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1. Introduction

The two standard formalisms for describing the superstring are the Ramond-Neveu-
Schwarz (RNS) and Green-Schwarz (GS) formalisms. Although the RNS formalism has a
beautiful N=1 worldsheet supersymmetry, its lack of manifest target-space supersymmetry
is responsible for several awkward features of the formalism. For example, amplitudes
involving more than four external fermions are difficult to compute in a Lorentz-covariant
manner because of picture-changing and bosonization complications [1]. Furthermore, it is
not known how to use the RNS formalism to describe the superstring in Ramond-Ramond
backgrounds.

On the other hand, target-space supersymmetry is manifest in the GS formalism, but
the worldsheet symmetries are not manifest. A lack of understanding of these worldsheet
symmetries has so far prevented quantization except in light-cone gauge. Although light-
cone gauge is useful for determining the physical spectrum, it is clumsy for computing
scattering amplitudes because of the lack of manifest Lorentz covariance and the need to
introduce interaction-point operators and contact terms. For these reasons, only four-point
tree and one-loop amplitudes have been explicitly computed using the GS formalism [2].
Furthermore, the necessity of choosing light-cone gauge means that quantization is only
possible in those backgrounds which allow a light-cone gauge choice.

As will be discussed in these lecture notes, a new formalism for the superstring was
proposed recently [3] which combines the advantages of the RNS and GS formalisms with-
out including their disadvantages. In this new approach, the worldsheet action is quadratic
in a flat background so quantization is as easy as in the RNS formalism. And since D=10
super-Poincaré covariance is manifest in this formalism, there is no problem with comput-
ing spacetime-supersymmetric N-point tree amplitudes or with quantizing the superstring
in Ramond-Ramond backgrounds.

There are three new ingredients in this formalism as compared with the standard GS
formalism. The first new ingredient is fermionic canonical momenta d,, for the 8 variables.
These canonical momenta were first introduced by Siegel [4] and allow the GS action to
be written in quadratic form after including appropriate constraints. The second new
ingredient is the bosonic “pure spinor” A* which plays the role of a ghost variable. And
the third new ingredient is the nilpotent BRST operator @ = [ A*d, whose cohomology
is used to define physical states. But before entering into more details about this new

formalism, it will be useful to say a few words about where it came from.
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In 1989, in an attempt to better understand the worldsheet symmetries of the GS
superstring, Sorokin, Tkach, Volkov and Zheltukhin [5] replaced the worldline kappa sym-
metry of the Brink-Schwarz superparticle with worldline supersymmetry. The bosonic
worldline superpartner for 8% was called A%, and worldline supersymmetry of the action

implied that A\* satisfied the twistor-like relation
1 .
MTA=2"+ 597’”0. (1.1)

This twistor-like approach was then generalized by several authors to the classical heterotic
superstring with from one to eight worldsheet supersymmetries [6][7] [8] and it was argued
in [9] that quantization of the version with two worldsheet supersymmetries leads to a
critical N=2 superconformal field theory. For two worldsheet supersymmetries, 8% has two

superpartners, A* and A®, which satisfy the relations
- < 1
MYTPA=M"A=0, A"A=0z™+ 59’7"‘89. (1.2)

In ten dimensions, a complex Weyl spinor A% satisfying Ay™ X = 0 is called a pure spinor
and, as was shown by Howe {10] [11] in 1991, is useful for describing the on-shell constraints
of super-Yang-Mills and supergravity.?

Unfortunately, direct quantization of the N=2 worldsheet superconformal field theory
requires solving the constraints of (1.2) and breaking the manifest SO(9,1) Lorentz invari-
ance down to U(4) [9][15]. In later papers, this U(4) formalism was related to other critical
N=2 superconformal field theories called “hybrid” formalisms with manifest SO(3,1)xU(3)
[16], SO(5,1)xU(2) [17], SO(1,1)xU(4) [18], or (after Wick-rotation) U(5) {19] subgroups
of the Lorentz group. Together with Cumrun Vafa [20][17], it was shown that all of these
formalisms are related by a field redefinition to an N=1 — N=2 embedding of the standard
RNS formalism where, after twisting the worldsheet N=2, the RNS BRST current and b
ghost are mapped to the fermionic N=2 superconformal generators.

Finally, in [3], it was proposed that these hybrid formalisms are equivalent to a man-
ifestly SO(9,1) super-Poincaré covariant formalism using a BRST operator Q = [ A%d,
constructed from the worldsheet variables [z™,0%,ds, A%, w,] where d, is the conjugate
momentum to %, w,, is the conjugate momentum to A, and A* is a pure spinor satisfying

Y™ = 0. As will be shown later, A* and w, each contain 11 independent components so

2 Pure spinors were originally studied by Cartan [12]. They have also been used for defining
grand unified models {13] and for constructing super-Yang-Mills auxiliary fields [14].
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the covariant formalism contains 32 bosons and 32 fermions. Since the hybrid formalisms
all contain 12 bosons and 12 fermions (which are related by a field redefinition to the RNS
variables [z™, 9™, b, c, 5,7]), the proposal is based on the conjecture that, in addition to
obeying the usual physical state conditions, states in the cohomology of @ = [ A*d,, are
independent of the extra 20 bosons and 20 fermions.

This conjecture was suggested by the U(5) version [19] of the hybrid formalism whose
variables are [z™,0%,0%,d,, dy, AT, wy] where a = 1 to 5. If A* = A" is interpreted as
choosing a U(5) direction in SO(10), the extra 20 bosons can be understood as parame-
terizing the SO(10)/U(5) coset space. In this sense, the projective part of the pure spinor
variable plays the role of an SO(10)/U(5) harmonic variable, similar to the attempts of
[21] to covariantly quantize the superstring.

After the proposal was made in [3], there have been various consistency checks of
its validity. These include a proof that the cohomology of @ = [ A*d, reproduces the
superstring spectrum [22] and the construction of an explicit map from states in the coho-
mology of Q to physical states in the RNS formalism [23]. Also, the pure spinor description
has been generalized to curved backgrounds and it has been shown that BRST invariance
implies the correct low-energy equations of motion for the background fields [24][25]. Fur-
thermore, it has recently been shown (at least at the classical level) that the pure spinor
descriptipn can be obtained by directly gauge-fixing the original N=2 worldsheet supersym-
metric description [7][9] of (1.2) without passing through the hybrid or RNS descriptions
[26].

Although on-shell states in the pure spinor description can be related to on-shell
states in the RNS description [23], there is no such relation for off-shell states. Note
that the super-Poincaré algebra closes for both on-shell and off-shell states in the pure
spinor description. But in the RNS descriptions, the super-Poincaré algebra closes up
to picture-changing [27], which is only defined for on-shell states. Since there is no off-
shell map between the descriptions, it is tricky to guess the correct rules for computing
scattering amplitudes. Nevertheless, a manifestly super-Poincaré covariant prescription
was given for tree amplitudes using the pure spinor description and was shown in [28][23]
to coincide with the RNS prescription. However, it is still unknown how to compute
manifestly super-Poincaré covariant loop amplitudes using the pure spinor description. It
is possible that recent generalizations of the pure spinor approach which explicitly introduce
[b, ¢] reparameterization ghosts may be useful for defining a loop amplitude prescription
[29][30].



In section 2 of these notes, covariant quantization of the superparticle using pure
spinors will be reviewed and a previously unpublished proof will be given for equivalence
with the Brink-Schwarz superparticle. In section 3, the pure spinor approach will be
generalized to the superstring and it will be shown how to construct massless and massive
vertex operators and compute tree amplitudes in a manifestly super-Poincaré covariant
manner. In section 4, the open and closed superstring will be described in a curved
background and it will be shown how to obtain the low-energy supersymmetric Born-
Infeld and supergravity equations of motion for the background fields from the condition
of BRST invariance. It will also be shown how this approach can be used to quantize the
superstring in an AdSs x S° background (or its plane wave limit) with Ramond-Ramond

fAux.3

2. Covariant Quantization of the Superparticle

Before discussing the pure spinor description, it will be useful to review the stan-
dard description of the superparticle and the superspace equations for ten-dimensional
super-Yang-Mills. It will then be shown that just as D=3 Chern-Simons theory can be
obtained from BRST quantization of a particle action, D=10 super-Yang-Mills theory can

be obtained from BRST quantization of a superparticle action involving pure spinors.

2.1. Review of standard superparticle description

The standard Brink-Schwarz action for the ten-dimensional superparticle is [31]
S = / dr(IT™ Py, + eP™ Pyy) (2.1)

= ﬁ s .

P,, is the canonical momentum for ™, and e is the Lagrange multiplier which enforces the
mass-shell condition. The gamma matrices vgj; and 2P are 16 x 16 symmetric matrices
(m

which satisfy fyaﬁ'y") PY = 2p™mn§Y. In the Weyl representation, Yap and 2P are the

off-diagonal blocks of the 32 x 32 '™ matrices. Throughout these notes, the conventions

3 Some material in this review, such as massive vertex operators and supersymmetric Born-
Infeld, were not included in the ICTP lectures. Also, the lecture on quantization of the d=11

superparticle and supermembrane was not included in this review since it involves work in progress.

4



for factors of ¢ and 2 will be chosen such that the supersymmetry algebra is {ga, g3} =
YapOm = iPmY5s-

The action of (2.1) is spacetime-supersymmetric under
o 1

60% =¢*, ™= 59’)’7"'6, 0P, =8e =0,

and is also invariant under the local k transformations [32]

1 .
60% = P™(ymk)®, O0z™ = ~5677"80, 0Py =0, de= 0Prkg. (2.3)
The canonical momentum to 6%, which will be called p,, satisfies
Yo 1 m
Po = 0L/66% = —§P (Ym8) s

so canonical quantization requires that physical states are annihilated by the fermionic

Dirac constraints defined by

1
do = Po + §Pm(')’m0)a (24)

Since {pa, 0%} = —i62, these constraints satisfy the Poisson brackets

{da7 d,@} = _iPm'Ychnﬁa (25)

and since P™ P, = 0 is also a constraint, eight of the sixteen Dirac constraints are first-class
and eight are second-class. One can easily check that the eight first-class Dirac constraints
generate the x transformations of (2.3), however, there is no simple way to covariantly
separate out the second-class constraints.

