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Introduction

?
What! String theory beyond Calabi-Yau manifolds

Why?
* Emerging language might be of fundamental significance

e Are CY vacua special?

° Mirror symmetry, topological models...



Generalized complex geometry is the emerging language

reformulates metric in terms of differential forms

g determined by pair (&, P ) d = Zformk
k

compatible CI(6,6)
pure spinors

b, = e’/ () defines GI(3,C) structure JANQ =0
d_ =) J defines Sp(6,R) structure J°/3! = i) A Q

Example:

@ makes natural to relate metric and fluxes (as susy should require)

vacua black hole attractor
dd_ =10 8TCI>_:f+i>l<f+|Z|<i>_

1B:



@ puts order in arrays of possibilities
e example: (2,2) models (~ N = 2 supergravity vacua, RR=0)
e know and love: Kahler

® [GatesHullRocek’84]: J+ for right-movel"s . o
... heither is Kahler
#J_ for left-movers

all these cases are generalized Kahler < (d+HNDy = 0}
[Gualtieri’04]

® similarly for supergravity:
e SU(3),SU(2)...

e different fluxes



Plan

® Worldsheet models; an application (K3s)
® Supergravity vacua

® (Black holes and topological models)



Pure spinors
Ex.:

Internal spinors define geometries: e’ =€¢; ®@n +c c

1 4
620 = €4 <§§>77§L + C. C.
»

1
s & s 6 anpfy =4 [Fierz] éd spinors

via v'YAQ =0
almost complex structure (c1 = 0)

_ + df{) =0 = complex (K = 0)
(dec.) 2 | ©2 A € nowhere zero

- . 1 ?
Ui@ng:/‘]51+2/—§ﬁ—6

almost symplectic structure - .
5 +de'’ =0 = symplectic
J | J° nowhere zero

(CY: complex and symplectic)



0 iJ
and ¢~ share a property sure Cl(6,6) spinors

p bispinors: differential forms:
rep. for Clifford(6)xClifford(6) rep. forClifford(6,6)
| m B m “g ices’:
For tensor products: "€ = |(dx ondnl&l
gsmce Z(::Vm — + [(d2™ S/}
YN+ =0
) ® is called pure if
Ann(n} & nfj) =3+ 3 Ann(®) =6

Generalized Calabi-Yau: dd =0 [Hitchin,Gualtieri...]



Pairs of pure spinors determine a metric

almost symplectic
. structure (J, ]) “compatible”

g symmetric:

Justas (J,j) — gun = jmP Tpn

0“
.

almsiizzfunsglex ((I)—|—, (I)_) N gmn — j_:lpj—pn 4 j_f)';npjf)n
SU(3)xSU(3) structure
o j = (f = Red)

9 [Hitchin;Gualtieri]
j — 16—|—6 [Kapustin,Orlov’00]

really: generalized

Its eigenspaces trivial can. bundle

are closed i integrable: - (Cl -+ H/\)CI) =0:

under Courant . . .
generalized complex generalized Calabi-Yau
“Lie bracket

for T @ T*” M M)

(J4,J_) integrable: —  (d+ HA)®4 = 0:
generalized Kahler generalized Calabi-Yau metric



Worldsheet

(1,1) models: no conditions on geometry 00X = eQX™

(2,1): impose extra susy §, X" = e+jmn(X)D+X

susy algebra — ] is complex structure Hull

invariance of action = [/ =j¢] o) =iH*' (&dJ=7j-H)

.

Ann(®) (1 Ann(@-) o bt less directly related to GCG
closed under Courant one j and a l]’alf
are integrable

[Grana,Minasian,Petrini,AT]

4 (3,0) form () for; = A = 1 supergravity vacuum
and dQQ=WQ=0
(“K — O”)

[Strominger]

[toy model: /d9+5mD+Xm (2,0) < generalized complex]

[Lindstrom,Minasian,AT,Zabzine]



(2,2): 0+ X" =

e usual case: 7+

e in general: 7-

ff !7 (:£i>71_l:):£:;)<r

. complex, dJ

o [ji,j_]=0 :/d20d26’K(X X

= 7_ = Kahler

= 19

[GatesHullRocek]

also: / d*0d*0 K (XX)

+-H — generalized Kahler
[Gualtieri]

, Y, Yoo “twisted chirals”

e [ji,7_]7#0 algebra only works on-shell

add
extra
fields ex

Again, o closed(3,0) forms ()

Ex.: Enriques surface

off-shell formulation

ists!

generator for canonical transformation

from 2

for 7.

