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Motivations

 EXxperiments
— Power-law distributions

* Physical systems: plasmas, high-energy processes, phase
transitions, turbulence, ...

 Other fields: temporal series, economics, geology,...
« Different approaches
— Deformations of distributions functions (ad hoc)
— Deformations of distributions functions (axiomatic)
— Modified algebra:
* Sum, derivative, differential equation, solutions
— Kinetical approach:

* microscopic,/mesoscopic physics, modified coefficients (Fokker-
Plank, ...)

Quarati, Kaniadakis:
Physica A 192 (1993) 677 (A set of non-Maxwellian distributions);
PRE 49 (1994) 11529; PRE 49 (1994) 1529;

— New entropic form
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Motivations

Success of the Boltzmann-Gibbs (BG) theory suggests that
new formulations of statistical mechanics should preserve

most of the mathematical and epistemological structure of the
classical theory.

New entropic form:
physical interpretation or convenient functional that
generate a consistent framework?

Supply a different perspective:
g-statistical mechanics unifies different existing pieces

(deformed exponential, information entropy, ...)
*Other coherent frameworks?
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Motivations

* More specific aim

Derive the largest class of extended entropies (coherent
statistical mechanics, distributions) with “reasonable”
properties:

— Trace form

— “exponential” distributions
 Three-parameter class of entropies
« Existing 1- 2-parameter cases

— discuss in an unified way

— comparison

— asymptotic behavior
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Motivations

* Physically motivated models
— g-entropy (Tsallis): fractal space, long range, ...
— g-entropy (Abe):. quantum groups
— K-entropy (Kaniadakis): relativistic transformations

* Not only theory

— Chaotic systems
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New entropic forms generalize the one introduced by
Boltzmann, Gibbs and Shannon (BGS entropy)

Spas(n) = —ky 3on, log(n,) = — ky(log(n))

‘ First request: trace form generalization ‘

S(n) = —ky ZE: n, A(n,) = — ky(A(n))

A(n)| is an analytic function:
we have in mind a generalized (deformed) logarithm
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Canonical formalism
Entropic functional

F = (rﬂ—k?(ZEn—()—F?"(Zn—ﬁ)

Stationary for variation of Lagrange multipliers: constraints

JELL e > Ein=U 6 F /68 =0 S m,=N

Stationary for variation of probabilities

W Z o1 log(n.) — 7 (E-_!. n. —U)+ ’(—; (n, —N) 1 = ()

4 , , E. —u
—n_ log(n,) =log(n,)+1=——
rﬁ’n n, log(n,) og(n;) + T
=N

kgl

n., X exp § —
()
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Canonical formalism

Trace form generalization

1
I

— > |—khyn, Aln;) — = (E;n, —U) +

I

%)

—n. A(n,) = —

) n,

E -
A

Without loss of generality

“Exponential” ansatz

=)

E(x)
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A

. unspecified invertible function
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" (n, =N)| =0

Three parameters




Canonical formalism

in Aln) =& (n":) 1)

) n,. QO

Second request (analogy with relation between log and exp):

5(?'3-7) be inverse of | /\ (;L‘)

A(x) isinvertible, £(.r) generalized exponential, distribution has

1(E, —u
o J
)\( i T “7”

B

modified exponential form: n,=af

A (;L‘) must verify a differential-functional equation

) n.
2 A(n) = AA (—)
on, n Alny) (v i
Two boundary conditions: A1) = 0 dA\(x)/ di;‘;p:l =
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From 3 to 2 parameters

1) can be easily eliminated

| [A(2)] = M(z/a) |

Define: i(.{) = al\(ox)+b

dA(x)/dx| _, =1 ol (o)

ICTP Trieste 1 Aug 06

wA(2)] = M(x/a) + 7

A(o)

n=(1—-X\Nb=(\— 1)0‘:!\!(0)
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—A\(o)

ol\(o)

10



From 3 to 2 parameters

{:I-'J-’TL[: )} T&( )+ xlaN(ox) + r’.] = T&( )+ za|A(ox)]

