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Physical modelling and
Port-Hamiltonian systems
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Hamiltonian dynamics vs network modelling

e Hamiltonian mechanics: origins in analytical mechanics: prin-
ciple of least action — Euler-Lagrange equations — Legendre
transform — Hamiltonian equations of motion

analysis of physical systems

e Network modelling: origins in electrical engineering, describes
complex networks as interconnection of basic elements, corner-
stone of systems theory

modelling and simulation of physical systems
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Port-Hamiltonian systems try to combine both points of view:

e total energy of basic elements < Hamiltonian

e interconnection structure < geometric structure, i.e. symplec-
tic, Poisson, or Dirac structure
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Modelling

Basic principles of macroscopic physics:

e energy conservation

e poOSitive entropy production

e power continuity
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The concept of a power port
Port: Point of interaction of a physical system with its environment

Power port: Port of physical interaction that involves exchange of
energy (power)

Mathematically, a power port consists of

a vector space V and its dual V*, and
two variables f € V and e € V* such that

the dual product (e, f) denotes power.

f is called flow, and e is called effort
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Examples of physical power ports are

e Mmechanical: velocities and forces

e clectrical: currents and voltages

e thermal: entropy flow and temperature

e hydraulic: volume flow and pressure

e chemical: molar flow and chemical potential
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Five types of physical behaviour

e storage (energy conservation)

e supply and demand (boundary conditions)

e irreversible transformations (positive entropy production)

e reversible transformations (power continuity)

e distribution, topology (power continuity)
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Elementary energy storing elements

are defined by a power port and an energy function H of the energy
variable x:

T =u

dH
Yy — a(ﬂf)

power port: (u,y) = (f,e) (C-type) or (e, f) (I-type)

u rate of change of energy variable z
y differential of energy function, co-energy variable

Note: H = (32, &) = (u,y), i.e.

t
H(x(t)) — H(x(0)) = /O (u, y)dr



Examples (mechanical)

2

e Spring: potential energy H(x) = 5, elongation z

8-
|

S8 &

Yy

flow f = u is velocity, effort e = y is force

2
e Mass: kinetic energy H(p) = 4—, momentum p

p=u
__ b
y__

m

flow f =y is velocity, effort e = wu is force
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Examples (electrical)

2
e Capacitor: electrical energy H(q) = g—c, charge ¢

q=u
y =1
C

flow f = u is current, effort e = y is voltage

2
e Inductor: magnetic energy H(¢) g—L magnetic flux ¢

b=u
_¢
YT

flow f =y is current, effort e = u is voltage
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Examples (thermal)

e Heat capacitor: internal energy H(S) (e.g. of gas), entropy S
S=u
dH
= — (S5
y dS( )

flow f = u is entropy flow, effort e = y is temperature

Note: There is only one type of storage element.
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Supply and demand: boundaries

A set of power ports

(fb> €p)

through which the system can interact with its environment.

By definition, power towards the system, i.e. into the system’s
boundaries, is counted positive.
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T hese could be

e flow sources, providing a (fixed) flow, e.g. current source, fluid-
flow source

e effort sources, providing a (fixed) effort, e.g. voltage source,
pressure source

i.e. fixed "boundary conditions”, or

e any open set of ports, connectable to the environment (possibly
other (yet) unmodelled systems, e.g. control systems!)

l.e. open boundaries
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Irreversible transformations (positive entropy production)

Irreversible transducer:

power-continuous two-port which (irreversibly) transforms en-
ergy from one domain (e.g. electrical, mechanical) into the thermal
domain

Assume difference in time scales, i.e. temperature is considered
constant
e energy — free energy

e power continuous two-port transducer — power discontinuous
one-port (" dissipator”)
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The (non-termal) power port of the one port dissipator is denoted
by (fr,er).

By definition, power towards the non-thermal port (i.e. "outside”
of the system) is counted positive.

Linear dissipators: e, = Rfr, R > 0 such that

/t<e f)dfz/t(Rf frydr > 0
o Ty JT O Ty JrTr -

i.e. (free) energy is "dissipated” or lost.

E.g. resistor, damper
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Reversible transformations (power continuity)

Reversible transducer: power-continuous two-port which (reversibly)
transforms energy from one domain into another domain

e Non-mixing, transformer:

(2) =5 1) (2)

e.g. electric transformer, lever, gear box

(4)= (0 0) (%)

Power continuity: (eq, f1) = (eo, f2)

e Mixing, gyrator:

e.g. electric gyrator
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Distribution, topology (power continuity)

describes how the power ports of all the elements (i.e. storage,
boundaries, (ir)reversible transformations) are interconnected

Two types of "junctions”

e Generalized Kirchhoff Current Law & effort identity

n
Z:l:fiZO, e1 =---=e€p
)

e Generalized Kirchhoff Voltage Law & flow identity

n
Yke;=0, fr=-=fn
)

Power continuity: > +(e;, f;) =0
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T he model

The model now consists of the following power ports and their
interconnections

e ns storage elements: (fs,es) (oriented towards the storage el-
ements)

e ny sources: (fp,ep) (oriented outwards of the sources, i.e. to-
wards the system)

e n, dissipators: (fr,er) with e, = Rf, (oriented towards the dis-
sipators)

e power continuous interconnection: transformers, gyrators

e power continuous interconnection: junctions
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Power balance

The power ports satisfy

(es, fs) — (e, fp) + (er, fr) =0

That is, for a dissipative structure

<€37f3> + <_€b7fb> — _<Rf7“7f7“> <0

Or, for a lossless structure (no dissipation)

(es, fs) + (—ep, fp) =0
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The interconnection structure

Eliminating the dissipative ports, the power continuous intercon-
nections define a relation between the storage and source ports of
the form:

fs €s | _
el

F,E € Rstm)x(nstm) and rank [F E] = ns + ng,
This is called the interconnection structure.

Lossless: FEL + Bl =0
Dissipative: FEL + EF1T <0
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Dirac structure

A constant Dirac structure on an m-dimensional linear space W is
an m-dimensional linear subspace D C W x W* such that

(w*,w) =0, V(w,w*) e D.

Proposition The interconnection structure

= (G tene etz g 1 () 45 2) =0l

with rank [P E] = ns+ ng, is a Dirac structure if and only if the
interconnection structure is lossless (that is FET + EFT = 0).
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Port-Hamiltonian systems (with dissipation)

subdividing the storage ports into (uc,yo) (C-type) and (ujy,yr)
(I-type) yields the interconnection structure

uc yc
A ur —|—B Yr =0
Jo —€p

A, B € Rnstmp)x(nstm) and rank [A  B] = ns + n,.

Again ABY 4+ BAT = 0 (lossless), or ABL 4+ BAT < 0 (dissipative).
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The constitutive relations of the storage elements then yield

dH
TC (dacg (mc)\
; dH —
Alxz; | + B W}(aj]) =0

It \ e

— a set of ordinary differential equations, or
— a set of differential and algebraic equations (in case of dependent
states)

This is called a port-Hamiltonian system
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Dissipative Port-Hamiltonian system

In case the interconnection structure is dissipative, ABT—I—BAT < 0:

dH . dH .
3 z0),ic) + <d—1($1),fv1> + (—ep, fp) <O
TCo T

<

which vields the energy inequality

Ho((0) + Hi(2(8) ~ He(@(0)) ~ Hy(2(0) < [ (e, fi)dr

This is called a Port-Hamiltonian system with dissipation.
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Lossless Port-Hamiltonian system

In case the interconnection structure is lossless, ABT + BAT = 0:

dH;

d
G o) i) + (G @b + (—ep fi) = O
g LT

<

which yields the energy balance

He () + Hy () ~ Ho((0)) — Hy@(0)) = [ {ey, fy)dr

This is called a lossless Port-Hamiltonian system.
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Theorem A lossless Port-Hamiltonian system is defined by a total
energy function H(xz) and a Dirac structure D (i.e. the lossless
interconnection structure)

< , [os H(fb’) _€b> €D

Conservative systems. If there are no sources, then

<:i:, i—f(w}) €D

and the system is conservative:

= (S @).i) =0
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Examples of Dirac structures
and Port-Hamiltonian systems
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Mass-spring-damper-force system

Junction: fo = fr = fr = f; (velocity identity),
ec +er+ e —e, =0 (force balance)

Interconnection structure: (recall (uq,yo) = (fo,ec) and (uyr,yr) =

(er, 1))

1 0 O (¥ O -1 O (e
01 0 ur + |1 d 1 Yyr =0
10 -1/ \# 0 0 0/ \—e¢

Dynamics:
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Total energy

H(z,p) =

and energy balance

H=—d (3)2 + (ep, fo) < {ep, 1)

m
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An LC circuit of order 3

Interconnection structure:

L 1 - C L 2 1 O 1 -1 O (g,
B v1|] _|—-1 0 O -1 11
o O O 0 12

1 O 0 — Uy

(3l 1
y @ n) o

The circuit is lossless (no resistors), hence the interconnection
structure is a Dirac structure.
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Dynamics:

q O 1 -1 q/C 0
brl=[-10 o|er/La]|+[1]w
$2 1 0 0/ \¢2/L2 0

iy, = ¢1/L1 (= i1)
Note: (0,1,0)7 ¢ Im J, no interaction potential function

If v = 0 then

e [ he dynamics is defined w.r.t. a Poisson structure

e rankJ] =2, i.e. ¢1 + ¢ is a conserved quantity (inductor loop!)
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Total energy
¢ | T | b3

kN 1
ot 201 + 2L,

H(q, ¢1,¢2) =

and energy balance

H — <?Jb,ib>
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A study of general LC circuits
Note: no resistors, no sources

Consider a simply connected network N and write N =1 U X
e [ : maximal tree
e > : set of links, co-tree

Standard network analysis vyields:

ir — P’iz, Uy — —PTUr

The interconnection structure is lossless (Dirac structure):

(vr,ir) + (vs,ix) = (vr, Pix) + (—PTor,iz) = 0

This is Tellegen’'s theorem
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Divide into capacitor and inductor branches:

. O LN - C .L L L
i = (Zgazr)a 1y — (ZgazZ)a vr — (,U??’Ur)a Uy — (Ug7UZ)

T hen

ir = (qr,0H/0¢r), iy = (¢=,0H/0¢y),
vr = (0H/0qr, ¢r), vy = (0H/0qx, by ),

where total energy function (Hamiltonian)

2 2 2 2
— a4 95 PF 4+ P5
2Cr 2Cs  2Lp 2Ly
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The interconnection structure becomes
ar _ (P11 P12 qx
OH /0o P>y Pyy) \OH/0¢5x |’

(aﬂ/aqz> _ (—Pﬂ —P%l) <3H/3qr>

o= ) \—-P{, —Pi, Pr

which can be rewritten as

0H/9qs\ (0 —PL —PL 0\ /[ ds

OH/0¢r | _ | P21 O 0 P or
qr P O O Pio| | OH/Ogr
b5 \ 0 —P, —P{, 0 ) \0H/0¢5
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Define 1 = (g, ¢r) and z»> = (qr, ¢ ) the system becomes
OH/0z1\ _ (J11 J12 1
1) Jo1 Joo ) \OH/Oxz>

e Assume x1 void, i.e. maximal capacitor tree, inductor co-tree:
ZijQ — JQQ(‘)H/@@

is a Poisson dynamical system. Capacitor cutsets or inductor
loops correspond to conserved quantities.

e Assume xo Vvoid, i.e. maximal inductor tree, capacitor co-tree:

(’9H/8a:1 — Jllibl

If Jq1 singular, this is a pre-symplectic dynamical system.
Capacitor loops or inductor cutsets correspond to algebraic con-
straints.
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Define y = x> — Jo1z7 and z =z and H(y,z2) = H(x1,x5):

?):Jggaﬁ/ﬁy, Jllézaﬁ/az

Choose coordinates y = (y11,y12,y2) and z = (z11,212,%2) Such
that

0 I, O 0 —I; O
Joo=1|—-I> 0 O, Juu=|I1 O Of,
0 O O 0 O O

Then, with o = (y11,211) and 8 = (y12, z12) and H(y,z) = H(«a, 3,y2, 22)
the dynamical equations become

. OH .
@ = —, Y2 — 07
op
. OH OH
f=-=, o= —
oo 0zo
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Theorem A lossless Port-Hamiltonian system defined by a total
energy function H and a constant Dirac structure D can, after a
change of coordinates, always be written as

. OH , 5
o= ——, = 0,
33 Y2
. OH OH
6 = ——, 0= —

oo 0zo

These are called canonical coordinates.
This is a set of differential and algebraic equations.

Note (1): Port-Hamiltonian systems encompass symplectic, pre-
symplectic and Poisson dynamical systems.

Note (2): If D is not constant, integrability conditions are necessary.
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Two gases in thermal interaction

through a heat conducting wall, and in thermal interaction with two
heat sources.

Total internal energy H1(S1)+H>(S>), with S; entropy and dH;/dS; =
T; temperature. u; is entropy flow delivered by the heat sources.

Heat flow balances:

7151 = o(T1 — 1) + Ty u1,
155y = o(To — T1) + Thus

Port-Hamiltonian system

(g;) =o (1)1 —1/T1) (_01 (1)> <%> + (é) u1 + (g) u,

y1 =11, yp="15

Summer School on Poisson Geometry, Trieste, July 2005

40



Port-Hamiltonian systems as basic building blocks

Example: modelling multibody systems

The rigid body element:

d [(@Q 0 Q dV(Q) 0
a(7) = (o 50) G )+ (7)w

dH(Q,P)
_ dV(Q)
o n(%@)
Q€ SE(3): spatial displacement of body
P € se*(3): momentum in body frame
W € se*(3) : external wrench (force) in body frame
T € se(3) : external twist (velocity) in body frame
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The total energy of the rigid body element is

HQP)=S(PMIP)+ V(@)

- >4

: — potential energy
kinetic energy

Energy balance:

H(Q,P) = (W,T)

HQ), P() ~ HQO), PO) = [(W(s),T(s))ds

0
increase in total energy of the rigid body ~ : ~-
energy supplied trough the port (W, T)

7
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The rigid body element can be written as the Port-Hamiltonian
system

Q 0 Q@ 0) [dV(Q)
Pl=|-QT —-Px —I||M1P
T 0 I 0 —W

The skew-symmetric matrix defines a Dirac structure, depending
on the state @, P of the system (i.e. non-constant).
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Links — Spring

The spring element:

|
Q
|

QT
W o= Q" dv(Q)
QQ € SE(3) : spatial displacement of the spring

T € se(3) : twist in body frame
W € se*(3) : wrench in body frame

Total energy = potential energy of the spring: H(Q) = V(Q)

Energy balance:

HQW) ~HEQO) = [ (W) T(s)ds

0
increase in potential energy of the spring - ~-
energy supplied trough the port (W, T)

A\ 7
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The spring can be written as the Port-Hamiltonian system

(o ) (#)=[er 7 (")

4 \ 4

A B

The matrices A and B define a Dirac structure, i.e. ABI'4+BAT =0,
depending on the state Q.
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Joints — kinematic pairs

A kinematic pair is an energy conserving interconnection between:

— two links (e.g. a revolute joint), or
— a link and the environment (e.g. a (non-)holonomic constraint)

(Unactuated) kinematic pairs are described by a multi-port Dy p:

Dgp={(T,W)|T € FT,W € CW = FT}

FT . space of freedom twists (twists allowed by joint)
CWV : space of constraint wrenches (constraint forces)

A kinematic pair produces no work: (W, T) =0

i.e. energy balance:  [§(W(s),T(s))ds =0

Summer School on Poisson Geometry, Trieste, July 2005
46



. _ t rpli — t Wl
Examples: Tk = (Tl7;707,k7 j}izglcear)a Wiink = (WZZ%k’ le?j’glgar)

e revolute joint: T = ( Llink1 ) W = ( Wiink1 >

Tiink2 Wiink2
w 0 0 &1 ¢ 0 0 O
B 0 0 I3 B 0 0 0 0 I3
FT =1Im 0w 0 | CW =1Im 0 0 ¢4 ¢ O
0 0 I3 0 0 0 0 —I3

where w is the axis of rotation allowed by the joint, and w,(1,{>
form an orthonormal basis of R3.

e sliding surface (holonomic constraint): T = T}, W = Wik

_(n O O [ a1 ax O
fT_(O aq a2>’cw_<0 0 n)

where a1, ao are the tangents of the surface and n the normal.
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The interconnected system

The multibody system is defined by:

(Qngldv r|g|d7 dHr|g|d7 I’Igld7 |g|d) < Dr|g|d7 i =1,...,4rigid bodies

(Qsprmg,dHJ T’ —ngr,ng) = Dsprmg, j=1,...,tsprings

spring’ *spring?

(Tkp,Wkp) C DKP, ¢=1,...,tkinematic pairs

(Trigid, Tspring, Tkp, Tb, _Wrigid, _Wspring, Wkp, _Wb> E Dtopok)gy7 (|nCI SOUI’CeS

The first two equations are dynamic equations. The third is a set
of algebraic equations. The last equation defines the topology of
the network.
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The multibody system is a Port-Hamiltonian system
(Q7P7TbadHa_Wb) S D(Q,P)
with Q = (Qligia» @epring) and P = (Ply4) and total energy

H(Q, P) — Z H?igid(Qiigida Przigid) + Hsepring(Qgpring)
1,0

and non-constant Dirac structure D defined by the Dirac structures

1 J 14
rigid» Dspring7 DKP? Dtopology
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Interconnected Port-Hamiltonian systems

Theorem The power continuous interconnection of two (or n)
Port-Hamiltonian systems is again a Port-Hamiltonian system.

The Hamiltonian is the total energy H1 + Ho.

In case both Port-Hamiltonian systems are lossless, the intercon-
nected system is lossless too, and the Dirac structure is defined
only by the two Dirac structures Dy and D».
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Interdomain Port-Hamiltonian systems
Example: a magnetically levitated ball

Energy variables: z = (¢, z,p) € R3, i.e. magnetic flux, altitude ball,
momentum ball

Total magnetic plus mechanical energy

1

H(¢,z,p) = 2L()

1
$° + %pz + mgz

with L(z) = Lo for » < 20.

20—%2
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Co-energy variable dH/dx = (i, F,v), where
e i = ¢/L(z) current through the inductor

e gravity force minus magnetic force

e v = p/m velocity ball

This vyields the Port-Hamiltonian system

0 —R 0 0\ [0H/0¢ 1
sl=10 0 1|[|0H/oz|+|0|V
P 0 —1 0/ \oH/op 0

i = OH/0¢ = ¢/L(2)

with voltage source V and resistor R
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Addendum: LC circuit example

Consider the LC circuit given in the following figure, consisting of
two inductors L1 and Lo and two capacitors C'1 and (.