Nevertheless, one can easily quantize the superparticle in a non-Lorentz covariant
manner and obtain the physical spectrum. Assuming non-zero P, the local fermionic
k-transformations can be used to gauge-fix (y76), = 0 where v = (1% £ +°). In this

V2
“semi-light-cone” gauge, the action of (2.1) simplifies to the quadratic action

5= / dr (™ Py, + %P*(éﬂ/‘&) +eP™P,) (2.6)
= / dr(z™ Py, + -;-Sasa +eP™P,,), (2.7)

where S, = VPt(y70), and a =1 to 8 is an SO(8) chiral spinor index.
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Canonical quantization of (2.7) implies that {S,, Sp} = #d4p. So S, acts like a ‘spinor’
version of SO(8) Pauli matrices ai ; Which are normalized to satisfy

J J . _ .
0oe0p 5+ 050, = 10ab0,,

where j and b are SO(8) vector and antichiral spinor indices. One can therefore define
the quantum-mechanical wavefunction ¥(x) to carry either an SO(8) vector index, ¥,(z),
or an SO(8) antichiral spinor index, ¥;(z), and the anticommutation relations of S, are

reproduced by defining
SW;(x) = 05" Wy (z), Sa¥y(x) =0’ U (). (2.8)

Furthermore, the constraint P, P™ implies the linearized equations of motion 0,,0™¥; =
Om0™¥; = 0.

So the physical states of the superparticle are described by a massless SO(8) vec-
tor ¥;(z) and a massless SO(8) antichiral spinor ¥,(z) which are the physical states of
D=10 super-Yang-Mills theory. However, this description of super-Yang-Mills theory only
manifestly preserves an SO(8) subgroup of the super-Poincaré group, and one would like a
more covariant method for quantizing the theory. Covariant quantization can be extremely
useful if one wants to compute more than just the physical spectrum in a flat background.
For example, non-covariant methods are clumsy for computing scattering amplitudes or
for generalizing to curved backgrounds.

As will be shown in the following subsection, a manifestly super-Poincaré covariant
description of on-shell super-Yang-Mills is possible using N=1 D=10 superspace. This
covariant description will later be obtained from quantization of a superparticle action

involving pure spinors.

2.2.  Superspace description of super-Yang-Mills theory

Although on-shell super-Yang-Mills theory can be described by the SO(8) wavefunc-
tions W;(z) and Ws(zx) of (2.8) satisfying the linearized equations of motion 9,,0™¥; =
Omd™W,; = 0, there are more covariant descriptions of the theory. Of course, there is a
Poincaré-covariant description using an SO(9, 1) vector field a,,(z) and an SO(9, 1) spinor
field x*(z) transforming in the adjoint representation of the gauge group which satisfy the

equations of motion

O™ frn + ig[am, fmn] =0, 'Yglﬁ(amxﬁ + ig[ama X'B]) =0, (29)
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and gauge invariance

8am = Oms +iglam,s], Ox* =1ig[x%, sl, 0fmn = t9[fmn, s, (2.10)

where frn = Oman) + iglam, a,] is the Yang-Mills field strength and g is the super-Yang-
Mills coupling constant. However, there is also a super-Poincaré covariant description
using an SO(9,1) spinor wavefunction A, (z,8) defined in D=10 superspace. As will be
explained below, on-shell super-Yang-Mills theory can be described by a spinor superfield
Ay (z,0) transforming in the adjoint representation which satisfies the superspace equation

of motion[33]
’yglapqr(DaAﬁ + ’['gAaAﬁ) =0 (211)

for any five-form direction mnpgr, with the gauge invariance
0A, = Do A +ig[Aqa, A (2.12)

where A(z, 6) is any scalar superfield and

o 1. .
Da—'&%‘Fi(’y e)aam

is the supersymmetric derivative.

One can also define field strengths constructed from A, by

1 1

By, = gf)/gf(DaAﬁ +igAndg), W= I(—)fyf,‘f(DaBm — 0™ A, +ig[Aa, B™]), (2.13)
. 1 (07 N «
Fron = a[mBn] + Zg[Bmy Bn] = _8'(7mn)aﬂ(DﬁW + Zg{Ag, w })

which transform under the gauge transformation of (2.12) as
0By = OmA +ig[Bm,A]l, W =1ig[W* A], SF™ =ig[F™" A]. (2.14)

To show that A,(z,f0) describes on-shell super-Yang-Mills theory, it will be useful
to first note that in ten dimensions any symmetric bispinor f,3 can be decomposed in
terms of a vector and a five-form as fag = 755 fm + yg’ﬁ"” T franpgr and any antisymmetric
bispinor fo3 can be decomposed in terms of a three-form as fog = fy;”ﬁ"p fmnp- Since
{Da, Dg} = 730m, one can check that Aq = DaA+ig[Aa, A] is indeed a gauge invariance

of (2.11).



Using A(z,0) = ha(z)0% + jos(z)0%0P, one can gauge away (Aq())|o=o0 and the
three-form part of (DaAp(x))|e=o. Furthermore, equation (2.11) implies that the five-
form part of (Do Ag(x))|e=o0 vanishes. So the lowest non-vanishing component of A, (z,0)
in this gauge is the vector component (Dvym,A(x))|s=0 which will be defined as 8am,(x).
Continuing this type of argument to higher order in 8%, one finds that there exists a gauge

choice such that

Aal2,6) = 5 (7" 0)atm (@) + 15 07"0) mmp)agX*(@) + . (215)

where a,,(z) and x?(z) are SO(9,1) vector and spinor fields satisfying (2.9) and where
the component fields in ... are functions of spacetime derivatives of an,(z) and x*(z).
Furthermore, this gauge choice leaves the residual gauge transformations of (2.10) where
s(z) = (A(z))|s=0. Also, one can check that the 8§ = 0 components of the superfields By,
W and F,,, of (2.13) are am,, x® and fmn respectively. So the equations of motion and
gauge invariances of (2.11) and (2.12) correctly describe on-shell super-Yang-Mills theory.

One would now like to obtain this super-Poincaré covariant description of super-Yang-
Mills theory by quantizing the superparticle. Since the super-Yang-Mills spectrum con-
tains a massless vector, one expects the covariant superparticle constraints to generate the
spacetime gauge invariances of this vector. Note that these constraints are not present in
the gauge-fixed action of (2.7) since ¥; describes only the transverse degrees of freedom
of the SO(9,1) vector. Before describing the covariant constraints which generate the
gauge invariances of this vector, it will be useful to first review the worldline action for

Chern-Simons theory which also has constraints related to spacetime gauge invariances.

2.3. Worldline description of Chern-Simons theory

Since the gauge invariance of a massless vector field is A4, = J,A, one might guess
that the worldline action for such a field should contain the constraints P,. Although
these constraints are too strong for describing Yang-Mills theory, they are just right for
describing D=3 Chern-Simons theory where the field-strength of A, vanishes on-shell.

As was shown in [34], Chern-Simons theory can be described using the worldline
action?

S = /dT(i’uPN +1*P,) (2.16)

4 Although [34] discusses only a worldsheet action for Chern-Simons string theory, the methods

easily generalize to a worldline action.



where p = 0 to 2 and [# are Lagrange multipliers for the constraints. Since the constraints
are first-class, the action can be quantized using the BRST method. After gauging I* =

—3P*, the gauge-fixed action is
" 1w S
S= [dr(z"P, — 5P P, + ¢ b,) (2.17)

with the BRST operator
Q= C#Pu (218)

where (¢*,b,) are fermionic Fadeev-Popov ghosts and anti-ghosts.
To show that the cohomology of the BRST operator describes Chern-Simons theory,
note that the most general wavefunction constructed from a ground state annihilated by

b* is
U(e,z) = Clz) + FAu(z) + %e,“,pc”c"A*p(a:) + %ewpc“c”c"c*(x) (2.19)
where the expansion in ¢* terminates since ¢* is fermionic. One can check that
. i v ]‘ LV *
QY = —ic*0,C — §c“c Ol Au) + ae,wpc”c P9, A* (z). (2.20)

So Q¥ = 0 implies that A,(z) satisfies the equations of motion J;,A,) = 0 which is the
linearized equation of motion of the Chern-Simons field. Furthermore, if one defines the
gauge parameter Q(c,z) = iA(z) — c*wy(z) + ..., the gauge transformation §¥ = QQ
implies §A,, = 0, A which is the linearized gauge transformation of the Chern-Simons field.

If one defines physical fields in BRST quantization to carry ghost-number one, one
finds that the spacetime ghosts carry ghost-number zero, the antifields carry ghost number
two, and the antighosts carry ghost-number three. From the equations of motion and gauge
invariances Q¥ = 0 and 6¥ = Qf, one learns that the gauge invariances of the antifields
are related to the equations of motion of the fields, and the equations of motion of the
ghosts are related to the gauge invariances of the fields. For example, from Q¥ = 0 and
0¥ = QN for the Chern-Simons wavefunction of (2.19), one learns that A*? satisfies the
equation of motion 0,A*? = 0 with the gauge invariance dA*" = e"*”0,w,, which are
the linearized equations of motion and gauge invariance of the Chern-Simons antifield.
And the remaining fields, C(z) and C*(z), describe the spacetime ghost and antighost of

Chern-Simons theory.



These equations of motion and gauge invariances can be obtained from the Batalin-

Vilkovisky version [35] of the abelian Chern-Simons spacetime action
1
S = /d3z(§e“”"AN6,,Ap +1A*9,C), (2.21)

where, in addition to the usual Chern-Simons action for A, there is a term coupling the
antifield A** to the gauge variation of A,. The action of (2.21) can be written compactly

in terms of the wavefunction ¥ of (2.19) as

S = % / Br(TQW) (2.22)

where ( ) is normalized such that {(c#c”cP) = ie’*P.
Up to now, only abelian Chern-Simons theory has been discussed, but it is easy to
generalize to the non-abelian case. For example, the Batalin-Vilkovisky version of the

non-abelian Chern-Simons action is
3 uvp 1 ig
S=Tr [ d&°z(e (§AH8,,AP + gAuA,,Ap) (2.23)

+iA*™(9,C +ig[A,, C]) — gCCC™),

which can be written compactly as

S = Tr/d?’:r(%\I!Q\Il + %w:\p) (2.24)

where g is the Chern-Simons coupling constant and the fields in ¥ of (2.19) now carry
Lie algebra indices. Note that the non-linear equations of motion and gauge invariances

associated with this action are
QU +g¥¥ =0, ¥ =0QN+9[Q,V7] (2.25)

Using intuition learned from this worldline description of Chern-Simons theory, it will now

be shown how to quantize the superparticle in a similar manner.
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2.4. Pure spinor description of the superparticle

In the case of Chern-Simons theory, the gauge transformation 64, = 8,A was gener-
ated by the constraints P,. So for the superparticle, the gauge transformation d A, = DA

suggests using the constraints d,. However, the constraints d, are not all first-class, so
Q= A\"dq (2.26)

would not be a nilpotent operator for generic A*. But since (2.5) implies that Q? =

(A%dq)? = =5 XNy P, Q is nilpotent if A* satisfies the pure spinor condition
AyTeAP =0 (2.27)

for m = 0 to 9. Note that A® must be complex in order to have solutions to (2.27).
However, its complex conjugate A* never appears in the formalism so one is free to define
A® to be a hermitian operator. Defining (A*)" = A® does not lead to any inconsistencies
since A® carries ghoét number and therefore does not have any c-number eigenvalues. In
other words, A*(M)t = A\ takes states of ghost-number g to states of ghost-number
g+ 2. So A*(\®) has no c-number eigenvalues and there is therefore no reason that it
should be positive-definite.