_FL(:I.') + a(ox) [N(ﬂﬂy:m Az) +a [ﬁ”‘l (H)]y ar

Az)+aM(y/a) — AMy)],—pp = aM(ox)+b+arA(ox/a) —aA(ox)

=b+al\(ox/a)=b+ ANA(z/a) —b) = M (z/a) + b(1 — \)

If j\(:}f:) verifies [zA(2)] = A\ (z/a) then

Az) = _.'\(::7;*‘11'(—_5_-?(0) verifies zA (;,z:)}“r = M(z/a) +n
\(o
with n = (A_l)g'\f’())
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Two-parameter solution

d

| T
Solve —ax A(z) = AA (—)
dx 8}
Can be transformed into
fit) Az
i d (1) | t
Delay equation (J;f” = f(t—t,) v = exp (57)
- t, Aa lna

Laplace transform, exponential basis

Original variables: powers

1
! 1-\ - I -,.||:'|-r - —K
Aa)=3$A2% EEE) | 1+s=Aa~
.Ii|.
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Two-parameter solution

simple root

‘A(:};) ="

! | | | | 1k
— [eA(x)] = A (=) = (kK + 1)a" — )\i—_
ﬁ.ﬁ

T
adxr Qv

=" lk+1—Xa"| =0

1—|—HZ—)\O§_H=O‘
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Two-parameter solution

multiple root

‘A(il?) = 2" log" :1:‘ = (d/dr)" 2"

el ()«
dx ‘ dr ‘

da

V(g) (=0

dr

)
dr

J
)(1+Hm*ﬂ)zo

ICTP Trieste 1 Aug 06
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d\"[d o d\" N
—) l—‘,z:’"thl - )\J:“‘a_“’] — (—) (1+r—Aa )" =0

7=0,....n
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Solution of the equation for [/v| depending on the parameters Al and [
|1—|—HZ-:)\CE_E |
1—|— Y : : o 146y 1o
_ Q_,—(H,—I—l) _ E—(ﬁ,—l—lj loga __ E—H)\alobaf
Ay
I+~ —st
defining s = t = Aalogar  becomes |s=¢°
pYe!
Zero, one, two solutions A
depending on the value of
t = Aaloga
ICTP Trieste 1 Aug 06 Generalized Stat Mech 15



It = A\ log v > 0] | one solution | \.

Single power, non interesting trivial solution ;\(J;) — ar”
When boundary imposed  A(x) = ()

v

t = \ov log a < () : no solution or two solutions
— st st = —1

S
border case: double root ‘
] = —te 5t S:—l/t:e /

‘ t = Aaloga < —1/8‘ | no solution | —

‘ — 1/g < Aalog v < 0‘ |two solutionsl R

ICTP Trieste 1 Aug 06 Generalized Stat Mech 16
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Boundary conditions (log as limiting value)

A1) =0

1 — Mo
d A(z) _ \?’Fil, K, :> Ax) = p—
‘, =1 1 2
d? r=|
Symmetric choice of parameters
7 I —Hh
K= (K, —K,)/2 f T — X
Ry = £y)/ In, (z)=Alxr)=—
_ o 1k,7} 2h
r=(r +k,)/2
Since 111{& T}(;’L‘) = 111{_& T}(:Ir) consider K > ()
Appropriate range of parameters
A bijective :> invertible
Elx)=A"(z) = exXp, ()

ICTP Trieste 1 Aug 06
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Properties (required) of the whole class of logarithms

Analyticity In,, () € C*(R7)

Monotonic increasing function (invertible)

d
— 1 ) > 0 —Kk<Tr<EK
—ln,, () >

Stability

d” |
y (@) <0 :> —k<r<l—x
Pz'f

Asymptotic property
1 (z | 1
11 s ~ e . =00 ti : q-
k) )I_:'{ﬁ 2|k - (exception: g-log )

Normalizability

: ‘ 1 | -
[In, (z)dx = T > r>n—1
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Properties (required) of the whole class of logarithms

