[3|1,0>)c ~

Storage of information

ﬂ > of the cavity into

(o|2)+BIf)), (a']0,1)=B"[1,0))  _

(alg)+Blf)), [0.1). >[g), (o[0,1)-B[1,0)

or

(]g)+Blf)), [1,0). > =[f), ([0, 1)-B[1,0))

>

long-lived atomic states

Retrieval of
information
using
another cavity

A. Biswas and G. S. Agarwal, Phys. Rev. A 70, 022323 (2004)



Fidelity of state transfer with available parameters

Bimodal microwave cavity, |g) and |f) are Rydberg states

g=21tx50 KHz, X,=%k,=kx=2nx100 Hz,
k/g=0.002, A=10g
T=50 ps, Fora ‘zm pulse
Atom — Cavity

F(T) remains more than 90% for the above parameters

Atom — Atom

F(2T + t) remains above 80% for 7 = 63 us



VOLUME 83, NUMBER 24 PHYSICAL REVIEW LETTERS 13 DECEMBER 1999

Coherent Operation of a Tunable Quantum Phase Gate in Cavity QED

A. Rauschenbeutel, G. Nogues, S. Osnaghi, P. Bertet, M. Brune, J. M. Raimond, and S. Haroche

Laboratoire Kastler Brossel, Département de Physique de I’Ecole Normale Supérieure, 24 rue Lhomond,

F-75231 Paris Cedex 05, France
(Received 29 July 1999)

51
}51.1 GHz
50

Interaction of Rydberg atom with a bimodal cavity

Atom relaxation time : 30 ms  Cavity relaxation time : 1 ms

Atom-cavity interaction time t ~ 20 us



» The level |1) 1s decoupled from the cavity

QPG: ¢,i) - |0,i),

0.8)>[08) =T
Li) > [1,i)

1,g)

1,g) > e

Atomic velocity v =503 m/s, Cavity waist w =6 mm

t= \/EW/V suchthat Ot =21 Q) — 47 KHz

Arbitrary value of ¢ can be obtained by changing the cavity detuning



Implementation of Deutsch-Jozsa algorithm using ac Stark shift

Dispersive interaction of atom with photon

A>g

g = atom-photon
coupling constant

Ground levels |g> and |g’> get Stark-shifted by an amount

A

~g*/A




= Hffective Hamiltonian:

H =] Se), (el1L0) 10 De), e 001

A

Ni N : number of atoms in
the ensemble

= 27\ [s z_1
4

where

N
S =EZ(\8'>H<8'\—
i=1
1
RZ=5(\1a0><190\—\0a1><0»1\)

2), (gl



QUBITS

r0>FE 0,1> (‘0>Azﬁ‘g>i

Atoms : <

11, =119 0, =TTle,

Two-qubit operation :

Photon: <

0),(0), =10),[0),
0); 1), = =i[0), |1), ANT ==

—

0), = =i[1),[0),

) :
el 1)y = 1 1),

e
>

ok

Sequence of above operation and single-qubit
operations helps to implement DJA



One bit operations : for atom

Apply a resonant microwave field between the ground levels

H. . =-10 [ei"’ g') (g|+ h.c.]

micro

One bit operations : for photon

» 50/50 beam splitter

creates equal superposition

» Phase shifter

introduces relative phase in
the superposition



Implementation of U,
v Ufl (identity) => Trivial
H'(H)"
v Uy (NOT) => Requires microwave interaction

eXp[—iHmicmt] for Qt = 7‘[/2, (I) = O

v U, (CNOT) => Requires atom-photon interaction

HfQ1Hf ) Ql — (H1H4H3)A(H1H4H3)F U

v U (Z-CNOT) => Requires atom-photon interaction
HszHfa Q,=(H,H,H;),(HHH,) Uy



Upy = Hfon Hfo

Final state

/

.

constant

balanced



Experimental Feasibility

Clock transition in 133Cs atomic cloud

Transition frequency: 2mx3.517x10"s™

Dipole moment: 3.797 x107 coulomb — meter
Cloud length: 5 mm
Cloud cross-section: 0.1 mm’

g=1.84x10°", N=10°, T=1.666x10""s

A=3.59 Hz=1951g>¢g
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Implementatlon of the Deutsch-
Jozsa algorithm on an ion-trap
quantum computer

Stephan Guide*, Mark Riebe*, Gavin P. T. Lancaster*, Christoph Becher*,
Jiirgen Eschner’, Hartmut Haffner*, Ferdinand Schmidt-Kaler*,
Isaac L. Chuang* { & Rainer Blatt*

