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PRELIMINARY VERSION

Abstract

I shall focus, in this presentation of Deformation Quantization, on the con-
struction of star products on symplectic and Poisson manifolds.

The first lectures will be about the general concept of Deformation Quan-
tisation, with examples, with Fedosov’s construction of a star product on a
symplectic manifold and with the classification of star products on a symplectic
manifold.

The next lectures will introduce the notion of formality and its link with star
products, give a flavour of Kontsvich’s construction of a formality for R and a
sketch of the globalisation of a star product on a Poisson manifold following the
approach of Cattaneo, Felder and Tomassini.

In the last lecture I shall only briefly mention different aspects of the defor-
mation quantisation programme such as action of a Lie group on a deformed
product, reduction procedures in deformation quantisation, states and repre-
sentations in deformed algebras, convergence of deformations, leaving out many
interesting and deep aspects of the theory (such as traces and index theorems,
extension to fields theory).

The notes here are a brief summary of the first four lectures; we start with a
Further Reading section which includes expository papers with details of what
is presented in the lectures and we include a bibliography with many references
to the topics introduced in the last lecture.
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2 Introduction

Quantization of a classical system is a way to pass from classical to quantum results.
Classical mechanics, in its Hamiltonian formulation on the motion space, has for
framework a symplectic manifold (or more generally a Poisson manifold). Observables
are families of smooth functions on that manifold M. The dynamics is defined in terms
of a Hamiltonian H € C'*°(M) and the time evolution of an observable f; € C*°(M xR)
is governed by the equation :
G p= 1.

Quantum mechanics, in its usual Heisenberg’s formulation, has for framework a
Hilbert space (states are rays in that space). Observables are families of selfadjoint
operators on the Hilbert space. The dynamics is defined in terms of a Hamiltonian H,
which is a selfadjoint operator, and the time evolution of an observable A; is governed

by the equation :
dA, 1
— = —|H, A.
dt h[ ) t]
A natural suggestion for quantization is a correspondence Q: f — Q(f) mapping
a function f to a self adjoint operator Q(f) on a Hilbert space .7 in such a way that
Q(1) =1Id and

[Q(S), Q(9)] = ihQ({ [, g})-

There is no such correspondence defined on all smooth functions on M when one puts
an irreducibility requirement which is necessary not to violate Heisenberg’s principle.

Different mathematical treatments of quantization appeared to deal with this prob-
lem:

e Geometric Quantization of Kostant and Souriau. This proceeds in two steps;
first prequantization of a symplectic manifold (M, w) where one builds a Hilbert
space and a correspondence () as above defined on all smooth functions on M but
with no irreducibility, then polarization to “cut down the number of variables”.
One succeeds to quantize only a small class of functions.

e Berezin’s quantization where one builds on a particular class of Kahler manifolds
a family of associative algebras using a symbolic calculus, i.e. a dequantization
procedure.

e Deformation Quantization introduced by Flato, Lichnerowicz and Sternheimer
in [61] and developed in [12] where they

“ suggest that quantization be understood as a deformation of the structure of
the algebra of classical observables rather than a radical change in the nature of
the observables.”



This deformation approach to quantization is part of a general deformation approach
to physics. This was one of the seminal ideas stressed by Moshe Flato: one looks at
some level of a theory in physics as a deformation of another level [59].

Deformation quantization is defined in terms of a star product which is a formal
deformation of the algebraic structure of the space of smooth functions on a Poisson
manifold. The associative structure given by the usual product of functions and the
Lie structure given by the Poisson bracket are simultaneously deformed.

The plan of this presentation is the following :

e Definition and Examples of star products.
e Fedosov’s construction of a star product on a symplectic manifold
e (lassification of star products on symplectic manifolds.

e Star products on Poisson manifolds and formality

3 Definition and Examples of star products

Definition 1 A Poisson bracket defined on the space of smooth functions on a
manifold M, is a R- bilinear map on C*(M), (u,v) — {u,v} such that for any
u,v,w € C®(M):

-{u, v} = —{v,u};

- {{u,v},w} + {{Ua w}> u} + {{wvu}v U} =0;

-{u,vw} = {u, v}w + {u, w}o.
A Poisson bracket is given in terms of a contravariant skew symmetric 2-tensor P on
M, called the Poisson tensor, by

{u,v} = P(du A dv).

The Jacobi identity for the Poisson bracket Lie algebra is equivalent to the vanishing
of the Schouten bracket :

[P, P] = 0.
(The Schouten bracket is the extension -as a graded derivation for the exterior product-
of the bracket of vector fields to skewsymmetric contravariant tensor fields; it will be

developed further in section 6.)
A Poisson manifold, denoted (M, P), is a manifold M with a Poisson bracket defined
by the Poisson tensor P.

A particular class of Poisson manifolds, essential in classical mechanics, is the class
of symplectic manifolds. If (M,w) is a symplectic manifold (i.e. w is a closed
nondegenerate 2-form on M) and if u,v € C*°(M), the Poisson bracket of u and v is
defined by

{u,v} = X, (v) = w(Xy, Xu),
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where X, denotes the Hamiltonian vector field corresponding to the function wu, i.e.
such that (X, )w = du. In coordinates the components of the corresponding Poisson
tensor P* form the inverse matrix of the components w;; of w.

Duals of Lie algebras form the class of linear Poisson manifolds. If g is a Lie
algebra then its dual g* is endowed with the Poisson tensor P defined by

Fe(X,Y) = £([X,Y])
for X,Y € g = (g")" ~ (T¢g")"
Definition 2 (Bayen et al. [12]) A star product on ()M, P) is a bilinear map
N x N — NJ[v], (u,v)Hu*vzu*yv::ZVTCr(u,v)

r>0

where N = C*(M) [we consider here real valued functions;the results for complex
valued functions are similar], such that

1. when the map is extended v-linearly (and continuously in the v-adic topology)
to N[v] x N[v] it is formally associative:

(uxv)*xw=mux*(v*w);

2. (a) Co(u,v) =uv, (b) Ci(u,v) —Ci(v,u) = {u,v};
3. Ixu=ux*x1=u.

When the C,’s are bidifferential operators on M, one speaks of a differential star
product.

Remark 3 A star product can also be defined not on the whole of C*°(M) but on any
subspace NN of it which is stable under pointwize multiplication and Poisson bracket.

Requiring differentiability of the cochains is essentially the same as requiring them
to be local [30].

In (b) we follow Deligne’s normalisation for Ci: its skew symmetric part is 3{, }.
In the original definition it was equal to the Poisson bracket. One finds in the literature
other normalisations such as %{, }. All these amount to a rescaling of the parameter
V.

One assumed also the parity condition C,(u,v) = (—1)"C,(v,u) in the earliest
definition.

Property (b) above implies that an element in the centre of the deformed algebra
(C*(M)[v],*) is a series whose terms Poisson commute with all functions, so is an
element of R[v] when M is symplectic and connected.

Properties (a) and (b) of Definition 2 imply that the star commutator defined
by [u,v], = u* v — v % u, which obviously makes C°°(M)[v] into a Lie algebra, has
the form [u, v], = v{u,v}+... so that repeated bracketing leads to higher and higher
order terms. This makes C*°(M)[r] an example of a pronilpotent Lie algebra. We
denote the star adjoint representation ad.u (v) = [u, v]..



3.1 The Moyal star product on R"

The simplest example of a deformation quantization is the Moyal product for the
Poisson structure P on a vector space V' = R™ with constant coefficients:

P=> " PY0;N0; PY=-P"€eR
iJ

where 0; = 0/0z" is the partial derivative in the direction of the coordinate z%, i =
1,...,n. The formula for the Moyal product is

(war 0)(2) = exp (5 P00y ) (u(x)o(y)) 1)

2

T=y=2

Definition 4 When P is non degenerate (so V = R*"), the space of polynomials in
v whose coefficients are polynomials on V' with Moyal product is called the Weyl
algebra (S(V*)[v], *um).

This example comes from the composition of operators via Weyl’s quantization. Weyl’s
correspondence associates to a polynomial f on R** an operator W (f) on L*(R")in
the following way:

Introduce canonical coordinates {p;, ¢;i < n} so that the Poisson bracket reads

 ~~[0f0g Of 0g
{f’g}_z<0q"3_m_8_m8qi)'

=1

Assign to the classical observables ¢* and p; the quantum operators Q¢ = ¢'- and
P, = —iha%- acting on functions depending on ¢’’s. One has to specify what should
happen to other classical observables, in particular for the polynomials in ¢* and p;
since Q" and P; do no longer commute. The Weyl ordering is the corresponding totally

symmetrized polynomial in Q" and P;, e.g.
1
W' (0')?) = 5(@(P'? +Q'P'Q" + (PQY)

Then
W(f)oW(g) =W(f*mg) (v=ih).

In fact, Moyal had used in 1949 the deformed bracket which corresponds to the com-
mutator of operators to study quantum statistical mechanics. The Moyal product first
appeared in Groenewold.

In 1978, in their seminal paper about deformation quantization [12], Bayen, Flato,
Fronsdal, Lichnerowicz and Sternheimer proved that Moyal star product can be defined
on any symplectic manifold (M,w) which admits a symplectic connection V (i.e. a
linear connection such that Vw = 0 and the torsion of V vanishes) with no curvature.
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3.2 The standard *-product on g*

Let g* be the dual of a Lie algebra g. The algebra of polynomials on g* is identified
with the symmetric algebra S(g). One defines a new associative law on this algebra by
a transfer of the product o in the universal enveloping algebra U(g), via the bijection
between S(g) and U(g) given by the total symmetrization o :

o:85(g) — U(g) Xy XkH—ZXp(l -0 X k).
PESk

Then U(g) = ®n>oU, where U, := 0(S™(g)) and we decompose an element u € U(g)
accordingly u = Y u,. We define for P € SP(g) and Q € S%(g)

PxQ =2 ()"0 ((a(P) 2 0(Q)pg—n)- (2)

n>0

This yields a differential star product on g* [66]. Using Vergne’s result on the multi-
plication in U(g), this star product is characterised by

X*Xl Xk—XXl -Xk

+Z lﬂBj X, X)) X0 1X o X X X,
7j=1
where B; are the Bernouilli numbers. This star product can be written with an integral
formula (for v = 2mi) [51]:

U * U(f) — / ,&(X),&(Y)Q%W(E,CBH(X7Y)>dXdY
gxg

where 4(X) = [, u(n)e~ 21X and where C BH denotes Campbell-Baker-Hausdorff
formula for the product of elements in the group in a logarithmic chart (exp X expY =
expCBH(X,Y) VX,Y €g).

