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Plan of the lecturesPlan of the lectures

WhatWhat are are disordereddisordered elasticelastic systemssystems ? [1]? [1]

FundamentalFundamental concepts for concepts for staticsstatics [1][1]

FundamentalFundamental concepts for concepts for dynamicsdynamics [2][2]

DepinningDepinning of Interfaces [3]of Interfaces [3]



MagneticMagnetic domaindomain wallwall

S. Lemerle et al. PRL 80 849 (98)



FerroelectricsFerroelectrics

P. Paruch et al. 
cond-mat/0411178

10 μm 500 nm



VorticesVortices in in superconductorssuperconductors
T< Tc:  zero resistance Flux expulsion (Meissner)

YBa2Cu2O7-δ 
monocristallin

YBCO

Magnet

But …… Vortices



ξ

λ

• λ ∼ 10000 Å

• ξ ∼ 10 Å

• Hc1 ∼ 100 G

• Hc2 ∼ 300 T

T

Hc2

Hc1

Meissner

Normal

Tc

FF

Abrikosov lattice



How to How to seesee vorticesvortices ??
Y. Baselevitch
T. Johansen
Oslo

C. Veauvy, D. Mailly, & K Hasselbach
CRTBT Grenoble

Scanning SQUID
NbBitter decoration NbSe2

Magneto-optics NbSe2

M. Marchevsky, J. Aarts, P.H. Kes
(Kamerlingh Onnes Laboratorium,
Leiden University)



Elastic description of Vortex Lattice
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Need to pin the vortices: Disorder

Effect of external disorder on a Solid/Liquid



Charged spheres: M. Saint 
Jean, GPS (Jussieu), 2000

Magnetic Bubbles: R. Seshadri
et al.

ClassicalClassical crystalscrystals



OtherOther classicalclassical systemssystems

• Charge density waves

• Contact line of liquid menisci

• Crack propagation



Quantum Quantum systemssystems

I

V

• Strong repulsion : Wigner crystal

• Quantum fluctuations instead (in 
addition to) thermal fluctuations



Wigner CrystalWigner Crystal

E.Y. Andrei, et al PRL 
60 2765  (1988)

R.L. Willett, et al. PRB 38 
R7881  (1989)



OtherOther quantum quantum CrystalsCrystals

• Spin density waves

• Luttinger liquids (1D interacting electrons)



SomeSome examplesexamples ofof
DisorderedDisordered ElasticElastic SystemsSystems

Competition ``Order’’ / ``Disorder’’

• Interfaces 
(magnetic domain walls, ferroelectrics, growth

interfaces,…)

• Periodic systems
(vortex lattice,CDW, colloids, magnetic

bubbles,..)

• Quantum systems
(Luttinger liquids,Wigner crystal,SDW,Stripes,..)



•Basic Features :

`Elasticity’ Disorder

(Thermal, quantum) fluctuations



QuestionsQuestions

• Statics

• Dynamics

• Melting
• Glassy phases

Competition ``Order’’ / ``Disorder’’



P. Kim PRB 60 R12589 (99)

StaticsStatics

T. Klein et al. Nature 413, 404  (2001)



+

50 μm

(V. Repain et al. (Orsay))

Dynamics

-



New type of New type of physicsphysics

• Very controlled (e.g. magnetic
field)

• Can pull on on the system

• Plunged in an external disorder



How to modelHow to model

ElasticElastic descriptiondescription



ElasticElastic description of description of crystalscrystals

R0
i : crystal

ui : displacements

n=2 d=3 vortices

Elastic hamiltonian

∑∫ −=
αβ

βααβ dqququqcH )()()(2
1



Simplest elastic hamiltonian : c(q) = c q2

2
2
1 ))(( xucH ∫ ∂= βα

Long range forces ; bulk, shear and tilt

),,( zyxuz∂),,( zyxuxy∂),,( zyxuαα∂



LimitationsLimitations
Interfaces Interfaces 

((overhangsoverhangs, , bubblesbubbles))

J. P Jamet, V. Repain

PeriodicPeriodic
dislocations, etc.dislocations, etc.

M. Marchevsky, J. Aarts, P.H. Kes



WhatWhat to to measuremeasure ((staticsstatics))

ur

2)]0()([)( ururB −=

Positional order



Fourier transform of:

)0()( 00)( uiKruiK eexC −=

Decorations Neutrons

K0 q

)()()( qqqS −= ρρ

Structure Structure 
FactorFactor



Thermal fluctuations : Thermal fluctuations : MeltingMelting

c
Tlu T ∝= 22

Lindemann criterion of melting : 

2222 aClu LT == 2.01.0 −≈LC



VorticesVortices

T

Hc2

Hc1

Meissner

Liquid

Normal

Tc

T

B

Solid Liquid



ShouldShould wewe care about care about disorderdisorder??