Table 2 Expected and measured results of the complete Deutsch-Jozsa algorithm

Constant Balanced
Case 1 Case 2 Case 3 Case 4
Expected |(1 | an2 0 0 1 1
Measured |(1 | a)l 0.019(6) 0.087(6) 0.975(4) 0.975(2)
Expected |(1 | w)l? 1 1 1
Measurad I<1 | w)I - 0 90(1) 0.931(9) 0986(4)

The nurnbels ln brackms are statishcal w uncertainties

43Ca" in a linear Paul trap

Qubit 1:
S,,(m=-1/2)=|0),

D,,(m=-1/2)=|1)
(phonon number of the

axial vibration mode of
the single ion)

~0,=[1).n, =1, =0

*Carrier rotation:

R(0,$) =exp [i@(e‘d’ Y +e g )/2}

Qubit 2:

*Transition of the blue sideband

R"(0,0) = exp| i0(e*c"b" + e G 7b)/2 ]



Entanglement between Macroscopic Systems
B. Deb and G.S. Agarwal, Phys. Rev. A 67, 023603 (2003); ibid. 65, 063618 (2002)

Bose - Einstein Condensate

Condensate of Na atoms: Parameters used in Ketterle’s Experiments

Size: Length ~ 200 ym, Diameter ~ 20 ym Temp ~ 100 nK

Atom number ~ 107, Density ~ 10 c¢m

Imaging Technique = Density

47th2a At At A
+ § L al
>aL A

— At a
H Zﬁ: h(oal;alz T

a_= Lt —0g(k)  _, Scattering Length
k—0 k

0,(x) 1s s-wave scattering phase shift

For Na atoms, a~=2.8 nm



* Probe : Bragg Scattering

. I\T A I\T A A I\T . I\T AT AT
H, = thEZCEI Z (af1 + a_qﬂ-{aﬁ) +h.c.= [hn Cp (oc(»l + oc_q) + h.c.}

() :Two-photon Rab1 frequency, T q
The centre-of-mass momentum states
—q, 0 and g are in same electronic ground e
state k1 k2
]:.:.2 r

. n(kf—K})
ki =k;+q ; o,—®,= —q

2m

For a condensate in ground state, ﬁi =~ ()

-
2% H ~(Ba*+hc)
drop a_, > I q e

¢ — classical J Displacement




All &; modes in vacuum state ‘0>ph

&E ‘0>ph - 0
\0>ph — two-mode entangled state in terms of the atomic operators
>
ATaT
(aqa_fl + h.c.)
A -}‘ A T
<aqa_q> #= ()

Q: How to generate coherent states of phonon

Displacing field needed



Bogoliubov Theory : Weakly Interacting Gas

Macroscopic occupation of k =0 (ground state)

A B A'f‘l\ AT A
a,,, > N, H= Zhwk(aﬁaﬁ+a_ﬁa_f()

Healing Length : & = 1/ (87n,a, )l/ ~0.1 pm

h2§—2
2m

hk> i ?
2m 7 h

Phonon regime : k < g‘l, Q)E oc Kk, (,OE ~10 KHz

Chemical Potential : p =

Properties :

Atom : Single Particle regime : k > &', ®, k’



* Probe 1s quantized :
Cfa/ +h.c.

Parametric interaction — simultaneous production of two Bosonic models

A

QL_q starts growing as the interaction strength increases
+ Two mode entanglement parameter :
A A 2
[A (na — g )]
(R, +f,)

Particle operators

o = . o B =4q, -q, k,

(ZOLB <1 Signature of entanglement



Entanglement of Two condensates

X4

L3

L2

L1 A B

‘A’ and ‘B’ are two condensates, L1 and L2 are pump lasers, L.3 is a common entangling probe
laser. Both the pumps have same wave vectors k;, probe’s wave vector k,. The probe is red
detuned from the pumps. The laser are in Bragg resonance with a particular momentum mode

q of both the condensates.
Coupling through the stimulating field

Dynamics critical
Entanglement parameters

Different observables : number of collective excitations
([AG, 3] )
gn (19 2’) = A A
(<“1 )+ (i, >)

Phase of collective excitations :

£, (1.2)= 3| ([AC%, + X0T )+ ([A, )] ) <1

<1



1.0

0.01
0

Coupling —- 1 = JIN f Q
Control by changing density (temp), light intensity

. =296 MHz, n, =

t (us)

5, =5,=2.92 MHz,

First pump blue—detuned and

Second pump Red-detuned

q=8.33¢"

<M =2.22 MHz

Light scattering events in two condensates correlated