/d29d2§f4\((chirals twisted »‘semichirals’)

’ chirals

[Lindstrom,Rocek,

; vonUnge,Zabzine]
1
+ to <2

- = N = 2 supergravity vacuum

(d + H/\)(I)i = (0 [Jeschek,Witt]

ci =0 but K+ (0 = no spacetime susy
arpe



Application: K3

[Huybrechts]
1 @ Moduli space of metrics: Fspmwalorrisent
0 0
1 99 1 e H? (K'3) has signature (3,19) (a.f) = /a Ap
O O o o .
1 e (Re(Q2),Im((2),.J) span 3-plane w/ positive signature
(and can be rotated in one another)
S0O(3,19)

= Mk = {such planes } = Gr(3,19) = SO(3) x SO(19)

@ Compactify typellon K3: ¢g:(3x19) B:22 ¢:1 = 30

\
4-planes in R*4Y2 Why? M ~ 50(4,20)

g T 50(4) x SO(20)

o H°V°" = HY @ H? @ H* has signature (4,20)
(P4, D)} = Mz

52 x 8|
Mirror symmetry: &, « &_ {4-planes } = My 4

o (P4, D) span 4-plane w/ positive signature



Va,c u a, [Grana,Minasian,Petrini,AT]

@ IIA, lIB: Most general 4d vacua that preserve

e 4d Poincaré ¢io = ¢**g4 + g5
o N —1: Scthm="0 6. =0
F(lo):F—l—Vol4/\>l<F F=) F
e RR#0 k

define differential

di () = e 24T (d + HA) (2479 )
® then 4 (¢,,d )|

4Py =0 A d-1®- =0 1B
dgd_ =dAND_ — d_H(I)_|_ :dA/\(T)++

1
—1—6[C_€A+¢Ft — e Pc, xF] —|—1—6[c_6A+¢F +ic e T Px

C+4 integration constants M6 compact: :} orientifold :} c_ =10



@ all (Minkowski) vacua are generalized Calabi-Yau (d+ HN)® =0

[AdS generalization exists; ‘generalized half—flat”]

@ Re: c_ F'=16(d+ HA)(e” ?Red ) = (d— HA)F =0
Im: cp e F =—-16(d+ HA)(e**?Im®_) = (d+ HA)e* +F = 0

compact = c_ =0 = (d— HA)F = sources

@ brane action DBI (2 /eSA_%BImC}D) +CS (: /64A6Bé)
NV , [Martucci,Smyth]
/ pullback bulk form:.., closed =7 calibrated cycles gK:[Koerber]

---------------

@ should also be derivable from SU(3)xSU(3) prepotentials P, ()

[Vafa; LawrenceMcGreevy; GMPT]
[GranalouisWaldram]

® mirror symmetry! &, «— O_



SU(3)xSU(3)

e%ozei@wﬁ%—o C.

><< e%ozei@)n;qtc.c.

¥ 6d spinors

SU (2) [Jeschek,Witt]
A,

4 Popular SU(3) subcases: (all complex)

| 4
e conformal CY; F3+ 7H is (2,1) and primitive; Fs /l;fl + sources = dk
D3 [GranaPolchinski, DasguptaRajeshSethi, — ¢ = 0O3s,D3s

GiddingsKachruPolchinski, KlebanovStrassler]

. . fake global issue:
e can combine with F-theory (no longer conf. CY) seemingly ¢ = 0, but

D7 but dual to CY fourfold must allow “S-duality
trans. functions”

Less popular (non CY):
o (dJ —ie®Fs) 7 =0 |e (dJ—iH)"” =0

prim

D5 [MaldacenaNunez] NSS [Hull; Strominger]

not inside classification
(RR#0)