The pure spinor condition of (2.27) appears strange since bosonic ghosts in the BRST
formalism are normally unconstrained and come from gauge-fixing fermionic Lagrange mul-
tipliers. However, as will now be argued, the BRST operator and pure spinor constraint of
(2.26) and (2.27) can be derived by starting with the Brink-Schwarz superparticle in semi-
light-cone gauge, adding additional fermionic degrees of freedom and gauge invariances,
and then gauge-fixing in a non-standard manner.

The action of (2.7) for the Brink-Schwarz superparticle in semi-light-cone gauge is
1.
/ dr(z™ Py, + §SaSa +eP™P,) (2.28)

where m = 0t0 9, = 1 to 16, and a = 1 to 8. Suppose one now introduces a new set
of (pa,08%) variables which are unrelated to S, and defines d, = po + %Pm (Y™0)4- Using
{da,dg} = —iPnygy and {Sa, Sp} = i0ap, one can check that

da = da + (Ymy " S)aP™(PH) 72 (2.29)

11



describes first-class constraints which close to {da,ds} = —”%Pumfy:ﬁ. So (2.28) is

equivalent to

. 1. R
S = /dT(:'Bum + 6%py, + §SaSa + eP" P, + f%do) (2.30)

where f@ are fermionic Lagrange multipliers. Since d, are first-class, they could be used
to gauge % = 0 which would return (2.30) to the original action of (2.28).
Using the usual BRST method, the action of (2.30) can be gauge-fixed to

1

. . Lo
S = /dT(i’um — 5P’"Pm + 0% + —;-Sasa + b+ A Wy) (2.31)

together with the BRST operator

7

Q=Xdy +cP"P, + i

byt ) (2.32)
where A% is an unconstrained bosonic spinor variable which comes from gauge-fixing f* =
0. To relate Q with Q = \%d,, it will first be argued that the cohomology of Q is
equivalent to the cohomology of Q' = N*d,, in a Hilbert space without (b, ¢) ghosts and
where \'® is constrained to satisfy A’yT )’ = 0 (but is not constrained to satisfy N’y?\ =0
or Ny~ X = 0). To show that @’ has the same cohomology as Q, consider a state V
annihilated by Q' up to terms proportional to Myt X, i.e. Q'V = (NyT X)W for some
W. Then (Q")? = — &= (Ny"X)P™P,, implies that Q'W = — &+ P™P,V. Using this
information, one can check that V = V + 4iP*¢W is annihilated by Q. Furthermore, if V
is BRST-trivial up to terms involving Ny™ X ie. V = Q'Q+ (NyTX)Y for some Y, then
V+4iPtcW = Q(Q —4iP*cY), so V is also BRST-trivial. So any state in the cohomology

of Q' is in the cohomology of Q, and reversing the previous arguments, one can show that

any state in the cohomology of Q is in the cohomology of Q'.

Finally, it will be shown that the cohomology of Q' = N%d, is equivalent to the
cohomology of @ = A*d,, where A\ is a pure spinor and the Hilbert space is independent
of S,. Since (y*))s is a null SO(8) antichiral spinor, it is preserved up to a phase by
some U(4) subgroup of SO(8). Under this U(4) subgroup, the chiral SO(8) spinor (y~\'),
splits into a 4 and 4 representation which will be called (y~"\)4 and (y" M)z for 4,A=1
to 4. Similarly, the chiral SO(8) spinors (y"d), and S, split into the representations
[(vFd)a, (v*d) z] and [Sa,Sz]- Note that the 4 and 4 representations are defined with

respect to the null spinor (y*)); such that 03-4&(7"’)\’ )a is zero for 7 = 1 to 8, and

12



a;-‘_‘d(fy“LX )a is non-zero. After performing a similarity transformation which shifts S4 —
Sa+ (Pt)~3(ytd) 4, one finds that Q' transforms as

Q — e~ Sat AP 2y iSa(rHd)a(P) 72 (2.33)

= (v N)a(v"d)a+ (v N)a(vTd) 4 + (Y N) 1S4V P,

So Q' =A%y + (v~ XN) 154V P+ where \* is a pure spinor defined by
(V" Na, (N4, (v N al = (VN )a, (77X) 4, 0] (2.34)

Using the standard quartet argument, the cohomology of @ = Q + (v~ \) 5S4V Pt is
equivalent to the cohomology of Q = A*d, in the Hilbert space independent of (y~\) 3,
S4, and its conjugate momenta (y*w')a and S4. So the Brink-Schwarz superparticle

action has been shown to be equivalent to the action
1 . .
S = /dT(j:um — —2—Pum + 0%a + A%wy) (2.35)

together with the BRST operator @ = A*d, where Ay™A = 0.

Although the above derivation of the pure spinor description from the Brink-Schwarz
superparticle was not manifestly Lorentz covariant, the final result of (2.35) is manifestly
covariant. As will be shown in the next subsection, quantization using this description
provides a manifestly super-Poincaré covariant description of D=10 super-Yang-Mills the-

ory.

2.5. Covariant quantization of the D=10 superparticle

The most general super-Poincaré covariant wavefunction that can be constructed from
(™, 0% A%) is

U(x,0,\) = C(z, 0)+A*Aa (2, )My ™ PIN) AL oo (2, 0)F AN X Cl 5 (2, 6)+... (2.36)

where ... includes superfields with more than three powers of A*. Note that the names
for the superfields appearing in (2.36) have been chosen to coincide with the names for
the Chern-Simons fields in (2.19). As in Chern-Simons, the ghost-number zero superfield
C contains the spacetime ghost, the ghost-number one superfield A, contains the super-

Yang-Mills fields, the ghost-number two superfield A7, contains the super-Yang-Mills

mnpgr
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antifields, and the ghost-number three superfield CJ ;. contains the spacetime antighost.
All superfields in ... with ghost-number greater than three will have trivial cohomology.

For example, QU = —iA*D,C — iA*NP Dy Ag + ..., so Q¥ = 0 implies that A,(z,0)
satisfies the equation of motion )\O‘)\'BDaAﬂ = 0. But since A*)\? is proportional to
(AP X) 428 . this implies that Dy™™4"A = 0, which is the linearized version of
the super-Yang-Mills equation of motion of (2.11). Furthermore, if one defines the gauge
parameter @ = iA + A%w, + ..., the gauge transformation ¥ = QX2 implies 64, = D, A
which is the linearized super-Yang-Mills gauge transformation of (2.12).

So as described in (2.15), A,(z,8) contains the on-shell super-Yang-Mills gluon and
gluino, a,,(z) and x®(z), which satisfy the linearized equations of motion and gauge in-
variances

O™ Oman) = ’yZ};@mxﬁ =0, dam,=0ns.

And since gauge invariances of antifields correspond to equations of motion of fields, one
expects to have antifields a*™(x) and x}(z) in the cohomology of @ which satisfy the

linearized equations of motion and gauge invariances
Oma™™ =0, 6a*" = 0,(0"s™ —I™s™), OoxL = '7;’},8,”&'8 (2.37)

where s™ and kP are gauge parameters. Indeed, these antifields a*™ and X% appear in
components of the ghost-number +2 superfield A}, of (2.36). Using Q¥ = 0 and

mnpqr

00 = QQ, A, satisfies the linearized equation of motion A*(Ay™"PI"\) D, A7 =0

mnpqr
*

bnpar = 128, pqrDows. Expanding w, and A

with the linearized gauge invariance § A mnpgr

*

in components, one learns that A7, ..

can be gauged to the form

A:nnpqr = (97[mnp9)(97qr])axz (:L') + (97[mnp9)(97qr]se)a'*s(x) + .. (238)

where x} and a*® satisfy the equations of motion and residual gauge invariances of (2.37),
and ... involves terms higher order in §* which depend on derivatives of x} and a*°.

In addition to these fields and antifields, one also expects to find the Yang-Mills ghost
c(x) and antighost ¢*(z) in the cohomology of Q. The ghost ¢(x) is found in the § = 0
component of the ghost-number zero superfield, C(z,0) = c¢(x) + ..., and the antighost
c*(z) is found in the (6)° component of the ghost-number +3 superfield, Ct g (z,6) =
et (@) (Y0)a(v"8) 3(7P0) 4 (0Ymnpf) + ... It was proven in [36] that the above states
are the only states in the cohomology of @) and therefore, although ¥ of (2.36) contains

14



superfields of arbitrarily high ghost number, only superfields with ghost-number between
zero and three contain states in the cohomology of @.
The linearized equations of motion and gauge invariances Q¥ = 0 and 6V = QX are

easily generalized to the non-linear equations of motion and gauge invariances
QU + gl¥ =0, 0V =0Q0+g[¥,Q (2.39)

where ¥ and 2 transform in the adjoint representation of the gauge group. For the
superfield A,(z,0), (2.39) implies the super-Yang-Mills equations of motion and gauge
transformations of (2.11) and (2.12). Furthermore, the equation of motion and gauge
transformation of (2.39) can be obtained from the spacetime action®

S=Tr / dl%(—;—\I/Q\IJ + %wm (2.40)

using the normalization definition that
(A0 M "0)(XvP0) (6¥mnpt)) = 1. (2.41)

Although (2.41) may seem strange, it resembles the normalization of (2.22) in that (¥) =
c*(x) where ¢*(z) is the spacetime antighost. After expressing (2.40) in terms of component
fields and integrating out auxiliary fields, it should be possible to show that (2.40) reduces
to the standard Batalin-Vilovisky action for super-Yang-Mills,

1 .
S=Tr / A3 ( 3 fn ™7 + X*V25(OmX® + iglam, X°]) (2.42)

+ia™™ (Ome + iglam, ]) — gxa{x*, c} — geec”).

