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Schematic drawing of the Heterostructure

AlGaAs

2D Electron Gas

GaAs

Metal Gates

n+ GaAs Substrate

e

e

e

∼ 5 nm thick AlGaAs layer is sandwiched between two GaAs layers
⇒ 2DEG is formed at the top GaAs-AlGaAs interface

Array of metallic gates on top of the structure (with externally
controlled voltages) restricts the movement of electrons and forms a
chain of 0D QDs.

Resonant tunneling of electrons between the QDs mediates their
coherent propagation in 1D
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SEM photograph and schematic view of a chain of 3 QDs

V5Conductance vs. gate voltage 

t23 = 0.03 (a)

= 1.37 (c)
= 0.88 (b)

= 1.94 (d) 

X e /h2

for double−dot system (QDs 2 and 3) 

F. Waugh et al., PRL 75 , 705 (1995)
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Conductance vs. gate voltage Vg2 for a chain of 15 QDs

et al., PRL 65, 361 (1990)L. Kouwenhoven
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H =
∑
j,α

εjαa†
jαajα +

1

2

∑
j

Unj(nj − 1) +
∑

j=i±1,α

tij,αa†
iαajα +

∑
i<j

Vijninj

a†
jα (ajα) creation (annihilation) operator for electron in state |α〉 with

energy εjα and electronic orbital ψj(r)

nj =
∑

α a†
jαajα electron number operator

U = e2

8πεrε0

∫
dr dr′ |ψj(r)|2|ψj(r

′)|2
|r−r

′| � e2

Cg
On-site Coulomb repulsion

Cg � 8εrε0R self-capacitance for 2D disk-shaped QD (εr � 13 for GaAs)

tij = �
2

2m∗

∫
dr ψ∗

i (r)∇2ψj(r) Interdot tunneling rate
m∗ electron effective mass (m∗ � 0.067me in GaAs)

Vij � U
(

C
Cg

)|i−j|
Interdot Coulomb repulsion partially screened by

image charges (interdot capacitance C � Cg)
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Assumptions

Near-neighbor tunnel tij and electrostatic Vij = V interactions
⇒ tij , Vij �= 0, for i = j ± 1

Single-particle level spacing ∆ε > tij (∆ε � �
2π

m∗R2
in 2D potential)

⇒ one double- (spin-) degenerate level per QD (α ∈ {↑, ↓})

Coulomb Blockade regime U � ∆ε > tij

⇒ at most one electron per QD

Typical experimental parameters

for 30 − 50 nm size GaAs/AlGaAs QDs, separated by ∼ 100 nm

Tunneling rates tij ∼ 0.05 meV

Single-particle level spacing ∆ε ∼ 1.0 meV

On-site Coulomb repulsion U ∼ 15 meV

Thermal energy at T ∼ 2 − 10 mK is kBT ∼ 0.2 − 1 µeV
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∆ε

γ

1 N2

∆ε

SED12t

. . .3

t t t3423 tN−1Nij

The array is initially doped with n = 1, 2... (n � N ) electrons
Lower tunnel barriers and raise the confining potentials
⇒ deplete the array
Lower confining potentials and open and close the tunnel barriers
⇒ dope preselected QDs with single electrons

N th QD is dissipatively coupled to a SED with γ � tij

⇒ detector monitors the evolution
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Disorder due to
Structure imperfections & Gate voltage fluctuations
Electron-phonon interactions & Thermal fluctuations

⇒ εij , tij—Gaussian random numbers with mean ε0, t0
& FWHM δε = 0.1t0(∼ 5 µeV), δt = 0.05t0(∼ 2.5 µeV)

Detector signal with γ = 0.2t0(∼ 2.4 GHz)

Generate random r (0 ≤ r < 1)

Propagate |Ψ(τ)〉 with Heff = H − i
2γnN until ||Ψ(τ)||2 = r

⇒ Quantum Jump |Ψ〉 → ∑
α

aNα |Ψ〉√
〈Ψ| a†

Nα
aNα |Ψ〉

Continue (with new r) until |Ψ(τ)〉 = 0

Average over many (5000) trajectories

⇓
Γcoherence � δε + δt Γpopulation � γ/N
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|ψ1(0)〉 = |1α〉
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Time τ
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(a) Equal Tunneling Rates tjj+1 = t0 (±δt) (Equal Coupling – EC)

⇒ Incommensurate eigenenergies λk = 2t0 cos
(

kπ
N+1

)

Amplitudes Aα
j = 2

N+2

∑N
k=1 exp

[
−i2t0τ cos

(
kπ

N+1

)]
sin

(
jkπ
N+1

)
sin

(
kπ

N+1

)

WP spreading and delocalization – dispersion
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|ψ1(0)〉 = |1α〉
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(b) Tunneling Rates tjj+1 = t0
√

(N − j)j (±δt) (Optimal or SM Coupling – OC)

⇒ Commensurate eigenenergies λk = t0(2k − N − 1)

Amplitudes Aα
j =

(
N − 1
j − 1

)1/2

[−i sin (t0τ)](j−1) cos (t0τ)
(N−j)

|Aα
1 |2 = cos (t0τ)2(N−1) |Aα

N |2 = sin (t0τ)2(N−1): Revivals at t0τ = mπ
2

Perfectly periodic behavior
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|ψ2(0)〉 = |1α, 2β〉
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(a) EC tjj+1 = t0 & V = 0 (No Repulsion)

WP dispersion as in 1e case
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|ψ2(0)〉 = |1α, 2β〉
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(b) OC tjj+1 = t0
√

(N − j)j & V = 0 (No Repulsion)

⇒ Commensurate (2N − 3 distinct) eigenenergies λk = t0(2k − N + 2)

Amplitudes for states |iα, jβ〉
Bαβ

ij =
[

(j−i)2(N−1)!(N−2)!
(i−1)!(j−1)!(N−i)!(N−j)!