C1 C 2
L1 - |

L2

The graph of the circuit is given in the next figure.

L 1 L2

53



A maximal tree ' of the graph is given by, for instance, ' = {C}.
The corresponding co-tree (i.e., the branches which, when added
to the tree, produce a loop) are then given by > = {C5, L1, L>}.

Denote the currents and voltages corresponding to the elements
by: ’icl and vy for C1; iCQ and VCs for C5; iLl and V4 for Lq; iL2
and VL5 for L>. According to standard network theory we can write

ir = Pig, vy =—Plor, (1)

for some matrix P. Thatis, the currents in the tree can be expressed
as linear fuctions of the currents in the co-tree and, dually, the
voltages in the co-tree can be expressed as linear functions of the
voltages in the tree.
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Kirchhoff’s current law for the circuit yields

ic, +ic, —ir, +ir, = 0. (2)

Alternatively, the incoming currents (note the orientation!) at each
node of the graph should sum to zero. Kirchhoff's voltage laws
yield

ve, —ve, =0, wve, +vp, =0, wvg, —vr, =0. (3)

Alternatively, the voltages over every loop in the graph should sum
to zero (again, note the orientation). Now the currents and voltages
can be written as in Eq. (?77?):

iCQ VO, 1
ic,=(-1 1 -1)[ig; | and |ovg | =|-1|ve. (4
iLQ UL2 1
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We can write

OH
iC’1 — QCla ’U(Jl — 3 (5)
9qcy
and
(Z_ii)<q 8H8H>( )<8H¢¢>
Cors 15U ) — Ch ) ) VOss V15V — |\ = PL»PL )
2 1 2 2 8¢L1 6¢L2 2 1 2 (9(](]2 1 2
(6)
where
2 ) 2 2
ac ac 53 53
H 7 , , — 't 2 1 2 7
(91590, PLy» PLy) 261+202+2L1+2L2 (7)

is the total electromagnetic energy in the circuit (the energy vari-
ables qc; denote the charge of the capacitor C; and quZ. the flux of
the inductor L;, i = 1,2).
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The (general) circuit's dynamics can be written as

OH /dqs [0
P>

OH/0¢r | _ | P21
qar P11
¢5 \ O

are given by

T T
—P5; —Pi4

T T
'_}52 '_}32

0 )
P>5

qs

Cbl_ . (8)

Pio | | OH/Oqr
0 ) \OH/0¢5
In this example there are no inductors in the tree, hence ¢r is absent.

Therefore, we can eliminate the second row and the second column
of the skew-symmetric matrix in (??). The matrices P;1 and Pj»

Pi1=—1, Pj,= (1 —1).

(9)

The dynamics of the circuit can thus be written as

OH
dqc,
acy | =
oL,

\PL>

oNoN e

o O

((JCQ\
o0H
9qc4
o0H
¢,

OH
\3¢L2)

(10)
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Hence,

J11=0, Ji2=(1 0 0 (11)
and
—1 0 1 -1
Jo1=1 01, Joo=1]—-1 0 O (12)
0 1 0 O

Eq. (?7?) can be written out to obtain

OH _ oH _ (13)
990, 990,

qc, = —4qc, + ;fi — 3352’ (14)
o, = _;Q—Z’ (15)
b1y = ;—IZ (16)
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This is a set of differential and algebraic equations. Eq. (?7) is
an algebraic constraint, corresponding to the capacitor loop C1—C>5
in the circuit, i.e., vg, —vg, = 0. Egs. (?7) and (?7) imply that
gbLl -+ qSLQ IS @ conserved quantity of the system. This corresponds
to the inductor loop Li—Lo, i.e., VI, —|—vL2 = 0.

In order to find the canonical coordinates of the system, first define
the variables

y=xo—Jo1xy and z=x1, (17)

where 1 = (¢s, ¢r) and zo> = (g, ¢ ). For this example this yields

Y1 =90, t 90y Y2 =9PLs Y3 =SL, 2 =40, (18)
In these coordinates the Hamiltonian becomes
. (y1 —2)% | 2?2 Y5 . Y3
H LYo, Y3, Z) = R 19
(y1,vy2,93,2) 2Ch +2(12+2L1+2L2 (19)
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and the system can be written as

. (ﬁ\
Y1 O 1 -1 8y~1 O
pwl=1-10 o ||2Z], 0= _—". (20)
. 9y2 0z

0y3

Canonical coordinates for the skew-symmetric matrix in (?7?) are

1 1
&1 =vy1, &= E(yz —y3), &3= 5(?/2 + y3), (21)

in which the Hamiltonian becomes

(€1 —2)% | 22 (&24€3)? | (&3 —€2)?
>0, T2, T 2n, v 2n,

ﬁ(£17€27£3az) — (22)
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In the canonical coordinates (£, z) the implicit Hamiltonian system
takes the canonical form

OH

£1 = 95, (23)

. OH

§o = T (24)

£3 =0, (25)
OH

0="" (26)

Note that the canonical coordinates are related to the original en-
ergy variables of the circuit by

1 1
§1 = qC4 ‘I‘QCQ, §r = §(¢L1 _¢L2)7 63 — §(¢L1 +¢L2)7 Z = 4C5-
(27)
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The system (?7)—(?77) is an implicit Hamiltonian system in canon-
ical form. The underlying geometric structure is that of a Dirac
structure. One observes that the system has conserved quantities
(??7) as well as algebraic constraints (??). As such it combines
properties of Poisson systems (i.e., (?7)—(?7)) and pre-symplectic
systems (i.e., (7?7),(??7),(??)). The conserved quantity (?7?) cor-
responds to the inductor loop L1—L» in the circuit. The algebraic
constraint (?7) corresponds to the capacitor loop C1—C5 in the
circuit.

References

e Some interesting papers on the modeling of physical systems
can be found in the lecture notes by Peter Breedveld on

www-lar.deis.unibo.it/euron-geoplex-sumsch/lectures 1.html.

e Notes on Port-Hamiltonian systems modeling (including LC cir-
cuits) can be found in the lecture notes by Arjan van der Schaft
and Bernhard Maschke on the website mentioned above.

61



e [ he modeling of LC circuits using Dirac structures, and its

construction such as used in this example, was first described
in:

A.M. Bloch and P.E. Crouch, Representations of Dirac struc-
tures on vector spaces and nonlinear LC circuits, In: H. Her-
mes, G. Ferraya, R. Gardner and H. Sussmann, editors, Proc.
of Symposia in Pure Mathematics, Differential Geometry and
Control Theory, vol. 64, pp. 103—117, 19909.
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Dirac structures
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Linear Dirac structures
V vector space, V* dual, n=dimV

Symmetric non-degenerate bilinear form on V@ V*

((v1,v1), (v2,v3))) 1= (v, v2) + (v3,v1)

L inear Dirac structure on V: subspace D C V @ V* such that D =
D-L. D is said to be a [Lagrangian subspace of V @ V'*.

Proposition A vector subspace D C V@V ™ is a linear Dirac structure
if and only if dimD =n and (v*,v) =0, V(v*,v) € D.

Proof D Dirac, then taking v := v; = vp and v* = v] = v3 =
(v*,v) = 0, Y(v*,v) € D. General fact: dim D4+dim D+ =dimVaV*.
SodmD = n.
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Conversely, let (v1,v]) € D. Then for all (vp,v3) € D we have

1
0 = = {((v1 + v2,v1 +v3), (v1 + v2,v] + v3)))

(
— <’UT,’01> + <U>1kav2> + <v§77}1> + <?)5,?}2>
<UT7U2> + <’U§,”U1>

— <<(U17 UT)? (U27 U;)» .

So (v1,v}) € DX = D C D+. But 2n = dimD + dimD+ = n +
dimDt = dimbD+t=n=—D=D+. ®

Corollary A vector subspace D C V ¢ V* a linear Dirac structure if
and only if it is (Dc DY) in Ve Vv:

Example E subspace of the vector space F'. Then D = E & E° is
a linear Dirac structure.
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Example w = dq¢* A dp; canonical symplectic structure on R2k:

w] = o In
—I, O
Then D = {(v,w(v, ) | v e Rzk} is a linear Dirac structure.

Example b : V — V* and § : V* — V linear skew-symmetric maps
(b* = —b and #* = —4). Then graph(b),graph(f) C V @& V* are
linear Dirac structures. Conversely, any Dirac structure satisfying
DN ({0} V*) = {(0,0)} (respectively DN (V& {0}) = {(0,0})
defines a skew-symmetric map b : V. — V* (respectively § : V* — V).

Proof (v,v]),(v,v5) € D == (0,v] —v5) = (v,v]) — (v,v5) € D =
v] -5 =0==PH:V = Vs t. D={(v,0") |veV} b*=—bh <=
W, u) 4+ (W, v) = ((v,v"), (u,u”)) = 0, true since D is Dirac. O

Constant versions of presymplectic and generalized Poisson struc-
tures.
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Characterization of linear Dirac structures

my VeV *—=Vand y« : VP V* — V* projections. Then

kermy|p=DnN ({0} V™) ker my«|p = DN (V@ {0})
and we have the characteristic equations of a Dirac structure
Wv(D)O = Ty/* (ker 7TV|D) = “DNV*™
Wv*(D)o =Ty (Kerﬂ'v*|D) = “DNV"
Proof
v € my (D) <= Jv* € V* such that (v,v*) € D
u* € Ty« (kermy|p) < (0,u*) € D

u* € my(D)° <= 0 = (u*,v) = {(0,u*), (v,v*)) V(v,v*) € D <=
(0,u*) € D+ = D since D is Dirac <= u* € y« (kermy|p) O
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Proposition The following are equivalent:

(a) a Dirac structure D on V;

(b) a subspace E C V and b : E — E* linear skew-symmetric;

(c) a subspace FCV and #: (V/F)* — V/F linear skew-symmetric.

Proof (a)=(b): Given D, define E := (D) = [ry= (kermy|p)]°
and b : E — E* by € := u*|g, where u* € V* satisfies (e,u*) € D.
Well defined since (e,u}), (e,u3) € D = (0,u] —u5) € D <= u] —
us € myx (Kermy|p) = E° <= (u] —u5)|g = 0. b is clearly linear. b
is skew-symmetric: for ej,es € E we have e} = u|p and eb = u}|g,
where (e1,u]), (ep,u5) € D, so <eb1,62>—|—<eb2,el> = (ul,en)+(ub,e1) =
((er,u}), (2, u8)) = O.

(b)==(a): Given subspace E C V and a linear skew-symmetric map
b E — E*, define D = {(u,u*) | v € E,u* € V* such that u*|g = ub}
Cc Ve V* Then, if (u,u*) € D we have u € E and hence (u*,u) =
(u*| g, u) = (u’,u) = 0, by skew-symmetry of b.
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Show dimD =dimV: .: E — V inclusion; define the linear maps

S:uc€Ewr (u,')) EE®E*CV®E* injective
T:(v,v) e VOV — (v,v" =v%|g) € V@ E® surjective

and note that D = T 1(S(E)): (v,v*) € D <= v*|p = W =
S(v) = (v, *v*) = T(v,v*) < (v,v*) € T71(S(E)). Since kerT =
{0} ® ker.* = dimkerT = dimker.* =dimV* —dimE* =dimV —
dim E. Since S is injective =— dim S(F) = dim E. Thus

dimD =dmS(E)+dmkerT"=dmFE+dmV —dimE =dimV

(a)==(c) Define F := [ny«(D)]° =ny (DN (V& {0})) and §: F° =
Wv*(D) — (FO)* = [Wv*(D)]* by (’U,*)t1 L= u|7TV*(D)’ where u € V
satisfies (u,u*) € D. Well defined since (uq,u”*), (up,u*) € D —
(u1 —u2,0) € D <= uy —up € 7y (DN (V@ {0})) = [ry«(D)]°
(ug — u2)|ﬂv*(D) = 0. # is clearly linear. # is skew-symmetric: for
u”i,ua - Wv*(D) we have (u’{)ﬂ = ’U,1|7rv*(D) and (u;)ﬁ = u2|7rv*(D)'
where (u1,u), (up,u3) € D, so ((u])? ub) + ((uh)F, uf) = (ug,u3) +
(ug,uy) = ((ug,ui), (up,u5)) = 0. Composing with (V/F)* = F°
get 4: (V/F)*= F° — (F°)*=V/F.
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(c)==(a) ¢ : F° — (F°)*, define D := {(u,u*) | u* € FC,u €V =
V** such that u|pe = (u*)f} C V@ V*. For any (u,u*) € D, we have
(w*,u) = (u*, (u*)) = 0 by skew-symmetry of 4.

Show dimD =dimV: «k: F° — V* inclusion; define

S ute F° e (wh)%u*) € (FO)* @ F° C (F°)* @ V* injective
T:(v,v") e VOV — (kv =v|po,v™) € (F°)*® V™ surjective
and note that D = T-1(5(F°)): (v,v*) € D < v|po = (v*)} «—
S(v*) = (k*v,v*) = T(v,v*) <= (v,v*) € T"1(S(E)). Since kerT =
ker k*®{0} = dimkerT = dimker k* = dimV —dim(F°)* =dimV —

dim F°. Since S is injective = dim S(F°) = dim F°. Thus
dimD =dim S(F°) +dimkerT = dim F° 4+dimV —dim F° = dim V.
[]
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Summary

D Dirac structure on V. Then
o £ :=my(D), F:=[ny«(D)]°CV
e b:E— E*: ¢ :=u*|g, for u* € V* such that (e,u*) € D
o #: F° — (F°)* : (u*)? := u|po, for uw € V such that (u,u*) € D

o :{(u u*) | u € E,u* € V* such that u*|g ub}
{ u,u*) | u* € F° u € V= V** such that u|p. = (u*)ﬁ}

o kerp = F, kerff = E°
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Proof We show that kerb = [ry«(D)]° = 7y (DN (V & {0})): e €
E,e” = 0 « Vu* € V* such that (e,u*) € D we have 0 = € =
u*|p <= Yu* € V* such that (e,u*) € D we have u* € E° = wy«(D N
({0} » V*)) <= Vu* € V* such that (e,u*) € D we have (0,u*) € D.

Take an e € my (DN (V @ {0})), which means that there is some
v* € V such that (e,v*) € DN (V @ {0}), that is, v* = 0 which says
that necesarily (e,0) € D. Need to show that for any u* € V* such
that (e,u*) € D we necessarily have (0,u*) € D. But (e, 0), (e, u*) €
D = (0,u*) = (e,u*) — (e,0) € D.

Conversely, let e € kerb C E = 7wy (D). So there is some u* € V*
such that (e,u*) € D. But then necessarily (0,u*) € D and hence
(e,0) = (e,u*™)—(0,u*) € D which means that e € 7y, (DN (V&{0})).

Conclusion: kerb = F = [my«(D)]° = (DN (V @ {0}))

Summer School on Poisson Geometry, Trieste, July 2005

71



We show that kerf = [ny,(D)]° = 7y« (DN ({0} V*)), where § :
my+(D) — [my«(D)]*: u* € my«(D), (u*)¥ = 0 <= Vu € V such that
(u,u*) € D we have 0 = (v*)f = u|7rv*(D) <= Vu € V such that (u,u™)
€ D we have u € [ry«(D)]° = my, (DN(VN®H{0})) <= Vu € V such that
(u,u*) € D we have (u,0) € D.

Take u* € my« (DN ({0} V™)), which means that (0,u*) € D. Need
to show that for any v € V such that (u,u*) € D we necessarily have
(u,0) € D. But (0,u*), (u,u*) € D = (u,0) = (u,u*) — (0,u*) € D.

Conversely, let u* € kerf C my«(D). So there is some u € V such
that (u,u*) € D. But then necessarily (u,0) € D and hence (0,u*) =
(u,u*) — (u,0) € D which means that v* € my«(D N ({0} dV)).

Conclusion: kert = E° = [ry(D)]° = ny= (DN ({0} & V*))
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Example Let b : V — V* be linear skew-symmetric and D =
graphb. Then E = ny(D) =V, the map V — V* coincides with b,
F = kerb, and the map §: (V/F)* — V/F is the generalized Poisson
structure associated to the symplectic vector space V/F.

Example Let # : V* — V be linear skew-symmetric and D =
graphf. Then E = my(D) = (V! F = [my+(D)]° = (V*)° =
{0} = kerb and hence b : E — E* defines a symplectic structure, the
natural one induced by #. In addition, the map V* — V coincides
with t.
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Dirac bases

Take R™ with the canonical basis {eq,...,en}. Search for linear maps
A:R*" -V and B : R® — V* such that the image of A B : e &
R" — (Ae,Be) € V@ V* is a Dirac structure on V. In particular, the
range of A @ B must be n-dimensional, so A @ B must be injective.
Since ker A @ B = ker A N ker B this implies

ker AN kerB = {0}. (28)

(A*Be,e) = (Be,Ae) = 0, Ve € R" = A*B : R" — (R™)* is skew-
symmetric, that is,

A*B + B*A = 0. (29)

Definition A : R"™ — V and B : R" — V* satisfying (??7) and (?7) is
called a basis of a Dirac structure.

So any basis of D is {(Ae’,Be}),...,(Ae,,Be})}, for some basis
/ /
{e7,...,e,} of R™.
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Assume that (:|-) is an inner product on V and identify V* =V via
ecV — (e])eV*

Proposition A+ B : R" — V is invertible.

Proof e c ker(A £ B) — Ae = FBe —
|Ae[* + |Be||* = (Ae|Ae) + (Be|Be) = (Ae, Ae) + (Be, Be)
= (A*Ae,e) + (B*Be,e) = F(A*Be,e) F (B*Ae, €)
= F((A"B+B*A)e,e) =0 by (?7)

So e € ker Anker B = {0} which shows that A+B is injective, hence
an isomorphism since n =dimYV. L]
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Dirac structures on R"

Hypothesis: V = R" and R" = (R"™)* via the usual Euclidean inner
product. {eq....,ep} standard basis of R™. Then Bestandard := {€; D
0,0de; | i,j = 1,...,n}, is a basis of R" @ (R™)* in which the
non-degenerate form (,) has the matrix
0 I
[<’>]Bstandard — [ I O ]

that diagonalizes to

[(, >]Bdiagona' — [ (I) _OI ]

by choosing the basis Bgyijagonal := {P1,:--:Pn,N1,...,0p} given by
V2 V2
pi:=7(ei@0—|—0@ei) ei@():?(Pz“Fﬂi)
V2 V2
ni:=7(ei@0—0@ei) O@ez‘:7(Pi—ﬂi)
So (,) has signature {41,...,41,—-1,...,—1}
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On P :=span{pi,...,pn} the form () is positive definite.
On N :=span{ny,...,nx} the form (,) is negative definite.