Because the action of (2.40) only involves integration over five 8’s, it is not manifestly
spacetime supersymmetric. This is not surprising since it is not known how to construct a
manifestly supersymmetric action for D=10 super-Yang-Mills. Nevertheless, the equations
of motion coming from this action have the same physical content as the manifestly space-
time supersymmetric equations of motion QW + g¥W¥ = 0. This is because all components
in QU + g¥W¥ = 0 with more than five 8’s are auxiliary equations of motion. So removing
these equations of motion only changes auxiliary fields to gauge fields but does not affect
the physical content of the theory. By defining the normalization of (2.41) to involve \*(o)
and 6%(o) at the midpoint ¢ = % as in [37], it should be possible to generalize the action

of (2.40) to a cubic open superstring field theory action.

5 This spacetime action was first proposed to me by John Schwarz and Edward Witten.
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2.6. Pure spinor description for d # 10

It is interesting to ask if the pure spinor description can also be used to covariantly
quantize the superparticle when d # 10. Note that unlike the GS superstring action,
the Brink-Schwarz superparticle action is invariant under x-symmetry in any spacetime
dimension. If one defines a pure spinor in d dimensions® by Ay™A=0form =0tod -1,
a pure spinor contains (3N — 4)/4 independent components where N is the number of
components in an unconstrained SO(d—1,1) spinor. This counting can be derived using a
construction similar to the counting in d = 10 where (y*) is a null SO(d — 2) spinor with
(N — 2)/2 components and (y~A) is half of an SO(d — 2) spinor with N/4 components.
So A% has 2 components when d = 4, 5 components when 5 < d < 6, 11 components when
7 < d <10, and 23 components when d = 11.

For d = 11, it was shown in [38] that the pure spinor description correctly describes
a superparticle whose physical spectrum is linearized d=11 supergravity with 32 super-
symmetries. As discussed in [38], physical states for the d = 11 superparticle carry ghost-
number three and the state ¥ = A*M’XYB,g,(z,0) describes the d = 11 supergravity
multiplet where B, is the spinor component of the three-form superfield [39] And for
7 < d < 10, one can easily check that the pure spinor description correctly describes a
superparticle whose physical spectrum is a dimensional reduction of super-Yang-Mills with
16 supersymmetries. However, for d < 6, the situation is more subtle. Note that a d = 6
spinor is described by A/ where J = 1 to 2 is an SU(2) spinor index and a = 1 to 4 is
an SU*(4) index. The constraint \y™A = 0 implies A \Mfe;x = 0, which implies that
X = ¢/hg for some ¢’ and h,. And for d = 4, Ay™\ = 0 implies that either A\, = 0 or
Az = 0 where (a,a) =1 to 2 are the standard SU(2) Weyl indices.

Using techniques similar to the d = 10 case, one finds that for 5 < d < 6 or d = 4, the
cohomology of @ = A\*d, describes off-shell super-Yang-Mills with 8 or 4 supersymmetries.
As in d = 10, Q¥ = 0 implies that A*A\°D,Ag = 0, which implies that D Apgy =
YepBm for some vector gauge field B,,. However, unlike d = 10, the theory is off-shell
since Do Ag) = v53Bm does not impose equations of motion when d < 6. This might
seem surprising since the Brink-Schwarz superparticle contains the P, P™ = 0 mass-shell

constraint for any d. But note that for d < 6, there are also subtleties in the light-cone

6 In arbitrary spacetime dimension, this is not the pure spinor definition used by Cartan. For
example, in d = 11, Cartan would define a pure spinor to satisfy both Ay™A =0 and Ay™"A =0
[11].
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quantization of the Brink-Schwarz superparticle. When d = 6, the light-cone S, variable
contains 4 components, which naively suggests 2%/2 = 4 states in the physical spectrum
instead of the 8 states of d = 6 super-Yang-Mills. And when d = 4, S, contains 2
components, which naively suggests 2%/2 = 2 physical states instead of the 4 states of d = 4
super- Yang-Mills. Since light-cone quantization of the superparticle is not straightforward
in d < 6, it is not so surprising that there are subtleties in the pure spinor description in

these dimensions.

3. Covariant Quantization of the Superstring

In this section, the pure spinor description of the superparticle will be generalized
to the superstring. Although there have been several previous approaches to covariantly
quantizing the superparticle, this is the first approach which successfully generalizes to
covariant quantization of the superstring. But before discussing the pure spinor approach,
it will be useful to discuss an alternative approach of Siegel [4] which contains some of the

same features as the pure spinor approach.

3.1. Review of GS formalism using the approach of Siegel

In conformal gauge, the classical covariant GS action for the heterotic superstring
is[40]

1 .= 1 = 1
Shet = /dzz[aﬂmﬂm + ZHmBO"y;nﬁBGﬁ - ZHmea’YZXnﬁaeﬁ] + SR (31)

where ™ and 6% are the worldsheet variables (m = 0 to 9, « = 1 to 16), Sp de-
scribes the right-moving degrees of freedom for the Eg x Eg or SO(32) lattice, and
Im = g™ + %90‘72},895 and II™ = Oz™ + %90‘70%595 are supersymmetric combina-
tions of the momentum. In what follows, the right-moving degrees of freedom play no role
and will be ignored. Also, all of the following remarks are easily generalized to the Type
I and Type II superstrings.

Since the action of (3.1) is in conformal gauge, it needs to be supplemented with
the Virasoro constraint T = —%HmHm = 0. Also, since the canonical momentum to 6%
does not appear in the action, one has the Dirac constraint p, = 6A/6806% = L(IL,, —

2
107m010)(7™0) o where p, is the canonical momentum to 6. If one defines

1 1 .
do = po — = (I, — Zﬁymalé’)(fy 0) e (3.2)

2
17



one can use the canonical commutation relations to find {d,,dg} = 1YapIm, Which implies
(since IT™II,,, = 0 is a constraint) that the sixteen Dirac constraints d,, have eight first-class
components and eight second-class components. Since the anti-commutator of the second-
class constraints is non-trivial (i.e. the anti-commutator is an operator II* rather than a
constant), standard Dirac quantization cannot be used since it would involve inverting an
operator. So except in light-cone gauge (where the commutator becomes a constant), the
covariant Green-Schwarz formalism cannot be easily quantized.

In 1986, Siegel suggested an alternative approach in which the canonical momentum

to 6% is an independent variable using the free-field action [4]
1 ~ _
5= / P ]505™ o + o). (3.3)
In this approach, Siegel attempted to replace the problematic constraints of the covariant

GS action with some suitable set of first-class constraints constructed out of the super-
symmetric objects II"™, d, and 060% where
e = pa = 5 (8™ + 76770) (v (3.4)

is defined as in (3.2) and is no longer constrained to vanish. The first-class constraints
should include the Virasoro constraint A = —%Hmﬂm —d,00% = —%Bazmaxm ~Ppa060% and
the x-symmetry generator B* = II"™(v,,d)®. To get to light-cone gauge, one also needs
constraints such as O™ = d,(y"™"?)*Ads which is supposed to replace the second-class
constraints in d,. Although this approach was successfully used for quantizing the super-
particle [41], a set of constraints which closes at the quantum level and which reproduces
the correct physical superstring spectrum was never found.

Nevertheless, the approach of Siegel has the advantage that all worldsheet fields are
free which makes it trivial to compute the OPE’s that

2™ (y)e"(z) — 2" logly — 2l,  pa(y)°(2) — By —2)7", (3.5)

da(y>d5<z>—>—@i—@v;"ﬁnm<z>, da(y>nm<z>->@—iz~)wﬁaeﬂ(z>. (3.6)

This gives some useful clues about the appropriate ghost degrees of freedom. Since (6%, p,,)
contributes —32 to the conformal anomaly, the total matter contribution is —22 which is
expected to be cancelled by a ghost contribution of +22. Furthermore, the spin contribu-
tion to the SO(9,1) Lorentz currents in Siegel’s approach is My,,, = %pfym,ﬂ, as compared
with the spin contribution to the SO(9,1) Lorentz currents in the RNS formalism which
is Ymt,. These two Lorentz currents satisfy similar OPE’s except for the numerator in
the double pole of M,,, with M,,,, which is +4 in Siegel’s approach and +1 in the RNS
formalism. This suggests that the worldsheet ghosts should have Lorentz currents which
contribute —3 to the double pole.
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3.2. Superstring quantization using pure spinors

In fact, there exists an SO(9,1) irreducible representation contributing ¢ = 22 and
with a —3 coefficient in the double pole of its Lorentz current {3]. This representation

consists of a bosonic pure spinor A* satisfying the condition that
XyZ AP =0 (3.7)

for m = 0 to 9. To show that this representation has the desired properties, it is useful
to temporarily break manifest Lorentz invariance by explicitly solving the pure spinor
constraint of (3.7).

A parameterization of A* which preserves a U(5) subgroup of (Wick-rotated) SO(10)
is [3][23]

1
At =€, Aap = Uap, A*= —ge_se“bc‘ieubcude (3.8)
where a = 1 to 5, ugp = —up, are ten independent variables, and the SO(10) spinor A* has

been written in terms of its irreducible U(5) components which transform as (1% ,10 1,5_ %)
representations of SU(5)y(1). A simple way to obtain these U(5) representations is to
write an SO(10) spinor using [+ + + + | notation where Weyl/anti-Weyl spinors have
an odd/even number of + signs. The 15 component of A* is the component with five +

signs, the 10 1 component has three + signs, and the 5_3 component has one + sign. The
A% parameterization of (3.8) is possible whenever A\ # 0.

Using the above parameterization of A%, one can define the action S for the worldsheet
ghosts as

Sy = /d2z[5t83 - —;-vabguab] (3.9)

where t and v®® are the conjugate momenta to s and u,; satisfying the OPE’s

t(y) s(z) — log(y —2), v(y) uea(z) — 6885 (y — 2)~". (3.10)

Note that the factor of % in the v*®duy, term has been introduced to cancel the factor of
2 from ugp = —upe. Also note that s and ¢ are chiral bosons, so their contribution to (3.9)
needs to be supplemented by a chirality constraint.