These cases are in correspondence with spacetime-filling branes



@ Look inside a class: |
. . exponential of
nilmanifolds Lie algebras

o All generalized complex d® =20

e Action of orientifolds on &
is known

e Allis leftis to solve d® = «F

® mod out by T-dualities:

flab — Hig

pi(12434+456 11, 11 (1+22) i(34+56)

Ex.

group manifolds;

generators= O\

generalized complex

0

5

[Cavalcanti,Gualtieri]

[Kapustin,Orlov’00(!)]
three T-dualities '
—BeiJ

Vgle"Q — Vlgle™ e
[Fidanza,Minasian,AT]

e So far we have found only T-duals of torus

o Extending to solvmanifolds: compactness issues

[Saito; Auslander]



@ take inspiration from generalized Kahler examples’ [Gualtieri]

2 compact, (2,2) models; [Hitchin]
several ((134-, (I)—) on CP but 61#0 [Lin, Tolman;...]

® from deformations of ordinary Kahler : : _
gen. deformations of ordinary complex structure:

O/ A2 1 2 2
50 = 3.0 H(A*T) @ H'(T) ® H*(0) (= HH?)
bivector " . [Gerstenhaber,Schack]
ordinary
® from “generalized Kdhler quotient” complex def.

@ Proof of concept: N = 2string theory vacua do exist

. . o [Chuang,Kachru,AT]
e obtained from effective 4d theory and non-CY transitions

o 0 # gs < 1 ;regions of strong curvature — ot in 10d supergravity

lIB vacua

.
.*
.
.
.
**
.

A
@ So we have -
dgP_ =0 I|IA vacua

e
.
.
.
.
.
.
**
.

CYC >



Black holes

. . . [Hsu,Maloney,AT]
... rather than vacua, again from compactification on My

ds? = 2AW) [ 4d black hole metric } 1 ginternal(y. o))

FUO = F 4 voly A +F + volg: f + #4volgs + f f=> 1
k

. V r pure spinors describe N' = 2 vacuum (with RR! “twice A/ = 1”)

lllllllllllllllllllllllllllllllllllllllllllllllllll
* .

11. at the horizon: f = Im(CCI)1_4) [attractor equation]

.
----------------------------------------------------

. f=Im(CO_
When can we solve it? cY: J m(C)
[Hitchin]: .
[pointwise:] Ifand only if  —Tv[7(f))2 = q(f)> 0

/ a2 is nothing but the  Clearly it had to be ¢>0,

horizon area .
[ but: indirect extra]

constraint on ® 14



via [Ooguri,Vafa,Strominger] these black holes should be related to a

Topological model

on a symplectic or complex manifold

twisting
e from a generalized Kahler = (2,2) model > topological model

(j—|—, j—) [Kapustin]
For SU(3):

suggested picture:  [GMPT]® On CY: A independent of complex moduli

e do we really need both!?

A | de! =0 ® On CY:B independent of symplectic moduli
B d{) =0
gen. | dd =0

® in fact:A defined on any symplectic manifold

[Alexandrov,Kontsevich,

Schwarz, Zaboronsky] ~ US€ BV to produce topological models

So far it works well for [j1,7_|#0 [Zucchini; Pestun]



Summary
Supergravity Worldsheet

(weake r)

N=2 (d+HAN)®+ =0 ~ “generalized no 2,2) (‘7+’j) generalizedg
RR=0 CY metric” ’ integrable Kahler

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T P T TP P P P PP P P PP PP TPPPPTPPPPPPPPIE S

N = / generalized CY

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T P T TP P P P PP P P PP PP TPPPPTPPPPPPPPIE S

N =1 (d+HN)Q =0 generalized CY

no “J +1/2 generallzed
RR=0  oJ — jH2! +..1 (2I)

~ integrable” complex+ 7

BT A S - S P T T T Py S P T PP P PP P PP PP PP RPRP PP

RR#£0 =twice RR#O |

O th e r d i m e n S i O n S: .....................................................................

3+8 Tsimpis] .....................................................................
3+7  [Jeschek,WVitt]




Conclusions

® GCG nicely classifies vacua
® What is the use of this geometry?

® |s this deep!