For any Dirac structure D: DN P = DNN = {0} because D = D+
Since n = dmD — D = graph L, where L : N — P is a linear
map. If (n,p) e DC N® P, then p=Ln and 0 = ((n,p), (n,p)) =
In||* = [lplI* = [n||* — [[Ln[|* == |[Ln|| = |ln||,¥n € N. Conversely,
the same computation shows that if L : N — P is norm preserving,
then graph L is a Dirac structure. Therefore,

Dit(R") «—— {L : N — P | L linear and norm preserving},

where Dit(R") is the set of Dirac structures on R™. By polarization,
L is norm preserving if and only if L € O(n).

Conclusion: Dit(R") «—— O(n).

Can make this more precise.
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Given two vectors a = a'e;,b = ble; € R” form the vectors

V2 _ V2 V2 _ V2
7(a—b) = 7(a—|—b) =

and note that (a,b) = \/75(21— b) + @(a—l— b) e N P.

(a' —b")n; € N, (a'+b)p; € P

Let A, B : R" — R"™ be a basis of a given Dirac structure D <— D =
{(Ae,Be) | e € R"}. Then in the splitting N & P we have

=\/7§(A—B)e, ng

But A — B is invertible so we get

n

(A 4+ B)e.

p=(A+B)(A-B) 'n
Note that (??) — (A*+B*)(A+B) = (A*-~B*)(A—-B). Therefore,
(A+B)A-B) ' [(A+B)(A-B) ']

= (A +B) [(A*—B*)(A-B)] ' (A*+ B
= (A+B)[(A*+B")(A+B)] 1 (A*+B*) =1
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SoR:=(A+B)(A—-B)~1 € O(n), generalized Cayley transform. A
(or B) invertible, since BA~1 is skew-symmetric (by (??)), implies

(AAB)— (A+B)(A-B)'=a+BAHa-Ba—1H!

the usual Cayley transform. So, by p = (A+B)(A —B) " ln =
(Dit(R™) “Y O (n)).

(A,B) ~ (A,B) £L D = {(Ae,Be) | e € R"} = {(Ae,Be) | e € R},
for pairs of maps (A,B), (A, B) satisfying (?77), (?77).

Proposition The following are equivalent:
(1) (A,B) ~ (A,B).

(2) (A,B) = (AM,BM), for some M € GL(n)
(3) A*B+B*A =0.

(4)R:=(A+B)A-B)'=(A+B)A-B) =R
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Proof (1)<—=-(2) Let {eq,...,en} be the standard basis of R™. Since
any basis of D := {(Ae,Be) | e € R"} is {(Ae,Be}),..., (A€}, Be),)},
for some basis {e],...,e),} of R” and {(Ae1,Be1),...,(Aen,Ben)} is
another basis of D, it must be of the same form. So there is some
M € GL(n) such that the basis {(AMe1,BMe;),...,(AMe,, BMe,)}
of D coincides with{(Aei1,Be;1),...,(Aen,Bey)}, that is, (A,B) =
(AM,BM).

Conversely, if (A,B) = (AM,BM) for some M € GL(n), then
{(Ae,Be) | e € R"} = {(AMe,BMe) | e € R"} = {(Ae,Be) | e € R"}.

(2)==(3) A*B + B*A = (A*B + B*A)M = 0.

(3)<=(4) A*\B+B*A =0 <<= (A*+B*)(A+B) = (A*-B*)(A-B)
+— (A+B)(A-B)"! = (A*+B*)"1(A*-B*) «+—= R = (R*) ! =R.

(4)<=(1) graphR = {(Ae,Be) | e € R"} and graphR = {(Ae, Be) |
e € R"}, so graphR =graphR <= (A,B) ~ (A,B) O
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Induced Dirac structures

Let the Dirac structure on D be given by a subspace Ey C V and a
linear skew-symmetric map by : E — E*. Let W C V be a subspace.
Then Ey = WnNE is a subspace of W and by :==b|lwng: WNE —
(ENW)* is skew-symmetric so it defines a Dirac structure on W.

Alternatively, let D be given by a subspace Fy C V and a linear
skew-symmetric map ty : (V/Fy)* — V/Fy. Let W C V be a
subspace. Then Fy y 1= MN(F) C V/W is a subspace, where I :
V — V/W is the projection which also induces the map [[1] : V/Fy, —

(V/W)/Fy . Define ty o [(V/W)/Fyw| — (V/W)/Fypw by

[ UL

(V/Fy)* 2 ViR, 25
tyyw 1= [M] oy o [M]*

fy/w is skew: al,age[(V/W)/FV/W} =:><a1 e’ > <ﬁV/W, >
= ((a10 MDY, (a2 0 [M])) + ((az 0 MYV, (a1 0 [M])) =
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Conclusion: D Dirac structureon V, W C V subspace induces Dirac
structures on both W and on V/W.

Dirac maps

Backward Dirac Maps. L : W — V linear map. Dy a Dirac
structure given by Ey C V, by : Ey — Ej, skew-symmetric. Define
Eyw = L YEy) C W, by = L*obVoL Ew — Ejj, skew. Let
BL(Dy) = {(w,w*) e W@ W* |w € Ey,w*|g,, = ’wa} be the Dirac
structure thus defined.

Special case: L =.: W — V, injection of a subspace.

Get the backward Dirac map BL : Dit(V) — Dic(W).

Proposition BL(Dy ) = {(w, L*v*) | w € W,v* € V* (Lw,v*) € Dy}
Proof DO: (w,L*v*) sat|sf|es (Lw,v*) € Dy <= Lw € Ey,v*|g, =
(Lw)’V. Then w € L~ Y(Ey) = EW If e € By == ((L*v")|g,,,e) =

(v*, Le) = ((Lw)’V, Le) = (L*((Lw)"V),e) = (w’W,e) = (w, L% *) €
BL(Dy).
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C: (w,w*) € BL(Dy) <= w € Ey,w*|g, = w'W = L*((Lw)’V).
Need to find v* € V* such that w* = L*v* and (Lw,v*) € Dy <
w* = L™*, Lw € By, v g, = (Lw)’v. First note that Lw € L(Ey) =
Ey. Second, L induces an injective linear map [L] : W/Ey —
V/Ey <= [L]* : (V/Ey)* — (W/Ew)* surjective <= L* . Ey, — Ey,
surjective.

Since Lw € Ey = wy(Dy),3u* € V* such that (Lw,u*) € Dy =
wg, = (Lw)’V = (L*u")|g, = L*((Lw)") = w'W = (w* -
L*u*)|g,, = 0 <= w* — L*u* € Ey, = Jv] € Ey, such that L*v]
w* — L*u* = w* = L*(u* +v]) and (u* +v])|g, = v*|g, + vilE,
(Lw)’V 4+ 0, so v* 1= u* + v] € V* is the desired element. []

. L:V — W linear map. Dy, a Dirac structure
given by Fy C V, fy : Fy — (Fy)* skew-symmetric. Define Fy (=
L(Fy) C W. Then L*(Fy,) C Fy: for any w* € Fy5, and v € Fy,, we
have (L*(w*),v) = (w*, Lv) = 0 since Lv € L(Fy) = Fyy.

But note that (L*)~1(F3) = FY,.
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L induces L : (F{)* — (Fj)* by (L(a),w*) = (o, L*w*), Yw* € Fyj,.

Define fiyy := LofyoL* : F}j, — (Fy,)* skew-symmetric and FL(Dy ) =
{(w,w*) e W W*|w* e Fﬁ/,w|FI</>V = (w*)iw},

Special case: L =T1:V — V/W, projection onto the quotient.
Get the forward Dirac map FL : Dit(V) — Dic(W).
Proposition FL(Dy) = {(Lv,w*) |v € V,w* € W* (v, L*w*) € Dy}

Proof DO: (Lv,w*) satisfies (v, L*w*) € Dy <— L*w™* € F&,U|F‘<} =
%, kB * *\)—1 o) — fo° 0 . —
(L*w*)?V. Then w* € (L*)"~(Fy) = Fy,. If 8 € Fy, = ((L’U)|FW,5>

(v, L*B) = ((L*w*)v,L*B) = (L((L*w*)),B) = ((w*)w,B) =
(Lv)|FIc/>V = (w*)W = (Lv,w*) € FL(Dy).

C: (w,w*) € FL(Dy) & w* € Fy ,w|F$V = (w*)w = L((L*w*)IV).
Need to find v € V such that w = Lv and (v, L*w*) € Dy <— w =
Lo, L*w* € F{y,v|ps = (L*w*)iv .
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Since L*w* € Fy, = my«(Dy),3u € V such that (u, L*w*) € Dy =
u|F‘c} = (L*w*)lv = Vz* ¢ Fy, we have (Lu,z*) = (u,L*2*) =
(L(ulps), 2%) = (L(L*w*)#V), 2*) = ((w*)W,2*) = (w,2*). There-
fore w — Lu € (Fy)° = Fyy = L(Fy) == 3Jv; € Fy such that
Lvi = w— Lu=— w = L(v1 +u). AlsO (vl—l—u)|F‘<} =v1\F‘<}—|—u|F‘o/ =
0 + (L*w*)?v so the desired element is v :=v; +u. O

Summary L : V — W linear map induces forward and backward
Dirac maps
FL:it(V) — Die(W) and BL : ®it(W) — Dic(V)

FL(Dy) := {(Lv,w*) | v € V,w* € W*, (v, L*w") € Dy}
BL(Dwy) := {(v, L*w*) |v € V,w" € W*, (Lv,w™) € Dy}

Proposition If L : V' — W is surjective, then FL o BL = Igi ). If
L:V — W is injective, then BLo FL = Igi(y).
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Proof Let Dy, € Dit(W). Then (w,w*) € FL(BL(Dy/)) < Jv; €
V,w] € W* such that (w,w*) = (Lvy,w]) and (v, L*w]) € BL(Dyy)
<= Jv; € V such that w = Lv; and (vq, L*w*) € BL(Dy) <
Jv; € V such that w = Lvy and (Lvi,w*) € Dys. So, if L is sur-
jective then there is always a vq; € V such that w = Lv; and then
the condition is equivalent to (w,w*) € Dyy.

Let Dy € Die(V). Then (v,v*) € BL(FL(Dy)) < v € V,w] €
W* such that (v,v*) = (v1, L*wy) and (Lvy,w]) € FL(Dy) <= Jwj
€ W* such that v* = L*w} and (Lv,w}) € FL(Dy) <= 3w} € W*
such that v* = L*w] and (v,L*w]) € Dy. So, if L* is surjective
then there is always a wj € W* such that v* = L*w] and then the
condition is equivalent to (v,v*) € Dy. But surjectivity of L* is
equivalent to injectivity of L. []

Given a Dirac structure Dy, on V, recall that by : ny(Dy) —
[V (Dy)]* is defined by e’ := u*| g, for u* € V* such that (e, u*) € Dy
t o wy«(Dy) — [my«(Dy)]* defined by: for o,8 € F° C V* set
(%, B) := (a,€) where e € E satisfies |, = €.
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Definition Dy € Dit(V), Dy € Dit(W). L:V — W is called forward
(backward) Dirac if FL(Dy) = Dy (BL(Dy) = Dy).

Example: (V,Dy), N:V — V/Fy forward Dirac

Proposition (i) (V,#y), (W, #) generalized Poisson vector spaces.
A linear map L : V — W is generalized Poisson <— L is forward
Dirac.

(i) (V,by), (W,by,) presymplectic vector spaces. A linear map L :
V — W is presymplectic <= L is backward Dirac.

Proposition (V,Dy),(W,Dy),L : V — W forward Dirac. Then
[L] : V/Fy, — W/Fy, is generalized Poisson.

Proof F[L](graphty, g, ) = FILI(FNy(Dy)) = FNyw(F(Dy)) =
fnw(Dw) = graph hW/FW []
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(Co)distributions
M n-manifold, U C M open, X(U) vector fields, QF(U) k-forms

e Distribution A on M is an assignment of a vector subspace A(x) C
1M to each x € M.

e A is smooth if Vag € M,3U > xg,3X1,..., X, € X(U) such that
A(x) =span {Xq1(x),..., Xr(x)}, Ve € U.

e A is constant dimensional if the dimension of the linear subspace
A(x) C TpM does not depend on the point x € M.

A smooth constant dimensional =—> A vector subbundle of T'M

e Codistribution " on M is an assignment of a vector subspace
M(x) CTFM to each z € M.

Smoothness and constant dimensionality are defined similarly. [
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Dirac structures on manifolds

A smooth vector subbundle D C TM & T*M,x € M, is a Dirac
structure if D(z) = D+(x),Vz € M, where

D (z) = {(w,w*) € Ty MxT;M | (v*, w)+{(w*,v) = 0,V(v,v*) € D(z)}.

The bilinear form {((v,v*), (w,w*)) = (v*,w) + (w*,v) on TM T*M
IS nondegenerate.

So D defines for each x € M a linear Dirac structure on T,M.
Converse not true. Discuss later regularity conditions when true.

Proposition A Dirac structure is a smooth vector subbundle D C
TM & T*M such that D is isotropic: V(X,a),(Y,3) € Dioc

((X, ), (Y, 8))) = (o, Y) + (8, X) =0, (30)

and D is maximal: if (Y,3) is such that (??) holds for all (X,«a) €
Dloc, then (Y, 8) € Dinc.
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Proof D subbundle = V(v,v*) € D(x),3(X,a) € D;,. such that
(v,v*) = (X(x),a(x)). D subbundle and {-,-)) nondegenerate —
DL c TM @& T*M is a subbundle whose fibers are D-(z) = every
(w,w*) € DL(z) can be extended to a local section (Y, 3) of D=+

D isotropic < D C D<+: if D is isotropic and (v,v*) € D(z), let
(X, a) € D|oc extension to a local section. Then {((X,a), (Y,06))
0,V(Y,3) € Doc. Evaluating at x € M gives {(v,v*), (w,w*))
0,V(w,w*) € D(z) = (v,v*) € D+(z). So D c Dt. Conversely,
if D C DL and (X,a),(Y,B8) € Dipe, then (X, ), (Y, (z) =
((X(z),a(x)),(Y(x),B8(x))) = 0,Vz in the domain of the local sec-
tions. So {((X,a),(Y,B))) =0, i.e., D is isotropic.

So, for the notion of isotropy of a subbundle D C TM & T*M, we
can use the standard definition, either pointwise or in terms of local
sections and get the same answer.
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If D Dirac on M == D(«x) linear Dirac on T, M,Vx € M <— D(x)
maximal isotropic in T, M ,Vx € M. So D is isotropic from the above.
Now assume (Y, ) is such that (?7) holds for all (X,a) € Doc.
Then 0 = (X, ), (Y, ))(z) = ((X(2),a(@)), (Y (), B(x))),Va in
the domain of definition of the local sections —=— (Y (z),8(x)) €
D1(z) = D(z),Vx in the domain of definition of the local sections
= (Y, B) € Djoc-

Conversely, assume that D is maximal isotropic. Then, from the
considerations above, D(z) is isotropic (D(z) C D+(z)) in T M,V €
M. If (w,w*) € D+(z) extend it to a local section (Y, 3) of D+. But
then (Y,3) is such that (??) holds for all (X,a) € D|gc, SO by
maximality, (Y,8) € Dioc = (w,w*) = (Y (x),8(x)) € D(x). So
Dt ¢ D= D+ =D <= D Dirac structure on M. O
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Associated smooth (co)distributions

D CTM & T*M Dirac structure. Then Go,Gq C T'M defined by
Go(z) :={X(z) € TxM | X € Xjoc(M), (X,0) € Dioc}

G1(z) = {X(2) € TuM | X € Xioc(M), 3 € Qe (M), (X, ) € Dioc}
are smooth distributions on M and Py, P; C T*M defined by
Py(z) :={a(z) € T}M | a € QL (M), (0,a) € Dioc}

Pi(z) :={a(z) e T, M | a € Q|1oc(M)>E|X € Xioc(M), (X, a) € Dioc}

are smooth codistributions on M.
The annihilators are always taken pointwise in each fiber.
Proposition (i) Go C P{, Pp C GY, P1 C G}, G1 C F§

(ii) If P; has constant rank = P; = GJ,Gg = P{. If G1, has
constant rank = Py = G7,G1 = Fj.
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Proof (i) v € Go(z) < Y € X|oc(M),v =Y (x),(Y,0) € Digc <
Y € Xjoc(M),v = Y(2),0 = (o,Y) + (0, X) = {(a,Y),V(X,) €
Dioc = (a(x),v) = 0,Va(x) € P <= v € P1(x)°.

v* € Po(z) <= 38 € Qg (M),v* = §(),(0,8) € Dioc <= 36 €
QE-QC(M%’U* — ﬁ(aj)v <B?X> + <Oé,0> — <B7X> — O,\V/(X,Oé) € @|OC —
(v*, X(x)) =0,VX(x) € G1 <= v* € GY.

P = P7° C Gj and G1 = G3° C Fj.

(ii) If G1 C TM has constant rank, then GY C T*M has constant
rank. Let w* € G7 and let B ¢ Qlloc(M) be an extension of w* to a
local section of GJ. Then 0 = (3,X),VX € X|oc(M), local section
of G1 <= 0 = (B, X),V(X,a) € Dijgc <— 0 = (B,X) + (a,0) =
{(a, X),(B,0)),V(X,a) € Dijgc = (0,8) € D|oc Since D is maximal
isotropic. So w* = B(x) where (0,8) € Djgc < w* € Py. Thus

G(i C Fp.

Same proof if P; has constant rank. []
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To obtain a smooth distribution, it is
important to define Gg in terms of local sections. E.g., it is not
true that v € Gpo(«) if and only if (v,0) € D(z). Same for P,.

Counterexample: M = R? = {& = (x1,22) | 1,22 € R}. Consider
the closed two-form w = ||z||2dz1 A dzo, and define D by

D(z) = {(v,v*) € R? x R? | v* = w(z)(v,-)}.

D is a Dirac structure on M: D is a vector subbundle of TM & T*M
generated by the global basis {8%1 + ||$||2dx278%2 — ||a:||2da:1}. This
also shows that D1 (z) = D(z). Since w is nondegenerate outside
x = (0,0) the smooth distribution Gg is given by Gg = {0} (the
zero section of TM). However, (v,0) € D(0) for every v € R2.