We call this the standard (or CBH) star product on the dual of a Lie algebra.

Remark 5 The standard star product on g* does not restrict to orbits (except for
the Heisenberg group) so other algebraic constructions of star products on S(g) were
considered (with Michel Cahen in [33], with Cahen and Arnal in [4], by Arnal, Ludwig
and Masmoudi in [8] and by Fioresi and Lledo in [58]). For instance, when g is
semisimple, if .7 is the space of harmonic polynomials and if Iy, ... I, are generators of
the space of invariant polynomials, then any polynomial P € S(g) writes uniquely as a
sum P = Zal...ar I I8 he, . 6, Where hg, . € €. One considers the isomorphism
o’ between S(g) and U(g) induced by this decomposition

o'(P)= > (o(L)o)" ... (0(I,)0)" 0 0 (ha,..q,).

a...ar



This gives a star product on S(g) which is not defined by differential operators. In
fact, with Cahen and Rawnsley, we proved [36] that if g is semisimple, there is no
differential star product on any neighbourhood of 0 in g* such that C' x u = Cu for
the quadratic invariant polynomial C' € S(g) and Vu € S(g) (thus no differential star
product which is tangential to the orbits).

In 1983, De Wilde and Lecomte proved [45] that on any symplectic manifold there
exists a differential star product. This was obtained by imagining a very clever gener-
alisation of a homogeneity condition in the form of building at the same time the star
product and a special derivation of it. A very nice presentation of this proof appears
in [44]. Their technique works to prove the existence of a differential star product on
a regular Poisson manifold [86].

In 1985, but appearing only in the West in the nineties [52], Fedosov gave a recur-
sive construction of a star product on a symplectic manifold (M, w) constructing flat
connections on the Weyl bundle. In 1994, he extended this result to give a recursive
construction in the context of regular Poisson manifold [53].

Independently, also using the framework of Weyl bundles, Omori, Maeda and Yosh-
ioka [95] gave an alternative proof of existence of a differential star product on a
symplectic manifold, gluing local Moyal star products.

In 1997, Kontsevich [79] gave a proof of the existence of a star product on any
Poisson manifold and gave an explicit formula for a star product for any Poisson
structure on V' = R™. This appeared as a consequence of the proof of his formality
theorem. Tamarkin [108] gave a version of the proof in the framework of the theory
of operads.



4 Fedosov’s construction of star products

Fedosov’s construction [52] gives a star product on a symplectic manifold (M, w), when
one has chosen a symplectic connection and a sequence of closed 2-forms on M. The
star product is obtained by identifying the space N[[v]] with an algebra of flat sections
of the so-called Weyl bundle endowed with a flat connection whose construction is
related to the choice of the sequence of closed 2-forms on M.

4.1 The Weyl bundle

Let (V, Q) be a symplectic vector space; recall that we endow the space of polynomials
in v whose coefficients are polynomials on V' with Moyal star product (this is the Weyl
algebra).

The formal Weyl algebra W is the completion in a suitable grading of this
algebra which can be viewed as the universal enveloping algebra of the Heisenberg Lie
algebra h = V*@ Ry with Lie bracket

'y’ ] = (Q")"w.

One defines a grading on W assigning the degree 1 to the y%’s and the degree 2 to the
element v. An element of the formal Weyl algebra is of the form

{Cl(yﬂ/) = Z ( Z iy, iV Y -yil> } :
m=0 \2k+l=m
The product in U(h) is given by the Moyal star product

(aob)(y,v) = (exp (gAiﬂ' 8zi%) a(y, v)b(z, w)‘yzz

with AY = (271)% and the same formula also defines the product in W.

Definition 6 The symplectic group Sp(V, ) of the symplectic vector space (V,(2)
consists of all invertible linear transformations A of V' with Q(Au, Av) = Q(u,v), for
all u,v € V. Sp(V, Q) acts as automorphisms of h by A- f = fo A™! for f € V* and
A-v = 0. This action extends to both U(h) and W and on the latter is denoted by p.
It respects the multiplication p(A)(a o b) = p(A)(a) o p(A)(b). Choosing a symplectic
basis we can regard this as an action of Sp(n,R) as automorphisms of W. Explicitely,
we have:

P kYY) = ) ag L PATYE (AT

2k+1l=m 2k+1l=m



If B € sp(V,Q) we associate the quadratic element B = %Zijr Q. Bjy'y’. This is
an identification since the condition to be in sp(V, ) is that }_ €,; B} is symmetric
in i and j. An easy calculation shows that the natural action p,(B) is given by:

1
p-(B)y' = —[B.y]
where [a,b] :== (a0 b) — (boa) for any a,b € W. Since both sides act as derivations
this extends to all of W as 1
p.(B)a = —*[B.a). 3)

Definition 7 If (M,w) is a symplectic manifold, we can form its bundle F(M) of
symplectic frames. Recall that a symplectic frame at the point x € M is a linear
symplectic isomorphism &, : (V,Q) — (T,M,w,). The bundle F(M) is a principal
Sp(V,Q)-bundle over M (the action on the right of an element A € Sp(V,Q) on a
frame &, is given by &, o A).

The associated bundle # = F(M) X gp(v,0),, W is a bundle of algebras on M called
the bundle of formal Weyl algebras, or, more Slmply, the Weyl bundle.

Sections of the Weyl bundle have the form of formal series

i1, 7
a(z,y,v E Vaml ..... ()Yt -yt
2k+1>0

where the coefficients ay, ;,
on M.

The product of two sections taken pointwise makes the space of sections into an
algebra, and in terms of the above representation of sections the multiplication has
the form

;, define ( in the ¢'s) symmetric covariant [~tensor fields

,,,,,

(aob)(z,y,v) = (exp (2/\ a(z 823) alz,y, V)b(x,z,l/))

Note that the center of this algebra coincide with C°°(M)[[v]].

Y=z

4.2 Flat connections on the Weyl bundle

Let (M,w) be a symplectic manifold. A symplectic connection on M is a connection
V on T'M which is torsion-free and satisfies V xw = 0.

Remark 8 It is well known that such connections always exist but, unlike the Rie-

mannian case, are not unique. To see the existence, take any torsion-free connection
V' and set T(X,Y, Z) = (Vw)(Y, Z). Then

TX,)Y,2)+T(Y,Z,X)+T(Z,X,Y) = (dw)(X,Y,Z) =0
Define S by
w(S(X,Y),2) = %(T(X, Y. Z2)+T(Y, X, Z))
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so that S is symmetric, then it is easy to check that
VxY =ViY +5(X,Y)
defines a symplectic connection, and S symmetric means that it is still torsion-free.

A symplectic connection defines a connection in the symplectic frame bundle and
so in all associated bundles. In particular we obtain a connection in # which we
denote by 0.

In order to express the connection and its curvature, we need to consider also # -
valued forms on M. These are sections of the bundle # @ AYT*M and locally have
the form

k i1 i J1 Jj
E Vg (@)Y Y A A A da

2k+p>0
where the coefficients are again covariant tensors, symmetric in ¢,...,%, and anti-
symmetric in jq,..., j,. Such sections can be multiplied using the product in % and

simultaneously exterior multiplication a @ w o b ®@ w' = (a0 b) ® (w Aw'). The space of
W -valued forms ['(# ® A*) is then a graded Lie algebra with respect to the bracket

[s,8] =508 — (—1)"%"s' o5

if s; € P(W & Afh)
The connection 0 in # can then be viewed as a map

0:T(W) —T(W ®Ab),

and we write it as follows. Let T'}, be the Christoffel symbols of V in TM. Then with
respect to the il indices we have an element of the symplectic Lie algebra sp(n,R).
If we introduce the # -valued 1-form I given by

5 _ 1 ki jog.r
I'= 5 Zwkirr]’y y'da”,
ijkr
then the connection in # is given by

da = da — 1[f,a].
v

As usual, the connection 0 in # extends to a covariant exterior derivative on all
of I'(# ® A*), also denoted by 0, by using the Leibnitz rule:

Ia®@w)=0(a) N\w+a® dw.

The curvature of 0 is then given by 0o 0 which is a 2-form with values in End(%#). In
this case it admits a simple expression in terms of the curvature R of the symplectic
connection V:

doda = l[ﬁ,a]
v

11



where 1
R = 1 Z w,anﬁjky’"yk dz' A dz’.
ijklr
The idea is to try to modify 0 to have zero curvature. In order to do this we need
a further technical tool.
For any a € I'(# ® A9), write

_ _ k.0 ip Jed1 A L. J
a= E (pg = E VEQhiy..ipojisjaY oy dat A A dx?e.

p=>0,q>0 2k+p>0,4>0

Qapp = E Vkak.

k

In particular

Define

L ki(2)ap, if > 0;
§(a) = de’“ A 8_627 5 M apg) = { T4 1Y i(gar)apg it p+q>0;
- dy 0if p+q=0.

Then:
52 =0, (6 H?* =0, (6671 +0716)(a) = a — ago.