TR T—K
:Ir —I— - :Ir

ln{ﬁ’r} (z)= o

—

Monotonic increasing function (invertible)
(1 + H—)J:r+ﬁ_1 — (r — ,u;;.ji;’”_“"_l > ()  dividing positive factor

(r+m)a®™ >y —n WY [r+r>0] and [ —n <0

also r = =TRK

eliminates possibility of degenerate root Ky = Ko = kK =0
A(x) = 2" log(x) k=0 mmp r=>0

Stability

(r4+5)r+r—=D2"" 2 —(r—r)r—r—-12""2<0

(r4+r)(r+r—1)2*" < (r—s)(r—x—1) > 0

r+r—1<0

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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range of parameters

r
I
2
K<r K<-r+1
. | K |
K>-r K>r+1

I D

2

If -k is also shown

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Corresponding properties of the deformed exponential

‘ - exp (0)=1
eXI){h_?}( ) S C%(R) ]{H.r}“ d
! % d:l

Asymptotic behavior and normalizability

exp, () ~ |[2kz

G SN (KT} !
}} |
exp,, () dxr = — .
— 1 AN (1+7)2 — K2

ICTP Trieste 1 Aug 06 Generalized Stat Mech 21



Two-parameter solution

rh — p=F verifies

d|x I, (x)]/dx = A In, . (@/c)

(T + K+ 1);IIT+H: — (; — K+ 1)1:'?"—;{ — £z

!

("L + K+ 1) — A\ P (! — K+ 1) _ }\ﬂ_,—-r—kﬁ

r+K _ .T‘H::|

ﬂ_.r—l—ﬁ aT— kK

o (1 + o — H)l/?ﬁ 1 )\ (1 + r— H.)[T—l—ﬁijH

l4+7r+ kK

(1 + -+ h) (r—k)/2k

ICTP Trieste 1 Aug 06 Generalized Stat Mech 22



Three-parameter class

| =" - -
lIl{H?T}(J;) — — " |verifies d|x lIl{H?_r}(i:)]/dJ: = )\111{&_?} (& /)

N () = 111{&_?}((_7;1:) - 111{H!_r}(ii) _ J:'r[(gu:)" - ({T;i:)f“} — o4+ o7"
LG o lniﬁ_ (o) (k+71)0% 4+ (kK —1)o"

verifies ‘ d|x lIl{H‘TEU}(J:)]/d;{: =Aln, o (z/a)+ ?;‘

(1+rﬁ;)1/%
(Y =
l4+r+r

n=(A-—1)

o — g

(k+1r)or 4+ (kK —1)o=*~

/\ B (1 4 p— HI)(T‘-FH)/QH
(1 +r + h) (r—k) /25

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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In general this class of logarithms does not verify

111{&?_}(1/:1:) # —In, (@)

B (J:_l)“" — (;1:_1)_“ | ) A

LIy A
o (™) = o T = 111{& __r}(if]

and the corresponding exponential does not verify

exp,,, ., (=2) #1/exp,  (x)

ICTP Trieste 1 Aug 06 Generalized Stat Mech



Two parameter class of entropies

n* —n

—K
i

S(n) = —k, %”{ }n{ﬁ_ﬁ_} (n,)=—k, %”3 i ) 4o

‘Information theory (1975}
Sharma, Mittal, Taneja

Statistical mechanics (1998)
Borges, Rodliti

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Two-parameter extended sum

K.
rd y=In {

e, (@) exp, (1)

KT} i ]

r— In,
{1

@)y —=n, L (y)

111{&_?}(1: y) = 111{&_?}(1:) & In (/)

(r.7)

generalizes

ICTP Trieste 1 Aug 06

log(z) + log(y) = log(2y)

Generalized Stat Mech
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Different approach to deformed distributions

Define deformed sum (subsef of properties of usual sum)

Deformed derivative

Differential equation > Exponential and logarithm

K-entropy (Kaniadakis)  q-entropy (Borges, Wang)

PHYSICAL FEVIEW E 66, 036125 (2002)

Statistical mechanics in the context of special relativity

. Kaniadakis™®
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One-parameter special examples

Shannon entropy

Usual log and exp independent of direction or value of T

In,, ., (z) — In(z)

kK.,r— 0
eXp,, () — exp(x)
In(1l/z) = —In(x)
Usual sum rPbyYy=x+Yy

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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One-parameter special examples

g-entropy (Tsallis)

=Tk

log, () ==+

Solve linear equation

exp, () =L+ (¢ — 1) 2] /179

1 — _IZFQH.