This example illustrates also something else. Notice that P; is
the smooth codistribution whose basis is given by the one-forms
—||z||?dz1 and |jz||?dzo. In particular, P{(0) = ({0})° = ToM = R?,
which does not equal Gg(0) = {0}. Hence Go € P7(x).
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The problem stems from the fact that P; does not have constant
rank in this example. In general, /¥ P has constant rank, then
P{(x) = Go(x), as we saw before.

On the other hand, the codistribution P; can be equivalently
defined pointwise by:

Pi(x) ={v e T/ M |3Jv e TrM such that (v,v*) € D(z)}.
Xr

To see this, recall that, by definition, D is a smooth vector sub-
bundle of TM & T*M. Hence there exists a smooth local basis for
its fibers. The canonical projection of this basis to T*M vyields a
smooth local basis for P; (around the point z). Therefore, the two
definitions are equivalent.
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Representation Theorem D Dirac structure on M.

(i) Locally, around every x € M there exist linear operators E(x) :
TXM — R™ and F(x) : TxM — R™ depending smoothly on z s.t.

im(F(z) @ E(x)) =R"* and E(@)F(z)"+ F(2)E(x)*=0
such that D can be locally expressed as
D(z) ={(v,v*) e TyM®T; M| F(x)v+ E(x)v" = 0}.
Concretely, writing FE(xz) and F(x) as n x n matrices, this means

rank[F(z) | E(z)] =n and E(z)F(z)! + F(2)E(z)! = 0.

(ii) Let P be a constant rank codistribution of M and b : P° — (P°)*
a skew-symmetric vector bundle map (in every fiber). Then

D ={(v,v*) € TuM®T M | v*|po =b(x)v,v € P°(x),x € M} (31)

is a Dirac structure on M.
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Converserly, if D is a Dirac structure on M having the property
that (G1 is a constant rank distribution on M, then there exists a
vector bundle map b : G; — G such that D is given by (?7) with
P := Py =GY. Also, ker(b: G; — G7) = Go.

(iii) Let G be a constant rank distribution on M and §: G° — (G°)*
a skew-symmetric vector bundle map (in every fiber). Then

D = {(v,v*) € TuM ® Ty M | v|ge = #()v*, 0" € G°(z),z € M} (32)

is a Dirac structure on M.

Converserly, if D is a Dirac structure on M having the property
that P; is a constant rank codistribution on M, then there exists a
vector bundle map f# : Py — P§ such that D is given by (?7) with
G .= Gg = P{. Also, ker(§f : P; — P{) = F.

E.g. non-degenerate two-form (Gg = {0},G1 = T M), generalized
Poisson (P =T*M), B®B° for B C TM subbundle (Go = G1 = B).
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Admissible functions
Ap ={H € C*°(M) |dH(x) € P1(x),Vx € M} admissible functions

Define {-,-}D : .AD X -AD — COO(M) by {HlaHQ}D L= <dH1,X2> —
—<dH2,X1>, where (Xl,dﬂl), (XQ,dHQ) €D.

Well defined: if (Y1,dH1), (Yo,dH) € ® — (X5 — Y5,0) € D —
(dH1,Y> — X5) = ({((Yo — X5,0),(X1,dHq))) = 0 since D is isotropic.
Thus, (dH;,Y2) = (dH1, Y2 — X5) + (dHy, X2) = (dHq, X2).

Second equality: Since D is isotropic = 0 = {((X1,dH1), (Xo,dH>))
= (dHq1, X2) + (dH>, X1). {-,-}p depends only on dH1,dH>.

{-,-}p is R-bilinear and skew-symmetric.

{-,-}p satisfies the Leibniz identity: (X;,dH;) € 9,i = 1,2,3 —
{H1Hp, H3}p = (d(H1Hy), X3) = (H1dHy + HpodH1, X3) =
H1{Hy,H3}p + Ho{H1, H3}p.
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Assume that D is given by (?7), that is, by a subbundle G C TM
and § : T"M — TM. If Hi,Hy, € Ap = 3X5 € X|oc(M) such
that (Xo,dH2) € Dioc and dHi(z) € Pi(z) = Gj(z),Vx. There-
fore Xo(z) — 4dHo(x) =: Y(x) € Go(x),Vx and hence {H1,H>}p
<dH1,X2> = <dH1,ﬁdH2> + <dH1,Y> = <dH1,ﬁdH2> since <dH1,Y>
O because dH;(x) € P1(x) = G3(x) and Y (z) € Go(x), V.

If D is given by a constant rank distribution G C T'M and a skew
symmetric linear vector bundle map § : T*"M — TM, then P; = G°
and the D-bracket on Ap is given by the familiar formula

{H1,Ho}p = (dHq,4dHy) = —(dHp, #{dH1) = {H1, H>},

where {-,-} is the generalized Poisson bracket defined by f.

on
¢ (M)
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Closed (or integrable) Dirac structures
D is closed (or integrable) if for all (X;, ;) € Do, = 1,2, 3,
(£ x,00,X3) + (£x,0a3, X1) + (£ x;01, X2) = 0.

symplectic form (dw = 0), Poisson bracket (Jacobi iden-
tity), differential inclusion (involutivity).

Theorem D is closed <= V(X1,a1), (X2, a2) € D|oc

[(leal)a (XQ,(XQ)] L= ([XlaXQ]aindOéQ_indal —I—d<O&2,X1>) < ©|OC'

Since 0 = (((X1,a1), (X2, a2))) =ix,as —ix,a1,V(X1,a1),
(X2,a2) € Djoc, We have [(Xq1,a1), (X2, a2)] = ([Xq1,X2], £x,a0 —
£x a1 +d{az, Xq1)). Thisis NOT a Lie bracket if D is not closed!

Corollary D closed <— (D, ), [-,+]) is a Lie algebroid. D closed
— 7w (D) induces a singular foliation on M.

Proof For (X;,a;) € Do, = 1,2,3 we have
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(ix,daz — ix,day + d(ag, X1), X3) + (as, [X1, X2])
= dap (X1, X3) —da1(Xo, X3) + X3[{az, X1)]
+ (£x,a3, X1) — £x,(a3, X1)
= X1[{az, X3)] — (a2, [X1, X3]) + da1 (X3, X2) + (£x,a3, X1)
— Xo[({az, X1)]
= (£x,a2, X3) + (£x,03, X1) + da1 (X3, X2) + Xo[(a1, X3)]
since (a3, X1) + (a1, X3) = {((X1,a1), (X3,a3)) = 0. Hence get

(£x,a0,X3) + (£x,03, X1) + X3[{a1, X2)] — (a1, [X3, X2])
= (£x,a2, X3) + (£x,03, X1) + (£ x;01, X2).

Therefore, D is closed <— <iX1da2 — iXQdOzl +d<a2,X1>, X3> +
(a3, [X1, Xo]) = (([X1, Xo],ix,dax—ix,das+d(a, X1)), (X3,a3))) =
0,V(X1,0a1), (X2, a2), (X3,a3) € Digc < ([X1, Xo],ix,dasr—ix,da1+
d{az, X1)) € Digc, V(X1, 1), (X2, 22), € Dige. U
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Lemma If (X;,a;) € Dige,@ = 1,...,n, satisfy ([X;, X;],ixda; —
indozi + d{aj, X;)) € Dioe, Vi, 7 = 1,...n, then also ([X,Y],ixds —
iyda 4+ d(8, X)) € Djoc Where (X, a) = X1 fi(X;,04) and (Y, 5) =
> =1 9i(Xj, o) for arbitrary f;, g; € C°(M).

Proof [X,Y] = 7.4 (fz’Xi[gj]Xj — 9; X[ fil X +figj[Xian]) and
leﬁ — iydOA —I— d<5,X> —
> (fz'Xz' lgjle; — 95Xl files + fig;(ix,day —ix da; 4 d{oy;, X7;>))
i =1

so that
([X7 Y]7 leB — ina _I_ d<57 X>)
= > [iXilgil(Xj,05) — Y g9, X;[£i1(X5, o)

i.j=1 =1
n
+ > figi(IXi, X5l ix,doy — ix doy + d{ey, X)) € Dige. T
i,=1
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Corollary D closed Dirac structure on M. Then
(i) Go and G7 are algebraically involutive distributions;
(ii) Hy,Ho € Ap = {H1,H>}p € Ap;

(lll) Hqi,Ho, H3 € 'AD —— {Hl’{H27H3}D}D + {H27{H37H1}D}D i
{H3,{H1,H2}p}p =0.

Proof (i) X1, X5 local sections of Gy <= (X1,0),(X5,0) € D|¢-
By the theorem — ([X1, X5],0) € D|oc < [X1, X>] local section
of Gp.

X1, X»> local sections of G1 <= Jaq,an € Q,loc(M) such that (X1, a1),
(X2,a2) € Dioc = ([X1, X2],ix,dar—ix,dai+d{as, X1)) € Djoc <
[ X1, X5] local section of GG4.

(ii) Let Hy,Hy € Ap <= 3X1, X5 € X|oc(M), (X1,dH1), (X2,dHo) €
Dioc == ([X1, X2],d(dHo, X1)) € Djoc <= d{H1,Ho} =d(dH>, X7) €
P < {Hl,HQ} e Ap.

Summer School on Poisson Geometry, Trieste, July 2005

103



Let H1,Hy, H3 € Ap < 3X1, X5, X3 € X|oc(M) such that (X;1,dHq),
(Xp,dH5),(X3,dH3) € D|gc- Then, using £, =iyzd +diy

0= (£x,dH2, X3) + (£ x,dH3, X1) + (£x,dH1, X2)

= (d(dHp, X1), X3) + (d(dH3, X3), X1) + (d(dH1, X3), X2)

= (d{H>, H1}p, X3) + (d{H3, Ho} p, X1) + (d{H1, H3} p, X2)
{{H2, H1}p, H3}p + {{H3,Ho}p,H1}p + {{H1,H3}p, Ho} p
—{{H1,Hz}p,H3}p — {{H2,H3}p, H1}p — {{H3,H1}p, Ho}p. [

Proposition D closed Dirac structure on M with P; a constant
rank codistribution on M. Then D is closed <=

(i) Go = P7{ (algebraically) involutive subbundle of T'M;
(i) Hy1,Hz> € Ap = {H1,H2}p € Ap;

('ll) H17H27H3 E AD —— {Hl’{H27H3}D}D _|_ {H27{H37H1}D}D _I_
{H3,{H1,H2}p}p =0.
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How is integrability of the Dirac structure expressed in the three
representations?

Locally, around every point x € M there exist
n X n matrices E(x), F'(x) depending smoothly on z satisfying

rank[F(z) | E(z)]=n and E(2)F(2)! + F(2)E()! =0
such that D can be locally expressed as
D(z) ={(v,v*) e TM® T, M | F(x)v+ E(z)v* = 0}.

Define X; = —E!, a; = —F!, where E! and F! are the ith columns

i '

of EL and F?!', respectively. Then D is closed <= Vi,j =1,...,n

([Xi, Xj],ix,doy —ix . da; + d{a;, X;)) € Dioc

_ T
Proof ker[F(z) | E(z)] = im [ —?EgT . Since rank[F(z) | E(z)] =
n = (X;,q;) locally span ;. Lemma and Theorem prove the

statement. []
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P C T*M vector subbundle and b : TM — T*M
a skew-symmetric vector bundle map (in every fiber). Then
D :={(v,v*) e TuyM®T; M |v* —b(x)v e P(x),ve P°,x &€ M}

is a Dirac structure on M. Definew € Q2(M) by w(X,Y) = <Xb,Y>.
Then D is closed <— P° is involutive and dw(Xi, X5, X3) =

Proof (Xq1,a1),(Xo,a2) € D|oc = X1, X are local sections of P°
and dvi,72 local sections of P such that o; =1ix,w + 7,1 = 1,2.

ix,das —ix,dag + d{an, X1)

= ix,d(ix,w + 72) —ix,d(ix,w + 71) + dix, (ix,w + 72)

— indiXQw —|— ind"yQ — indixlw — iXQd'Vl —|— dinngw —|— din’)/Q
But dinw = £X1w — indw and diniX2w = £X1iX2w — indiXQw =
£X1iX2w — iX1£X2w + inindw. Also in’}/Q = 0. Hence
indiX2w — iXQdinw —|— dinngw
— indiX2w — iX2£X1w —|— iXQindw —|— £X1iX2w — iX1£X2w —|— iniXde
= —ix, £x,0 + £x,1x,w +ix,ix,dw +ix, (dix, +ix,d — £x,)w =
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ix,das —ix,dag + d{ap, X71)
= —ix, £x,w+ £xix,w +ix,ix;dw +ix,dy2 —ix,dn
= ix, x,|w T ix,ix;dw +1x,dy2 — ix,dm

since i[X1 Xo] = £y, oix,—ix,0o£x,. SO D is closed <=

([X1, Xo],ix,das — ix,dag + d{ap, X1)) € Djoc;
V(X1,01), (X2, 02) € Djoc <

([X1, Xol,ipx, xw +ix,ix,dw +ix,dva —ix,dv1) € Dioc;
VX1, X2 € MNoc(P?), 71,72 € MNoc(P) <

[X1, X2] € Moc(P?), ix,ix,dw +ix,dyo —ix,dv1 € MNoc(P)
VX1,X2 € Moc(P?),; 71,72 € Moc(P)

D closed == P° is involutive. Since P° involutive subbundle, if v €

Coc(P) Frobeqius 37; € Moc(P) such that dy = (*A7; for some locally
defined one-forms ¢ == ixydy = ¢Y(X)7 € Mpc(P),VX € IMoc(P°).
So iXQindw c |_|OC(P),X1,X2 c |_|OC(PO) <— dw(X1,X5,X3) =
(iXQindw)(X:.;) = 0,VXq, X0, X3 € |—|OC(PO). []
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G C T M vector subbundle and § : T*"M — TM
a skew-symmetric vector bundle map (in every fiber). Then

D:={(v,v) e TuyMdT;M|v—f{(z)v*e€G(x),veG,xe M}

is a Dirac structure on M. Define for Hy, H> € Ap the generalized
Poisson bracket {H1,Ho} := (dH{,tdH>). Then D is closed <— G
is involutive and VHq, Hy, H3 € Ap we have {Hq,H>} € Ap, and

{{H1,Ho}, H3} + {{H2, H3},H1} + {{H3,H1}, Ho} = 0.
Proof Go =G and {-,-}p ={-,-}. Apply last Proposition. []
Definition D Dirac on M. A point x € M is regular if the dimen-

sion of G1 and P; (and hence also of Gg and Py) is constant in a
neighborhood of «.
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Normal Form Theorem D Dirac structure on n-dimensional man-
ifold M. Assume P, C T*M subbundle, so D = {(v,v*) € T,xM &
TyM | v=f(x)v* € P{(x),v* € P1(x),x € M}. If D is closed, then Vz €
M regular point, U C M open, x € U, and local canonical coordi-
nates (¢t,...,¢" p1,..., Pk, "1, 7],81,...,5m) on U, 2k+14+m = n,
such that in these coordinates

O I O x ; ;

mU: _Ik 0O 0 = and GO :P](_):Spancoo((]) {8—31’7M}
0 0 0 x mzn—dimPl(ac),l:n_dimgl(w)
b S 3k ko %k

Conversely, if D is given as above for some subbundle P C T*M
and the expressions above hold in a neighborhood U of a given
point x € M, then the Dirac structure D is closed in U.

Structure Theorem A closed Dirac structure decomposes as the
disjoint union of leaves of a generalized foliation, all of whose leaves
are presymplectic, and the closed Dirac structure on each leaf de-
fined by this presymplectic form coincides with the restriction of

the given Dirac structure to this leaf.
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Proof As in the linear case define bv(x) : 7wy (D) — [rpp(D)]*
by W = a|7TTg;M(D(x))’ for « € T;M such that .(U,OO c D. We
have kerb(z) = [ (D(2))]° C TpM. Then define Q(z)(u,v) 1=
(ub,fu>, where x € M and u,v € 7wy (D(x)) <= Q(z)(u,v) =
(a,v),V(u,a),(v,8) € D(x). Since 0 = {(u,a), (v,3))) = {(a,v) +
(B,u) = Q) (u,v) = ((u,), (v,)- = 3 ({a,u) — (B,v)). This
shows that 2 is the pull-back by the inclusion D «— T M @ T*M of
the smooth skew-symmetric bilinear form (-,-)_ to D. So €2 is a

skew-symmetric two-tensor on the vector bundle D.
v € Ty M is tangent to the leaf = Ja € T/ M s. t. (v,a) € D(x).

(X ) € Dige- Then X1[Q(X5, X3)] = X1[{az, X3)] = (£x, 00, X3)+
(an, [X1,X3]) and Q(X», [X3,X1]) = (a2, [X3,X1]). Therefore
dQ2( X1, X0, X3) = X1[Q2(X2, X3)] + Xo[Q2(X3, X1)] + X3[Q2(X1, X2)]
+ Q(X71, [X2, X3]) + Q(Xo, [X3, X1]) + (X3, [X1, X2])
= (£x,a2,X3) + (£x,03,X1) + (£x,01,X2) =0

since D is closed. So each leaf is presmplectic. []
Summer School on Poisson Geometry, Trieste, July 2005

110



Implicit Hamiltonian systems
Consider a Dirac structure D, and smooth function H on M. The

implicit Hamiltonian system (M, D, H) is defined as the set of C*°
solutions z(t) satisfying the condition

(x,dH(x(t))) € D(x(t)), Vt.
e Energy conservation: H(t) = (dH(x(t)),z(t)) = 0, Vt.
e Algebraic constraints: dH (xz(t)) € P1(x(t)), Vt.

e 2(t) € G1, set of admissible flows. If G1 is an involutive sub-
bundle of T'M,dn — dim G1 independent conserved quantities.

Hence, in general, an implicit Hamiltonian system defines a set of
differential and algebraic equations.