Note that 6 can be written in terms of the algebra structure by

d(a) = % [Z —wiytda?, a]

ij
so that ¢ is a graded derivation of I'(# ® A*). It is also not difficult to verify that
00 + 900 = 0.
With these preliminaries we now look for a connection D on # which is flat:
Do D = 0. Such a connection can be written as a sum of 0 and a End(#)-valued
1-form. The latter is taken in a particular form:

Da = da — 6(a) — %[r, al.

Then an easy calculation shows that

1= 1
DoDa=— R—8r+57’+2—[r,7’],a

14 14

and [r,r] = 2ror. So we will have a flat connection D provided we can make the first
term in the bracket be a central 2-form.

Theorem 9 (Fedosov [52]) The equation

57“2—?—}—81"—17“2—%(2 (4)

v

12



for a given series
Q=) hw, (5)
i>1
where the w; are closed 2-forms on M, has a unique solution r € T(# @ A') satisfying

the normalization condition
0 lr=0

and such that the W -degree of the leading term of r is at least 3.

PROOF We apply 67! to the equation (4) and use the fact that r is a 1-form so that
roo = 0, then r, if it exists, must satisfy

r— 5l — —6 R4 0 0 — L5702 4 510, (6)
14

Two solutions of this equation will have a difference which satisfies the same equation
but without the R term and the  term. If the first non-zero term of the difference
has finite degree m, then the leading term of 6 'Or has degree m + 1 and of 6~ (r?/h)
has degree 2m — 1. Since both of these are larger than m for m > 2, such a term
cannot exist so the difference must be zero. Hence the solution is unique.

Existence is very similar. We observe that the above argument shows that the
equation above for r determines the homogeneous components of r recursively. So
it is enough to show that such a solution satisfies both conditions of the theorem.
Obviously 6 'r=0. Let A=6r+ R—0r+2r2—=Q € T(# ®A?). Then

— 1 _
67 A= 070r +6B - Or 4 Ot —0) =7 —r =0,

Also DA = 9A—0A— L[r, A] = 0. We can now apply a similar argument to that which
proved uniqueness. Since Agy = 0, 6 'A =0 and DA = 0 we have

1
A=5"10A=5610A~=[r A
v
and recursively we can see that each homogeneous component of A must vanish, which

shows that (4) holds and the theorem is proved. O

Actually carrying out the recursion to determine r explicitly seems very compli-
cated, but one can easily see that:

Proposition 10 [15] Let us consider Q = > is1 wi and the corresponding 1 in
LW @ A') |, solution of (4), giwen inductively by (6). Then 1, only depends on
w; for 2i +1 < m and the first term in r which involves wy, is:

k

Tops1 = 0 (VFwy) + Fapia

where the last term does not involve wy,.

13



4.3 Flat sections of the Weyl bundle

In this section, we consider a flat connection D on the Weyl bundle constructed as
above. Since D acts as a derivation of the pointwise multiplication of sections, the
space #p of flat sections will be a subalgebra of the space of sections of #:

Wp ={ae€ (W) Da=0}.
The importance of this space of sections comes from

Theorem 11 [52] Given a flat connection D, for any a, € N|[[v]] there is a unique
a € #p such that a(x,0,v) = a.(x,v).

PROOF This is very much like the above argument. We have §~'a = 0 since it is a
0-form. The equation Da = 0 can be written

da = da — —[r,al.
v
Instead of solving this directly we apply '
~1 -1 1
a=0 da+a,=46 <8a— —[r,a]) + ao.
v

Unicity follows by recursion for the difference of two solutions. If we solve this equation
recursively for a, then certainly a(x,0,v) = a.(z,v). The fact that A = Da = 0 follows
as before by showing that 614 = 0 and DA = D?a = 0. O

We define o — I'(#') = N[[v]], the symbol map, by
o(a) = a(x,0,v).

The theorem tells us that ¢ is a linear isomorphism when restricted to #p. So it can
be used to transport the algebra structure of #p to N[[v]]. We define

axb=c(c"(a)oo (b)), a,be N[

One checks easily that this defines a x-product on N. If the curvature and the 2
vanish, one gets back the Moyal *-product.

Proposition 12 Let us consider Q = 2221 hiw;, the connection D¢ corresponding
to r in T(# @ A') given by the solution of (4) and the corresponding star product
xq on N[[V]] obtained by identifying this space with Wp,. Let us write u *g v =

2 iz0 VTC?(U»U)- Then, for any r, C? only depends on w; fori <r and
Cﬁrl(u? U) = wT(Xua Xv) + ér—i-l(u? U)
where the last term does not depend on w,.

14



PROOF Take u in N and observe that the lowest term in the # grading of o 'u
involving wy, is in (07 'u)skt1, coming from the term —10[rop41, u1] and one has:

1
(0_1u)2k+1 = —;8‘1[8_1(hkwk), ’LLl] + ’LL/

where u’ does not depend on wy. Hence the lowest term in o(oc~!(u) o 071(v)) for
u,v € N involving wy comes from:

(07 (W))2ks1 0 (07 (V)1 + (0 ()1 © (07 (v))2k41) (2, 0, h).

15



5 Classification of star products on a symplectic
manifold

5.1 Hochschild cohomology

Star products on a manifold M are examples of deformations -in the sense of Gersten-
haber [63]- of associative algebras. The study of these uses the Hochschild cohomology
of the algebra, here C°° (M) with values in C*° (M), where p-cochains are p-linear maps
from (C*>°(M))? to C*°(M) and where the Hochschild coboundary operator maps
the p-cochain C' to the p + 1-cochain

(0C) (ug, - .., up) = upCus, . .., up)
P

+ Z(—l)rC(uo, U Uy )+ (= DPTC (g, w1 )y
r=1
For differential star products, we consider differential cochains, i.e. given by differential
operators on each argument. The associativity condition for a star product at order k
in the parameter v reads

(OCK) (w,v,w) = > (Co(Cy(u,v),w) = Cp(u, Cs(v,w)) ).

r+s=k,r,s>0

If one has cochains C}, j < k such that the star product they define is associative to
order k — 1, then the right hand side above is a cocycle (O(RHS)= 0) and one can
extend the star product to order k if it is a coboundary (RHS= 9(C}%)).

Theorem 13 (Vey [109]) Every differential p-cocycle C' on a manifold M is the sum
of the coboundary of a differential (p-1)-cochain and a 1-differential skewsymmetric

p-cocycle A:
C=0B+ A.

In particular, a cocycle is a coboundary if and only if its total skewsymmetrization,
which is automatically 1-differential in each argument, vanishes. Also

Hgi (O (M), C%(M)) = T(A"TM).

Furthermore ([34]),given a connection V on M, B can be defined from C' by universal
formulas.

By universal, we mean the following: any p-differential operator D of order maxi-
mum k in each argument can be written

o j : ay..ap
D(ul,...,uP)— D‘O{l' |ap‘v(11u1...vapu17

.....

lon|<k...lap|<k
where a’s are multiindices, Djq,),....|a,| are tensors (symmetric in each of the p groups of
indices) and Vou = (V... (Vu))(5%, ..., %) when a = (i,...,4,). We claim that

Ox*1? ? dxta
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there is a B such that the tensors defining B are universally defined as linear combi-
nations of the tensors defining C', universally meaning in a way which is independent
of the form of C'. Note that requiring differentiability of the cochains is essentially the
same as requiring them to be local [30].

(An elementary proof of the above theorem can be found in [68].)

Remark 14 Behind theorem 13 above, there exist the following stronger results about
Hochschild cohomology:

Theorem 15 Let of = C®(M), let € (/) be the space of continuous cochains and
Caisr() be the space of differential cochains. Then

1) T(APTM) C HP(C®(M),C=(M));

2) the inclusions I'(APTM) C Cyipr(2?) C € () induce isomorphisms in cohomol-
0gy.
Point 1 follows from the fact that any cochain which is 1-differential in each argument
is a cocycle and that the skewsymmetric part of a coboundary always vanishes. The
fact that the inclusion I'(AT'M) C Guis¢(#7) induces an isomorphism in cohomology is
proven by Vey [109]; it gives theorem 13. The general result about continuous cochains
is due to Connes [41]. Another proof of Connes result was given by Nadaud in [90].

In the somewhat pathological case of completely general cochains the full cohomology
does not seem to be known.

5.2 Equivalence of star products

Definition 16 Two star products * and *" on (M, P) are said to be equivalent if
there is a series

T=I1d+>» VT,
r=1
where the T, are linear operators on C*°(M), such that

T(fg)=Tf+Tg. (7)

Remark that the T, automatically vanish on constants since 1 is a unit for * and for *'.
Using in a similar way linear operators which do not necessarily vanish on constants,
one can pass from any associative deformation of the product of functions on a Poisson
manifold (M, P) to another such deformation with 1 being a unit. Remark also that
one can write 7' = exp A where A is a series of linear operators on C*°(M).

In the general theory of deformations, Gerstenhaber [63] showed how equivalence
is linked to some second cohomology space.

Recall that a star product * on (M, w) is called differential if the 2-cochains C,.(u, v)
giving it are bi-differential operators. As was observed by Lichnerowicz [85] and
Deligne [43] :
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Proposition 17 Ifx and " are differential star products and T'(u) = u+)_, -, V" T, (u)
is an equivalence so that T'(uxv) = T'(u) ' T'(v) then the T, are differential operators.

PrROOF Indeed if T' = Id +v*T}, + ... then 9T = C}, — Cy is differential so C} — Cj,
is a differential 2-cocycle with vanishing skewsymmetric part but then, using Vey’s
formula, it is the coboundary of a differential 1-cochain E and T, — E, being a 1-cocycle,
is a vector field so T} is differential. One then proceeds by induction, considering
T' = (Id+v*Ty) ™ o T = Id+* T}, + ... and the two differential star products *
and *”, where u*" v = (Id +v*T}) "} ((Id +v*T} )u *' (Id +*T} )v), which are equivalent
through 7" (i.e. T'(uxv) =T (u) " T'(v)). O

A differential star product is equivalent to one with linear term in v given by
+{u,v}. Indeed Ci(u,v) is a Hochschild cocycle with antisymmetric part given by
+{u,v} so Cy = 3P + 9B for a differential 1-cochain B. Setting T'(u) = u + vB(u)
and u*’v = T(T~(u)* T~ (v)), this equivalent star product *" has the required form.