2K

log, (1/2) = —log

E_q ', /

q=1%+2r

r=Kr q=1+2k
log, (04) = —1/(¢ — 1)

Non-extensive sum

rhy=z+y+(q—1zy

ICTP Trieste 1 Aug 06
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One-parameter special examples

q-entropy (Abe) r=vV1+r2-1 g=V1+r?—=«r

- gl pa-l
h:]n,;t__glT (r) = <_

l/q—q
Invariant under q < 1/(}

Inverse exists, but not in terms of elementary functions

No explicit form for the g-exponential

No explicit form for the g-sum

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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One-parameter special examples

K-entropy (Kaniadakis) r=20 Invariant under
K — —K

N AR A
111{5} () = T <

Solve quadratic equation

exp (r
I{H.}( )

A A

(-\/l—l—&ﬂmg—i—ﬁxjuﬁ

n,, (1/z) = —In, (x) exXpy,, (—r) = 1/exp ()
L : N L 9.9 e
roy==o \/l + Ry + Uy \/l + K- Relativistic sum of momenta

ICTP Trieste 1 Aug 06 Generalized Stat Mech 31



K-entropy: special properties

(ﬁil){ﬁ}(—iﬁ) = (\/ 1+ Kk?a? — K ;L') v
B ((\/ 14+ K202 —k ;1:) (\/ 1+ K222+ K ;1:) .
V91+ 22+ ke
1 L/ |
B (\/1 + K222+ K tzf) N €XP, ()
ICTP Trieste 1 Aug 06 Generalized Stat Mech
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M

rdé y=In
|
2K
|
2K

1
2h

K-entropy: deformed sum

- [n xp{ﬁ}(’ r) f-i"-‘KIJ{H}(;fJ)]

K —K
. { [(?XI){H}(;'I?) {‘.‘Xp{ﬂ}(y)] — [m:p{ﬁ}(:rr) ff::x:p{ﬂ}(-_e,r)] }

L {(\/1 +r222 4 ra) (Y14 k2y2 4+ K y)

_(\/1 -+ k2?2 — K :I-')(\/l =+ K2 '.f;’g B l'!)')}

{Qhu\/l—l—h I‘+;’hf\/1—|—h }

— :1.-\/1 + k2y2 + yvV 1+ k222

NOTE:

h i e I S
‘I D (—;t..') _ 0‘ — & inverse of

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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RELATIVISTIC SUM OF MOMENTA

Particle of mass 772 and momentum 7  in a given frame ng
has energy [ = \/(??102)2 + (pc)?  and velocity v = N5

In a new frame with velocity V' relative to the previous one has momentum

"= Alp—VE/] L v
n = ~ln—V C where — =1 — —
/P 2 2
If we consider two particles )| e=—p P2 e >
/
New frame where p"l =0 e P e

2

- p1c

I:> I — I = —
TR

1
~2
"

M= E1/(?’?1-102)

-p%cz E12 — p?cz ??1%04

Ef  Ef  E}

2
v
:1__;:1
C

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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RELATIVISTIC SUM OF MOMENTA

(%] Ez

2

£y

myc?

Ei Eo

—
myc? myc?

/

Py = Mlp2 —

| =

Scale particle momentum with mass

v E - E
Pz_sz 12_p1>< 2

- E

Ez} — P2
1

2

mMoC  MC  MYC mic  macC

Use definition of energy as function of momentum E = \/(T?ECQJQ + (pc)g

Py P l+(p1) _ l+(p2)
mic  1ac\ mic myc'\ MoC

This addition law can be view as a case of deformed sum

" _ ,_ _

P2 _ P2 g PLy |
= D ( =1

mic  MaC mic
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Relativity and k-statistics

*Only a formal analogy coming from the sharing the
same algebraic properties of the sum?

