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How to proceed:

e Consider one < T
Fourier mode at a

time and calculate < e e W/Q» S—

the state of the fluid <_ . {_ N
at recombination

e Calculate the map it < —— -\— e

would produce Z 7
e superimpose the ( ¥7B/
effect of all modes < — W\Q

A(k,7) cos(kx)
Before Decoupling
Cos(wr) ' cos(kT)




Calculation of the
state of the fluid at
recombination

Note that one needs
We will follow Ma & Bertschinger (1995). Purturbed metric: ¢ choose a gauge

ds® = a®(7) {—(1 + 29)d7? + (1 - 2¢)dx’dz;} . (11)
Purturbed Einstein equations:

k2 + 3-2 (q% + ggb) = 4nGa8TY, (12)

4nGa?(p+ P)9, (13)

k? (q’:’» + 'Z‘"‘/’)

o T . . (1 7 k2 .
b5+ (25— L) vt To-w = Teaors, (o

E*(¢p — ) = 12nGa*(p + P)o .(15)



Purturbed energy momentum tensor:

T% = —(p+dp),
T = (p+ P)vi = —T%,
T = (P+46P)é%+ %%, X%=0. (16)



Cold Dark Matter:
5, = —kv. + 3(;5 s

B = — 2w, + kb (17)



Photons and baryons
arc coupled thorugh

For the baryons: Thomson scattering

5y = —kvp + 3¢,

. 45
vy = ——gvb + kv + cﬁké‘b -+ —’_.izanemeUT(v7 — Vp) - (18)
a 35

For Photons:
- 4 -
57 S “‘“gk'v’y + 40,

4]
— k(—i’— — 04) + kP + an.zeor(ve — vy) . (19)
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Recombination
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At early times photons and baryons can be treated as a single fluid. Expand
above equations in powers of 1/Ar = 1/(an.x.or) to get:
R

y 2. 2 - F
——-—-————(1+R)5,},+k c, o,

o, +

R .

. 1
F = 4[¢ + mﬁb - §k2¢]

. 4 .
5—}, — —*gk’U—Y + 4@5

Q,h2. 1000

&

If
$
!

~ 0.63(

0.027'1

S
F

)( +z)(Tcmb/2-7K)_4 (20)
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Summary: for the growing mode of “adiabatic” initial conditions we get:

¢ = .
b, = —2¢,
3
0, = 0p = 267
v, = vp = vy =0, (27)

There is a growing and a decaying mode so even if the system starts in a
random superposition of both modes, after a while the growing mode
dominates.
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At early times photons and baryons can be treated as a single fluid. Expand
above equations in powers of 1/Ar = 1/(an.xz.0or) to get:
R

Y 2.2 — F
(1+R)57+k c; 0,

oy +

R'l

F = 4[¢’+m¢ 3"321{’]

. 4 .
57 _— —gk’ll-r + 4§b

Qph2, 1000 4
0.02 )(1 T z)(Tcmb/2-7K) (20)
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e + Initial conditions
* + Assume matter dominations === ¢ = constant 10



The solution for the photon-baryon perturbations is:

% b = L1+ 8R) cos(hke,mn) — 9.R

vy, = —¢(1+ 3R)c,sin{kc,r). (28)

where ¢, describes the initial seeds. We will assume that the initial ¢ is a
Gaussian random field, which is fully specified by its power spectrum:

(k1) p(E2)) = 67 (k1 + K2) Py(ker)

E°Py(k) = AK™' nwm1 (29)
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Acoustic Oscillations
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dSpectra

We now know what the state
of the fluid was at
recombination we still need to
connect it with what we
observe.

What is the relation of the
peaks in the previous
transparency to those in the

observed C, ?
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Connecting to what
we see on the sky

We need more detail in our description of the radiation field. Consider the
distribution function f = f(&, r, p, i), which satisfies the Boltzmann equation,

Df
Dr= 0
df O8x'df Opdf oOnidf
or V 0r oz Torop T Oromi 0 (30)
From the Geodesic Equation:
1dp a .
5&;~“E+¢“n'v¢ (31)
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Change of variables:

_ 1 p
f..ea_l, A= ET[1 + Aq(E, 7, 7)]

and to first order,

Conserved along the line
of sight in the matter era

Source of the ISW effect

(32)

(33)
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Scattering

2
I, < g cos®0

I, < og



We need to include Thomson scattering:

Df afl
D+~ o7
dsy

yp (34)

o NPy
O | = —aneorf +aneor / P(f, #) F(#)

In terms of AT,

a ) 6 - — h b - & o~
5. T g T A(AT +94) = (¢ +4) + K[+ +ad, +11/10]  (35)
where & = an.z.or, 0,/4 = Apy = %‘%AT(ﬁ) and II involves the

quadrupole moment of the radiation field and moments of the polarization
components.
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The Boltzmann equation can be solved explicitly to give:

Ar(Fo, 70, 1) + 9 (Fo, 0) = / dre (4 )

w Visibility Function
+ / dS ()

S(7) = (84/4+ ) + 7 -7, + I1/10

k{10, T) = /m dr'é&(7)

s

Seljak & MZ

(36)
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Recombination
T [°K]

104 108 10 10 1
= AL B LUIRR [ﬂlll!ll LU
1 F =
% 0.5 [ =
O :— | ! lllllll 1 | i i Illllll;
- T T T TTT11 T :
- f ]
0.02 [ E
= . -
@ - ]
> 0.01 -
0 : J k oottty ”,[,E

10 102 103 104



oT ) v, TS
m?m = ¢+ wf + % Tight Coupling—~"_ 7»«.