Standard existence and unigueness theorems do not apply!
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D(z) :={(u,u*) e TM ST M |u* = w(x)(u,-)}
(z,dH(z(t))) € D(z(t)) <= dH(x(t)) = w(x(t))(z(t),")
— z(t) = Xpg(z(t))

So get standard Hamilton equations. #py (D) = TM. So D is
closed «— dw = 0 <= w is symplectic. Then Normal Form The-

orem = Darboux Theorem, so 3(qt,...,q", p1,...,pn),w = dg* A dp;
and Hamilton's equations are
¥ OH . OH
q' = : p;=—-——" Vi=1,...,k
Op; q"

Here H is a function of (g%, p;).
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D(z) :={(u,u*) € TuM & TM | u = (u*)#}
(&, dH(z(t))) € D(z(t)) <= &(t) = (dH(z(1)))* = X (=(t))

which are Hamilton’'s equations on a generalized Poisson manifold.
These are equivalent to F' = {F, H},VF. Here {F, H} := (dF, (dH)Y).
D is closed < {-, -} satisfies Jacobi identity. In this case, the Nor-

mal Form Theorem states 3(q¢l,...,¢",p1,...,Pn,71,...,7) around
each regular point such that Hamilton’s equations take the form
: OH OH
¢t = : p,=——"- Vi=1,...,k r; =0, Vvy=1,...,1
op; q"

Here H is a function of (q¢*, p;, ;).

Problem: These equations are only around a regular point! We
know that in the case of Poisson manifolds, in general, the rj'S
define the transverse Poisson structure which is very important in
unuderstanding the structure of Poisson manifolds. Such a theorem
iIs still missing for Dirac manifolds!
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D:=B&®B°={(u,u*) €e TyMdT;M |ue€ B(x),u* € B°(x)}

(z,dH(z(t))) € D(z(t)) <= z(t) € B(z(t)) and dH(x(t)) € B°(z(t))

One usually writes: z = Xg(x) with the conditions Xg(x) € B(x),
dH(x) € B°(x). The system is given by differential inclusions. In
this case Go = G1 = B = Pj = P].

If D is closed ~"“¢€™ B integrable. Also, around any regular point

El(qi,pi,rj, sp) =: (2%, sp) such that B = Gg = span{d/9s1,...,0/9sm}.
Therefore, dH(x%,s,) € B® = 0H/0s, = 0. Also (2%, 3,) € B =
% = 0. So the equations are:

OH
Zba — O, a—Sb($a, Sb) = 0.
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Silly ex-
ample with no dynamics. Constitutive equations of a capacitor C

p— /L , v p— —’ H — ) C > O)
wherer q is the charge, i¢ is the current, vo is the tension (voltage),

H is the electrical energy of the capacitor.

Interconnection between two capacitors is given by Kirchhoff's Laws:

_ . 8H01 aHCQ o
q1 — q2 = 0, dar + a5

H(q1,q2) ‘= Hc,(q1) + Hco,(g2) is the total energy of the system.

Change variables: x :=q1 —q2,s ' = q1 + ¢ = = 0,0H/0s = 0.

Since the Hessian of H relative to s is positive definite, by IFT

— s is a function of x = s = 0 == no dynamics. Of course, if

there are only capacitors, there is no energy exchange between the

elements, so no dynamics.
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D(z) = {(v,v*) € T:M & T;M |
F(z)v+ E(z)v* = 0}, where rank[F(z) | E(z)] =n and E(z)F(z)! +
F(2)E(z)l = 0. So

(z,dH(z(t))) € D(x(t)) — F(x)z + E(x)dH (x) = O.

D = {(v,v*) €
TeM OTFM | v—f#(x)v* € Go(zx),v* € Gi(zx),x € M}.

(z,dH(z(t))) € D(z(t)) < = — Xg(x) € Go(z), dH(z) € Ga(x)
= 3= Xp(z)+g9()A, g’ (x)dH(z) =0,
where X := (dH)¥ and g(z) is a full rank matrix such that im g(z) =

Go(x). X is a Lagrange multiplier needed to insure that the con-
straint equations g (z)dH(z) = 0 hold for all time.

Summer School on Poisson Geometry, Trieste, July 2005

116



D = {(v,v*) €
TeM O TFM | v* —b(x)v € Po(x),v € Py(x),x € M}

(z,dH(x(t))) € D(x(t)) <— dH(x) — (.ci;)b € Py(x), z¢€ Py(x)
— dH(z) = (&)° +p" ()A, p(z)i =0,

where p(x) is a full rank matrix such that imp(x) = Py(x) and X is
a Lagrange multiplier needed to insure that p(x)x = 0 for all time.

Note the difference between this and the last representation: Here
the flow constraints p(x)xz = O are explicit whereas in the previous
situation it was the algebraic constraints ¢! (x)dH (x) = 0 that were
explicit.

Here one uses the
same expression as in Example 5, except that the map §§ and Gg are
known explicitly.

So, (z,dH(x(t))) € D(x(t)) <—
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'] [0 Iy 0 x| Hy | , ,

pj| | ~fe O 0 Hp; span and
Fa 0 0 0 «||H. |\ 8s 35

| Sp | % ok ok HSb

0
<dH(q PjsTas Sp) —>—O Vob=1,...,m
881)

The second relation says that g—i(qi,pj,ra,sb) = 0,Ve = 1,...,m,
whereas the first one gives information only about the dynamics in

the variables (qi,pj,ra). There is no information about the dynamics
in the variables s,. So the equations are

4 OH . oH . OH
q?, — P P; — — ' re = 0, 0= (q p]77na75b)
2 Sc

0q*’ 0s
Vi=1,....k,a=1,...,1
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Assume P; C T*M is a vector subbundle, Ggo(x) = img(x) =
span{gi(x),...,gm(x)}, with g1,...,9m € X(M) linearly independent
vector fields over C*°(M), and that the matrix [£4,£4. H(2)]; j=1,...m
is non-singular Ve € M, '= {y € M | dH(y) € Pi} = {y € M |
£4H(y) =0,7=1,...,m}.

Then the implicit Hamiltonian system (z,dH(xz)) € D(xz) reduces
to the explicit system z. = Xpg (zc) on the constraint manifold
M., where x.(t) € M.Vt, H. is the restriction of H to M., and
fe 1 T*M, — T M.

In coordinates around a regular point this is easy to see. The
assumption is equivalent to the Hessian of H relative to the s
variables to be non-degenerate. So by IFT, s, is a function of the
other variables = Hc(¢',pj,ra) 1= H(q",pj,Ta, sp(q", pj,7a)) and the
previous equations become

i _OH. . 9H.
- apza pz— aqza

q 7;'0/ = 0.
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Constrained mechanical systems

o M =T*Q, 7 : T"Q — Q, w =d¢* Adp;, b : TM — T*M, {,-},
f#:T*M — TM,

e Assume that the kinematic constraints are linear in the velocities
and that they are independent everywhere, i.e. 3al, ... af € QL(M)
independent such that (a*(q), ) = a;l(q)qj =0,Vi=1,...,k.

e A = [span{al,...,a’}]° C TQ is called the constraint distribution.
It describes the allowed infinitesimal motions of the system.

e [ he constraints are called holonomic if they can be integrated to
a set of configuration constraints {f1(¢) = 0,..., f*(¢) = 0}. If this
IS not possible, then the constraints are called nonholonomic.
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e In general, constraints given by a smooth distribution A C T'Q
are called holonomic if A is integrable, in which case its integral
manifolds (in Q) completetely describe the constraints, i.e. the
constraints on the velocities can be obtained by taking the time
derivative of the point constraints. If A is not integrable, the
constraints are called nonholonomic.

o Lift o’ to waai c QUT*Q), Py = G{ = Span{waal,...,waak} C
T*(T*Q), subbundle. Define

D(q,p) = {(v,v*) € T(q’p)MxT(*qm)M | v o = (Waai>)\i and <7T2204i,?)> =0}

e The vector fields X; = —(rHa')? € X(T*Q), i = 1,...,k, satisfy 0—
X} =nha' € Py <= X; € [(Gop). So Gp = span{Xy,...,X;}. Since
the vector fields are independent, the distribution has constant rank
k and defines hence a vector subbundle of T(T™*Q).
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e Recall D closed «— Pf is involutive and dw vanishes on local
sections of Pf. Second condition holds, since in this case dw = 0.

But P{ involutive <= integrable Froberius o — d(mHa') A (waal) A

--~/\(7r2204k) = Wa(dai/\al/\---/\ak>,Vi =1,...,k <— dat A ol A
onak =0,vi = 1,... k TR yector subbundle of TQ who is
the annihilator of span{al,...,a*} is integrable. The leaves of the

induced foliation on ) are holonomic constraints.

Conclusion: D closed «— Pf IS involutive <— constraint distri-
bution A is involutive <= constraints defined by {«aq,...,a} are
holonomic.

Moral: In nonholonomic mechanics one needs to have the Dirac
structure non-integrable!

e Hamiltonian H(¢%, p;): setting v = (¢*,p;) and v* = dH(¢*, p;) leads

to equations of motion (in implicit form).
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e Define the matrix AT, whose ith row are the components of a'.
Kinematic constraints can be equivalently written (classical)

Al (¢)g = 0. (33)

The matrix AL(q) is a k x n matrix, n = dim Q, with full row rank k
at every point ¢ € Q. The constraint distribution is A = ker AL (g)

Go(g,p) =im

07, % «
A(q’)“ ] . (g,p) € T*Q. (34)

e Equations of motion: (z,dH(z)) € D < dH(z)—(z)" = (5,
(Waai, i) =0 =& = Xg(z) + XF  X;\, (Waai, T) = 0 <

- OH
q — On In 3—q(Q7p) <on><k>
(p) <_I’” On) (%@I(q,p)> Tlaw)™ (353)
91 (¢, p)
0= (okxn AT(q)) (%(qm)) . (35b)
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e [ hese equations can be obtained from classical mechanics, using
the Lagrange-d'Alembert’s principle: the constraints (?7?) generate
constraint forces of the form F. = A(¢)\, where A € R are the
Lagrange multipliers. The general equations of motion are:
d OL OL :
- ; — )\jag,
dtoq* 0Oq*
Legendre transform this to (¢, p;) variables and get the implicit
Hamiltonian system (?77), (?77?).

(=0, i=1,...,n, j=1,...,k

e If the kinetic energy is defined by a positive definite metric on
2, then the constraints are of index 1. In that case, the Lagrange
multipliers A can be solved uniquely. Hence the constrained mechan-
ical system on T*(@ can be written as an unconstrained generalized
Hamiltonian system on M.. Van der Schaft and Maschke (1994)
have shown that the corresponding generalized Poisson bracket on
M. satisfies the Jacobi identity if and only if the kinematic con-
straints are holonomic.
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Svymmetries of Dirac structures
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A vector field Y on M is an (infinitesimal) symmetry of a Dirac
structure D on M if (Ly X, Lya) € ©y,. for all (X,a) € D,

Analogously, a diffeomorphism ¢ : M — M is called a symmetry of
D if (¢«X, (¢*)_1O‘) € Dy for all (X, a) € Dy

Examples
1. Let w € Q2(M) a nondegenerate two-form on M and

D(z) ={(v,v") € TuM x Ty M | v* = w(z)v}, xzeM
Then Y is a symmetry of D if and only if Lyw = 0.
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Examples (cont’d)

2. Let J(x) : TM — TpM, © € M, be a skew-symmetric vector
bundle map and

D(z) ={(v,v*) e TyMxT;M|v=J(x)v*}, €M
Then Then Y is a symmetry of D if and only if Ly oJ = Jo Ly
(with J: QL  — %;,.(M)), or

loc

Ly{Hy,Ho} = {LyHy,Hy} + {Hy,LyH}, VHy,Hye€ C™(M)

3. Let A CTM be a smooth constant dimensional distribution on
M and

D(z) ={(v,v") €e TuM xT;M |ve A(zx), vie A(x)°}, zeM
Then Y is a symmetry of D if and only if [V, A] C A.
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Examples (cont’d)

5. Let J(x) : T/M — TM, © € M, be a skew-symmetric vector
bundle map, A C T'M be a smooth constant dimensional distri-
bution on M and

D(z) ={(v,v") €e TuM X T, M | v— J(x)v* € A(x), v* € A(x)°}

Then Y is a symmetry of D if LyoJ = Jo Ly and [Y,A] C A.

E.g. mechanical systems with kinematic constraints
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Proposition If the vector field Y is symmetry of a generalized Dirac
structure D, then

e Y is canonical with respect to {-,-}p, i.e.

Ly{H1,Ho}p ={LyH1,Ho}p+{H1,LyH>}p, VHi,Hy¢€ Ap,

o IyvG, CG;, LyP,CP;, 1 =0,1.

If P1 is constant dimensional and involutive then the converse is
also true.
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Some basic properties

o Let {(Xq1,1),...,(Xn,an)} be a basis of D. Then Y is a sym-
metry of D if and only if

(LyX;, Lya;) € Djpe, t=1,...,n

e If Y7 and Y5 are symmetries of D, then also [Yq, Y>] is a symmetry
of D. I.e. the set of symmetries of a Dirac structure D forms

a Lie algebra.
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Svymmetries for closed Dirac structures

Consider a closed Dirac structure D.

e Let (Vo) € ©. Then Y is a symmetry of D if and only if
dalg, = 0.

o Let (Y,dP) e®. Then Y is a symmetry of D.

e In particular, every X € Gg is a symmetry of D.

In general, let (Y,dP) € ® and assume Y is a symmetry of D. Then
Y is called a Hamiltonian symmetry of D.
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Symmetries of implicit
Hamiltonian systems
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A vector field Y on M is a weak symmetry of the implicit Hamilto-
nian system (M, D, H) if

1. Y is an infinitesimal symmetry of D

2. Ly H(x(t)) = 0 for all solutions z(t) of (M, D, H)

Note A sufficient condition for 2. is that

LyvH(x) =0, Vxé& M,
where

M.={x e M|dH(x) € P1(z)}
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First integrals or conserved quantities

A (non-constant) function P € C°°(M) is a first integral of (M, D, H)
if P =0 along all solutions z(t) of (M,D,H). l.e.

© () = [dP@(®), () =0

A sufficient condition for P to be a first integral is that

(AP(x), X (z) 4+ Go(x)) =0, Vo € M.,
where Xg(x) is such that (Xgy(x),dH(x)) € D(x), for every = € M,.

Consider (M,D,H) and let D be closed. Then the set of first
integrals in Ap is a Lie algebra under the Poisson bracket {-,-}p

P, P> € Ap first integrals = {P,P>}p € Ap first integral
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A function C € C*°(M) is a Casimir function of D if dAC € Pg.

A Casimir function C is a first integral of (M, D, H) for every H €
C®(M).

Example Recall that G; describes the set of admissible flows, i.e.

z(t) € G1(x(t)).
Assume that G7 is constant dimensional and involutive. Then there
exist local coordinates (x1,...,xn) such that
G1 =span{i,...,i}.
oxrq Oxrm
This implies Pg = span {dz,,4+1,...,dzn}. Hence z,,4q,...,zn are

Casimir functions.
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Svymmetries vs. first integrals

Proposition 1 Let Y be a weak Hamiltonian symmetry of (M, D, H),
i.e. (Y,dP) € ®. Then P is a first integral.

Proof: D = DL implies
0 = (dH (z(t)),Y (x(t))) + (dP(x(t)), #(¢))) = Ly H(z(t)) + P(x(t))

Proposition 2 (Noether’'s Theorem) Consider (M, D, H) and as-
sume D be closed. Let (Y,dP) € ®. Then Y is a weak Hamiltonian
symmetry if and only if P is a first integral.

P is a second function such that (Y,dP) e ® ifand only if C = P—P
is a Casimir function.
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Restriction of implicit Hamiltonian
systems to submanifolds
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Restriction of Dirac structures
Let D be a Dirac structure on M and N C M a submanifold of M.
Define the map o(x) : TxN X T)M — TN X TSN, x € N, by

o(z)(v,v*) = (v, 0|1, N)-

Assume that the dimension of D(z) N (TN x T;;M) is independent
of x € N, and define the vector subbundle Dy CTN @ T*N

Dy(z) = o(z) (D(z) N (TeN x T*M)), z€N

Then Dy = Dﬁ, and hence Dy is a Dirac structure on N.
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Local sections of Dy.
Let « : N — M denote the inclusion map.

Then (X,a) is a local section of Dy if and only if there exists a
local section (X, ) of D such that X ~, X and a = J*a.

Otherwise stated

(D N)ioe = {(X, @) € Xjoe(N) ® Q} (N) | I(X, @) € Dy, SUCh that

X ~, X and a = (*a}

Furthermore, if D is closed, then also Dy is closed.

Proof:

(Lg,a2, X3)+(Lx,a3, X1)+(Lg,a1, X2) = ((Lx,a2, X3)+(Lx,a3, X1)+(Lx,a1, X2)) ot
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Restriction of implicit Hamiltonian systems
Assume N C M is invariant under the flow of (M, D, H).
E.g. N = P~ 1(u) is the level set of a first integral.
Define Hpy to be the restriction of H to N, i.e.

HN:HOL

Then every solution z(t) of (M,D,H) which leaves N invariant
(i.e. z(t) C N) is a solution of (N,Dp, Hy).

Note The reverse is generally not true. E.g. presympletic structures.
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Restriction by Casimirs

Let N C M be such that every X € G7 is tangent to N (i.e. X(Z) €
TzN, Vx € N).

E.g. N =C"1(n) is the level set of a Casimir function dC € Py.

Then the solutions of (M, D, H) contained in N are exactly the so-
lutions of the implicit generalized Hamiltonian system (NN, Dy, Hy).
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Example

Consider (M, D, H) and assume D closed and Gy constant dimen-
sional.

Then there exists a skew-symmetric linear map w(z) : Gi(z) —
(G1(x))*, x € M, with kernel Gg, such that

D(z) = {(v,v*) € TyMxT; M | v'—w(xz)v € G1(x)°, v € G1(z)}, =z € M.

G1 is involutive and defines a regular foliation partitioning M into
integral submanifolds of Gj.

Restricting D to an integral submanifold N vyields
Dn(x) = {(0,v") € TuN x T;N | v* = &(x)v, Vo € N}

with @ the restriction of w to N.
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Example (cont’d)

w is a closed two-form on N, with kernel Gg. Hence Dy is a presym-
plectic structure on V.

The restriction (N, Dy, Hy) represents a presymplectic Hamiltonian
system on V.

Theorem A closed Dirac structure with Gq constant dimensional
has a regular foliation by presymplectic leaves.

Note In case D is a Poisson structure on M, then N is a symplectic
submanifold of M (and Dy is a symplectic structure).

Summer School on Poisson Geometry, Trieste, July 2005

143



Projection of implicit Hamiltonian
systems to quotient manifolds

Summer School on Poisson Geometry, Trieste, July 2005

144



Symmetry Lie groups

Let G be a Lie group with Lie algebra g, and smooth left action
¢ .GxM— M.

