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Wanderin‘ quantum optics theory (Warsaw, Saclay, Hannover, Barcelona)

Quantum Information Theory,

Quantum Phase Transitions and Cold Atoms



TheoreticalTheoretical Quantum Quantum OpticsOptics

at the University o
f Hannover

Cold atoms and cold gases:
• Weakly interacting Bose and Fermi gases (solitons, vortices, 
phase fluctuations, atom optics, quantum engineering)
• Dipolar Bose and Fermi gases
• Collective cooling, CW atom laser, quantum master equation
• Strongly correlated systems in AMO physics

Quantum Information:
•Quantification and classification  of entanglement
•Quantum cryptography and communications
•Implementations in quantum optics

Matter in strong laser fields:
•High harmonics generation, above threshold ionization, 
multielectron ionization
•Attophysics
•Analogies: Super-intense laser-atom physics and nonlinear atom 
optics 

at ICFO



Three Tales  on Quantum Information Theory, Quantum
Phase Transitions and Cold Atoms

• Lecture IIb – Generation of entanglement in many body systems,
generation  via quantum phase transitions, generation in complex and 
disordered systems.

• Lecture I – Introduction to QIT – theory of entanglement, entangle-
ment criteria and measures, multiparty entaglement, entaglement
detection, distillability (literature: bruss.pdf, lewen.pdf, lecture1.ppt)
• Lecture IIa – Entanglement and quantum phase transitions - entaglement in 
simple integrable models at the criticality, localizable entanglement, 
entanglement versus correlations (lecture2.pps). 

• Lecture IIIa – Entaglement based codes, matrix product states,
PEPS (Projected Entangled-Pair States) (lecture3.ppt, armand.pdf).

• Lecture IIIb – Examples – Spin ½ XY chain in a random X-oriented
field



Lecture I – based on extracts of the:







• Entanglement plays an 
important role in 
quantum phase 
transitions and, in 
general, in many body 
quantum physics!!!



BA HHH ⊗=Bipartite systems





Although, there is some “truth” in it…





Positive and completely positive maps

• Let M be a linear, self-adjoint map acting from the space of 
operators (density matrices) acting in HB  to the space of operators 
acting in HC

M(ρB)= ρC  

• The map M is positive, iff it maps positively definite operators into 
positively definite operators. The map is completely positive, iff for 
any extension

IA☺M(ρAB)= ρAC  ,

the extended map is positive! Example: Trasposition is positive,
but not CP; CP maps have the form M(ρ)=∑iCi ρCi

+

⊗



acting on Bob





Important entanglement measure

• Logarithmic Negativity (LN)

LN of bipartite state ρAB :

E(ρAB )= log2 || ρAB
TA|| 

||.|| : trace norm (sum of abs. values of eigenvalues)
ρAB

TA :partial transpose of ρAB w.r.t. A.

In 2x2, the state is entangled (and distillable) if and only if 
E(ρAB ) ≠ 0.



Other important entanglement measures

von Neumann Entropy = -Tr ρ1 log2 ρ1      ↔ 4 det ρ1

von Neumann Entropy of a block  = -Tr ρblock log2 ρblock

)()( *
22 yyyyR σσρσσρ ⊗⋅⋅⊗⋅=

C = max{λ1− λ2 − λ3 − λ4 ,0}
are square roots of  the eigenvalues of,1λ ,2λ ,3λ ,4λ

• CONCURRENCE 

Whole system is in a pure state!

Coffman, Kundu, Wootters PRA 61, 052306 (2000)





CBA HHHH ⊗⊗=Tripartite system:





Entanglement measures in N qubit systems

• Entaglement in reduced density matrices
Let ρ (|Ψ>< Ψ|) be a many body state of the system

we define the two-, three-, … qubit reduced density  
matrices:

ρij = trk≠ij (ρ)
ρijk = trl≠ijk (ρ)

We apply then entanglement measures (or witnesses, positive 
maps etc. ) to the  two-, three-, … qubit reduced density 
matrices:

E(ρ ij), E(ρijk) etc. 



Entanglement measures in N qubit systems

• Entanglement of assistance
Let ρ (|Ψ>< Ψ|) be a many body state of the system
and M - a measurement acting on qubits k≠ij.
We define

ρij(M) = Mk≠ij (ρ)
Eas(ij)=supME (ρij(M)) 

• Localizable entanglement
The definition is the same as above, except
that now  M is  a local measurement acting 
locally on qubits k≠ij.













Hannover-Barcelona  – Quantum Gases Theory

PhD ICFO: Armand Niederberger
Postdocs ICFO: Ujjwal Sen, Aditi Sen (De)
PhD Hannover: Klaus Osterloh, Henning 
Fehrmann, Alem Mebrahtu, Jarek Korbicz
Diploma Hannover: Alex Cojuhovschi
Ex-Hannoveraner: Anna Sanpera, Veronica
Ahufinger (UAB), Adrian Kantian
(Innsbruck), Misha Baranov (Amsterdam), 
Dagmar Bruß, Tim Meyer (Düsseldorf), 
Luis Santos (Stuttgart), P. Pedri (Orsay), 
P. Öhberg (Glasgow), Z. Idziaszek (Trento),  
U.V. Poulsen (Aarhus), J. Mompart (UAB),
Laurent Sanchez-Palencia (Orsay), Bogdan
Damski (Los Alamos), Kai Eckert (UAB)

Collaborations: J. Arlt, W. Ertmer, G. Birkl, E. 
Tiemann (IQO), H-U. Everts (ITP), G. Shlyapnikov, 
(Orsay), K. Góral (Oxford), P. Julienne, S. Koto-chigova
(NIST), J. Dziarmaga, J. Zakrzewski, K. Sa-cha, A. 
Kubasiak, B. Oleś (Cracow), U. Dorner, P. Fedichev, P. 
Zoller, W. Dür, L. Hartmann, M. Hein, H. Briegel
(Innsbruck), D. Jaksch (Oxford), R. Corbalán (Bar-
celona),  M. Pons (Bilbao), C. Wunderlich (Dublin), Ch. 
Macchiavello (Pavia), M. Guillermas, J. Mur-Petit, A. 
Polls, M. Baig (Barcelona), K. Sengstock, K. Bongs
(Hamburg), 
J.I. Cirac (Garching), Y.V. Kartashov, L-C. Craso-van, 
Ll. Torner (ICFO), V. Vysloukh (Puebla), 
A. Zelenina (Moscow), J. Wehr (Tuscon), B. Gromek
(Łódź), A. Hajdamowicz (Poznań), A. Honecker
(Braunschweig)