In 1979, we proved [64] that all differential deformed brackets on R*"* (or on any
symplectic manifold such that by = 0) are equivalent modulo a change of the parameter,
and this implies a similar result for star products; this was proven by direct methods
by Lichnerowicz [84]:

Proposition 18 Let « and «" be two differential star products on (M,w) and suppose
that H*(M;R) = 0. Then there exists a local equivalence T = Id+ Y, -, v*T}. on
C>(M)[v] such that u* v ="T(T  u*xT ) for all u,v € C=(M)[v].

PROOF Let us suppose that, modulo some equivalence, the two star products * and *’
coincide up to order k. Then associativity at order k shows that Cj,—C7, is a Hochschild
2-cocycle and so by (13) can be written as (Cy, — C})(u,v) = (9B)(u,v) + A(Xy, Xy)
for a 2-form A. The total skewsymmetrization of the associativity relation at order
k + 1 shows that A is a closed 2-form. Since the second cohomology vanishes, A is
exact, A = dF. Transforming by the equivalence defined by Tu = u + v*"12F(X,),
we can assume that the skewsymmetric part of Cy, — C}, vanishes. Then Cy, — C}, = 0B
where B is a differential operator. Using the equivalence defined by T' = I + v*B we
can assume that the star products coincide, modulo an equivalence, up to order k£ + 1
and the result follows from induction since two star products always agree in their
leading term. |

It followed from the above proof and results similar to [64] (i.e. two star products
which are equivalent and coincide at order k differ at order k + 1 by a Hochschild 2-
cocycle whose skewsymmetric part corresponds to an exact 2-form) that at each step
in v, equivalence classes of differential star products on a symplectic manifold (M, w)
are parametrised by H?(M;R), if all such deformations exist. The general existence
was proven by De Wilde and Lecomte. At that time, one assumed the parity condition
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Ch(u,v) = (=1)"Cp(v,u), so equivalence classes of such differential star products were
parametrised by series H?(M;R)[[v?]]. The parametrization was not canonical.

In 1994, Fedosov proved the recursive construction explained in section 4: given any
series of closed 2-forms on a symplectic manifold (M, w), he could build a connection
on the Weyl bundle whose curvature is linked to that series and a star product whose
equivalence class only depends on the element in H?(M;R)[[v]] corresponding to that
series of forms.

In 1995, Nest and Tsygan [92], then Deligne [43] and Bertelson-Cahen-Gutt [15]
proved that any differential star product on a symplectic manifold (M,w) is equiva-
lent to a Fedosov star product and that its equivalence class is parametrised by the
corresponding element in H?(M;R)[[v]].

Definition 19 A Poisson deformation of the Poisson bracket on a Poisson manifold
(M, P) is a Lie algebra deformation of (C*°(M),{ , }) which is a derivation in each
argument, i.e. of the form {u,v}, = P,(du,dv) where P, = P + Y v*P, is a series of
skewsymmetric contravariant 2-tensors on M (such that [P,, P,] = 0).

Two Poisson deformations P, and P) of the Poisson bracket P on a Poisson
manifold (M, P) are equivalent if there exists a formal path in the diffeomorphism
group of M, starting at the identity, i. e. a series T' = exp D = Id—f—zj %Dj for
D =" ., V"D, where the D, are vector fields on M, such that

T{u,v}, = {Tu, Tv},
where {u,v}, = P,(du,dv) and {u,v}, = P.(du, dv).
For symplectic manifolds, Flato, Lichnerowicz and Sternheimer in 1974 studied

1-differential deformations of the Poisson bracket [61]; it follows from their work, and
appears in Lecomte [82], that:

Proposition 20 On a symplectic manifold (M,w), the equivalence classes of Poisson
deformations of the Poisson bracket P are parametrised by H*(M;R)[[v]].

Indeed, one first show that any Poisson deformation P, of the Poisson bracket P on
a symplectic manifold (M, w) is of the form P for a series Q = w + Y, ., v*w; where
the wy, are closed 2-forms, and P2 (du, dv) = —Q(X2, X?) where X2 = X, +v(...) €
(T M)[[v]] is the element defined by i(X?)Q = du.

One then shows that two Poisson deformations P? and P are equivalent if and
only if wy, and wj, are cohomologous for all k£ > 1.

In 1997, Kontsevich [79] proved that the coincidence of the set of equivalence classes
of star and Poisson deformations is true for general Poisson manifolds :

Theorem 21 The set of equivalence classes of differential star products on a Pois-
son manifold (M, P) can be naturally identified with the set of equivalence classes of
Poisson deformations of P:

P, = Pv+ Py?+ .- € (X, N°Tx)[[V]], [P,P)]=0.
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Remark that all results concerning parametrisation of equivalence classes of differ-
ential star products are still valid for star products defined by local cochains or for
star products defined by continuous cochains ([67], Pinczon [100]). Parametrization
of equivalence classes of special star products have been obtained : star products with
separation of variables (by Karabegov [75]), invariant star products on a symplectic
manifold when there exists an invariant symplectic connection (with Bertelson and
Bieliavsky [16]), algebraic star products (Chloup [40], Kontsevich [79])...

5.3 Deligne’s cohomology classes

Deligne defines two cohomological classes associated to differential star products on
a symplectic manifold. This leads to an intrinsic way to parametrise the equivalence
class of such a differential star product. Although the question makes sense more
generally for Poisson manifolds, Deligne’s method depends crucially on the Darboux
theorem and the uniqueness of the Moyal star product on R?" so the methods do not
extend to general Poisson manifolds.

The first class is a relative class; fixing a star product on the manifold, it intrinsical-
ly associates to any equivalence class of star products an element in H?(M;R)[v]. This
is done in Cech cohomology by looking at the obstruction to gluing local equivalences.

Deligne’s second class is built from special local derivations of a star product. The
same derivations played a special role in the first general existence theorem [45] for
a star product on a symplectic manifold. Deligne used some properties of Fedosov’s
construction and central curvature class to relate his two classes and to see how to char-
acterise an equivalence class of star products by the derivation related class and some
extra data obtained from the second term in the deformation. With John Rawnsley
[68], we did this by direct Cech methods which I shall present here.

5.3.1 The relative class

Let * and % be two differential star products on (M,w). Let U be a contractible
open subset of M and Ny = C*(U). Remark that any differential star product on
M restricts to U and H?(M;R)(U) = 0, hence, by proposition 18, there exists a local
equivalence 7' = Id+ >, v*T}, on Ny[v] so that u " v = T(T 'u x T v) for all
u,v € Ny[v]. B

Proposition 22 Consider a differential star product * on (M,w), and assume that
H'(M;R) vanishes.

o Any self-equivalence A = 1d + 2@1 vE Ay of * is inner: A = exp ad, a for some
a € C>®(M)[v].

o Any v-linear derivation of * is of the form D = Zizo v'D; where each D; corre-
sponds to a symplectic vector field X; and is given on a contractible open set U
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by
Diu|y = 1 (fiU*u—u*fiU)
1%

if Xuly = {f{, u}lv.

Indeed, one builds a recursively; assuming A = Id+) ., v A, and k > 1, the
condition A(u % v) = Au % Av implies at order k in v that Ay(uv) + Cy(u,v) =
Ap(u)v + uAg(v) + Ci(u,v) so that Ay is a vector field. Taking the skew part of
the terms in **! we have that A, is a derivation of the Poisson bracket. Since
H'(M;R) = 0, one can write Ag(u) = {ax_1,u} for some function aj_;. Then
(exp —ad, v tag_1) 0 A = Id +O(¥**!) and the induction proceeds. The proof for

v-linear derivation is similar.

The above results can be applied to the restriction of a differential star prod-
uct on (M,w) to a contractible open set U. Set, as above, Ny = C>®(U). If
A =1d+Y,.,v"A; is a formal linear operator on Ny[v] which preserves the dif-
ferential star product *, then there is a € Ny [v] with A = exp ad, a. Similarly, any
local v-linear derivation Dy of % on Ny [v] is essentially inner: Dy = % ad, dy for some
dy € Nylv].

It is convenient to write the composition of automorphisms of the form expad, a
in terms of a. In a pronilpotent situation this is done with the Campbell-Baker—
Hausdorff composition which is denoted by a o, b:

1
ao, b= a—l—/ Y(exp ad, a o exp tad, b)bdt
0

where

v = 28D 5 (BRI oy

z—1 = n—+1 n

Notice that the formula is well defined (at any given order in v, only a finite number
of terms arise) and it is given by the usual series

GoLb—a+b+t %[a,b]* + %([a, (a Bl + [b, b, alu]) -

The following results are standard (N. Bourbaki, Groupes et algebres de Lie, Eléments
de Mathématique, Livre 9, Chapitre 2, §6):

e o, is an associative composition law;

e exp ad,(a o, b) = exp ad, a o exp ad, b;
e ao,bo, (—a)=exp(ad,a)b;

o —(ao,b)=(=b)o,(—a);
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d 11— —ad,
o —| (—a)o,(a+1th) = exp (~ ad. a)
dt|,

ad, a ().

Let (M,w) be a symplectic manifold. We fix a locally finite open cover % =
{Ua}aer by Darboux coordinate charts such that the U, and all their non-empty
intersections are contractible, and we fix a partition of unity {0, }.cs subordinate to
U . Set N, = C>®(U,), Nog = C>=(U, NUs), and so on.