G is a symmetry Lie group of D if for every g € G

(X,a) € Dy = <¢;X> Q%Oé) € Dioc

Equivalently, for every £ € g

(X,0) € Dyoe = (Lgy X, Leyya) € Do

G is a symmetry group of (M, D, H) if, in addition, H is G-invariant,
i.e. Hog¢g= H for all g € G. Equivalently, L H =0 for all £ € g.
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Throughout we assume that the action of G on M is free and
proper.

Then the orbit space M/G is a smooth manifold and the canonical
projection w : M — M/G is a surjective submersion.

Denote the following spaces:

1. vertical subbundle V = ker(T'w), with fiber

V(z) =span{{y(z) [E €9}, zeM

2. bundle of projectable one-forms E C TM & T*M, with sections

Coc(E) = {(X, @) € Xj5.(M) @ Q. (M) | « = 7*a for some
aeQt (M/G)}
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Projection of Dirac structures

Assume that
e V 4 Gg is a smooth vector subbundle of T'M
e DN FE is a smooth vector subbundle of TM & T*M

Then D projects to a Dirac structure D on M = M/G. In local
sections:

Dioe = {(X, @) € X1oc(M) @ QL (M) | 3(X, ) € Dy SUCh that

Furthermore, if D is closed, then also D is closed.
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Projection of implicit Hamiltonian systems

(M, D, H) projects to an implicit Hamiltonian system (M, D, H),
with H = H o .

G-projectable solution z(t) of (M,D,H): 3X ~x X € X;,.(M/G)

such that (&(t), dH(x(t)) = (X (x(t),dH(z(t)) € D(z(t))

o If z(t) is a G-projectable solution of (M,D,H) then z(t) :=

w(x(t)) is a solution of (M, D, H).

e Every solution z(t) of (M, D, H) is locally the projection under
7w of a G-projectable solution z(t) of (M, D, H).
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Not every solution is G-projectable!

D(z) = {(v,v*) e R® x (R®)* | v € P}(2), v* € P1(z)}, ze€ M =R>
with

P1 =Pg= span {dzs}, i.e., G1 = Gg = Pc1> = Span { 7 3 o }
Coo (M) coo(M) |91 Oxo

Since D is linear (constant), 8%1

H(x1,25,z3) = H(xz3), then 8%1 is a symmetry of (M,D, H).

IS a symmetry of D. Assume

Any solution z(t) of (M, D, H) satisfies z(t) = X (x(t)), where

0 0
X(z1,20,23) = h1(x1,z0,23)—Fho(x1,20,23)——, h1,hp € CC°(M)
ox1 0x»o

Only the solutions for which L 5 ho, = 0 are G-projectable.

0
Oxq
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In that case

N 0 -
X(zp,23) = hz(fﬂz,fb‘:s)a— € X(M)
T

with M = R3/R = R?

The reduced generalized Dirac structure is
D(z) = {(v,v*) € R? x (R®)* | v € P}(x), v* € P1(z)}, =z ¢€R?

with

P P 0
Pl — PO = Span {d:c3}, i.e., Gl = GO p— P(i — span {_}
C>(R2) Ccoo(R2) (02
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Induced generalized Poisson bracket
Let Hy, Hy € C°°(M) such that Hy,Hy € Ap, i.e.
3X; such that (X;,dH;) € Dy, j=1,2
There exist (X;,dH;) € D, such that X, ~r X; and H; = Hjo.

Then

{H1,Ho} 5(Z) = (dHp, X1)(2) = (dHp, X1)(x) = {H1, Ho} p(x)

with w(z) = Z.

Hence one obtains the induced generalized Poisson bracket on AD

{Hy,Hy}yom={Hyom Hyom}p,
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Example
Assume D closed and Py constant dimensional.

Then there exists a skew-symmetric linear map J : P; — (P1)™*, such
that

Dipe = {(X, ) € Xjpe(M) ® QL (M) | X — J() € Gg, o € P = G3}

Gp = P7 is constant dimensional and involutive, and defines a regular
foliation @& partitioning M into integral submanifolds of Gg.

Note that every X € Gg is a symmetry of D.

The set of leafs M = M/® is a smooth manifold.
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Example (cont’d)
Note that Py = Q; (/). Indeed, a = 7*a € G = P;.
Then D restricts to a Dirac structure D on M given by

:;jloc — {(Xa&) < %ZOC(M) D Qlloc(M) | X = j(&)}

for some skew-symmetric linear map J : 2} (M) — X;,.(M)

Hence Ar = C°(M) and J is exactly the structure matrix of the
Poisson bracket {-,-}p.

Theorem A closed Dirac structure with Py constant dimensional
projects to a Poisson structure of the leaf space M/®.
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Regular reduction of implicit
Hamiltonian systems
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Hamiltonian symmetry Lie group
Let G be a symmetry Lie group of (M,D,H).

Assume that there exists an Ad*-equivariant momentum map
P : M — g* such that

where Pi(x) = (P(z),§), * € M.

[.e. every &7 is a Hamiltonian symmetry.

Then P, £ € gis a first integral of (M, D, H).
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Projection after restriction (1/2)

Assume p € g* is a regular value of P, then P~1(y) is a smooth
submanifold of M.

Assuming the constant dimensionality conditions are satisfied, (M, D, H)
restricts to an implicit Hamiltonian system (N,Dp,Hy) OoOn N =

P=1(w).

Consider the isotropy group
Gu={g9€G|pg(P () C P 1 ()}
= {9 € G| Ady(p) = p}

Then Gy is a symmetry Lie group of (N,Dy, Hy).
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Projection after restriction (2/2)

Assume the action of G, on N is free and proper, then
M, = N/G,, = P~ 1(u)/G, is a smooth manifold.

Assuming the constant dimensionality conditions are satisfied,
(N, Dy, Hy) projects to an implicit Hamiltonian system (M, Dy, Hy,).

Note If D is closed, then also D, is closed.

Examples

e If D is the graph of a symplectic structure w, then D, is the
graph of the Marsden-Weinstein reduced symplectic structure
wu.

e If D is the graph of a Poisson structure {-,-}, then D, is the
graph of the reduced Poisson structure {-,-},.
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Restriction after projection (1/2)

Assume the action of G on M is free and proper.

Assuming the constant dimensionality conditions are satisfied, (M, D, H)
projects to an implicit Hamiltonian system (M/G, D, H), with H =
Hom.

Define the coadjoint orbits, forming a regular foliation of g*,

Ou={Ady(n) g€ G}, peg

The leaf space is the quotient space g* = g* /G, with projection map

w.gt— g

The momentum map P defines a map P: M/G — g* by

Por=woP
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Restriction after projection (2/2)
Assume [ is a regular value of P.

P is a “Casimir" function of (M/G,D, H), in the sense that every
X € Gy is tangent to the level set P~1(p).

Then (M/G,D,H) restricts to an implicit Hamiltonian system

(P—l(ﬁ),Dﬁ,Hﬁ) (the constant dimensionality conditions are sat-
isfied because P is a “Casimir’!).

Note If D is closed, then also Dﬁ IS closed.

Remark

e Take i = w(w), then P~1(a) is equal to the quotient space
P~1(0W/G.
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Diagram Let ¢ be such that the diagram commutes (z = w(un))
M

L1 T

P~1(w) M/G
Ty L2

PYw)/Gu ¥ P

Theorem D, and Dy are isomorphic via 1, i.e.

(X, ) € (Dp)ioe = (X, (¥") ) € (D)o

Theorem H, = Hjo. Hence the implicit Hamiltonian systems
(My, Dy, Hy) and (P~1(@), Dy, Hy) are equivalent up to isomor-
phism.

In particular, z(t) is a solution of (M, Dy, Hy,) if and only if ¥ (x(t))
is a solution of (P~1(a), Dy, Hy) .
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Horizontal symmetries

Recall the assumption that G is a Hamiltonian symmetry group of
(M,D,H), i.e.

(Er,dFe) €D, VE€ g

Thus &7 € Gq, V€ € g.

A vector field Y is called a horizontal symmetry of D if Y is a
symmetry of D and Y € Gj.

In particular, every Hamiltonian symmetry is horizontal.
In general Let G be a symmetry Lie group of D. Then the set

of horizontal symmetries is generated by a normal Lie subgroup
K CAG.
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Reduction using horizontal symmetries
Consider (M, D, H) and assume G constant dimensional.

Let w(x) : TxM — T;M, x € M, be a skew-symmetric linear map
such that

D(z) = {(v,v*) € Ty MxT; M | v*—w(x)v € G1(x)°, Vz € M, v € G1(x)}.

Assume there exists an Ad*-equivariant momentum map P: M — g*
such that

I[.,e. G is a Hamiltonian symmetry group with respect to w.
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Let K C G be the horizontal symmetry Lie group of (M, D, H), with
Lie algebra ¢t.

Since &7 € Gy for all £ € &

Define the horizontal momentum map P, : M — € to be the re-
striction of P to £. Note that P, is Ad*-equivariant.

Then P, is a first integral.

(M, D, H) can be reduced to an implicit Hamiltonian system
(My, Dy, Hy), where M, = Pt (u)/Kp.

The reduced system has a symmetry Lie group L = G/K and can
be reduced further to the quotient space MM/L. This gives a total

reduction of dimension G + K.
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Regular reduction of constrained
mechanical systems
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Consider the configuration manifold @ and let {«aq,...,a} be a set
of independent one-forms on @, defining the kinematic constraints

a;(q)g=0, qeq@
Define the codistribution P = span {ay,...,ar} C T*Q.

The cotangent bundle projection TQ : T*(Q) — @ defines a codistri-
bution Pg C T*(T*Q) by vertical lift

PO = Span {7‘(‘22051, ce ,7‘(‘220%}

The constrained mechanical system is defined by (7T*Q, D, H), where

D(q,p) = {(’U,’U*) S T(q7p)T*Q X Tik%p)T*Q | v* —wv € Py, v e P8}

with w = dg A dp the canonical symplectic form on T*(Q.
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Let G be a Lie group acting on  such that LgQPQ C Pg, V¢ € g.

Moreover, assume G acts horizontally, i.e. §g € PZQ, VE € g.

The action of @ lifts to an action on T*(Q satisfying
LgT*Qw =0 and LET*QPO C Po
as well as

LgT*Q C G = P8

Hence, assuming G-invariance of H, G is a horizontal symetry Lie
group of (M,D, H).
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The action admits an Ad*-equivariant momentum map P : T*Q) — ¢g*
defined by

(P(q,p),€) =p'éga), €€y
such that

d(P, &) = w(ér=q)

Since the symmetries are horizontal, it follows that

(Er+g,dP:) €D, VEeg

and P is a first integral of (M, D, H).
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Reduction yields the implicit Hamiltonian system (M, Dy, H,) on
M, = P~ (u)/G, with

D(z) = {(w,w*) € TuyMy, X Th My, | w* — wy(x)w € Ph, w € (Pg)o}

where

e wy is @ symplectic form on M, defined by *w = 7wy

(1, ; P_l(,u) —T*Q and my: P_l(,u) — MM)

e PQ C T*M, is defined by

Pf =span {8 € Q'(My) | 7} € span {*(rHa1), ..., (rHoy)}}

The system is again of a ‘“constrained mechanical format’ .
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Singular reduction of
implicit Hamiltonian systems
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T he singular reduction problem

Given is a vector subbundle Gg C T'M and a generalized Poisson
structure § : Gj — (G{)*. Define the Dirac structure by

D(z) = {(v,v*) € TeM @ T M | vlge = #(x)v*, v* € G3(a)}.

The vector field Y € X\;c(M) is a symmetry of D if £y off =fo £y

A symmetry Lie group of a Dirac structure of this type is a smooth
left action ¢ : G x M — M satisfying ¢ 0l = fo¢, and Z €
Coc(Go) = ¢3Z € Tioc(Go), Vg € G.

So V¢ € g == &)y IS a symmetry of D.

It is not assumed that G acts reqgularly on M.

Assume ¢ admits a momentum map J : M — g* g (&ps,dIS) €
D,VE € g, where Jé(z) = (J(),¢&),Yx € M. Suppose J is Ad*-
equivariant.
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If uw = 0 is a singular value of J form the quotient topological space
Mo :=J"1(0)/G. = :J~1(0) — My canonical projection.

fo € CO9(Mp) is called smooth, denoted fo € C>®(Mp), if 3f €
C>®(M)% such that foomr = fl3-1(0y-
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Reduced generalized Poisson bracket

Let {-,-}: C®°(M) xC*®(M) — C°°(M) denote the generalized Pois-
son bracket corresponding to f.

Define a generalized Poisson bracket {-,-}g : C*°(Mp) x C°°(Mp) —
C>®(Mp) as follows:

If fo,hg € C®(Mp) let f,h € C°(M)C be such that fgom = f|J—1(0)
and hgom = h|J—1(O)' Then define the bracket {-,-}go by

{f07 hO}O O — {f7 h}|J—1(O)

Does not depend on the choice of the G-invariant extensions f, h.
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Reduction of the ‘characteristic distribution’ Gg

Mg is not a manifold, so it is hopeless to search for a subbundle
of the inexistent tangent bundle of My. Seek a vector space of
derivations G on C*°(Mg) naturally induced by Gg. We shall show
that every vector field X € IM,c(Gp) is “tangent” to N = J~1(0).

e 1 regular value of J = N = J1(u) is a submanifold of M, this
means that X restricts to a well defined vector field X on N.

e 1, = O singular value of the momentum map == N is not a smooth
manifold. What is “tangent”? Recall X(M) «—— {derivations on
C°(M)}: X+— £x=X

A derivation X on C*°(M) is said to be tangent to the subset N ¢ M
if it restricts to a well defined derivation X on the set of Whitney
smooth functions on N.
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A continuous function f on N is said to be a Whitney smooth
function if there exists a smooth function f on M such that f = f|y;
the set of Whitney smooth functions on N is denoted by W (N).

X is tangent to N if there exists a derivation X on W (N)
such that X[f](z) = X[f|n](z) for all f € C>°(M) and all x € N.

A necessary and sufficient condition for Xto be tangent to N is
that X[f](xz) = X[h](x),Vx € N,Vf,h € C°(M) such that f|ny = h|xN.

If N is a smooth closed submanifold of M and M is paracom-
pact, then W (N) = C°°(N) (relative to the differential structure
on N ). In this case, the previous definition has the usual meaning of
a vector field X being tangent to the submanifold N. Consequently,
its restriction X to N vyields a vector field on N.

~(t) is an integral curve of X € X(M) (as a derivation) through
xg € M if

1G0) = XIAG®), ¥, ¥ € C(M), 5(0) = o
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X € Moc(Go), v(t) integral curve of X through zg € J-1(0), so
©IEG() = X)) =0, Vi, ¥ €
d Y 8 y Vi, 9,
since (&£y7,dJS) € ©® which implies that dJé(z) € (Gp)°(z), Vx €
M. Thus the integral curve of X € IN'yc(Gp) through every zg €
J=1(0) is contained in J—-1(0). By the equivalence of derivations
and velocity vectors it then follows that
X[Al@o) = 5| fGm)="5]  hG®) = Xh(w),  (36)
t=0 dtl
for all f,h € C°°(M) satisfying f|y = h|n. This shows that every
vector field X € IMyc(Gp) is tangent to N = J~1(0). Consequently,
every vector field X € IM'o<(Gp) restricts to a well defined derivation
X on W>®(N). So, the constant dimensional distribution Gg on M
restricts to a vector space Gg of derivations on W>(N). If Gg is
locally spanned by the independent vector fields X4,...,Xm, then
Go is locally spanned by the independent derivations Xq,..., Xm.
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Show that the distribution Gg on M projects to a well defined vector
space Gg of derivations on the smooth functions C>®(Mj).

X € X(M) projects to My if 3X, derivation on C>®(Mj), such that
X[f1(z) = X[fol(nx(z)), Yz € N,Vf € C®°(M)E, where fy is defined
by foom = f|n. Itis clear that X restricts to a well defined derivation
X on C*®(Mp) if and only if

1. X[f](z) does not depend on the extension of fyow off N to M,
2. X[fl(z) = X[f](y) for all z,y € N such that n(x) = 7 (y).

Recall X € IMyc(Gg) = X tangentto N = X|[f](z) = X[f|n](z) =
X|[fo om](x), YVx € N. Therefore its value does not depend on the
extension of fogom off N to M. It remains to show that

X[fl(z) = X[f]l(y), Vx,y € N such that n(z) = n(y). (37)
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In general, this condition will not be satisfied by every local section
X of Gg. To see this, assume that Y is a local section of Gg for
which condition (?7) is satisfied. Clearly, X = hY is also a local
section of Gg, for any h € C°°(M). However, X will satisfy condition
(??) if and only if h is G-invariant, i.e. h € C°(M)C.

However, we show: T here exists a basis of local sections X4,...,Xm €
Moc(Go), spanning Gq, all of whose elements satisfy (?77).

Proposition Vzg € M, 33U, open neighborhood of zg, and a finite set
X, € N'(Go)|y with the property that span{X,;(x)} = Go(z),Vz € U,
such that [£y/, X;](x) € g- =, V€ € g.

So vf € C¥(M)Y = 0= [X;, én] [f] = X; | £¢,f| = £¢,,(X[f]) =
—£e, (X5[f]), V6§ € g = X;[f] is G-invariant, so satisfies (77).
Thus, there exists a basis X1,...,Xm € INcc(Gp), spanning Gg, such
that each X, projects to a well defined derivation X; on C*°(Mp).
The derivations X1, ..., X, locally span a vector space of derivations
on C*°(Mgp), which we will denote by Gp.
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Singular reduced Dirac structure on Mg

The singular reduced Dirac structure Dg is defined by the pair
({-,-}0,Go). Dg is a topological Dirac structure.

Note: In the case of regular reduction, Dg as defined above equals
the regular reduced Dirac structure.

Integral curves

A continuous function v on Mg is said to be smooth if fogo~v is
smooth, for all fo € C*°(My).

Let X be a derivation on C>®(Mp). An integral curve of X, through
some point xg € My, is a smooth curve ~ for which

= For(®) = Rfol (v(8)), V8, %o € C™(Mo),+(0) = o,
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Singular dynamics

A smooth curve « if called a solution of the singular reduced implicit
Hamiltonian system (Mg, Do, Hp) if there exists a derivation X on
C>®(Mp) such that ~ is an integral curve of X, and

X(v(@®) = {-, Hoyo(v(¥)) € Go(v(t)), Vi (38)
Z[Ho](’y(t)) = 0, \V/t,\V/Z c Go.

Notice: No DAEs!