S. Lemerle et al. PRL 80 849 (98)

ςLu ∝



DisorderDisorder (point (point likelike defectsdefects))
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LossLoss of of translationaltranslational orderorder (Larkin)(Larkin)

aRu a ≈)(

∫ ∇= rdrucH d
el

2))((
2

rdrrVH d
dis ∫= )()( ρ

22acRd
a

−
0

2/ ρd
aVR

)4/(1

2
0

2

2 dd

a V
acaR

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∝

ρ

No crystal below
four spatial 
dimensions



VeryVery difficultdifficult statstat--mechmech problemproblem

• Optimization : 

many solutions

• Glass Ε



Larkin ModelLarkin Model
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• Exactly solvable

• Not valid at large distance

Exponential loss
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• New length Rc

• Larkin model has no metastable states and 
pinning

• Rc is related to pinning 2
c

c R
cJ ξ

∝



Interfaces: Interfaces: onlyonly one one lengthlength

• Larkin length ξ≈)( cRu

R > Rc ; u(R) = ?????

R < Rc ; u(R) = R(4-d)/2



CrystalsCrystals: : TwoTwo crucial crucial lengthscaleslengthscales

• Positional order
aRu a ≈)(

• Larkin length
ξ≈)( cRu

C(r)

rRa

)(qS
d
aR

qaR/1aR/1−



TwoTwo types of types of disorderdisorder

Random bond Random field



InterfacesInterfaces
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Flory argument (mean field)



ς

LuRB ∝ ζ : roughness exponent

d = 1 ; ζ = 2/3 (random bond)



FerroelecticsFerroelectics

P. Paruch et al. PRL 94 194601 (05)



How to How to solvesolve ??

• Average over disorder (replica trick)

• Two main methods : 

Variational approach

Renormalization (functional RG)



ReplicasReplicas



AverageAverage over over disorderdisorder
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VariationalVariational MethodMethod
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0x0 0x0 limitlimit

• Replica symetric

baaa GG ≠
Unstable

• Replica symetry broken solution

Hierarchical structure

a,b continuous in [0,1]



RSBRSB

• Signals metastability and Glassy
properties

• Disordered elastic system = glass

• RSB from d=4 to d=2 (or 1+1) 
above a lengthscale Rc



FunctionalFunctional RenormalizationRenormalization GroupGroup
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DisorderedDisordered SystemSystem
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Δ’’

u

Δ’’

u

• Nonanalyticity at a finite lengthscale Rc such
that u(Rc) ~lc

• Cusp signals metastability and glassy states

(A. Larkin, D. Fisher)



InterfacesInterfaces

• Power law growth of the displacements: u ∼ Lζ

• L < Lc No metastabiliy (Larkin model): ζ = (4-d)/2

• L > Lc Metastability, glassy properties
ζ ∼ 0.208(4-d) + .... [FRG]

• ζ ∼ (4−δ)/(4+μ) [Flory]



CrystalsCrystals

IdenticalIdentical to interfaces ? to interfaces ? 

u ∼ Lζ

C(r) ∝ e−L2ζ

ExponententialExponentential lossloss of of positionalpositional orderorder ????

AboveAbove RRcc



NaiveNaive vision of a D.E. vision of a D.E. crystalcrystal

• Loss of translational order beyond Ra

• (Wrong) argument: disorder induces
dislocations at Ra

Ra Crystal broken
in crystallites
of size Ra



PeriodicPeriodic systemssystems: new : new universalityuniversality
classclass

ςLu ~ 2/1)(~ LLogu
(Nattermann,Korshunov,TG+Le doussal)



VariationalVariational and/or FRGand/or FRG

• Periodic system (crystal): Δ(u) = A cos(u)

• Fixed point: ζ = 0

(TG, P. Le Doussal)



rRc Ra

B(r)

dr −4

ν2r
)log(rAd

Larkin
Random 
manifold

Asymptotic

• many metastable states = glass !

• Quasi long range translational order !

• Does disorder generate defects ??? NO!!



Bragg GlassBragg Glass

• quasi long range translational order 
(powerlaw Bragg peaks)

K0 q

S(q)

• Glassy properties

• perfect topological order (no free defects)

(TG, Le Doussal; Nattermann) 



P. Kim PRB 60 R12589 (99)



UnifiedUnified phase phase diagramdiagram

T

H,Δ

Bragg glass
No dislocations

Dislocations

Liquid T

H

Hc1

Hc2

BrG



B. Khaykovich et al. PRL 76 2555 (96)

K. Deligiannis et 
al. PRL 79 2121 
(97)

Hardy et al. 
Physica C 232 347 
(94)



N. Avraham et al. 
Nature  411 451 
(2001)

Y. Paltiel et al. PRL 85 
3712 (2000)

BSCCO
NBSe2

Bragg glass : « melts » like a crystal
(first order melting)



NeutronsNeutrons
)(qS

d
aR

qaR/1aR/1−

No positional order Bragg Glass

ηη −∝ d
a RR exp

exp/1 Rexp/1 R−aR/1− aR/1

d
aR

ω0Kqz=

)(qS

• Collapse of intensity without broadening



T. Klein et al. Nature 413 404 (2001)



DynamicsDynamics



Questions for Questions for dynamicsdynamics

• Competition between disorder and elasticity: 
glassy properties

• Dynamics ?