One can construct SO(10) Lorentz currents N™" out of these free variables as

1 1 5 5 1
N = ——E(Zuabv‘”b + 5875 - 583), N;’ = UgeV? — gégucdv“l, (3.11)
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1
N =¢e5y® N, = e % (20uqp — UapOt — 2uqpds + UgeUpaV°t — iuabucdvc‘i)
where N™" has been written in terms of its U(5) components (N, N®, N%® N,;) which
transform as (1o, 240,102,10_2) representations of SU(5)y(1). The Lorentz currents of
(3.11) can be checked to satisfy the OPE’s
M(2)

N (GA(2) = 5™, (312

m(l prkln _ nlarklm knplm _ o kmln
mn n (z) =n"'NE™(2)  _n*tm™ ="M
N (y)N™(z) — . -3 RS (3.13)

So although Sy of (3.9) is not manifestly Lorentz covariant, any OPE’s of A* and N™"
which are computed using this action are manifestly covariant.

In terms of the free fields, the stress tensor is
1 ab 2
T, = 51) Ougpy + Ot0s + 0%s (3.14)

where the 8%s term is included so that the Lorentz currents of (3.11) are primary fields.
This stress tensor has central charge 422 and can be written in manifestly Lorentz invariant

notation as[42]

1 1
T\ = —N,,, N — = J? — 1
A= 15 8J J (3.15)

where J is defined in terms of the free fields by
1 ab
J = §uabv + Ot + 30s. (3.16)
Note that J has no singularities with N™" and satisfies the OPE’s
JW)J(z) = =4y —2)7%,  J(y)A*(z) = (y — 2) 'A% (2).

The operator ¢ J can be identified with the ghost-number operator so that A* carries ghost

number +1.
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3.3.  Physical vertex operators

Physical states in the pure spinor formalism for the open superstring are defined as
ghost-number one states in the cohomology of @ = [ A*d, where A* is constrained to
satisfy Ay = 0. The constraint Ay = 0 implies that the canonical momentum for A%,
which will be called w,, only appears in combinations which are invariant under the gauge

transformation
dwe = (V" Nalm (3.17)

for arbitrary A,,. This implies that w, only appears in the Lorentz-covariant com-
binations N, = % D WYmnA ¢ and J =: weA* : where the normal-ordered expres-
sions can be explicitly defined using the parameterization of (3.11) and (3.16). When
(mass)2 = n/2, open superstring vertex operators are constructed from arbitrary com-
binations of [z™, 0%, dy, A%, N™", J] which carry ghost number one and conformal weight
n at zero momentum. Note that [dy, Npn, J| carry conformal weight one and A® carries
ghost number one.

For example, the most general vertex operator at (mass)? = 0 is
U = \*Aa(z,6) (3.18)

where A,(z,0) is an unconstrained spinor superfield. As was shown in subsection (2.5),
QU = 0 and 06U = @S2 implies 7;';51WDQA[, = 0 and §A, = D2, which are the super-
Maxwell equations of motion and gauge invariances written in terms of a spinor superfield.

At the next mass level, the physical states of the open superstring form a massive
spin-2 multiplet containing 128 bosons and 128 fermions. Although it was not previously
known how to covariantly describe this multiplet in D=10 superspace, such a superspace
description was found with Osvaldo Chandia using the pure spinor approach [43]. When

mass)? = 1, the most general vertex operator is
2
U =0)*An(z,0)+ : 0P \*Bog(x,0) : + : dgA*CP,(,0) : (3.19)

+ ™A Hypo(2,8) 1 + 1 JIAYEq(2,0) : + : N AX*Fopn(z,0) :

where : O4X*®,4(z, 0)( f Ay - 04(y) A*(2)Paa(z) and ®o4(z,0) are the various
superfields appearing in (3.19). Using the OPE’s of (3.6), it was shown in [43] that QU =0

implies the equations
(Ymnper)** [DaBgy — Yoy Hsp] = 0, (3.20)
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('Ymnpqr)aﬁ[DaHsﬂ - ’Ysa’yc’yﬂ] = 0,

1
(Ymnpgr)*?{DaC"g + 81 Eg + 5(~y‘~‘f)7a1~“ﬁst] =0,

1
(')’mnpqr)aﬁ [DaAp + Bap + 275,0sC7a ~ DgEa + 5

3 (’YStD)ﬁFast]

VWIYS

= 4'7mnpqrf7aﬁ nStKvwmy7

1
) (’YStD)ﬁFast]

(Ymnp) P [DaAg + Bag + 275,0sC"q — DgEq +
= 327mnp7aﬂyK'z)zys>

vwLy

’YggzpquaEﬁ = ’Y'ror‘:,npqr(’y ’Ys)aﬁ vwzy)’

st
Do Fgt =

vw:z:y [s )aﬁ

af
Ymnpqr mnpqr (7 vwmya

where K., is an arbitrary superfield. And the gauge invariance U = Q) implies the

gauge transformations
5 A0 = Qo + 297300 — Doty — %(wn)ﬂapﬁasmn, (3.21)
Bap = Dol + 7 Q3m,
§CP, = —Do Q8 — 6PQ, — %(vmn)ﬂaﬂmn,
§Hpmo = DoQsm — YmapSs,
§Es = Dall,
O F awmn = DaQsmn,

where
Q =:00°01a(x,0) : +: do25(x,0) : + : I Q3 (z, 0) : (3.22)

+: JQ(z,0) : + : N Qs (z,0) =,

and : O4Q4(z,0) : =¢§ yd_—yzOA(y) Q4(z). Using d=10 superspace techniques, it was argued
in [43] that the equations of motion and gauge transformations of (3.20) and (3.21) imply
that the superfields ®,4(z,0) in (3.19) correctly describe a massive spin-two multiplet
with (mass)? = 1

To compute scattering amplitudes, one also needs vertex operators in integrated form,
[ dzV, where V is usually obtained from the unintegrated vertex operator U by anti-

commuting with the b ghost. But since there is no natural candidate for the b ghost in
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this formalism, one needs to use an alternative method for obtaining V which is from the
relation [Q, V] = U [44]. Using this alternative method, one finds for the open superstring

massless vertex operator that [3]
V =00%A(z,0) + I B (x,0) + do W (x,0) + %NmnFm"(m, 9). (3.23)
To show that QV = U, note that
QV = 0(A\*Aqs) + A*00°(—Do Ag — Dg A + V5Bm) (3.24)

+A™ (Do By, — O A —fymﬂwﬁ)+Aadﬁ(—pawﬂ+%(w"m)aﬂla‘mn)Jr %AaNmnDaFm".
So QV = 9U if the superfields satisfy
—DyApg — DgAn + vapBm =0, (3.25)
DBy — OmAa = YmasW? =0,
—D WP + }I(ym")aﬁan =0,
AN (Ypn) g7 Do F™™ = 0,
which imply the super-Maxwell equations of subsection (2.2). Note that the fourth equation

of (3.25) is implied by the third equation since A*AP Do DgW?™ = 1 (Ay™N\)0,, W = 0. It

is useful to note that in components,
1
V = am(z)0z™ + 5 0mn) (2)M™ + £*(z)q0 + O(6?), (3.26)

where M™" = %mmno + N™" is the spin contribution to the Lorentz current and
Ga = Pa + %(Bzm + %07’”86)(7,,&0)0 is the spacetime-supersymmetry current. So (3.26)
closely resembles the RNS vertex operator [27] for the gluon and gluino. If one drops
the 1 Ny, F™" term, the vertex operator of (3.23) was suggested by Siegel [4] based on
superspace arguments.

For the Type II superstring, the unintegrated massless vertex operator is U =
)\O‘S\BAQB(:E,H,é) where A% and 6% are right-moving worldsheet fields and the chirality
of the & index depends if the superstring is IIA or IIB. The physical state condition
QU = QU = 0 and gauge invariance 6U = QQ + QQ where Q) = QQ = 0 implies that

Vrpar DaAsy = VohparDaApy =0, 64,5 = Dalds + DpQa, (3.27)
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N

,anélquDaQﬁ = ’YgﬁzpqudQ’AY =0

for any five-form direction mnpqr, which are the linearized equations of motion and gauge
invariances of the Type IIA or Type IIB supergravity multiplet. The integrated form of the
closed superstring massless vertex operator is the left-right product of the open superstring

vertex operator of (3.23) and is given by
Vsg = /d2z (3.28)

06°60° A, 5(2,0,0) + 00°TI™ Agm (, 0,0) + TI™50% A (z,0,0) + T A (2, 6, 6)

+da (967 B3 (2,6,6) + 1™ E,(2,6,0)) + da(96° E5 (2, 6,6) + I Ey, (.6, 6))

—

1 338 mn A TP Oymn 2 Y Amn 0 Amn A
+§Nmn(89593 (z,8,0) + IPQ™(,6,0)) + = N (00° Q7" (2,0, 0) + TIPQT™(z, 6, 6))

2
+dads P (2,0,0) + NinndaC™™ (2,8, 0) + do Ny C¥™ (2, 8, ) + Nin Npg S™4(, 6, §)].

3.4. Tree-level scattering amplitudes

As usual, the N-point tree-level open superstring scattering amplitude will be defined
as the correlation function of 3 unintegrated vertex operators U, and N — 3 integrated

vertex operators [ dzV, as

N
A= /dz4.../dzN (Us(21)Un(22)Us(25) [ Vi(2n)). (3.29)
r=4

For massless external states, the vertex operators are given in (3.18) and (3.23).

The first step to evaluate the correlation function is to eliminate all worldsheet fields
of non-zero dimension (i.e. 9z™, 86%, p,, J and N™") by using their OPE’s with other
worldsheet fields and the fact that they vanish at z — oco. One then integrates over the

x™ zero modes to get a Koba-Nielsen type formula,
A= / g dzn NN Fag (2 Koy s 8)) (3.30)

where A AP X7 comes from the three unintegrated vertex operators and fap~ is some func-
tion of the z,’s, the momenta k,, the polarizations 7,., and the remaining 8 zero modes.
One would like to define the correlation function (A*APX? fos,) such that A is super-

symmetric and gauge invariant. An obvious way to make A supersymmetric is to require
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that the correlation function vanishes unless all sixteen 8 zero modes are present, but this
gives the wrong answer by dimensional analysis. The correct answer comes from realiz-
ing that Y = A*MP)\Y f,4., satisfies the constraint QY = 0 when the external states are
on-shell. Furthermore, gauge invariance implies that (Y) should vanish whenever Y = Q0.

