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Quantum transport of chiral
electrons in graphene

Vladimir Falko

Lancaster Centre for Nanoscale Dynamics and
Mathematical Modeling

with
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T.Ando, B.Altshuler



Graphite

Three dimensional layered material
with hexagonal 2D layers [Bernal
(AB) stacking]

M. S. Dresselhaus and G. Dresselhaus 
Adv. Phys. 51, 1 (2002) 

Layered poorly conducting 
semimetal used in pencils 



Ultra-thin graphitic films: from flakes to micro-devices

K. Novoselov et al., Nature 438, 197 (2005)
J. Bunch et al., Nano. Lett. 5, 287 (2005) 
Y. Zhang et al., Phys. Rev. Lett. 94, 176803 (2005)
Y. Zhang et al., Nature 438, 201 (2005) 
K. Novoselov et al, Nature Physics 2, 177 (2006) 

K. Novoselov et al., 
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Graphite MonolayerBilayer

1. Tight-binding-model for the Dirac-type electron
spectrum in graphene and its relation to the
lattice symmetry.

2. Landau levels of chiral electrons in graphene,
Quantum Hall effect in monolayers (graphene)
and bilayers.

3. Chirality of carriers in graphene and Berry’s
phase Jπ, quantum transport properties of chiral
2D electrons.

Elementary introduction in graphene physics



! - bonds

       hybridisation forms strong directed bonds
which determine a honeycomb lattice structure.

2
sp

C

Carbon has 4 electrons in the outer s-p shell

eV20~

)(!zp orbitals determine conduction properties of graphite

0
!



J.Slonczewski and P.Weiss,  Phys. Rev. 109, 272 (1958)





0i
e 3/2!i

e

p
r

3/2!i
e
"



0i
e 3/2!i

e

3/2!i
e
"

0)()( == !+ KK ""

!
!
!
!
!

"

#

$
$
$
$
$

%

&

!
!
!
!
!

"

#

$
$
$
$
$

%

&

!
!
!
!
!

"

#

$
$
$
$
$

%

&

!
!
!
!
!

"

#

$
$
$
$
$

%

&

'

'

+

+

1

0

0

0

;

0

1

0

0

;

0

0

1

0

;

0

0

0

1

A

B

B

A
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In the corners of the Brillouin zone,
electron states on the A and B sub-lattices
decouple and have exactly the same energy:
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Bloch function amplitudes on the AB sites
(‘isodospin’) mimic spin components of

a relativistic Dirac fermion.
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Monolayer

Two dimensional zero-gap semiconductor with
Dirac spectrum of electrons

J.C. Slonczewski and P.R. Weiss
Phys. Rev. 109, 272 (1958)
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K. Novoselov et al., Science 306, 666 (2004)
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Bloch function amplitudes on
the AB sites - ‘isospin’ !

!
"

#
$
$
%

&
=

)(

)(

B

A

'

'
(

1=!n
rr

"

vp=!

x
p

y
p

F
!



MonolayerBilayer

1. Tight-binding-model for the Dirac-type electron
spectrum in graphene and                its relation to
the lattice symmetry.

2. Landau levels of chiral electrons in graphene,
Quantum Hall effect in monolayers (graphene)
and bilayers.

3. Chirality of carriers in graphene and Berry’s
phase Jπ, quantum transport properties of chiral
2D electrons.

Content
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To write down the monolayer Hamiltonian describing electrons
near the K-points, one has to construct all possible invariants
using 4x4 matrices (with sublattice and valley indices) acting
within the 4-dimensional representation and the momentum

operator,      .
(phenomenlogy)

Alternatively, one can apply the tight-binding model including
the dominant next-neighbor (AB) hop and also

 longer-distance (AA) hops
and to expand to higher order in           (or            ).

(microscopy)
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      higher order invariants (expansion terms)

valley       a weak electron-hole 
  asymmetry due to

non-orthogonality of
      orbital basis

                    and AA, BB hopping
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          higher order invariant

valley        ‘trigonal warping’: centre-asymmetric 
Fermi lines in the opposite valleys
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Time-inversion symmetry
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MonolayerBilayer

1. Tight-binding-model for the Dirac-type electron
spectrum in graphene and              lattice
symmetry.

2. Landau levels of chiral electrons in graphene,
Quantum Hall effect in monolayers (graphene)
and bilayers.

3. Chirality of carriers in graphene bilayer and
Berry’s phase 2π.

Content



Bilayer [Bernal (AB) stacking]



Bilayer [Bernal (AB) stacking]



Bilayer [Bernal (AB) stacking]
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Hops between A and       viaB
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Direct inter-layer hops between A and ,
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B 1.0~
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Inter-layer asymmetry (electric field across the
structure, effect of a substrate/overlayer)

‘trigonal warping’
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Summary of Lecture 1
chiral electrons in graphene monolayer and bilayer

         valley    ‘trigonal warping’

           dominant at a high magnetic field
              and in high-density structures

Lecture 2:  applications to transport properties
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