Large v:

Nature of 
moving phase ?

Depinning:
( )β

cF-Fv ∝
Fc F

v T≠0

T=0

f → 0
v = ????



PinningPinning ((FcFc) and Larkin ) and Larkin lengthlength ((RcRc))
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DepinningDepinning (T=0)(T=0)

ζ for F ∼ Fc differs from ζ for F=0

Only RF universality class



ResponseResponse to a to a smallsmall forceforce

F

v

Fc

T≠0

T=0

• TAFF : typical barrier

• Linear response Fev Δ−∝ β

Δ

x

E



CreepCreep

• Glassy system: no typical barrier

∫ ∇= rdrucH d
el

2))((
2 ∫= rdrFuH d

el )(

ς22+−dcR ζ+dFR

(Ioffe + Vinokur; Nattermann)

2−≈ ςFLopt
2

22

)( −
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≈ ς
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opt FLU
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d−2+2ζ
2−ζ



StrongStrong assumptionsassumptions

Motion Motion soso slow slow thatthat staticstatic propertiesproperties cancan bebe
usedused

ScalingScaling of of barriersbarriers isis identicalidentical to the one of to the one of 
metastablemetastable statesstates

DominatedDominated by by typicaltypical barriersbarriers

MicroscopicMicroscopic calculationcalculation ????



ζη +++∇=∂ fuFucu pint ][2 ....)(ˆ 2
ˆ −∇−∂∫ ucuui teuDuD

Δ

u

Martin-Siggia-Rose, Keldysh

How to How to studystudy

Correlator of disorder



CreepCreep fromfrom FRGFRG

(Chauve, TG, Le doussal)



thermal flatflatdepinningRT Rv

Δ

u

Δ

u

Δ

u

DynamicsDynamics: : roundingrounding of of cuspcusp



Motion quite different from phenomenological picture (two
regimes) 

RT

Slow

RV

Fast: Avalanche

Thermal 
activation

Depinning
like

New New lengthscalelengthscale: avalanches: avalanches



VorticesVortices

D.T. Fuchs et al. PRL 81 3944 (98)

Bragg glass

ζ = 0, d=3

μ = 0.5



S. Lemerle et al. PRL 80 849 (98) ζ = 2/3 ; μ = 1/4



FerroelecticsFerroelectics

T. Tybell et al. PRL 89 097601 (02)

P. Paruch et al. PRL 94 197601 (05)

μ ∼ 0.58

ζ ∼ 0.26

d ∼ 2.49

Compatible with
d=2 + dipolar
interactions

μ=
d − 2+ 2ζ
2 − ζ



V. Repain et al. EPL 68 460 (04)

RT ∼ 1 μ m



Large VLarge V
Interfaces reorder at large V

Rv

Thermal Roughening for R > Rv



Crystal vs InterfacesCrystal vs Interfaces

• Moving glass  (TG, P. Le Doussal)

• Disorder remains in perp. direction

• Motion via static channels



S(q)

Coupled channels: Moving BrG
S(q)

Decoupled channels:Smectic

S(q)

No channels:Plastic



A. Kolton et al  PRL 83 3061 (1999)
F. Pardo et al. Nature, 396 348 (1998)



DynamicalDynamical Phase Phase DiagramDiagram

F

T

H

Fc

Liquid

Moving Bragg glass

Smectic

Plastic
Vortex Glass

Bragg glass

D=3



Transverse critical forceTransverse critical force
Crystal without disorder

Fx

Fy

Fy

vy

Moving glass

Fy

vy

Fcy



F. Perruchot et al. 
Physica B 256 
587 (1998)

Absence of Hall voltageAbsence of Hall voltage

• Flor < Ftran : no 
hall voltage 

• Compatible 
with the 
existence of a 
transverse 
threshold



Not the end of the storyNot the end of the story



? ? DefectsDefects ??



DefectsDefects !!

T

H,Δ

BrG

Disloc Nature of high
field phase ?

Influence on dynamics ?



210 μm

Pt/Co(0,5 nm)/Pt/SiO2

Roughness of the irradiated layer :

(V. Repain et al. (Orsay))



Out of Out of equilibriumequilibrium



CreepCreep: : MolecularMolecular dynamicsdynamics



Exponents larger than equilibrium value !

(A.B. Kolton, A. Rosso, TG)



Glasses : Glasses : AgingAging

E

f : Depends on 
both times

Aging of the Bragg glass or the interfaces ?

t0 t1 t2

f(t1,t2)



AgingAging in interfacesin interfaces

(A. B. Kolton, A. Rosso, TG)



Conclusions ?Conclusions ?

... It is a magical world

... Let’s go exploring ! 