As discussed in subsection (2.5), there is precisely one state in the cohomology of Q

at zero momentum and ghost-number three which is (Ay™8)(Ay"8)(AyP8)(0ymnpb). So if

fapy(0) = Aapy + 963&ﬂ76 + o+ (Y70)a(170) (V7 0) 1 (6 Ymnpb) F + ..., (3.31)
it is natural to define
AENENY Founn (20 Koy 11y 0)) = F2p, iy i) (3.32)
This definition is supersymmetric when all external states are on-shell since

(My"0)(Ay"6) (XyP0) (8 ymnspb)

cannot be written as the supersymmetric variation of a quantity which is annihilated by

Q. And the definition is gauge invariant since

(N"0) (A" 0)( Xy} (0 Ymnpl) # QS

for any €. Note that (3.32) can be interpreted as integration over an on-shell harmonic

superspace involving five 8’s since (A*A8\Y fapy) is proportional to

()" () o) (g™ ) onlom = [ (O fup (333

For three-point scattering, A = (A*A}(z1) M AZ(z2) XA3(z3)), it is easy to check
that the prescription of (3.32) reproduces the usual super-Yang-Mills cubic vertex. In the
gauge of (2.15), each A, contributes one, two or three #’s. If the five §’s are distributed as
(1,1,3), one gets the al a28[™a®" vertex for three gluons, whereas if they are distributed
as (2,2,1), one gets the (£19™¢&2)a2, vertex for two gluinos and one gluon. Together with
Brenno Vallilo, it was proven that the above prescription agrees with the standard RNS
prescription of [27] for N-point massless tree amplitudes involving up to four fermions [28].
The relation of (3.26) to the RNS massless vertex operator was used in this proof, and
the restriction on the number of fermions comes from the need for different pictures in
the RNS prescription. Furthermore, using the map from on-shell states in the pure spinor
BRST cohomology to on-shell states in the RNS formalism, it was argued in [23] that tree

amplitudes involving massive states must also agree with the RNS prescription.
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4. Quantization of the Superstring in a Curved Background

Although it is not known how to covariantly quantize the GS superstring, one can
construct the classical GS superstring action in a curved background. It has been shown
that when the background fields satisfy their on-shell equations to lowest order in o/, the
classical worldsheet action is invariant under xk-symmetry. However, because of quantiza-
tion problems, it is not known how to compute o’ corrections to the background equations
of motion using the GS formalism.

As will be reviewed here, one can use the pure spinor description to construct an
analogous action for the superstring in a curved background. In this case, classical BRST
invariance will imply the on-shell equations for the background to lowest order in . Since
quantization is straightforward using the pure spinor description, one can now compute
o corrections to the background equations by requiring quantum BRST invariance of the
action. Note that in the pure spinor description, the equations coming from classical BRST
invariance are expected to imply that the action is conformally invariant to one-loop order.
Since the one-loop beta function vanishes, it is sensible to ask if there are finite corrections
to the background equations coming from one-loop BRST invariance. Similarly, n-loop
BRST invariance is expected to imply (n + 1)-loop conformal invariance of the action, so

this method can in principle be extended to all orders in o’.

4.1. Relation between k-symmetry and classical BRST invariance

The fact that classical BRST invariance in the pure spinor description is related to
k-symmetry in the GS description can be understood by computing the Poisson brackets
of @ = [ A\*d, with the worldsheet fields. One finds that

Sz™ = M0, 6g0% =\, dgda = —II"(ypA)%,  dQua = da, (4.1)
which resemble the xk-symmetry transformations
x™ = &4™M0, 60° = €7, (4.2)

where £* = II"™(y,k)®. As shown by Oda and Tonin [45], this relation is useful for
constructing BRST-invariant actions from x-invariant GS actions.

If the GS action Sggs satisfies 6Sgs = 0 under (4.2) up to the Virasoro constraint
I1,,II™ = 0 when £ = II™ (,,k)%, then when £% is arbitrary, 6Sgs = [ d22I1,,(£4™) for
some Q“. Since S¢s is independent of d, and w,, this implies from (4.1) that the BRST
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transformation of Sgg is 60 Ses = [ d?2IT™ (Ay™Q). One can therefore define a classically

BRST-invariant action as

SBRsT = Sas + /d225Q(waQa) (4‘3)

= Sas + /d2z[daﬂa + wa(SQQO‘].

Although Q2 = 0 naively implies that [ d?28o(wa2*) is BRST invariant by itself, one can
check from (4.1) that égdgws = —II"™(YmA)o. Note that such a transformation for w, is
not inconsistent with @2 = 0 since dwy = —II™(vmA)q is a gauge transformation of the

type discussed in (3.17). So
500 (wafd®) = (60dQwa)Q* = —IIn(Ay™NQ),

which implies that Sgrsr of (4.3) is BRST-invariant.
It can be easily checked that this construction of Sprsr agrees with the superparticle
and superstring actions constructed using pure spinors. For example, for the heterotic

superstring in an on-shell super-Yang-Mills background,
Scs = Shet + / d?z[00* AL + ™ BL1J7 (4.4)

where Sj,.; is defined in (3.1), J! are the right-moving Eg x Eg or SO(32) currents, I is a
Lie algebra index, and A, and B, satisfy (2.11) and (2.13). One can use (4.2) together
with §J7 = —ig[A,, ) to compute that Q% = 9% + W J! where W< is defined in
(2.13). So

SBrsT = Sas + /dzz 5Q(wa59a + waWanI) (4.5)
= Sgs + /d2z[da59“ + WaOA* 4 (oW + w AP (VW) ) T

_ _ _ 1 _
- / dQZ[%ﬁxmaxm +PaB° + wadX° + (06° AL + TIBL + du W™ + 2 Ny ™) J1),

which is the pure spinor version of the heterotic superstring action in a super-Yang-Mills

background.
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4.2. Open superstring and supersymmetric Born-Infeld equations

Over fifteen years ago, it was shown that one-loop conformal invariance of the bosonic
open string in an electromagnetic background implies that the background satisfies the
Born-Infeld equations, and higher-loop conformal invariance implies higher-derivative cor-
rections to these equations [46]. However, because of problems with describing fermionic
backgrounds, this result was generalized only to the bosonic sector of supersymmetric Born-
Infeld theory using the Ramond-Neveu-Schwarz formalism of the open superstring [47].
Although fermionic backgrounds can be classically described using the Green-Schwarz for-
malism of the superstring, quantization problems have prevented computation of the equa-
tions implied by one-loop or higher-loop conformal invariance. Nevertheless, it has been
argued that k-symmetry of the classical Green-Schwarz superstring action in an abelian
background implies the abelian supersymmetric Born-Infeld equations for the background
[48] [49].

Using the pure spinor description of the superstring, physical states are defined using
the left and right-moving BRST charges

Q:/@ﬂ%@zmi@:/@@%g (4.6)

where d, and d, are left and right-moving worldsheet variables for the N=2 D=10 su-
persymmetric derivatives and A* and e are left and right-moving pure spinor variables
satisfying

MymA? = A2y meh? =0 (4.7)

for m = 0 to 9. As was shown with Vladimir Pershin, classical BRST invariance of the
open superstring in a background implies that the background fields satisfy the full non-
linear supersymmetric Born-Infeld equations of motion. This was verified by computing
the boundary conditions of the open superstring worldsheet variables in the presence of

the background and showing that the left and right-moving BRST currents satisfy
A¥dy = Nd, (4.8)

on the boundary if and only if the background fields satisfy the supersymmetric Born-Infeld
equations of motion. Since A\“d, is left-moving and Aed, is right-moving, %(Q + Q) =
[ do a%()\ada —X2d,). So (4.8) implies that classical BRST invariance is preserved in the

presence of the open superstring background. Although similar results can be obtained

28



using k-symmetry in the classical Green-Schwarz formalism, this pure spinor approach has
the advantage of allowing the computation of higher-derivative corrections through the
requirement of quantum BRST invariance.

The first step in computing the equations implied by classical BRST invariance is
to determine the appropriate boundary conditions for the open superstring worldsheet
variables in the presence of the background. Recall that for the bosonic string in an
electromagnetic background, the Neumann boundary conditions %xm = 0 are modified

to
0

%x

where F™" is the electromagnetic field strength. For the bosonic string, these modified

™ T (4.9)

boundary conditions do not affect classical BRST invariance since (4.9) together with
Fm™ = —F™ implies that the left-moving stress-tensor T = %Ba:m(‘?:cm remains equal to

the right-moving stress-tensor T = %éxméxm on the boundary where 9 = 6% + g; and

0= a% — a%' So by defining the left and right-moving reparameterization ghosts to satisfy
c=¢ and b = b on the boundary, one is guaranteed that the left and right-moving BRST

currents coincide on the boundary in the presence of the background.

However, for the superstring using the pure spinor formalism, the boundary conditions
on the worldsheet variables in the presence of a background do not automatically imply that
the left and right-moving BRST currents coincide on the boundary. As will be reviewed
here, A*d, = A*d, on the boundary if and only if the background superfields satisfy the
supersymmetric Born-Infeld equations of motion.

In a background, the open superstring action using the pure spinor description is
S =59 +V where

1 _ _ ~ _ ~
So = _317 / dea{i&vm(?xm + DB + padl® + wadX* + waaxa} (4.10)

is the action in a flat background and V is the super-Maxwell integrated vertex operator
defined in (3.23). Before computing the boundary conditions on the worldsheet variables
in the presence of V, it is convenient to add a surface term S, to the action such that

S = Sg + Sp is manifestly invariant under the N=1 D=10 supersymmetry transformations
1
005 =€, o™ = 59+7me, 00% =0, (4.11)

where 0% = %(90‘ + #*). Note that although Sy is invariant under (4.11) using the flat

boundary conditions 8% = 9,2™ = 0, it is not invariant under (4.11) for more general
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boundary conditions. However, it was shown in [24] that by choosing S} appropriately,

one can make S = So + Sp invariant under (4.11) for arbitrary boundary conditions.

Furthermore, it is convenient to modify the vertex operator V to

: 1
V =0%Au(z,04) + I7Bp(z,04) + dfWe(z,04) + EN_T"an(x, 6")

(4.12)

where the +/— index denotes the sum/difference of left and right-moving worldsheet vari-

ables. With this modification of V', the background superfields transform covariantly under

the N=1 D=10 supersymmetry transformations of (4.11).