Now suppose that * and * are two differential star products on (M,w). We have
seen that their restrictions to N,[v] are equivalent so there exist formal differential
operators T, : N,[v] — N,y[v] such that

To(uxv) =T, (u) * Ty(v), u,v € Ny[v].

On U, NUg, Ty 1o T, will be a self-equivalence of * on Noyglv] and so there will be
elements tg, = —top in Nyg[v] with

Tﬁ’1 o T, = exp ad, tg,.
On U, NUs N U, the element

bysa = lay Ox Lyp Ox Lga

induces the identity automorphism and hence is in the centre R]v] of Nug,[v]. The
family of ¢4, is thus a Cech 2-cocycle for the covering % with values in R[v]. The
standard arguments show that its class does not depend on the choices made, and
is compatible with refinements. Since every open cover has a refinement of the kind

considered it follows that ¢,3, determines a unique Cech cohomology class [tysal €
H?(M;R)[v].

Definition 23
L ) = [typa] € H*(M;R)[V]
is Deligne’s relative class.

It is easy to see, using the fact that the cohomology of the sheaf of smooth functions
is trivial:

Theorem 24 (Deligne) Fizing a differential star product * on (M,w), the relative
class t(¥', %) in H*(M;R)[v] depends only on the equivalence class of the differen-
tial star product %', and sets up a bijection between the set of equivalence classes of
differential star products and H*(M;R)[v].

If %, «', «”" are three differential star products on (M,w) then

t" %) = t(x" ) + (', %). (8)
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5.3.2 The derivation related class

The addition formula above suggests that ¢(+',*) should be a difference of classes
c('), c(x) € H*(M;R)[v]. Moreover, the class c(*) should determine the star product
x up to equivalence.

Definition 25 Let U be an open set of M. Say that a derivation D of (C*°(U)[v], *)
is v-Euler if it has the form

0
D=v—+X+D 9
Y ov AT )
where X is conformally symplectic on U (Zyw|y = wly) and D' = >~ ., v" D, with
the D! differential operators on U.

Proposition 26 Let x be a differential star product on (M,w). For each U, € U
there exists a v-Euler derwation Dy = v + X, + D), of the algebra (N, [v], *).

PROOF On an open set in R?" with the standard symplectic structure €2, denote the
Poisson bracket by P. Let X be a conformal vector field so Zx{2 = Q). The Moyal
star product *ys is given by w*y v =wv + 3 -, (5)"/r!P"(u,v) and D = vE + X is
a derivation of ;.

Now (U,,w) is symplectomorphic to an open set in R** and any differential star
product on this open set is equivalent to *,; so we can pull back D and ), to U, by a
symplectomorphism to give a star product *” with a derivation of the form Va% + Xa.-
If T is an equivalence of * with *' on U, then D, = T 'o (Va% + X,)oT is a derivation
of the required form. O

We take such a collection of derivations D, given by Proposition 26 and on U, NUpg
we consider the differences Dg — D,. They are derivations of * and the v derivatives
cancel out, so Dg — D,, is a v-linear derivation of N,g[v]. Any v-linear derivation is
of the form & ad, d, so there are dg, € Nyg[v] with

1
Dj— Dy = — ad, dgq (10)
14

with dg, unique up to a central element. On U,NUgNU, the combination dg+d,s+dga
must be central and hence defines d,g, € R[v]. It is easy to see that d, g, is a 2-cocycle
whose Cech class [d,3a] € H?>(M;R)[v] does not depend on any of the choices made.

Definition 27 d(x) = [d,p.) € H*(M;R)[v] is Deligne’s intrinsic derivation-
related class.

e In fact the class considered by Deligne is actually %d(*) A purely Cech-theoretic
accounts of this class is given in Karabegov [75].

o If x and " are equivalent then d(x") = d(x).
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o If d(x) = > ., d"(x) then d°(x) = [w] under the de Rham isomorphism, and
d'(x)=0.

Consider two differential star products * and %" on (M, w) with local equivalences T,
and local v-Euler derivations D, for x . Then D! = T, o D, o T, ' are local v-Euler
derivations for *'. Let Dg — D, = %ad* dgo and Tﬁ’1 o Ty = exp ad, tg, on U, N Us.
Then D% - D! = %ad*/d’ﬁa where

1 —exp (—ads tag)
ad* taﬁ

,ﬁa = ngga - l/Tg 9 ( ) @) Dataﬂ-

In this situation 5
2
iyﬁa = To(dypa + v Etvﬁa)'

This gives a direct proof of:

Theorem 28 (Deligne) The relative class and the intrinsic derivation-related classes
of two differential star products x and %' are related by

2 0 / _ /
v 575(* %) =d(x") — d(%). (11)

5.3.3 The characteristic class

The formula above shows that the information which is “lost” in d(x") — d(*) corre-
sponds to the zeroth order term in v of t(/, *).

Remark 29 In [65, 47] it was shown that any bidifferential operator C', vanishing on
constants, which is a 2-cocycle for the Chevalley cohomology of (C*(M),{ , }) with
values in C*°(M) associated to the adjoint representation (i.e. such that

@ [{uv O(U7w)} - C({U,U},w)] =0

U,V,W

where (1 denotes the sum over cyclic permutations of u, v and w) can be written as

C(u,v) = aSg(u,v) + A(Xy, Xy) + [{u, Ev} + {EBu,v} — E({u,v})]

where a € R, where S} is a bidifferential 2-cocycle introduced in [12] (which vanishes on
constants and is never a coboundary and whose symbol is of order 3 in each argument),
where A is a closed 2-form on M and where E is a differential operator vanishing on
constants. Hence

Hepey ne(C%(M),C%(M)) = R & H*(M;R)

and we define the # operator as the projection on the second factor relative to this
decomposition.

24



Proposition 30 Given two differential star products x and %', the term of order zero
in Deligne’s relative class t(',*) = Zrzo VTt (+ %) is given by

O+, %) = =2(C"5)* +2(Cy)*.

If C, = 1{, }, then Cj (u,v) = A(X,, X,) where A is a closed 2-form and (C5 )# = [A]
so it “is” the skewsymmetric part of Cj.

It follows from what we did before that the association to a differential star product
of (C;)# and d(*) completely determines its equivalence class.

Definition 31 The characteristic class of a differential star product * on (M, w) is
the element ¢(x) of the affine space =< + H2(M;R)[v] defined by

() = —2(Cy)*
0 1
(V) = —d(x)
Theorem 32 The characteristic class has the following properties:

o The relative class is given by
t(+', %) = c(x') — (%) (12)

e The map C from equivalence classes of star products on (M,w) to the affine
space # + H%(M;R)[v] mapping [*] to c(x) is a bijection.

o If1p: M — M is a diffeomorphism and if * is a star product on (M,w) then
u v = (P )*(Y*u x Y*v) defines a star product denoted ¥’ = (¢Y=1)*x on
(M',w') where ' = (Yp~Y*w. The characteristic class is natural relative to

diffeomorphisms:
(7)) = (W71 e(x). (13)

o Consider a change of parameter f(v) = > o, V" f, where f, € R and f; # 0
and let ' be the star product obtained from * by this change of parameter, i.e.
urv=uv+ 3 (f()Cluv) = wv + frrCi(u,v) + *((f1)*Ca(u,v) +

f2C1(u,v))+. ... Then " is a differential star product on (M,w") where w' = %w

and we have equivariance under a change of parameter:
c(+)(v) = c(x)(f (V))- (14)

The characteristic class c(x) coincides (cf Deligne [43] and Neumaier [94]) for
Fedosov-type star products with their characteristic class introduced by Fedosov as
the de Rham class of the curvature of the generalised connection used to build them
(up to a sign and factors of 2). That characteristic class is also studied by Weinstein
and Xu in [111]. The fact that d(x) and (C5 )# completely characterise the equivalence
class of a star product is also proven by Cech methods in De Wilde 44].
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5.4 Automorphisms of a star product

The above proposition allows to study automorphisms of star products on a symplectic
manifold ([101], [68]).

Definition 33 An isomorphism from a differential star product * on (M,w) to a
differential star product " on (M’ ') is an R-linear bijective map

A: C*(M)[v] — C=(M)[],

continuous in the v-adic topology (i.e. A(>_, v u,) is the limit of ) _ v A(v"w,) ),
such that -
A(u*v) = Au " Av.

Notice that if A is such an isomorphism, then A(v) is central for %’ so that A(v) =

f(v) where f(v) € R[v] is without constant term to get the v-adic continuity. Let us
1

denote by " the differential star product on (M,w; = 7

w) obtained by a change of
parameter

w, v =wukppyv=FF ux Flv)

for F: C*(M)[v] — C*(M)[v]: >, v'u, — > f(v) u,.
Define A’ : C°(M)[v] — C>*(M")[v] by A = A’oF. Then A’is a v-linear isomorphism
between *” and *:

Al(u"v) = Aux Av.
At order zero in v this yields Aj(u.v) = Aju.Ajv so that there exists a diffeomorphism
¢ M — M with Aju = ¢*u. The skewsymmetric part of the isomorphism relation at

order 1 in v implies that ¥*w; = w’. Let us denote by " the differential star product
on (M, w;) obtained by pullback via v of '

W= () (@ 9)
and define B : C*°(M)[v] — C>°(M)[v] so that A" = ¢* o B. Then B is v-linear,
starts with the identity and
B(u " v) = Bux" Bv
so that B is an equivalence — in the usual sense — between *” and . Hence [68]

Proposition 34 Any isomorphism between two differential star products on symplec-
tic manifolds is the combination of a change of parameter and a v-linear isomorphism.
Any v-linear isomorphism between two star products x on (M,w) and ¥ on (M',w') is
the combination of the action on functions of a symplectomorphism 1 : M’ — M and
an equivalence between x and the pullback via v of ¥'. In particular, it exists if and
only if those two star products are equivalent, i.e. if and only if (Y1) c(x') = c(x),
where here (Yv=1)* denotes the action on the second de Rham cohomology space.
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In particular, two differential star products * on (M,w) and *" on (M’ ,w') are
isomorphic if and only if there exist f(v) = > o,V fr € R[v] with f; # 0 and
¢: M' — M, a symplectomorphism, such that (¢~ 1)*c(+')(f(v)) = ¢(*)(r). In partic-
ular [64]: if H*(M;R) = R[w| then there is only one star product up to equivalence
and change of parameter.