Example: Assume (M, D, H) does not include algebraic constraints,
i.e., Go=0. Then also Gg =0 and (??) becomes

S Fo(r(®) = {fo, Hoo(()), ¥4, ¥fo € C(Mo)
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Solutions on Mj

A G-projectable solution is a solution z(¢t) of (M, D, H), which is
the integral curve of a projectable vector field X on M, such that
X projects to a well defined derivation X on C*®(Mjp).

Proposition Every G-projectable solution z(¢t) of (M, D, H), with
2(0) € J71(0), projects to a solution ~(t) = n(xz(t)) of the singular
reduced implicit Hamiltonian system (Mg, Dg, Hp).
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Orbit type decomposition
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Specific assumptions

Recall the Dirac structure: G C T M vector subbundle, § : G° —
(G°)* skew,
D(z) = {(v,v*) € TeM x Tf M | v|ge = f(z)v*, v* € Gg(x)}

and the momentum map (&y,dJ%) € ©,V¢ € g. Hypotheses:

e ff iSs nondegenerate
o &y = (dIS)! and dJS € G, for all £ € g

e (7 acts properly, M is paracompact
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Orbit type decomposition of Mg

Under these conditions it follows that:

Hence, J=1(0) N Mgy is a smooth submanifold of M, for every
compact subgroup K C G.

(As usual Mgy ={z € M |Gz ~ K}.)

Moreover, the quotient (Mo)(K) = (J_l(O)ﬂM(K))/G = 7(J-1(0)n
M) is @ smooth manifold.

This yields the orbit type decomposition

Mo = [I (Mo)xy
(K)

Summer School on Poisson Geometry, Trieste, July 2005
184



Reduction to the pieces

e The generalized Poisson bracket {-,-} on M induces a general-
ized Poisson bracket {-,-}xy on COO((MO)(K)).

Assume there exists a set of local sections X of GGg, spanning G,
such that the flow of X; commutes with the G-action. So flow of
X, preserves the submanifold M(K).) (E.g., assume GogNV =0.)

e The distribution Go on M reduces to a distribution G(gy on
each piece (Mo)(K)-

e Define the Hamiltonian H pyom gy = H|J—1(O)mM(K)-

The triple ((MO)(K),D(K),H(K)) defines an implicit Hamiltonian
system on the piece (Mo)(K)-

Notice: DAES!
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The reduced implicit Hamiltonian system

e The system ((Mo) k), Dk, H(x)) is the regular reduction of
(M, D, H) to the piece (Mo)(K)-

e The system ((MO)(K),D(K),H(K)) is exactly the restriction of
the singular reduced implicit Hamiltonian system (Mg, Dg, Hp)
to the piece (Mo)(K)-

e A solution ~(¢) of (Mo, Do, Hp), with v(0) € (Mop)ky, Pre-
serves the piece (Mo)(K) and restricts to a sulotion ~(t) of
((Mo) k), D(xey> Hiroy)-
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Example: the spherical pendulum
cf. [Arms, Cushman & Gotay, 1991], [Cushman & Bates, 1997]
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Configuration space and constraints
Configuration space Q = R3\ 0.

Holonomic constraint:

a(g)g = 0, with a(q) = q1dq1 + godgo + g3dg3

which integrates to ¢% + ¢35 + ¢5 = 1.

Symmetry Lie group sl acting on () by rotations about the vertical
q3-axis.
o 0

o(q) = —qo— 4+ qg1—
« 23Q1 13Q2

The constraint is invariant under the Sl-action. Moreover, the
action is horizontal.
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The cotangent bundle

Cotangent bundle M = T*Q = (R3\ 0) x R3, with canonical sym-
plectic form w = dg! Adp1 + dg? A dpo + dg3 A dps.

Characteristic distribution:

9, 9, 9,
Go=span{X =qg1— +q¢p— +q3—}
Op1 Opo Op3

Hamiltonian energy function:

1
H(q,p) = 5(10% + p3 +p3) + g3

Lifted action on M:

19, 0 0 9,
Evi(g,p) = —qo—+q1— —po— +p1—
0q1 dqo Op1 Opo

with conserved momentum map J(q,p) = q1p> — qop1.
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Singular reduced space

Algebra of Sl.invariant polynomials on M:

>, 2, 2 2, 2
o1 = g3, o3 = pi + p5 + p3, o5 = q] + g5,
oo = p3, o4 = q1p1 + 922, o6 = q1p2 — q2p1 = P(q,p)

with (in-)equalities

GZQL + O'g = o5(03 — 0%), o3 > 0, o5 >0

The Hilbert map for the Sl-action is defined by

o :R® = R®  (q¢,p) — (01(¢,p);---,06(q, D))

The singular reduced space is given by the semialgebraic variety
Mo = a(J—l(O)):

MO:{(017°°‘7G5) ER5|0421:O-5(0-3_0-%)7 o3 > 0, 05 ZO}

Summer School on Poisson Geometry, Trieste, July 2005

190



Reduced Poisson bracket & derivation

A function fg on Mg is smooth if and only if 4 a smooth Sl invariant
function f(o1,...,06) such that f(oq1,...,05,0) = fo(o1,...,05).

The reduced Poisson bracket is given by

{os, 050 | o1 00 03 o4 o5
o1 0 1 205 0 0
oo | —1 0O 0 0 0
o3 | =205 O 0 —2(o3 — 0%) —4oy
o4 0 0 2(o3— O'%) 0 —205
o5 O O Adog 205 0

The vector field X reduces to a derivation X on C®(My) by

. 0 0 19,
X[fol = %01 + ?22(04 + o102) + Tfias
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Reduced dynamics
The reduced Hamiltonian is given by Ho = 303 + o71.

The singular reduced Hamiltonian dynamics is defined by the triple

(Mo, Do = ({:,}0, Go), Ho)

“Integration” of the holonomic constraint: the function C(q q q3) —
(q1)2 + (612)2 + (q3)2 — 1 projects to the function

Co =05 + a% —1
which is a Casimir function of the system.

(I.e. X[Co] =0 and {-,Co}o = —2X € Go.)
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Orbit type decomposition

The singular reduced space Mg is decomposed into two smooth
manifolds:

e [ he first piece corresponds to the fixed points of the Sl_action
(i.e., ¢t =¢? =p1 =py=0).

(MO>(51) — {(017°°°705) S R5 | g3 _O-g =0, 04 =0, 05 = O}

e [ he second piece corresponds to the complement, on which the
Sl-action is free and proper.

(Mg)(ey = {(01,-..,05) € R®| 07 = 05(03 — 05),
03—0320, og > 0, 0'5—|-O'3—O'%>O}

Summer School on Poisson Geometry, Trieste, July 2005

193



Dynamics on the pieces

e The dynamics on (Mo)(sl) consists of the stable and unstable
equilibrium points (0,0,+1,0,0,0).

e [ he dynamics on (Mo)(e) IS given by the ordinary differential

equations:
o1 = 09, oo = —1401(01 —03), 03 = —2092,
o > 2 .
04 = 01— 05 —o1(01 — 03), 05 = —20109,

satisfying the constraint o4 + 010> = 0.

The planar pendulum equation is obtained by taking q1
and ¢2(t) = siny(¢) and ¢3(t) = — cos ().

p1 =0

Then the above equations lead to the usual equation of motion:

) = —siny
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Optimal control and implicit
Hamiltonian systems
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Nonlinear control systems

Let

e () be a smooth n-dimensional manifold
e U be a smooth m-dimensional manifold

e F':Q xU —T¢ be a smooth function, such that

tgoF=p, e F(qu)=(q, f(q,u)) with f(q,u) € T,Q,
with 7o 1 TQ — Q and p: Q XU — Q

Note that F defines a set of smooth vector fields {f(-,u) },ecr ON Q.

Then a nonlinear control system is defined by

¢ = f(q,u), (g,q,u)eTQxU

Summer School on Poisson Geometry, Trieste, July 2005

196



Optimal control problems

Let

e L:Q xU — R be a smooth function (called “Lagrangian™)
e K :(@Q — R be a smooth function (*“end cost”)

Define the cost functional J: QR x UR - R

IO, u()) = [ LCa), u(®))dt + K (a(T))

The (fixed time, free terminal point) optimal control problem is
defined by:

minimize J under the constraints ¢ = f(q,uv) and q(0) = qp € Q.
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The Maximum Principle

Let (g,p) be local coordinates for T*Q and define the Hamiltonian

H(q,p,uw) =p! f(g,u) — L(g,u), (q,p,u) €T*Q x U

Theorem (M.P.) A necessary condition for (q(t),u(t)) to be a
solution of the optimal control problem is the following: there exists
a smooth curve (q(t),p(t),u(t)) € T*Q x U such that

() = 77 (a(),p(0), u()
p
5) =~ (1), p(), ()
q

0— 2—Z<q<t>,p<t>,u<t>>

under the boundary conditions ¢(0) = gqg and p(T) = —%—I;(q(T)).
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Remarks

e [ he boundary conditions

p(T) = —%—fmm)

are called the transversality conditions

e [ he general condition is

H(q(t), p(t), u(t)) = max H(q(t),p(t), )

UE

hence the name maximum principle.

e [ hroughout we will assume that the optimal control problem
has a solution, and only discuss the geometry of the problem.
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Example — Euler-Lagrange equations
A typical variational problem is given by

minimize [¢ L(q,q)dt over all smooth curves q(t) € R™ satisfying
q(0) = qo.

Setting the first order variation 5]’OT L(q,q)dt to zero leads to the
Euler-Lagrange equations.

Alternatively, define the optimal control problem

minimize [ L(q,u)dt under the constraints ¢ = u and
q(0) = qo € Q.

Define the Hamiltonian (Legendre transform)

H(q,p,u) = plu— L(q,u)
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Then the Maximum Principle yields the necessary conditions

iD= 20,0, u() = u(b),
p
5 = 220,00, u() = (D), u(®))
q 9q
0= 220, p(®,u®)  =p(t) ~  (a(®), u®).

These are equivalent to the Euler-Lagrange equations

d

3 (S a.d0)) = SEao. ) = o

2L

When the regularity condition det (m = 0 is satisfied,
1Y)

)i,j=1,...,n
then the Hamiltonian equations follow:

i(t) = %—;’m(w,p(t», p(t) = —%—f<q<t>,p<t>>
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Implicit Hamiltonian system

Let w = dg A dp be the canonical symplectic form on T*Q, and let
w€ be its trivial extension to T*Q x U. In local coordinates

w(q,p,u) =dgAdp, (g,p,u) €T QxU

Define the closed Dirac structure D on T*Q x U by (x = (q,p,u))

D(xz) = {(v,v") €e T (T Q x U) x T (T*Q x U) | v* = w v}
(pre-symplectic structure). IL.e.,

<

D(z) =< (v,v") € Tp(T*Q x U) x T;(T*Q x U)

i~

S
S X *Q %

O — In O 'Uq
O O O Vu

Then the optimal control problem defines an implicit Hamiltonian
system (T*Q x U, D, H).
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Symmetries of optimal control
problems
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Consider a Lie group G, with smooth left action ¢ : G X Q — Q.
G is a symmetry Lie group of the optimal control problem if

[£(u),60] =0, Le,L(-,u) =0, Vu € U and Le , K =0, VE€g

Assume the action of G is free and proper so that /G is a smooth
manifold, with canonical projection = : Q — @Q/G a surjective sub-
mersion.

T hen

o f(-,u) projects to a vector field f(-,u) = mf(-,u) on Q/G, for
all u e U

e L(-,u) projects to a function L(-,u) : Q/G — R, by L(-,u) =
L(-,w)om, for all wu e U

e K projects to a smooth function K on Q/G, by K=Ko
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The cost functional J: (Q/G)® x UR — R becomes

TGO, u0) = [ LG, w)dt + K@)

The reduced optimal control problem is given by

minimize J under the constraints ¢ = f(G,v) and g(0) = n(qp) € Q.

If (q(t),u(t)) is a solution of the optimal control problem, then
(q(t),u(t)) = (7(q(t)),u(t)) is a solution of the reduced optimal
control problem, and

J(q(-),u(-)) = J(@(),u(-))
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Define the reduced Hamiltonian

a(g,p,uw) =p' f(Gu) — L(G,u), (§,p,u) € T(Q/G)xU

Note that H(q,p,u) = H(q,n;(p),u), where x} : T (Q/G) — T3Q s
the dual of Tym : T4Q — T5(Q/G).

The Maximum principle vields

() = 2 (@), 5(0), u()),
p
PE) =~ (@00, 5(0), u()),
q

OH . _
0= a—(q(t),p(t),u(t))
u
with the boundary conditions §(0) = 7 (gp) and p(T) = —%—fg(Q(T)).
This defines a reduced implicit Hamiltonian system

(T*(Q/G) x U,D, H)
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Alternatively, consider the implicit Hamiltonian system
(T*Q x U,D, H).

The action ¢ of G on @ lifts to an action ¥ on T*Q by
vy = (¢,-1)", VgeG

This action leaves the sympletic form w = dg A dp invariant, and
hence is Hamiltonian, i.e.:

w(ér+g) =dP:, VEeg

with Ad*-equivariant momentum map P : T*Q) — g* defined by

P(q,p)(&) =p'¢g(a), VEe€g, (¢,p) € THQ.
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Consider the trivial fiber bundle M = T*(Q) x U and the projections
mrxQ - M —T*Q and ny - M — U.

Define the trivial extensions
o f%*Q € TM such that TWT*Q(g%*Q) = &7+ and TwU(g%*Q) =0
o P°: M—>g* such that P¢ = POT('T*Q

Then we(g%*Q) = dPé‘?, V¢ € g, and hence

(§7+q.dPE) €D

Since D is closed this implies that g%*Q IS a symmetry of D.

Summer School on Poisson Geometry, Trieste, July 2005

208



In local coordinates, if £n(q) = h(q)9q, then

oh
Er+(a,p,u) = h(q)0q — pTa—q(q)é’p
and hence
of OL
Lee H = pl 2L h - h _
eon (0 pu) =p aq(q,u) (q) 6,q(q,u) (¢) —p

= p  [f (), €0()1(q) — Le,L(q,u)
=0, V(g,pu)eT*QxU

70h

a—q(cz)f (q,u)

This implies that G is a symmetry Lie group of (T*Q x U, D, H), and
hence PF¢€ is a first integral.

In fact, the transversality conditions imply

P(q(T),p(T)) (&) = p(T) " ¢g(a(T)) = —(Leg, K)(q(T)) =0, VEeg

hence the momentum map P¢€ has constant value zero.
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The implicit Hamiltonian system (T*Q x U, D, H) can be reduced to
an implicit Hamiltonian system (Mp, Do, Hg) on Mg = (P€)~1(0)/G.

The reduced Dirac structure is given in terms of local section by

(D0)10e = {(X,8) € X(Mp) @ QT (Mp) | & = w§(X)}

where wg is the trivial extension of the symplectic form wg on
P~1(0)/G defined by

7'('8000 = fw
with ¢ : P~1(0) - T*Q and =y : P~1(0) — P~1(0)/G.

Standard classical references show that (P~1(0)/G,wg) is symplec-
tomorphic to T*(Q/G) with its canonical symplectic form .
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Let 7 : P~1(0)/G — T*(Q/G) denote the symplectomorphism be-
tween (P~1(0)/G,wq) and (T*(Q/G),®).

Let 7¢: Mg — T*(Q/G) x U be its trivial extension. Then

e Dy and D are isomorphic via 7¢

e Hy=Hor°

Theorem (Mg, Do, Hp) is isomorphic to (T*(Q/G) x U, D, H).

In other words: the Maximum Principle commutes with reduction.
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Generalized symmetries
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Recall the implicit Hamiltonian system (T*Q x U, D, H) with Dirac
structure

D(x) = {(v,v") €e To(T"Q x U) x T (T*Q x U) | v* = wv}

Recall the bundle M = T*Q x U and its projections nps«g : M — T7Q
and iy - M — U.

A vector field X € X(M) is horizontal if (77)«X = 0, and vertical if
(WT*Q>*X = 0.
The (co-)distributions of D are given by

GO — Tvert (T*Q X U)7 G]. — T(T*Q X U))
Po = O, Pl = TFTOI’ (T*Q X U).

The set of admissible functions is given by

Ap={H € C*(T"Q xU) | H(q,p,u) = H(q,p)}.
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Let Y € X(M) be a symmetry of D, in local coordinates

o o o
Y(Q7p7 ’U,) — YC](Q7p7 U)— _I_ Yp(%pa U)— _I_ Yu(Qapa ’LL)—
dq Op ou

T hen

e LyGy C Gg (so [Y, 2] € span {2}) implies Yy(q,p,u) = Yy(q,p)
and Yp(gq,p,u) = Yp(q,p)

e Ly{Hy,H>}p = {LyH1,Ho}p + {H1,LyH>}p, for all Hy,H> €
Ap implies

Lyw =0, where Y = (mp«g)«Y

Hence Y is locally Hamiltonian, i.e. 3 € C>®(T*Q) such that

dﬁ — i?w
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Define H¢ = H o 7+, then

(Y,dH®) € D

Noether theorem for optimal control problems

Let Y € X(T*Q x U) be a weak symmetry of (T*Q x U, D, H). Then
there exists (locally) a function H € C®(T*Q) such that H®¢ is a
first integral of (T*Q x U, D, H).

Conversely, let H € C®(T*Q) be such that H¢€ is a first integral of
(T*Q x U,D,H). Then the horizontal vector field Y € X(T*Q x U)
defined by dH = igw is a weak symmetry of (T*Q x U, D, H).
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Reduction for configuration-control symmetries
Consider a Lie group G with smooth left action on both the con-
figurations and the control, defined by

0. GXxQQxU—-QxU

such that ¢gomg = mpoby for some smooth left action ¢ : GXQ — Q.

That is
0g(q,u) = (¢g(a), 0(q,u))

This defines a symmetry of the optimal control problem if

T¢g'f(°7'):foeg('7')7Loeg:LaKo¢g:Ka ngG
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The action 6 of G on Q x U lifts to an action 8 on T*Q x U by

0(g,p,u) = ((¢,-1)*(g,p), 05 (q,w))

It follows that H o & = H, hence G is a symmetry Lie group of the
implicit Hamiltonian system (T*Q x U, D, H).
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Regular state feedback
Recall the nonlinear control system ¢ = f(q,u).

Consider a vector bundle isomorphism ~v : QxU — Q x U, i.e. TQOY =
g and 4 : U — U is a diffeomorphism for every q € Q.

A regular state feedback is defined by: (q,u) = v(q,v) = (q,v¢(v))

It defines a new control system: ¢ = fo~(q,v) = f(q,v4(v))

The optimal control problem is invariant under regular state feed-
back.
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There exists a regular state feedback v: Q x U — @ x U such that
the optimal control problem defined by

f'=1foy, L'=Loy, K'=K

has state space symmetry ¢ : G X QQ — Q, i.e.