As was shown in [24], cancellation of the surface term equations of motion implies

that the flat boundary conditions

02 =TI™ =d = A\* =w] =0

are modified in the presence of V to
02 = -W(z,04),
II™ = 0% (0™ Ao — Do B™ +y2sWP + éwgﬂymgwﬁwvamwﬂ
LI (9™ By — 8, B™) + dEITWE + %NzkaMFnk,

; 1
V2d; = 02(DaAg + DAa = VasBm + ¢ Yoy mir W W D

1
+ VB I WIW Do W)

1
+ 7 (OmAa — DaBm + YmagW?’ + Efygmmawﬂwvamwé)

1 mn
=+ d::DaW’Y - §N+ Daana

AL = “Z’\i(')’mn)ﬁ T We = ZFm ('Ymn)aﬁw;'

(4.13)

(4.14)

(4.15)

Using the boundary conditions of (4.14) and (4.15), the difference between the left

and right-moving BRST currents on the boundary is

2Ny — A*d,) =

X363 | Dag + DgAa — V5B + CA tmsx WIW Dy W + 3B ymss W WP Do W

6 6
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1 1
+g0F )a" VAW (8mAg — DgBum + Ymp, W + 67507n75W°W78mW5)]

1

+ )\iHT [amAa - DaBm + ’Yma,@Wﬁ + 6

VesVnysWEW 8 W°
1 n
— s OF)aP 3, W (0B — 0|
1 1 .
+A%dE [DQW7 — () + g(fyF)aﬁyﬁ,\W)‘anW“’]

1., 1
— AINDT [Daan + (0 F )aﬁ'yﬁAW*akan], (4.16)

where (YF)g® = Frn(Y™")5%.

Requiring this to be zero implies the equations:

DaAﬁ + DﬁAa - rYaﬁBm + '6—’7‘1,),’)/5)\W7W6D5W)\ + Efyg}nym(S/\W’YWaDaW)\

1 n
+ o (F )o? (VF) g VAV W AW (O B, — 8 Bn) = 0, (4.17)

1
OmAa = DaBm + YmapW’ + 2Yap¥mys W WO W

- %(yp)aﬂygxwk(aan — 8B, =0, (4.18)
1 1 .
D W7 — Z(wz?)cn + é(AYF)oﬁmwkanw7 =0, (4.19)
1
AN (ymm) 57 [Daan + g('yF)aﬁfyg,\W’\akan] —0. (4.20)

As in the super-Maxwell equations of (3.25), the contraction of (4.17) with 'y;’,‘gm
implies the equations of motion for A, the contraction of (4.17) with v2* defines B,,, the
contraction of (4.18) with v”**7 defines W7, the contraction of (4.19) with (v,s)s* defines
F,;, and the remaining contractions of (4.18) and (4.19) are implied by these equations
through Bianchi identities. Note that because of the non-linear terms in (4.17)-(4.19), W7
and F,,,, are now complicated functions of the spinor and vector field strengths constructed
from the gauge fields A, and B,,.

Finally, equation (4.20) vanishes as a consequence of (4.19) and the pure spinor prop-
erty

m 1 o m m m 3 3
Ay A+ 25 (), (YF)sPYTANEAL = Aey™ A FA7™AZ = M ™A+ ™A = 0. (4.21)
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To show that (4.20) vanishes, it is useful to write (4.19) and (4.20) as D,W7 = Y)Y
and )\i)\'f_f)af),@WW = 0 where

A 1 1 -1
Do = Do+ 5DaW” (5g _ 573,\W’\8nW7> (Y W) 0. (4.22)
One can check that

{Da,Dp} = (75 + 16(“7F) Y (vF)8%77%) Om (4.23)

where . ) .
O = O + 50 W (5g - §7gAW)‘8nW7) ("W )0, (4.24)

so (4.21) implies that A3\ Do DgW? = 0.

To prove that equations (4.17)- (4.19) are the abelian supersymmetric Born-Infeld
equations, it was shown in [24] that they are invariant under N=2 D=10 supersymmetry
where the second supersymmetry acts non-linearly on the superfields. Except for factors
of ¢ coming from different conventions for the supersymmetry algebra, equations (4.17)-
(4.19)are easily shown to coincide with the superspace Born-Infeld equations (33)-(35) of
reference {49] which were independently derived using the superembedding method [48].

4.8. Closed superstring and Type II supergravity equations

In a curved background, the classical GS superstring action can be written as
1 _
S= / P2(Gun(Z) + Bun(2))92M 52N (4.25)

where M = [m, p, i] are curved N=2 D=10 superspace indices, ZM = [z™,0*,07], 1 and
ft denote SO(9,1) spinors of opposite chirality for the Type IIA superstring and of the
same chirality for the Type IIB superstring, and Gp/n and Bjsn describe the background
superfields. When the background fields satisfy the Type II supergravity equations of mo-
tion, the action of (4.25) is invariant under k-symmetry. However, because of quantization
problems, it is not known how to use the action of (4.25) to compute o' corrections to
the supergravity equations. This is an important question since it is not yet understood
how the superspace structure of Type II supergravity equations is modified by these o
corrections.

As will be reviewed in this subsection, an analogous action can be constructed using

the pure spinor description of the Type II superstring in a curved background. As was
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shown with Paul Howe in [25], classical BRST invariance of this action implies the Type II
supergravity equations and quantum BRST invariance is expected to imply o corrections
to these equations. Except for the Fradkin-Tseytlin term which couples the dilaton to
worldsheet curvature, the Type II sigma model action in a curved background can be
constructed by adding the massless integrated closed superstring vertex operator of (3.28)
to the flat action of (4.10), and then covariantizing with respect to N=2 D=10 super-
reparameterization invariance. Alternatively, one can consider the most general action
constructed from the closed superstring worldsheet variables which is classically invariant
under worldsheet conformal transformations.

Using the worldsheet variables of the previous subsection, the Type II sigma model

action is defined as

1
2ma

S =

[ #215(Cun(2)+ Buun(2)0282% + P (2)dad (4.26)

+E3(2)dadZM + B3 (2)dadZ™ + Qpra® (2)3wpdZM + QpraP (2) 30502
. A Ny o 5 S 1
+CE (2)Xwpdy + CLN(Z)N gdy + S (Z)AwpATis + 50/ B(Z)r] + Sx + 55

where M = (m, p, ) are curved superspace indices, ZM = (z™, 6#,0%), A = (a,a, &) are
tangent superspace indices, Sy and S5 are the flat actions for the pure spinor variables,
r is the worldsheet curvature, and [Gyny = nchICV[Ej'f,,BMN, Ej'\},Eg‘,I,QMaﬁ,QMdB,
pos ,CBY, C’g”, ng;, ®] are the background superfields. Note that d, and ds can be treated
as independent variables in (4.26) since p, and ps do not appear explicitly.

If the Fradkin-Tseytlin term [ d?z®(Z)r is omitted, (4.26) is the most general action
with classical worldsheet conformal invariance and zero (left,right)-moving ghost number
which can be constructed from the Type II worldsheet variables. Note that d, carries
conformal weight (1,0), ds carries conformal weight (0,1), A\* carries ghost number (1,0)
and conformal weight (0,0), )¢ carries ghost number (0,1) and conformal weight (0,0),
W, carries ghost number (—1,0) and conformal weight (1, 0), and g carries ghost number
(0, —1) and conformal weight (0,1). Since w, and w4 can only appear in combinations

which commute with the pure spinor constraints, the background superfields must satisfy
(,chde)gQMaﬁ — (,ydee)gQMdﬁ =0, (427)
5 bede\é A bed 5 bedeyT o35
(70508 = (" *)FCE" = ("*)550; = (" *)]S55 = 0,
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and the different components of the spin connections will be defined as

Qe = Q)60 + %Qgg(%d)aﬁ , Qe = Q8 + %Q‘f&(%d)aﬁ . (4.28)

Although the background superfields appearing in (4.26) look unconventional, they

all have physical interpretations. The superfields Ep?, Byn and ® are the super-
vielbein, two-form potential and dilaton superfields, P8 is the superfield whose low-
est components are the Type II Ramond-Ramond field strengths, and the superfields
CEY = CYV68 + 1CV(yap)? and éﬁ” = (3”52 + %éwb(m)ﬁ are related to the N=2
D=10 dilatino and gravitino field strengths. Unlike the GS sigma model of (4.25) where
the spinor supervierbein is absent, the action of (4.26) contains E$; and E%,. This means
that the action is invariant under two sets of local Lorentz and scale transformations which
act independently on the unhatted and hatted spinor indices. One therefore has two inde-
pendent sets of spin connections and scale connections, (Qg\‘}), Q48) and (Qg\ff), Q4%), which
appear explicitly in the Type II sigma model action. Under the two types of local Lorentz

and scale transformations,

SEy = S3Ey, 0Ey = flgEfl, 8do = —2Pdg, 8ds = —f?écz/g, (4.29)

51a” = OMSE + 510" — 220", 80aa® = OuEE + £1 0008 — 20047,
SA* = TNV, bwy = —EJw,, 6A¢=%

where X8 = £(9)68 4+ %Zbc('ybc)aﬁ, f]g = f)(s)ég + %ﬁbc(fybc)dﬁ, ybe and $3be parameterize
independent local Lorentz transformations on the unhatted and hatted spinor indices, (5)
and £ parameterize independent local scale transformations on the unhatted and hatted
spinor indices, and the background superfields [P*%, C57, 057, Sgg] transform according
to their spinor indices.

Finally, the background superfields Sgg appearing in (4.26) are related to curvatures
constructed from the spin and scale connections. Note that a similar relation occurs in the

Type II RNS sigma model action which contains the terms

1
dra’

/ d?2(Q50 (x)athp0x™ + Q2 (2)PaPpdz™ + Savca() Y Y PY?) (4.30)

where ® = €2 (x)y™, P* = e, (z)¥™, and €2 (x) is the target-space vielbein.
It is important to note that the Fradkin-Tseytlin term [ d?2®(Z)r is absent from the

GS action of (4.25) since it breaks x-symmetry. However, as was argued in [25], this term
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is necessary in the pure spinor description in order to preserve quantum BRST invariance
and conformal invariance. The presence of this term can also be justified by the coupling
constant dependence e(29=2)% of genus g scattering amplitudes.

As was shown in [25], classical BRST invariance of (4.26) implies that the background
superfields satisfy the Type II supergravity equations. For the action of (4.26) to be BRST
invariant, it is necessary that the BRST currents are nilpotent and holomorphic, i.e. that
{Q,Q} = {0,0} = {@, 0} = 0 and that I(\ds) = H(ATda) = 0.