Omori et al. [96] also show that when reparametrizations are allowed then there is
only one star product on CP™.

A special case of Proposition 34 gives:

Proposition 35 A symplectomorphism 1 of a symplectic manifold can be extended
to a v-linear automorphism of a given differential star product on (M,w) if and only

if () e(x) = c(x).

Notice that this is always the case if 1) can be connected to the identity by a path
of symplectomorphisms (and this result was in Fedosov [53]).
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6 Star products on Poisson manifolds and Formal-
ity
The existence of a star product on a general Poisson manifold was proven by Kont-
sevich in [79] as a straightforward consequence of the formality theorem. In fact he
showed that the set of equivalence classes of star products is the same as the set of
equivalence classes of formal Poisson structure. As we already mentioned, a differen-
tial star product on M is defined by a series of bidifferential operators satisfying some
identities; on the other hand a formal Poisson structure on a manifold M is completely

defined by a series of bivector fields P satisfying certain properties; to describe the
correspondence between these objects, one introduces the algebras they belong to.

6.1 DGLA’s

Definition 36 A graded Lie algebra is a Z-graded vector space g = @, ¢’
endowed with a bilinear operation

[ Jie@g—g
satisfying the following conditions:
a) (graded bracket) [a, b] C g**™¥
b) (skewsymmetry) [a, b] = —(=1)*’[b, a]
c) (Jacobi) [a, [b, c]]=][a,b], c]+ (=1)*°[b, [a, c]]

for any a € g*, b € g° and c € g7

Remark that any Lie algebra is a graded Lie algebra concentrated in degree 0 and
that the degree zero part g° and the even part g«*" := @, , ¢* of any graded Lie
algebra are Lie algebras in the usual sense.

Definition 37 A differential graded Lie algebra (briefly DGLA) is a graded Lie
algebra g together with a differential, d: g — g, i.e. a linear operator of degree 1
(d: g" — g'™') which satisfies the compatibility condition (Leibniz rule)

dla,b]=[da,b]+ (—1)*[a, db] acg®becg’
and squares to zero (dod = 0).

The natural notions of morphisms of graded and differential graded Lie algebras are
graded linear maps which commute with the differentials and the brackets (a graded
linear map ¢: g — b of degree k is a linear map such that ¢(g') C h*** Vi € N).
Remark that a morphism of DGLA’s has to be a degree 0 in order to commute with
the other structures.
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Any DGLA has a cohomology complex defined by
H'(g) = Ker (d: g’ — 9”1)/%%: g —g)

The set # := @, #'(g) has a natural structure of graded vector space and inherits
the structure of a graded Lie algebra, defined by:

[lal, bl],¢ == |[a. b],|.

where |a| € 5 denote the equivalence classes of a closed elemnt a € g. The cohomol-
ogy of a DGLA can itself be turned into a DGLA with zero differential.

Any morphism ¢: g; — g2 of DGLA’s induces a morphism (¢): 54 — 5. A
morphism of DGLA’s inducing an isomorphism in cohomology is called a quasi-
isomorphism.

6.1.1 The DGLA of polydifferential operators

Let A be an associative algebra with unit on a field K; consider the complex of mul-
tilinear maps from A to itself:

€= ¢ ¢ :=Homg(A®") A)

i=—1

remark that we shifted the degree by one; the degree |A| of a (p 4 1)-linear map A is
equal to p.

The Lie algebra structure on the space of linear maps arises from the underlying
associative structure given by the composition of operators. One extends this notion
to multilinear operators: for A; € €™, Ay € €2, define:

(Al O AQ)(fla Ce 7fm1+m2+1> =

mi

Z(_l)(WQ)(j_l)Al<f17 ey fj—la AQ(fj) ey fj-i—mz)a fj+m2+1a I fm1+m2+1)

j=1

for any (m; + mg + 1)- tuple of elements of A.
Then the Gerstenhaber bracket is defined by

[Al, AQ]G = Al @) AQ — (_1)m1m2A2 o) Al

and gives € the structure of a graded Lie algebra.
The differential dp is defined by

dpA = —[u, Al = —po A+ (=1)M Ao p
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where p is the usual product in the algebra A. Hence dA = (—1)MF1§A if § is the
Hochschild coboundary

—

p—

(0A)(fo,- -, fo) = (=D A(fo, .o fimty fi Jisto ooy o) + fo - A(fry oo f)

o

+ (=D)PVA(fo o fo)  fore

Proposition 38 The graded Lie algebra € together with the differential dp is a dif-
ferential graded Lie algebra.

Here we shall consider the case where A = C*°(M), and we shall deal more pre-
cisely with the subalgebra of € consisting of multidifferential operators P, (M) =
D Z,,,(M) with 7, (M) consisting of multi differential operators acting on i + 1
smooth functions on M and vanishing on constants. It is an easy exercise to verify
that Do, (M) is closed under the Gerstenhaber bracket and the differential dp so it
is a DGLA.

Proposition 39 An element C € v, (M)[[V]] (i.e. a series of bidifferential opera-

tor on the manifold M ) yields a deformation of the usual associative pointwize product
of functions pu:
*=p+C

which defines a differential star product on M if and only if

dpC — %[C, Clg = 0.

6.1.2 The DGLA of multivector fields

A k- multivector field is a section of the k-th exterior power /\k TM of the tan-
gent space T'M; the bracket of multivectorfields is the Schouten-Nijenhuis bracket
defined by extending the usual Lie bracket of vector fields

(Xi A AX,YIA L AY]s =
kool
SN -y, XX A Xo A AXG VAN YN Y
r=1 s=1
Since the bracket of an r- and an s- multivector fields on M is an r 4+ s — 1- mul-
tivector field, we define a structure of graded Lie algebra on the space F,(M) of
multivector fields on M by setting 7

poly
i + 1-tensorfields on M (remark again a shift in the grading).

(M) the set of skewsymmetric contravariant

We shall consider here
[Th TQ],S = _[TQ) TI]S‘

The graded Lie algebra .7, (M) is then turned into a differential graded Lie algebra
setting the differential dr to be identically zero.

30



Proposition 40 An element P € v.7,, (M)[[V]] (i.e. a series of bivectorfields on the

manifold M) defines a formal Poisson structure on M if and only if

1
drP — [P, Pl =0.

If one can construct an isomorphism of DGLA between the algebra (M) of
multivector fields and the algebra %y, (M) of multidifferential operators, this would
give a correspondence between a formal Poisson tensor on M and a formal differential
star product on M. We have recalled previously that the cohomology of the algebra
of multidifferential operators is given by multivector fields

A (D (M)) = T (M).

— ““poly

This bijection is induced by the natural map

Up: T (M) — 2, (M)

i
poly oly
which extends the usual identification between vector fields and first order differential
operators, and is defined by:

1
(n+1)!

Ur(Xo Ao A Xo)(for s fa) = ST o) Xolforw) - Xl fow).

cE€Sh+1

Unfortunately this map, which can be easily checked to be a chain map, fails to preserve
the Lie structure, as can be easily verified already at order 2.

However the defect of this map in being a Lie algebra morphism is closed in
Dpoiy(M) so we shall extend the notion of morphism between two DGLA to con-
struct a morphism whose first order approximation is this isomorphism of complexes.
To do this one introduces the notion of L.-morphism.

6.2 L,-algebras, L, -morphism and formality

Definition 41 A graded coalgebra on the base ring K is a Z—graded vector space
C=8B,y C'® with a comultiplication, i.e. a graded linear map

A:C—-CxC
such that ' ‘
AlChc @ et
jHk=i

and such that (coassociativity):
(A ®id)A(z) = (Id ®A)A(x)
for every x € C. A counit (if it exists) is a morphism

e: C — K
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such that e(C?) = 0 for any ¢ > 0 and
(e ®id)A = (id®e)A =id.
The coalgebra is cocommutative if
ToA=A
where T: C' ® C — C'® C' is the twisting map:
T(x®y):=(-1)y @z
for z,y homogeneous elements of degree respectively |z| and |y|.

Additional structures that can be put on an algebra can be dualized to give a dual
version on coalgebras.

Example 42 (The coalgebra C(V)) If V is a graded vector space over K, V =
@D, V', one defines the tensor algebra T(V) = @,°, V" with V¥° = K, and two
quotients: the symmetric algebra S(V) = T(V)/ < 2 @ y — (—=1)FI¥y @ > and
the exterior algebra A(V) = T(V)/ < 2 @y + (=1)Wy @  >: these spaces are
naturally graded associative algebras. They can be given a structure of coalgebras
with comultiplication A defined on a homogeneous element v € V' by

Av=1Ruvt+rv®l

and extended as algebra homomorphism.

The reduced symmetric space is C(V') := ST(V) := @, S"(V); it is the cofree
cocommutative coalgebra without counit constructed on V. (Remark that Av = 0 iff
veV.)