[f'(v),6Q1 = 0, Lg, , L'(-,v) =0, Yo € U and L, K' =0, V{e€g

and we can reduce the optimal control problem to (Q/G) x U.
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Alternatively, define a bundle isomorphism ~¢ : T*Q x U — T*Q x U.:

v(gq,p,v) = (q,p,v4(v))
Then v*w® = w® and H' = H o ~°.

Hence the two implicit Hamiltonian systems (T*Q x U, D, H) and
(T*Q x U, D', H") are isomorphic.

(T*Q x U, D', H") has state space symmetry Lie group G and can be
reduced as described previously.
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Constrained optimal control
problems
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Consider the nonlinear control system

¢ = f(q,u)

subject to the constraints

b(q,u) =0

Assume the following regularity condition is satisfied:

ob
—(gq,u) has full row rank V(q,u) € Q x U

ou

The constraints can be holonomic

T
@) =0 = b(q,u>=Z—Z (@) f(q,u) = O

or nonholonomic

h(q,qg) =0 = b(q,u) = h(q, f(q,u)) =0
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Let the cost functional be given by
T
J(q(-),u(-)) =/O L(q(t),u(t))dt + K(q(T))
Then the constrained optimal control problem is defined by

minimize J under the constraints ¢ = f(q,u) and b(q,u) = 0 and
q(0) = q0 € Q.

Again, define the Hamiltonian

H(q,p,uw) =p! f(g,u) — L(g,u), (q,p,u) €T*Q x U
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T he Maximum principle

A necessary condition for (q(t),u(t)) to be a solution of the opti-
mal control problem is the following: there exists a smooth curve
(q(t),p(t),u(t)) € T*Q x U such that

() = 7 (a(8),p(0), u(®).
p
5) = =27 (a(0), p(D, u()) + 5 (a(8), u(DAD)
q 9q
0= 2 a(®), p(1), u(®)) — 1 (a(B), u(DAD)

along with the constraints

b(q(¥),u(?)) =0
and the boundary conditions ¢(0) = qg and p(T) = —%—I;(q(T)).
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Differentiate the constraints to get

20 (at), w(®)it) + o (a(®), u(B))i() = O
q 8u

The constrained optimal control problem defines an implicit Hamil-
tonian system (T*Q x U, D, H) with Dirac structure

D(x) = {(v,v") €e T (T"Q x U) x T (T*Q x U) |

_ - _ - - - T
,U; 0] _In 0 'Uq g_lq)
v, | —|In O O vp | € span o |,
vy O O O Vuy o
) ) ) - ) L Ou
Ob ob | Y4
0= [ A 0 a ] Up }7
dq ou
L vu -

where x = (gq,p,u) € T*Q x U.
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Define the distribution
Gy = (db)°

Then the Dirac structure D can be written as

D(z) = {(v,v") € To (T QxU)XT(T*QxU) | v*—wv € Gi(z), v € G1(x)}

The regularity condition implies that Gy is constant dimensional.
As the kernel of an exact one-form it is also involutive.

Hence, D is closed.

(Note that D is not a pre-symplectic structure.)
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Consider a Lie group G, with smooth left action ¢ : G X Q — Q.

G is a symmetry Lie group of the constrained optimal control prob-
lem if

[f(u), &0l =0, LgQL(-,u) = 0, Yu € U and LSQK =0, VEeg
and

Lng(,’UJ) =0, V&eg.

The reduced constrained optimal control problem is given by

minimize J under the constraints ¢ = f(q,v) and b(g(t),u(t)) =0
and g(0) = n(qo0) € Q.

This defines a reduced implicit Hamiltonian system
(T*(Q/G) xU,D,H).
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Alternatively, the action ¢ of G on Q lifts to an action ¥ on T*Q:

g = (p,-1)*, VgeG,

which is Hamiltonian

w(ér+g) =dP:;, VEeg.

Now, Lng(-,u) = 0 implies grf;*@ € G1. Hence

(ET+q.dPE) €D

and it follows that G is a symmetry Lie group of (T*Q x U, D, H),
with first integral P¢.

The system can be reduced to an implicit Hamiltonian system
(Mo, Do, Hg) on Mg = (P¢)~1(0)/G.

Again, the Maximum Principle commutes with reduction.
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Generalized symmetries

The (co-)distributions of D are given by

Go = Tyert (T*Q x U) N (db)®, Gy = (db)®,
Po = span {db}, P1 =Ty, (T*Q x U) + span {db}.

The admissible functions include

Ap D{H € C*(T"Q x U) | H(q,p,u) = H(q,p)}.

Let Y € X(M) be a symmetry of D, in local coordinates

0 0 0
Y(Q7p7 ’U,) — YC](Q7p7 ’LL)— + Yp(Qapa U’)_ + YU(Qapv U)—
dq op ou

Assume [Y, Tyert (T7Q x U)] C Tyert (T7Q x U), then Yy(q,p,u) =
Yq(q,p) and Yy(q,p,u) = Yp(q,p).
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Again, Ly{H1,Ho}p = {LyH1,Ho}p+{H1,LyHo}p, forall Hy, Hp €
Ap implies

Lyw =0, where Y = (mp+g)«Y,
hence Y is locally Hamiltonian, i.e. 3H € C>®(T*Q) such that

dﬁ — i?w

Define H¢ = ﬁowT*Q and assume Y € Gy, then

(Y,dH®) € ®

Noether theorem for constrained optimal control problems

Let Y € X(T*Q x U) be a weak symmetry of (T*Q x U, D, H) such
that [Y, Tyert (T*Q X U)] C Tyert (T*Q x U) and Y € G;.

Then there exists (locally) a function H € C®(T*Q) such that H®
is a first integral of (T*Q x U, D, H).
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Port-Hamiltonian formulation of
distributed parameter systems
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The Hamiltonian formulation of distributed parameter systems is
usually based on the definition of a Poisson bracket with the use of

the differential operator %.

Assuming

e an infinite spatial domain where variables go to zero as |z| — o

e Or, bounded domain with boundary conditions such that the
energy exchange through the boundary is zero

Then % is a skew-symmetric operator (by integration by parts) and

defines a Poisson structure.
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Example: inviscid Burger’s equation

One-dimensional spatial domain M [a,b] C R, state variable

a(z,t), z € R, is the Eulerian velocity
O O

_ —— =0
ot +a82
Define the Hamiltonian
b A3
H(a) = Y dz
a O

2
T he variational derivative is given by %IO{ = 0‘2 and hence the system

can be written as the infinite-dimensional Hamiltonian system
oo 0 oH

ot 0z b
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Recall the definition of the variational derivative

H(a+ en) = H(a) —I—e/ (;—Hndz—l—()(e )

Then
b 3
H(a+en) = /(oz+6en)
3 + 3ea 77-'-0(62))
_/ 2
= H(a) + bo‘2 dz + O(e)
= o e/a ??7 z €
and hence
5H_a2
So. 2
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The differential operator —% defines a bracket

b §H1 ( 0 ) 0H»>
— | = dz
a O 0z/) o«

{Hy,Hy} =

which is a Poisson bracket under zero boundary conditions

{H1,Hy} = ab% : (_(;)z) Czizdz
_ [P 9sHy 5H2dz_5H1 OH> b
a 0z da da  da g
= —{Hp, H1}
iff
0Hy G0H; b 0
da  da lg
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Under zero boundary conditions (e.qg., a(a,t) = «a(b,t) = 0) the
Hamiltonian is conserved

I ={HH = {H H} =0

However, in general

d bdH
—H(a) = o 8adz
dt a 0 Ot
bSH 0 o0H
= — ———dz
a O« 0z O

1
= (8%(a) - 52 (0))

2
whereﬁz‘g—g:a—

Hence the Hamiltonian is not constant anymore, but depends on
the boundary conditions.
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Example: the vibrating string

One dimensional spatial domain M = [a,b] € R. Let
e z(2,t) denote the displacement of the string, and
e v(z,t) its velocity

Then the vibrating string is described by
Tr ="
10 o
A
uwoz \ 0z
with p the mass density and 1" the elasticity modulus of the string.

This is equivalent to the wave equation

02z _ 9 (T@)
Ot2 0z 0z

7
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Hamiltonian formulation of the vibrating string

Define the momentum a1 = pwv and the strain ap = %.

The total (kinetic 4+ potential) energy is given by
b1 (1
H =/ 5 (—a% —|—Toz%> dz
a p

The variational derivative is defined as

b (oH OH
<—771 + —?72> dz 4+ 0(€?)

H(ay+eny,ar+enn) = H(Oél,az)-l-G/
dap dao

a

which simply yields $& = &1 and ¢ = Ta,
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The dynamics of the vibrating string can be written as the Hamil-

tonian system
daq %) oH
| [ 9 az) (o
dao 9 0 oH
ot N 0z 5042

J

Again, J defines a Poisson bracket under zero boundary conditions.

E.g.

ox

O{]_(Cl,,t) — Oé]_(b, t) — Ma(zat) — 07

z=a,b

in which case the total energy is conserved: H = 0.
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However, in case of free boundary conditions we get

b
EHZ/ 5H.(9041+5H.8041 dz
dt a \day Ot dan Ot

b H H
:/<5H 85H+6 0 o )dz
a

daq | 0zdan  daon | 0zdaq
b

__ O0H oH
 daq1 bao

a

= f(b) - e(b) — f(a) - e(a)

where we defined the boundary variables

_ O0H :
o [ = 501l —q " the velocity, and
o e = 9H , the stress
0o z=a,b
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The energy balance

d

;11 = () - e(b) — f(a) - e(a)

shows that the time-derivative of the total energy is the balance of
the mechanical work done at the boundary points z = a and z = b.

The system can be written as
0 0 OH OH
( X1 OQ —e) cD

ot ’ 7f, (5051 5042

B
D = { (u17u27f7y17y27_6> | (Z;) — <g 802> <ZZ;>’
0z
<f>:<1 O><y1>
—e O _1 y2 Z:CL,b

where

iIs a Dirac structure
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Note that the system has two conservation laws:

e The total momentum P = ffjozl(z,t)dz, with

%P(t) = ey(1,1) — (0, )

e The total strain S = [?as(z,t)dz, with

d

&S — fb(lat) — fb(oat)

I.e., their time-derivatives only depend on the boundary variables.
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T he Stokes-Dirac structure

Let (everything assumed to be smooth)
e M be a n-dimensional manifold,
e with (n — 1)-dimensional boundary oM.
e QF(M), k=0,1,...n, be the space of k-forms on M,
° Qk(aM), k=0,1,...,n— 1 be the space of k-forms on oM

There is a nondegenerate pairing between QF(M) and Q" k(M)
defined by

(3,a) = /MB AN, ac QF(M), Be QR

Similarly,

(B,0)= [ BAa, aeQOM), §eQIHOM)
Hence QF(M) and Q™—%(M), respectively QF(OM) and Q" 1-F(aM),
can be regarded as dual spaces.
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Define the linear space
F=QP(M) x QI(M) x Q" P(OM)
and its dual
Fr=Q" P(M) x Q" 9(M) x Q" 1(OM)
for any pair p,q of positive integers satisfying

pt+g=n-+1
(Note that (n—p)4+ (n—q) =n-—1.)

There is a pairing between F and F*
<(yp> Yq, _eb)a (upa Ugq, fb)> — /M (yp N\ Up + Ygq N Uq) - / ep N\ Jp
with

up € QP(M), wuqe QI(M), fre"P(OM),
yp € QUTP(M), yqe QUTIUM), —epe Q"YOM)
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Symmetrize the pairing to get a nondegenerate bilinear form on
F X E:

1 1 1 1 1 1 2 2 2 2 2 2
<<(up7uq7fb7ypayq7_eb)a (upauqafbaypayq7_€b>>> —

1 2 1 2 2 1 2 1 1 2 2 1
/M(yp/\up—l-yq /\uq +yp /\Up_l_yq Auq)_/(9M<€b /\fb —|—€b /\fb)

Theorem The subspace D C F x F* defined by

D = { (Up,uqyfbaypquﬂ_eb) | (ZZ) — (—Od (_1C))pq d) (52) 7

(2)=(6 o) ()], ]

is a Dirac structure, i.e., D = D'
The proof is based on Stokes’ theorem, hence D is also called a
Stokes-Dirac structure.
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Distributed parameter Port-Hamiltonian systems

Define a Hamiltonian density function
H: QP(M) x QI(M) x M — Q" (M)

and the Hamiltonian

Hz/H
M

Let ap,mp € QP(M) and agq,ng € Q9(M). The variational derivative
of H is defined as

0H 6H
Sap dayg

) c Q" P(M) x Q" 1(M)

such that

OH

oOH
Ser A np + o A Uq) +0(e?)
Qp Qq

H(ap~+enp, ag+eng) = H(ayp, aq)+e/M <
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Consider the state variables (ap,aq) € QP(M) x QI(M). Then the
distributed Port-Hamiltonian system (M, D, H) is defined by

(8;]) a()éq,f ., OH O0H —eb> c D

oo p5 q
I.e.
OH OH
#)=(0 (&) (4= o) (8
0 I SH |’ _ o _1\n—q OH
% d 0 Sog ep 0 (-1) 5aq) | o1/
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D = D- vyields the energy balance

H H

I.e.

dH A f
- : 6
dt OM b b

In case of zero energy flow through the boundary, H = 0 and H is
conserved.

Summer School on Poisson Geometry, Trieste, July 2005

249



Example: A lossless transmission line
M = [0,1] C R.

Let
e q(z,t) denote the charge density,
e ¢o(z,t) the flux density,
e i(2,t) the current,
e v(z,t) the voltage of the line

The telegrapher’'s equations are

dqg Ot
ot 0z
op  Ov
ot~ oz
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Port-Hamiltonian formulation p =g =n =1 hence
F=QYNM) x QY (M) x Q°(Mm)
and

F* = Q% M) x QM) x QO(M)

The energy variables are
o a1 = ap = q(z,t)dz € QY (M), the charge density one-form,
o an = ag = ¢(z,t)dz € QL (M), the flux density one-form

The total energy stored in the line is given by

11 (*Oé]_ N\ o *p N 042>

H(ap,as) = / -
(o, 02) = | 5 200 2L(2)

where C'(z) and L(z) are the distributed capacitance and inductance

of the line. (x denotes the Hodge star)
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The dynamics can be written as

da OH OH
—8751 . O —% oy Jo | daq
das | _ 0 0 OH |’ —ep, | 6H
8t 82 50(2 50&2 Z:O,l

where gli g‘él) — ch’z’;)) = v(z,t) and 5H ;?5) = qu(f t)) = i(z,t)

The energy balance is given by

dH

= = /aM epf = i(t,0)v(t,0) — i(t, 1)v(t, 1)

i.e., the time derivative of the energy equals the power going into
the line at z = 0 minus the power going out of the line at z = 1.
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Note that the system has two conservation laws:

e The total charge C = fc?ozl(z,t)dz, with

%C(t) = ey(1,1) — (0, 1)

e The total flux F = [Yas(z,t)dz, with

d
&F — fb(07t> — fb(lat)

I.e., their time-derivatives only depend on the boundary variables.
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Example: Maxwell’s equations Spatial domain is submanifold
M C R3 with boundary M. n = 3,p = q = 2, hence

F = Q2(M) x Q2(M) x QM)
and

F*= QY (M) x QL (M) x QL (M)

The energy variables are
o a1 =D = 1D;;(2,t)dz* Adzd, electric field induction two-form

o ap = B = 3B;;(z,t)dz! Adz?, magnetic field induction two-form

Define the (co-energy) variables
o £ = E,;(z,t)dz!, electric field intensity

e M = M,(z,t)dz*, magnetic field intensity
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Maxwell’s equations are given by

&D o8
T —dM, = _d¢&
ot ot

The constitutive relations of the medium are

*D =€, *xB=uM
with €(z,t) the electric permittivity and u(z,t) the magnetic perme-

ability

Define the total energy

_ [ 1 _ [ 1/ 1
H_/M§(5A19+MAB)_/M§<G *DAD+pu~L % BAB)

so that $2 = e 1«D and 3 = ;=148
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The system can be written in port-Hamiltonian form
oD SH OH
¢ ) (0 d\ [ Jb (1 O 5D
oB|] \—-d O 0H |’ —ep o0 -1 oH
ot oB oB

The energy balance is given by

dH
dt

oM

= N fp = ENM
Jows WA= Jo

where £ A M is known as (minus) the Poynting vector

I.e., the time derivative of the total electromagnetic energy in M is
equal to the electromagnetic power radiated through the boundary.
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Ideal isentropic fluid

Euler equations

dp ov 1
- _v. . —=-—v-Vv—-V
ey (pv) ey v Vo= Vp

where p(z,t) € R is the mass density, v(z,t) € R3 is the Eulerian
velocity, and p(z,t) € R the pressure function given by

p(o,t) = p2(2, ) (02 1))
o

for some internal energy function U(p).
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Spatial domain D ¢ R3 filled with fluid. Assume there exists a
Riemannian metric (,) on D (e.g., Euclidean on R3). Let M C D
3-dimensional smooth submanifold with smooth boundary oM.

n=3,p=3,9q =1 hence
F=Q3(M) x QY (M) x Qv
and

F* = QM) x Q2(M) x Q2(M)

The energy variables are
e a1 = p € 3(M) mass-density three form

® ap =V = W’ € Ql(M) Eulerian velocity one-form
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The total energy is given by

H(p,v) = /M (%(?"Jﬁ,@ﬁ)p + U(*P)P)

Hence
OH 1 0
e )ri s ~(5U(5
where p = xp, and
OH ,
F
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Euler's equations can be written in port-Hamiltonian form (see the

references)
op 0 -d oH
ot | — p
(gg) <_d *i (<*dv)/\(*.))) <5v)

)5H

where

1 1 _ SH
" ((*dv) A (xo) =" ((*dv) A (*E))

The boundary variables are defined by

By
b %) lom

Note that the skew-symmetric matrix in the first equation depends
on the energy variables p and v, hence this defines a non-constant
Dirac structure.

Summer School on Poisson Geometry, Trieste, July 2005

260



The energy balance is given by (see references)

1

(ii—lj — /aM ep A fr, = _/5>Mi6 (§<6,6>p+ U(*P)ﬂ) - /aMiﬁ(*p)

The first terms is the convected energy through the boundary,
whereas the second term is (minus) the external work (static pres-
sure times velocity).
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