To analyze the conditions implied by nilpotency, it is convenient to use the canonical
momenta Py = 8L/8(00Z™) to write

A

do = EM[Py + }Z—BMN(GZN —82ZN) — Qg Mo, — Q578 (4.31)

. 1 _ A
dg = E'év"[PM + EBMN(GZN — 3ZN) — QMﬁv)\ﬂw,y — QMB’y)\’B'lflry].
Using the canonical commutation relations
[P, ZN) = —i6r,  [wa, ) = —idB,  [ia, N] = —id2,
one finds that

1 _ N sen
(Q,Q} = fx\a/\ﬁ[TaﬁCDc +5(02" = 9Z")Hapn — Rapy’ \'ws — Rapy”AMig),

34 65\’?@5]7

. . 1 _ )
{Q.Q} = j{AaAﬁ[Taﬁch + -2‘(3ZN ~0Z")Hypy — Rap, N'ws — Ryps

1

502N =92V H 5 — Rop "Nws — R, N,

{Q,Q} = anS\B[Ta,@CDC +

where D¢ = E%(PM —QMaﬂ/\a’wlg _QM&[?;\&@%), Tap® and Rapg” are defined using the
Qprg” spin connection, and T4 5% and R AB ﬁ:ﬁ are defined using the Q M 5”7 spin connection.

So nilpotency of @ and @ implies that

AN, 6 = NN Hopp = AN Rogs® = AAPXT Rop.® = 0, (4.32)
3638 C _3a3B8 . _N\eXNBpH . S _3a3Biip . 6 _
AN NT 5" = AN Hzpp = AN Ryp, = AN ATR;5:° =0,
aif c aif Y- 8 _ 3a&38 4 —
XNNT, 2¢ = AN H, g5 = X*N Ras5° = A*NR_5° =0,
for any pure spinors A* and A%. One can easily check that the nilpotency constraints on

Rapc? in (4.32) are implied through Bianchi identities by the nilpotency constraints on

35



Ta4s®. Since \* and M\ are independent pure spinors, the remaining constraints imply
that

("Ymnpqr)aﬂTaﬂC = ('Ymnpqr)aﬁT&ﬁAC = Taﬁ“c = 0, (433)

for any self-dual five-form direction mnpqr.

As was shown in [25], the constraints of (4.33) can be interpreted as Type II pure
spinor integrability conditions and imply all the essential Type II supergravity constraints.
Furthermore, it was shown in [25] that the remaining conventional Type II supergravity

constraints are implied by the holomorphicity conditions that d(A%d,) = 8(A%ds) = 0.

4.4. Superstring in AdSs x S° background and Penrose limit

In this subsection, a quantizable action will be constructed for the superstring in an
AdSs x S® background with Ramond-Ramond flux [3][50] and its Penrose limit [51]. Since
the action is quantizable, one can in principle compute vertex operators and scattering
amplitudes in this background which would be very useful for testing the Maldacena con-
jecture. However, because of the complicated form of the action, only the simplest vertex
operators [52] [50] and scattering amplitudes [53] have so far been computed. Nevertheless,
it has been proven that the action in an AdSs x S° background is conformally invariant up
to one-loop order [54] [55], and that the action for the Penrose limit plane wave background
is exactly conformally invariant [51].

The action in these backgrounds can be obtained by either plugging in the appropriate
background fields into the Type IIB sigma model action of (4.26) or by requiring that the
sigma model has the desired target-space isometries and is BRST invariant. Except for the
contribution of the pure spinor ghosts, the AdSs x S° action is a direct generalization of the
AdS3 % 8% and AdSs x S? actions which were constructed with the collaboration of Cumrun
Vafa and Edward Witten in [56], and with the collaboration of Michael Bershadsky, Tamas
Hauer, Slava Zhukov and Barton Zwiebach in [54].

In either the AdSs x S° background with R-R flux or its corresponding plane wave

limit, the worldsheet action using the pure spinor description is
FQ 4 5 1 ~ 3
S =38gs + /dQZ(daL +da L% — §dadBFaﬁ) + Sghost (4.34)
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where Fo# = 150 Fma-ms (fyml...ms)aé is the constant five-form self-dual Ramond-Ramond
flux. For the AdSs x S5 background, F is an invertible 16 x 16 matrix, whereas for its
Penrose limit, FB is not invertible and has rank 8.

The first term Sgs in (4.34) is the standard covariant GS action

1 FN mro mréarh
Sas = /dzz[ﬁnanmL +/dy€”K(7maﬁL1 SL% + Vmap LT L5LR)] (4.35)
where LM and LM are defined using the Metsaev-Tseytlin currents [57][58]

. 1
G 10G = P L™ 4+ Qo L™ + Qs L% + 5 mn L™, (4.36)

— —m —a —& 1 —mn
G '9G =P,L +Q.L +QsL + 5Jan

G(z™,0%,0%) = exp(z™ P +0°Qa+0%Qs) takes values in a coset supergroup, [z, 8%, §%)
are N = 2 D = 10 superspace variables with m = 0 to 9 and [a, &) = 1 to 16, the generators

[P, Qa, Qa, Jmn) form a super-Lie algebra with the commutation relations

1
[P, P") = SR™ 00, {Qay Qo) = 27sPms {QarQg) = 29T5Pm,  (437)

[Qr P™) = A0 F¥1Qs, [Qar P = 5 F Qs Qe @3} = i BeF P,

Jmn generate the usual Lorentz algebra, R™"P? is the constant spacetime curvature tensor
which is related to Fo? by the identity

R™P4 ()5 = AT F10y2 FOR _ oy iy pok, (4.38)

and [ dye!7¥ (fymaﬁL}”L‘J"L?{ + LmLaLﬂ %) is the Wess-Zumino term which is con-

mé
structed such that Sgg is invariant uﬁnder K-symmetry.

Under G — QGH for global Q and local H, the currents G~'0G are invariant
up to a tangent-space Lorentz rotation using the standard coset construction where
[Py Qas Qay Jmn| are the generators in  and J,,, are the generators in H. Since the
action is constructed from Lorentz-invariant combinations of currents, it is therefore in-
variant under the global target-space isometries generated by [P, Qa, Qa, Jmn|- Note
that because the R-R field-strength is self-dual, only 20 of the 45 Lorentz generators J,,,
appear in (4.37). So only 20 of the L™" currents are nonzero in (4.36). For the AdSs x S°

background, these are the SO(4,1) x SO(5) currents L® and L*? for a,b = 0 to 4 and
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o', b =5t09. And for the plane wave background, these are the currents L%, L7 Ikl, LtI
and L1 for j.k=1to4 and k' =5 to 8.

The terms doL” and dsL?® in (4.34) break kappa symmetry but allow quantization
since they imply non-vanishing propagators for % and #¢. And the term —%daciBF“B
comes from the R-R vertex operator and implies that certain components of d, and dB
are auxiliary fields. Finally, Sgnost describes the action for the worldsheet ghosts which is
non-trivial since the pure spinors transform under Lorentz transformations and therefore
couple through their Lorentz currents to the spacetime connection and curvature. This

ghost action is

a FTmn ]. g 1 2 mn
ghost = /d2 ;wtst + Nan + _éNanmn + ZNmanqR pq] (439)
where ££ff:fst is the free Lagrangian in a flat background for the left and right-moving

worldsheet ghosts (A%, we) and (A%, ¥g), Nmn = X Ymnw and J— %anw are their
left and right-moving Lorentz currents, and R™"P? is the target-space curvature tensor
defined in (4.38). Note that Syhnos: is invariant under local tangent-space Lorentz rotations,
which is necessary for the action to be well-defined on the coset superspace described by
G(z,0,0).

To check that the action is classically BRST invariant, i.e. that (A\*d,) = d(A\%dy) =
0, it is useful to first compute the equations of motion for d, and ds. Suppose one varies
ZM = [mm,Ha,é&] such that E$6ZM = p* E$6ZM = 5% and ET26ZM = 0 where
L* = E0ZM | 1% = E§0ZM, L™ = ET.0ZM, and [L*, L% L™ are defined in (4.36).

Then the covariant GS action Sgg transforms as
6565 = 20" L™ YmapL' +20°L ", 05L°. (4.40)

The transformation of (4.40) is related to kappa symmetry since when p® = kg L™~%? and
7% = EBLme , 0S¢ g is proportional to the Virasoro constraints 1,,, L™ L" and nan "

Furthermore, the commutation relations of (4.37) imply that
1 A .
o __ [ > (amnNo 3 af,m
OL* = 0p® + (75 Lunnd® + FPZ Lnp", (4.41)

& & 1 mn\& -3 &,.m
6L* = dp™ + Z('y )BLmnPﬁ —FP fYﬂWmeﬁy’
SL™ = (YImFy™) 3 p LY + (VI Fy™) 5 LY
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where (Y7"Fy™) .5 = 3(YapF VY05 — apFPIT%).

So by varying p® and p%, one obtains the equations of motion

) T 1 FmM 7 3_m 1 mp.n ¥ \J e

0dy = QV;nﬁLmLﬁ + Zdﬁ(’ymn)gL " dBF’Y'B'Y'yaLm + 5(7[ Fr ])aﬁ(Nmnﬁ + Npun L),
o A ) (4.42)

dda = 2975 Lm L’ + Zdﬁ(%n)gmn +dg PPN, — 5(7[mF7"1)7&(Nng" + NpnLY).

Plugging into (4.42) the equations of motion L* = %F“ﬁdAB and L* = —1 FP%dg which
come from varying d, and (fd, one finds
y 1

-1 . ;
Vda = S (1" Fy)ay(Nmn L' — 5 N F*Vds), (4.43)

~ 1 1 2 A .
Vi = =5 (" Fy")ya(5 N F 2 ds + Ny L),
where the spin connections in the covariantized derivatives V and V are L™" and "
Furthermore, the equations of motion of A* and A% coming from (4.39) are
1

VA = ng”Pq(ymn)gAﬂNpq, (4.44)
Y& 1 mn aipB
VA% = gR pq(’qu),é)\ﬂNmn-

So (4.43) and (4.44), together with the identity of (4.38), imply that

3(A*d,) = %Aa(y[mmnl)aﬁz\rmnf", (4.45)

Can 1qx .
d(Nedy) = ~§/\a('y[mey”])7denL7.
Since Npn = 2 (Mymnw) and A*A? is proportional to (AYP™*A)(Ypgrst)*”, the right-hand

side of (4.45) is proportional t0 YmnYpgrse V™ Fy™. But since VmYpgrsty™ = 0, one finds
that

]

7mn7pq¢st7[mF7n = 27pqrst'7nF’Yn = 27pqrst7n7uvwwy7nFuvwmy =0. (446)

A

So d(A\*dy) = 8(A%ds) = 0 as desired.
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