Definition 43 A coderivation of degree d on a graded coalgebra C'is a graded linear
map §: C* — C which satisfies the (co-)Leibniz identity:

As(v) = 60" @ v + ((=1)' @ sv”

if Av = > v ®v”. This can be rewritten with the usual Koszul sign conventions
Ad = (§ ®id+1d ®))A

Definition 44 A L —algebra is a graded vector space V over K and a degree 1
coderivation @ so that @ o @ = 0 defined on the reduced symmetric space C(V[1]).
[Given any graded vector space V, we can obtain a new graded vector space V|[k]
by shifting the grading of the elements of V by k, ie. V[k] = @,., VI[k]" where
V[k]! = Vitk]

Definition 45 A L.—morphism between two L.—algebras, F': (V,Q) — (V',Q’),
is a morphism

F:C\VI1]) — C(V'[1])
of graded coalgebras, so that Fo(Q = Q' o F.

32



Any algebra morphism from St (V') to ST(V”) is uniquely determined by its restric-
tion to V" and any derivation of S* (V) is determined by its restriction to V. In a dual
way, a coalgebra-morphism F' from the coalgebra C(V') to the coalgebra C(V') is
uniquely determined by the composition of F' and the projection on ' : C(V') — V.
Similarly, any coderivation @) of C'(V') is determined by the composition F' o w where
7 is the projection of C(V') on V.

Definition 46 We call Taylor coefficients of a coalgebra-morphism F': C'(V) —
C'(V’) the sequence of maps F),: S™(V) — V' and Taylor coefficients of a coderiva-
tion @ of C(V) the sequence of maps Q,,: S™(V) — V.

Proposition 47 Given V and V' two graded vector spaces, any sequence of lin-
ear maps F,,: S™(V) — V' of degree zero determines a unique coalgebra morphism
F: C(V)— C(V") for which the F, are the Taylor coefficients. Explicitely

F(:z:lgsn):z:l Z Ex(fl,---,fj)F\m(xh)"'F|Ij\(931j)

where the sum is taken over Iy ...I; partition of {1,...,n} and e, (Iy,...,1;) is the
signature of the effect on the odd x;’s of the unshuffle associated to the partition
(L1,....1;) of {1,...,n}.

Similarly, if V is a graded vector space, any sequence Q,: S™(V) — V,n > 1 of
linear maps of degree i determines a unique coderivation @ of C(V') of degree i whose
Taylor coefficients are the QQ,. Fxplicitely

Qrr...xn)= Y &I ))(Qunlz)z,.

A coderivation @ of C(V[1]) of degree 1 has for Taylor coefficients linear maps
@Qn : S"(V[1]) = V[2].
The equation @Q? = 0 is equivalent to
e Q2 =0 and @, is a linear map of degree 1 on V.

o Qy(Qiry+ (—D)F12.Q1y) + Q1Q2(7.y) = 0 (Remark that || — 1 is the degree
of z in V[1])

o Q3(Qury.z + (=) 2.Qy.z + (—=1)PHW=229.Q12) + Q1Qs(5.y.2)
+Qu@ur.9).2) + () VDEEDQ,(2.2) y 4 (—1) DB, 2) 0 = 0

Introduce the natural isomorphisms
O, S"(V[1]) = A"(Vin]) Pp(zy...x0) =a(zy...x0)z1 A2 A2y,
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where a(zy ... x,), for homogeneous z;’s, is the signature of the unshuffle permutation
putting the even z;’s on the left without permuting them and the odd ones on the
right without permuting them.

Define Q,, := Q, o (®,)"! : A*(V) — V[-n + 1] and

de=(-1)"Qiz  [z.y] = Qa(z Ay) = (-1) 1V Qu(a, y).

Then d is a differential on V', [, ] is a skewsymmetric bilinear map from V x V — V
satisfying

(=10 ], 2] 4+ (~1) 0Dy, ]~ DB [z, 5] + terms im Qs = 0
and d[z,y] = [dz,y] + (—1)"[z, dy]. In particular, we get:

Proposition 48 Any L. —algebra (V,Q) so that all the Taylor coefficients @, of Q
vanish for n > 2 yields a differential graded Lie algebra and vice versa

A morphism of graded coalgebras between C'(V[1]) and C(V'[1]) is equivalent to a
sequence of linear maps (the Taylor coefficients)

Fo 2 S"(V[A]) — VI

it defines a L,,—morphism between two L,—algebras (V,Q) and (V',Q’) iff F o @ =
Q' o F' and this equation is equivalent to

e FloQ) =Q)0oF; so Fy:V — V'is a morphism of complexes from (V,d) to
(V' d).
o Fi([x,y]) — [Fiz, Fly] = expression involving F;

So, for DGLA’s, there exist L.,.—morphisms between two DGLA’s which are not
DGLA-morphisms. The equations for F' to be a L,,—morphism between two DGLA’s
(V,Q) and (V', Q' (with Q, =0,Q), =0 VYn > 2) are

QF - m) by Y el D@ (Fn(en) - )

UuJ={1,ldots,n}
I1,J#0

I
Q)
8
—
-
\t—‘
>

—i-iZew(k,l,l,...El...,n)Fn_l(Qz(xk-xl) STy DTy )
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Definition 49 Given a L., algebra (V,Q) over a field of characteristic zero, and
given m = vR][v]], a m~ point is an element p € vC(V)[[v]] so that Ap = p ® p or,
equivalently, it is an element p =¢e" — 1 = v + % + - -+ where v is an even element in
Vil @ m = vV[1][[v]].

A solution of the generalized Maurer-Cartan equation is a m—point p where
@ vanishes; equivalently, it is an odd element v € vV[[v]] so that

Qo) + 3@alv-v) 4= 0.

If g is a DGLA, it is thus an element v € g so that dv — $[v, v] = 0.

Remark that the image under a L., morphism of a solution of the generalised
Maurer-Cartan equation is again such a solution. In particular, if one builds a L.
morphism betwwen the two DGLA we consider, F' : Zoy(M) — Doy (M), the
image under F of the point e* — 1 corresponding to a formal Poisson tensor, a &€
v L (M)[[v]] so that [a, a]g = 0, yields a star product on M, x = pu+ > F,(a").

poly
Definition 50 Two L.,—algebras (V,Q) and (V', Q') are quasi-isomorphic if there

is a Lo,—morphism F' so that F} : V' — V’ induces an isomorphism in cohomology.

Definition 51 Kontsevich’s formality is a quasi isomorphism between the (L.
algebra structure associated to the) DGLA of multidifferential operators, Py, (M),
and its cohomology, the DGLA of multivector fields 7,0, (M).

6.3 Kontesvich’s formality for R?

Kontsevich gave an explicit formula for the Taylor coefficients of a formality for R,
i.e. the Taylor coefficients F;, of an L, —morphism between the two DGLA’s

F (‘%oly(Rd): Q) - (-@poly(Rd)a Q/)

where @) corresponds to the DGLA of (Z0,(RY) , [, 5, Dr =0) and Q' corresponds
to the DGLA (Zpoy(RY) , [, ]¢ , dp) as they were presented before, with the first
coefficient

Fy 2 Toty(RY) = Doty (RY)

given by (U;) with, as before

1
UI(XO Ao A Xn)(f()’ LI fn) = (TL I 1)| Z 6(0) XO(fO’(O)) e Xn(fa(n))
0ESn+1
The formula writes as follows
F, = Wz By
m20 Fe@,, m



e where G, ,,, is a set of oriented admissible graphs;
e where By asoociates a m—differential operator to an n—tuple of multivectorfields;

e where #% is the integral of a form wg over the compactification of a configuration

+

space C{pl,,.,ypn}{ql,...,qm}'

For a detailed proof of this formality, we refer the reader to [9].

6.3.1 The set G,,,, of oriented admissible graphs

An admissible graph e Gn,m has n aerial vertices labelled py, ..., py, has m ground
vertices labelled ¢1,...,q,. From each aerial vertex p;, a numer k; of arrows are
issued; each of them can end on any vertex except p; but there can not be multiple
arrows. There are no arrows issued from the ground vertices. One gives an order

to the vertices:(p1, ..., Pn, q1,- - -, q¢n) and one gives a compatible order to the arrows,
labeling those issued from p; with (ky + ...+ ki1 +1,..., k1 + ...+ ki1 + k;). The
arrows issued from p; are named Star(p;) = {piay, . . ., Diar, } With Ug, . 14,145 = Dit;

6.3.2 The m—differential operator Bg(ay,...,a,)

Given a graph ['e G,.m and given n multivectorfields (o, ..., a,) on R% one defines
a m~— differential operator Bg(a - ... - ay,); it vanishes unless oy is a k;—tensor, ay is
a ko—tensor,..., o, is a k,~tensor and in that case it is given by:

Bf‘(O&l Lt Oén)(fl,. . 7fn> =
Z Dmo‘zl1 Zlepza;kﬁl ke 'DpnO‘nk1+ e KDqlfl -+ Dg, fin

U1 yensl K

0,

15°

where K :=k; +--- + k, and where D, := 11

jlvj="d
. +
6.3.3 The configuration space C{Pl,n-,}?n}{fh,m,(hn}

Let s denote the upper half plane .7 = {z € C|Im(z) > 0}. We define

zi € I; 2z # z;fori # j;
Conf;" =z, .zt et | e ’
f{z1,...,zn}{t1,...,tm} { 1 1 tj c R; t <ty - <ty

and C'

{p1,-pni{ar;-sqm
group G of all transformations of the form

, to be the quotient of this space by the action of the 2-dimensional

Zj = az; +b ti—at; +b a>0,beR.

The configuration space C{+p1 has dimension 2n +m — 2 and has an ori-

soesPn @15 @m }
entation induced on the quotient by

Qo znitrytmy = dzy Ndyy Ao odxy Ndy, Ndty AN dby,
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it z; = x; + 1y;.
The compactification C

Jr
{lewpn}{‘hww%n}
of real projective spaces P?(R) under the map ¥ induced from a map 1 defined on

+
{p1spn a1y ngm}
into the product of a torus and the product

is defined as the closure of the image of
the configuration space C'

Conf{tl,...,zn}{tl,...,tm} in the following way: to any pair of distinct points A, B taken
amongst the {z;,%;,tx} ¥ associates the angle arg(B — A) and to any triple of distinct
points A, B, C' in that set, ¢ associates the element of P?(R) which is the equivalence
class of the triple of real numbers (|A — B|,|B — C|, |C — A|).