All 3 effects have the same origin

« Observer Today



We need the solution for the source S(r) to replace into the integral solution.

%. + = %‘i(l + 3R) cos(ke;Tr) — O R

vy, = —¢(1+ 3R)c,sin(kc,Tr). (37)
Equation (37) is the solution for a single Fourier mode. All quantities have an
additional spatial dependence (e*k"*’) which we have not included to make the
notation more compact. With that additional term the solution (37) becomes,

AT(ﬁf) — ez’kDLsg cosBS
14+ 3R 3R
S = (b*_(____._)_[cos(kcs’r}z) — m
: 3 .
—i4/7 TR cosOsin(kc,Tr)], (38)
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kD = 8w
Expand in cos{l¢)
1 ~ kD
J2 cos(lp) cos(kD cosg) ~ I,(kD}



S f dQY;* (3)Ar(h)

(1+3R)

= Smod[( cos(kcsTr) — R)ji(kDgss)

+(1 + 3R)c, sin{ke,mr)Fi{(kDrss)]

I

S™ji(kDzyss) + S”1(kDirss),

(39)
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O = / &k Py (k) [S™51(kDyss) + S"7(kDyss)]? (40)

On ~ [ST(K) [ d*RPus? (5Drss) + 18N [ ¥ PuiP(EDass)

+ 28™(k")S" (k") / d* kP, ji(kDyss)di(kDrss) (41)
with kB* ~ Z/DLSS-
dz 1 dz ,, _ 1
/"&:’3‘2(‘“) 20+ 1) 29 @) = 6(1—1)( + 2)
de . iy
/?"‘(m)‘”(m) T 22— D2+ 1D (2 +3) (42)
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kD = B
Expand in cos{l¢)
1 ~ kD
S& cos(lg} cos(kD cosg) ~ I,(kD}



In this approximation we obtain,

I*Cr o {[W cos(k*c,mr) — R)? +
2
(1 +33R) ¢ sin®*(k*c,mr)}
l
k* =
Dyss
c = __1
*  3(1+R)
Q,h?. 1000 »
R~ 0.63(5 ) (G 0) T/ 27K

(43)
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e The C; peaks reflect the phase in the oscillation of the modes.

e There are 2 contributions that are “out of phase” one coming from the
density and the other from the velocity.

e Because of the presence of baryons (R), the density one dominates.

e The density contribution peaks for k*c,7g = 7, 2m, 37.... or equivalently
lpeak = T Diss/csTr.

e The monopole term term has two contributions with opposite signs.Thus the

peaks where cos(k*c,;TR) is positive will be smaller than those in which is
negative. The difference in heights is (1 + 2R)? — 1, it measures Q2.

e The physics of the accoustic peaks only depends on the densities of the
different fluids, ie. (2,,h?%, Q,h?). At this level A and K only enter through

Digs.
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Physical Effects | neglected:

e There is a radiation dominated era so the potential is not always constant
and “drives” the oscillations.

e Tight coupling is not perfect, there is diffusion (or Silk damping).
e The last scattering surface has finite width.
e Thomson scattering polarizes the radiation.

e The gravitational potentials can change with time late in the evolution of the
universe and create fluctuations through the ISW effect.

25



Neglected Effects: Matter radiation equality
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Neglected Effects:Damping
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WMAP Spectra

We now know what the state
of the fluid was at
recombination we still need to
connect it with what we
observe.

What is the relation of the
peaks in the previous

transparency to those in the
observed C, ?
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Topics for future lectures

e CMB polarization: Origin and information it encodes

e Secondary anisotropies

 Other probes of structure formation. Summary about what they
tell us about the parameters of the cosmological model.

e Origin of the perturbations: inflation



We need the initial conditions. Combine first and third of the purturbed Einstein
equations to get:

b +3(1L+E)ng + 3(C — w)o + k*E ¢ = 4nGa’pncio

0o = 3/46, — o, (21)
Where we have defined & = p/p, w = p/p and n = &¢/a and we ignored
shear and took ¢ = 1. We have also introduced the entropy fluctuations do
and for its definition assumed that we have only two fluids, cold dark matter
and radiation. The entropy fluctuations satisfy a very simple equation:

86 = —k(v, — vy) (22)
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For simplicity assume:

e There are no initial entropy fluctuations.

e We are considering a universe in the matter dominated era
(BE=w=0,n=2/7).

Then
4+ 2h=0 (23)

Which leads to two solutions:

Dy “GrowingMode”,
T) = s . 24
¢(7) {qu(r/'r) ® “DecayingMode”, (24)
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To obtain the initial § we use:

26+ 32 [+ ) = —
k¢ + 3— (¢,+a¢) =
S0,
4= -2¢
and § = 4, = 3/44., in the matter era.

47 Ga’pd

(25)

(26)
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