]1/2

[−i sin (t0τ)]i+j−3 cos (t0τ)2N−i−j−1

|Bαβ
12 |2 = cos (t0τ)

4N−8 |Bαβ
N−1N |2 = sin (t0τ)

4N−8: Revivals at t0τ = mπ
2

Perfectly periodic behavior
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|ψ2(0)〉 = |1α, 2β〉
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(c) EC tjj+1 = t0 & 0 < V ≤ t0 (Weak Repulsion)

Enhanced dispersion of WP due to inhomogeneity
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|ψ2(0)〉 = |1α, 2β〉
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(d) EC tjj+1 = t0 & V > t0 (Strong Repulsion)

t0

t0 t0 t0 t0

t0t0

teff
(2)teff

(2)

j−1, j+1

j+1, j+2j−1, j j, j+1

j, j+3j−1, j+2 j, j+2

V

j−2, j+1

Energy of |j, j ± 1〉 is larger

than of |j, j ± 2〉 etc., by V > t0

⇒ transitions |j, j ± 1〉 → |j, j ± 2〉 are non-resonant

Effective tunneling rate for |j, j + 1〉 → |j + 1, j + 2〉 is t
(2)
eff =

t2
0

V < t0
⇒ slow propagation

Two-electron bonding via Coulomb repulsion
(V > 0 ⇒ 2e bound state is unstable)
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|ψ2(0)〉 = |1α, Nβ〉
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(a),(c),(d) Equal Coupling tjj+1 = t0:
Electrons collide in the center ⇒ Each electron has N

2 accessible QDs

WP dispersion as in 1e case
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|ψ2(0)〉 = |1α, Nβ〉
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(b) Optimal Coupling tjj+1 = t0
√

(N − j)j:
Collisions & revivals at t0τ = mπ

4 ⇐ Each electron has N
2 accessible QDs

Perfectly periodic behavior
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Decoherence & Decay

Γcoherence � δε + δt, Γpopulation � γ/N

ICTP, Trieste, 10/11/04 – p. 12/16



IESL
FORTHInterdot Heisenberg Exchange Interaction

|φ〉 = |L↑R↓〉

t t tt

t

L R

(τ)

U

L L R R

L R
J

L R

e e
ee

e

te � U – Adiabatic elimination of nonresonant (virtual) |L↑L↓〉, |R↑R↓〉
⇒ effective Heisenberg exchange interaction |L↑R↓〉 ↔ |L↓R↑〉

Hs(τ) = J(τ)	SL · 	SR, J(τ) = − 4t2e(τ)
U

For θ ≡ ∫
J(τ)dτ = π

⇒ SWAP |LαRβ〉 → i |LβRα〉 (α, β ∈ {↑, ↓})
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|φ〉 = |L↑R↓〉

t t tt

t

L R

(τ)

U

L L R R

L R
J

L R

e e
ee

e

te � U – Adiabatic elimination of nonresonant (virtual) |L↑L↓〉, |R↑R↓〉
⇒ effective Heisenberg exchange interaction |L↑R↓〉 ↔ |L↓R↑〉

Hs(τ) = J(τ)	SL · 	SR, J(τ) = − 4t2e(τ)
U

For θ ≡ ∫
J(τ)dτ = π/2

⇒ √
SWAP |φ〉 = |L↑R↓〉 → 1√

2
( |L↑R↓〉 + i |L↓R↑〉)

For θ = π/2 with te(τ) = tmax
e sech[(τ − τmax)/∆τ ] ⇒ (tmax

e )2∆τ = πU/16

Loss, DiVincenzo (1998)
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Entangler

1 2 ... ...

Entangler

L R N−1

(i)

N

t (τ)t (τ)(ii)

(iii)

BL RBB

ee
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L R N−1

R
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Monte Carlo Simulations

(ii) (iii)(i)

(i) Coherent transport via OC & trapping |1↑N↓〉 → |L↑R↓〉
(ii)

√
SWAP via Exchange interaction |L↑R↓〉 → 1√

2
( |L↑R↓〉 + i |L↓R↑〉)

(iii) Reverse of (i) 1√
2
( |L↑R↓〉 + i |L↓R↑〉) → 1√

2
( |1↑N↓〉 + i |1↓N↑〉)

Monte Carlo simulations ⇒ Fidelity F = 0.98

N = 20, L = N/2 with U = 100t0, tmax
e = 6t0,

Disorder prms. δε = 0.1t0, δt = 0.05t0
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By manipulating the absolute values and relative magnitudes of
tunneling rates between QDs in a 1D array, it is possible to

accelerate/decelerate electron wavepacket propagation dynamics
enhance/suppress wavepacket spreading and interference

By manipulating the interdot Coulomb repulsion, it is possible to
form bonded multi-electron states
control electron collisions

Possible applications for Quantum Computation and Information
Entanglement of 2 qubits (represented by spin states of QD
electrons) via controlled spin-exchange collisions
Quantum Communication & Information Transport via Quantum
Channel

JJ

J J

J J

J

J

X−I
QC

SR

Quantum Computer with QDs
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Spin-wave propagation in spin chains

EM wave propagation in periodic structures
(PBG materials & Waveguide lattices)

Matter-wave (BEC) propagation in optical lattices
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