6.3.4 The form wg

+
{p1:~'~7pn}{q17~~~an}

Given a graph Te Gpm, one defines a form on C induced by

1
(2m)fot (k) - ()

Wi = 'd@ﬁ/\.../\d@@?

where &5 =Arg(:=1).

a—ﬁj
6.3.5 sketch of the proof

Remark that #z # 0 implies that the dimension of the configuration space 2n +m — 2
is equal to the degree of the form = k; + ... 4+ k, = K(=the number of arrows in the
graph).

We shall write

Fo=3" " #Bi=> Fu ..k

m>0TeG,, m
where Fiy, . r,) corresponds to the graphs e Gn.m With k; arrows starting from p;.
The formality equation reads:

0 = Fayomlon: con)op— (=DM po Fuy pylon - o)

+ Yo @l (=) MEIMIE (ar) o Fyy(ay)

UuJ={1,ldots,n}

I1,J#0
- Z €(1,7,1,. .07 ... ’n)F(ki—i-kj—1,k1,...kﬂc]u..,kn)((ai o) 0y .. Q0. .. Qy)
i#]
where
oy = R 0, 0 000 R0,

so that [ay, asls = (—1)"1 1o ey —(—1) 2=V, ea;. Recall that, for multidifferential

operators

(Al o A2)(f17 ) fm1+m2—1) =

mi

Z(_l)(mQ_l)(j_l)Al(fla LR fj—h AQ(fj: LR fj+m2—1)7 R fm1+m2—1>'

J=1
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The right hand side of the formality equation can be written as

>_CpBplar- )
v

é
for graphs I with n aerial vertices, m ground vertices and 2n + m — 3 arrows.

To a face G of codimension 1 in the boundary of C’{J;l"__mn} (G} and an oriented

_)
graph I” as above, one associates one term in the formality equation (or 0).

o (¢ = 8{Pi17~~~,mn1}{ql+1~~~:ql+m1}Cgol,...,pn}{ql,...,qm} if the aerial points {p;,...,pi, }

and the ground points {q11, ..., @+m, } all collapse into a ground point q. We
associate to G B/F" G(a1 - -ay,) which is the term in the formality equation of

the form Bg obtained from
B (o, - ey, ) fo Beaa - o, ) (fiss - fivma)s fromasts - fm)

— — —
where I'y is the restriction of I to {p;,,...,pi, } U{@+1,- .-, @4m, }, where 'y is
e
obtained from I by collapsing {p;,, ..., pi, } U{q+1,- -, @m, } into ¢ and where
{hh<...<gnt={1,....on} {ir,.. . in, }.

o G = a{Pi:Pj}C{J;n,...,pn}{ql,...,qm} if the a(fal points {p;,p;} collapse into an aerial
point p. if the arrow ]Tp; belongs to 1", we associate B’F;G(al - -ay,) which is

the term in the formality equation of the form Bg; obtained from
B]_:Q'(Oéz [} Oéj) s - aion . an)

— —
where I'y is obtained from I"” by collapsing {p;,p;} into p, discarding the arrow

—
pipj-

— . P ,
If p;p;j is not an arrow in I, we set BF; G(al - ay) = 0.

e G = 6{1,1.17”,,1,1.“1}0571 o atm) if the aerial points {p;,...,p;, } all collapse
with n; > 2. We associate to such a face GG, the operator B/F7 = 0.

The right hand side of the formality equation now writes

> CpBglor- an)

=
— Z Z B/F/ZG(O“' )

o Gcact

- Yy /GWF;)BI:;(OQ' C)

Tea,, GCoC+
=0

by Stokes theorem on the manifold with corners which is the compactification of C*.
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Theorem 52 Let a be a Poisson tensor on RY (thus o € T}

poly(Rd) and [Oé, a]S = 0)7
let X be a vector field on RY, let f,g € C°(RY) Then

o Pla):=pu+Ca)=pn+77, ’;—fFj(a - -a) is a star product on R%;

e AX,a) =" Y F (X -a- -a) satisfies

3=0 37
AX ) f x g+ [+ AX,a)g — A(X,a)(f xg) = — P(®a)(f.9)
where ®F is the flow of X

6.4 star product on a Poisson manifold

Kontsevich builds a formality for any manifold M. Here, we shall sketch the approach
given by Cattaneo, Felder and Tomassini [38], which gives a globalization of Kontsevich
local formula. For a detailed proof we refer to [39].

Remark that given a Poisson bivector field a on R%, the star product P(a)(f, g)(z)
on R? only depends on the Taylor expansion at z of f, ¢ and a.

If (M, P = «a) is any Poisson manifold, we shall use a torsion free connection and
the exponential map associated to it to lift smooth functions and multivectorfields from
M to U C TM and we shall consider their Taylor expansions in the fiber variables.
The lift of P allows to define a fiberwize Kontsevich star product on sections of the
jetbundle.

6.4.1 Formal exponential maps and x—product on the sections of the jet
bundle

Consider a smooth map ® : U C TM — M where U is a neighborhood of the zero
section; denoting ®, := ®|r,ps, we assume that ®,(0) = z and that (®,).0 = Id. Here
we shall look at the exponential map for a torsion free connection.

Define an equivalence relation on such maps, defining ® ~ W if all partial deriva-
tives of ®, and ¥, at y = 0 coincide.

A formal exponential map is an equivalence class of such maps. In a chart, we
can write a formal exponential map [®]. as a collection of formal power series

i i L1y i g
Q(y) =2 +y —gij(x)yy“r'-w

Consider the jet-bundle E: the fiber is the space of formal power series in y € R?
with real coefficients, R[[y!, ..., y?]]; if F(M) is the frame bundle of T'M

E = F(M) Xcimm Rlly', -, y]]
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Given a formal exponential map, one associates to any f € C°°(M), the Taylor
expansion fg of the pullback ¢ f; it is a section of E and is given by

1
folw;y) = f@@) + 0 fy" + SVISYy" + -
with V2 f = 0%, f — T, (x)0;f. Remark that any section of F is of the form
O'(IL‘, y) = Z iy .. (x)y“ e yip

where the a;,. ;, define covariant tensors on M.
To any polyvectorfield o € F,4, (M), one associates the Taylor expansion ag of
the pullback (¢,); 'a. For instance, if X is a vector field on M one gets:

00,
dy

X (z,y) = expansion of (X7 (®(z))(( )N =2t (x) + (Vo X))y + -

and for a Poisson bivector a one gets
@) = al(z) + -

Given a formal exponential map, Kontsevich formula for a star product on R?

yields an associative algebra structure on the space of formal power series of sections
of the jet bundle. Indeed, if & := E|[v]] define

ox7:= Plag)(o,T)

for sections o, 7 of &.

To define a star product on (M, ) we shall try to find a subalgebra of this algebra
of sections (I'(&), ) which is in bijection with C'*°(M)[[v]]. The idea is to look at flat
sections for a flat covariant derivative which acts as a derivation of .

6.5 Grothendieck connection

Let us recall that a section o of the jet—bundle F is the pullback of a function, i.e.
o = fs if and only if

Dxo =0 VX eI™>(TM)
where A
0P, L 0P i

Rt = X + X.
dy )i oxt OyF *

Dx =X — X((

Remark that D? = 0.

Introducing 6 := dz*-2

By and defining the total degree of a form on M taking
values in sections of F as the sum of the form degree and the degree in y (i.e.

Wiy.ipojigay™ - o yPdz?t A -+ - Adade is of degree p + ¢), on can write
D=-6+D

where D is of order > 1. This allows to show that the cohomology of D is concentrated
in degree 0.
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6.6 Flat connection

The above shows that there is a connection D on the bundle F which is flat and so that
the subspace of D—closed sections is isomorphic to the algebra of smooth functions on
M. Remark that D is a derivation of the usual product of sections of E (extending
the product of polynomials in y to formal power series) but D is not a derivation of *.

The aim is to modify the connection D in order to have a flat connection which is
a derivation of %, then to build a bijection between the space of formal power series of
smooth functions on M and the space of flat sections of & for that new connection.

One first defines

Dy =X + A(X, ag)

where A is defined as before using the formality on RY. It is a derivation of x but in
general it is not flat:
D?¢ =[FM, q],

where F'M is a 2-form on M with values in the sections of & defined using the formality
as

M S X — v/ >
FM(X,Y)=F(X,Y,a0) =Y ﬁFjH(X,Y,a@, ).
=0 7"

One then modify D’ so that the new covariant derivative is again a derivation
9 =D +v, ]«

where v is a 1- form on M with values in the sections of & and so that its curvature
vanishes. One has

!

QQJ:[FM7O-]* WhereFlM:FM_lr_D//y_i_/Y*,y
and one can find a solution v proceeding by induction using the fact that the D—

cohomology vanishes.

6.7 Flat sections and star products

2 is a flat connection on & which is a derivation of x so the space of flat sections of
& is a x—subalgebra. To identify this space of flat sections with the space of formal
power series of smooth functions on M, one builds a map

p:I(E)[[V] — T=(E)[[v]] withp=id+O0(v) andp),_, =id

so that
2 p(o) = p(Do).

This is again possible by induction using the results on the cohomology of D.
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The image under p of the space of D—closed sections of & (which is isomorphic to
the space of formal series of functions on M) is the x—subalgebra of Z-flat sections of
&.

The star product of two formal series f,g of smooth functions on M, is defined
as the formal series of functions h so that p(hs) = (p(fe) * (p(g9e)); hence the star
product is given by:

fxg=1[p"(p(fo)* (p(90))]y=o-
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