*More analogies: integration, ...

*Deeper relation between relativity and the
K-statistics?

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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One-parameter special cases

I
— Alhe log
— < 1log
1 - Tsallis log
2
% r=v1+kr2—1
x| | r=0]
1
_ 1 r= =Tk
2

ICTP Trieste 1 Aug 06
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Comparison of distributions

with same asymptotic behavior

(b)
10"
(d)
. 5
3 - &= 1 AT a~ _ N
z ——— = -2 -
I b
%’ S K = 3/ 3 "\ ~ g —————a = -3/8 k-,\
""" K = 1/2 . 'n.'_ b e . = -1/4 "-,“I
——- = 14 |} NN _ '
- -, . ——— p = -1/8
- D '.I: ..\ A . = D 5 Y N
10” . e 10™ : v >
1D-2 .IDIZI ."]2 ..”Jd _,H:'..' 10" 1':}'.-' ,,H:I-l
X
ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Comparison of distributions
asymptotic behavior

No need explicit form of exponential

_L.r'—|-f; . ."I.-T—H
y =l (@) =—7 T when r— 0
Tk
Y~ —
Y 2K
L= E};p{ﬁ J,.Jl_(_ﬂjl — [;_th'ln’jjll"f.{?._ﬁ} for Yy — —OC

Same asymptotic behavior for same |I" — ~ -

Different definitions differ only in the central range |

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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One-parameter special cases

Only in a few case the exponential can be obtained explicitly
(invert the logarithm):

* g-exp : solve linear equation

* K-exp : solve quadratic equation

 cubic and quartic equations

y-exp r==+r/3 ~v = 42k/3
9 .
L~ — T
log, (v) = ——— G
-1/2<v<1/2
1 + \/1 —4 ":3 T /3 1 — \/1 —4 *':3 3 L/3 1/
P, () = { > " > ]

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Another 2-parameter class

from the 3-parameter case with r=0

Scaled k-log
logy .+ () = Inga(ox) — Ing (o) _ (o) + (ox)™ — (6% —07")
=t (0% + 0—F) /2 k(o® + o)
| o +o07" o —o™"
eXPyy oy (Y) = — OXDyy) 5 Y + o

logyy oy (1/2) = —logy, 1 /6y ()

Interpolates continuously from g-log to k-log

o=1 loggy. oy (1) = Ingy ()
;'ITH — 1
B N

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Conclusions (1)

Coherent general framework for generalized distributions

*Three-parameter class of entropies

otrace form

“exponential” distribution

S(n) = —ky X n,An,) n,=af

A(z) = In,

{k,r,0}

r(ox) — (o)™ —o"+ 07"

() =

(K + ?“)JH + (k — -r)g—*‘:

‘Unified discussion of properties of different generalizations

* Tsallis
 Abe
 Kaniadakis

ICTP Trieste 1 Aug 06
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Conclusions (1)

Comparison: similarities and differences
Asymptotic behavior: same power exponent
Simplicity of equations
Cut-offs

*Entropy interpretation

K-statistics
*More symmetric algebra
‘Intriguing analogy with the formalism of relativity

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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PHYSICAL REVIEW E 72, 036108 (2005)
Statistical mechanics in the context of special relativity. 1L

G. Kaniadakis™*

PHYSICAL REVIEW E 71, 046128 (2005)

Two-parameter deformations of logarithm, exponential, and entropy: A consistent framework
for generalized statistical mechanics

G. Kaniadakis,"* M. Lissia,* and A. M. Scarfone™**

PHYSICAL FEVIEW E 66, 036125 (2002)

Statistical mechanics in the context of special relativity

. Kaniadakis®
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Chaos and Entropy

Marcello Lissia

Physics Department and INFN Cagliari, Italy

Collaboration with
M. Coraddu and R. Tonelli

R. Tonelli, G. Mezzorani, F. Meloni, M. Lissia, M. Coraddu  Prog.Theor.Phys. 115 (2006) 23

Entropy production and Pesin-like identity at the onset of chaos



Introduction and motivation

Conjecture (1997 Tsallis, Plastino, Zheng)

Statistical mechanics formalism in non linear systems
(sensitivity to initial conditions < entropy production)
Generalization from chaos to weak chaos

Logistic map as paradigmatic example |X; 4 =1- — U )C

Relevance of chaotic maps for thermodynamics
 Only formalism?

