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Graphite MonolayerBilayer

1. Tight-binding-model for the Dirac-type 
electron spectrum in graphene and lattice 
symmetry.

2. Landau levels of chiral electrons in graphene, 
Quantum Hall effect in monolayers
(graphene) and bilayers.

3. Chirality of carriers in graphene and Berry’s 
phase Jπ, quantum transport properties of 
chiral 2D electrons.

Lecture 2:  observable effects



Summary from Lecture 1
chiral electrons in graphene monolayer and bilayer

valley ‘trigonal warping’:

dominant at a high magnetic field
and in high-density structures
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2D Landau levels

semiconductor  
QW / heterostructure

(GaAs/AlGaAs)
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Y.Zheng, T.Ando
Phys. Rev. B 65, 245420 (2002)

E.McCann, V.Fal’ko
Phys. Rev. Lett. 96, 086805 (2006)

8-fold degenerate
zero-energy Landau level

↑↓

↑↓

)1( −±=

±=

±

±

nn

n

cn

v
n B

ωε

ε λ



Hops between A and       via  B~ BA~

Direct inter-layer hops between A and ,~B 1.0~3

v
v

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ 0

0
3 π

π
ςv



Landau 
wavefunctions

3
1 ~ mvpB >>−λ

strong magnetic field 

3
1 ~ mvpB <−λ

weak magnetic field 



8-fold degenerate
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Unconventional quantum Hall effect and Berry’s phase of 2π in bilayer graphene
K.Novoselov, E.McCann, S.Morozov, V.Fal’ko, M.Katsnelson, U.Zeitler, D.Jiang, F.Schedin, A.Geim

Nature Physics 2, 177 (2006)



MonolayerBilayer

1. Tight-binding-model for the Dirac-type 
electron spectrum in graphene and lattice 
symmetry.

2. Landau levels of chiral electrons in graphene, 
Quantum Hall effect in monolayers
(graphene) and bilayers.

3. Chirality of carriers in graphene, suppression 
of backscattering, p-n junction in graphene.
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Ultra-thin graphitic films: from flakes to micro-devices

K. Novoselov et al., Nature 438, 197 (2005)
J. Bunch et al., Nano. Lett. 5, 287 (2005) 
Y. Zhang et al., Phys. Rev. Lett. 94, 176803 (2005)
Y. Zhang et al., Nature 438, 201 (2005) 
K. Novoselov et al, Nature Physics 2, 177 (2006) 

K. Novoselov et al., 
Science 306, 666 (2004)



Charged impurities in the substrate (or on its surface) 
are the dominant disorder: V=u(r)I

Experiment shows 
a linear relation between 

conductivity, g
and carrier density, en
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Suppressed backscattering of chiral quasiparticles from a potential 
step leads to a selective transmission properties of an  n-p junction

Due to the isospin conservation, 
electrostatic potential cannot 
scatter a chiral fermion in a 

backward direction.
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Suppressed backscattering of chiral quasiparticles from a potential 
step leads to a selective transmission properties of an  n-p junction

V.Cheianov, V.Fal'ko, cond-mat/0603624
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Due to selective transmission of electrons with a 
small incidence angle, an n-p junction in 
graphene should display a finite conductance 
per unit length and a characteristic Fano factor
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MonolayerBilayer

1. Tight-binding-model for the Dirac-type 
electron spectrum in graphene and lattice 
symmetry.

2. Landau levels of chiral electrons in graphene, 
Quantum Hall effect in monolayers
(graphene) and bilayers.

3. Chirality of carriers, Berry’s phase, and 
quantum transport properties of disordered 
graphene.
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Berry phase π
suppressed backscattering

weak anti-localisation ?
H. Suzuura, T. Ando, Phys. Rev. Lett. 89, 266603 (2002) 

D. Khveshchenko, cond-mat/0602398

Berry phase 2π
weak localisation ?
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‘trigonal warping’:
valley symmetry of wave vector K is lower 

than the hexagonal symmetry

in one valley,

for oppositely propagating electrons,
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Weak anti-localisation
is suppressed by the 
asymmetry of dispersion 
in each valley

(no Berry phase π effect)
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intervalley
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Berry phase π

‘slow’ inter-valley scattering:
neither WL nor WAL

‘fast’ inter-valley scattering: 
usual WL magnetoresistance

cut at  

antisymmvalleysymmvalley CCg −− +−=1δ
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S.V. Morozov et al, cond-mat/0603826
(Manchester group)

Weak localisation magnetoresistance in graphene



‘trigonal warping’:
valley symmetry of wave vector K is lower 

than the hexagonal symmetry
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−−++
+++−= −− KKKKantisymmvalleysymmvalley CCCCg1δ

Weak localisation

may be 
suppressed 

by the 
intervalley
scattering

due 
to atomically 

sharp 
scatterers
or edges

iτ

can be 
suppressed 

only by 
decoherence

Berry phase π

killed by
trigonal warping

reflecting
the asymmetry

in each valley

Berry phase 2π
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1>>τεF
High electron (hole) 
density and remote 
Coulomb scatterers
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Berry phase π

‘slow’ inter-valley scattering:
neither WL nor WAL

‘fast’ inter-valley scattering: 
usual WL magnetoresistance

cut at  

antisymmvalleysymmvalley CCg −− +−=1δ

antisymmvalleysymmvalley CCg −− +−=2δ

Weak localisation magnetoresistance
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Summary
Graphene – a new type of 2D electron systems with chiral quasiparticles

displaying Berry’s phase Jπ and 4J-times degenerate ‘zero’ energy 
Landau levels manifested in the QHE behavior.

Chirality of electrons in graphene suppresses backscattering from 
Coulomb centres and determines selective transmission in n-p junction. 

Graphene (monolayers) and bilayers have a rich diagram 
of weak localisation - antilocalisation regimes

Many more interesting questions
Conductivity of un-doped structures.

e-e interaction effects in monolayers and bilayers. 
Correlations in QHE liquid with highly degenerate LL’s, FQHE.

Pierls-type transition stimulated by a magnetic field.
Graphene-based nanostructures (electrostatic QDs are not possible).

Hybrid junctions with superconductors and ferromagnets.