 Perhaps deeper analogy:
« statistics independent of details of dynamics
(ergodicity: chaos)
« some properties independent of existence of
dynamics?
 Numerical cost of calculations at the edge of chaos

(critical slowing down)
ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Introduction and motivation

Lectures of Robledo and Tirnakli

Chaotic regime

»Asymptotic sensitivity E()=1im—2=
to initial conditions oG
Lyapunov exponent A

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Chaotic regime

Information entropy

W cells, ensemble of N systems pi(f) :ni/N i=1, W

15---_'|2'"'|""|'"'I""I'('a')'
S(0)--5" plog(p) By
- P, P, 101 W = 512 000 )
S1 : W = 256 000 ]
s W = 128 000 1
»Asymptotic linear behavior - W= 64000 _
RN EEEEE EEEEE P EEEE NN RN
S(t) %05 10 15 20 25 30
>K t
t Borges et al, Phys Rev Lett 89 (2002) 254103

»Pesinidentty |K=4| <=

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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» Sensitivity

Edge of chaos

A=0 power-law divergence of &

Generalization

Esexp (AD=(1+(1-AN""" w4 2

»Entropy: asymptotic linear behavior for Sq(f)=§p,.

‘ Same value of q

>Pesin identity Sq(f)/f—>Kq =/1q

pl

l—¢g

Coherent framework: deformation of usual statistical mechanics

S

q

and exp, related

ICTP Trieste 1 Aug 06 Generalized Stat Mech
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Edge of chaos

Numerical evidences and theoretical considerations support this conjecture

Costa et al, Phys Rev E 56 (1997) 245 Tirakli et al, Phys Lett A 289 (2001) 51
Lyra & Tsallis, Phys Rev Lett 80 (1998) 53 Baldov!n & Robledo, Phys Rev E 66 (2002) 045104
Anteneodo & Tsallis, Phys.Rev Lett 80 (1998) 5313 Baldovin & Robledo, Europhys Lett E 60 (2002) 518
Latora et al, Phys Lett A 273 (2000) 97 Baldovin & Robledo, Phys Rev E 69 (2004) 045202
De Moura et al, Phys Rev E 62 (2000) 6361 Ananos & Tsallis, arXiv:cond-mat/0401276
Borges et al, Phys Rev Lett 89 (2002) 254103 Ananos et al, arXiv:cond-mat/0401276
many more ...

Question

Only this specific form of Sq and equ(x) ?

Other deformations with same asymptotic power law?

Test
=) Logistic map

m=) Two-parameter class of deformed statistical mechanics

ICTP Trieste 1 Aug 06 Generalized Stat Mech 50



Two-parameter class of entropies

includes Shannon, Tsallis, Abe, Kaniadakis, ...

Trace form b'i:H ] = — ,I._'B Z n, J"U n ]
;

. | | R i
generalized In, . (z)=A(x) = 51
logarithm Y 2K
exponential

E(r) = \ ! () =exp, (2]
1K, T}
Examples: g-statistics == | K |= (q —l)/ 2

r
K-statistics r=0

Weak chaos
asymptotic behavior :> r+ | K |= qg—1

Three specific cases: g- , Abe- and K-statistics

ICTP Trieste 1 Aug 06 Generalized Stat Mech

91



Results: sensitivity

g-exponential (Tsallis) S()—[1+d —q)ﬁqt]l/(l—q)

l—qg _
Plot g-log of sensitivity < logq (&)>=< 51 1 >= iql‘
—q

q= 0.24

g= 0.36 /lq =0.27

q= 0.50
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Results: sensitivity

1/0-1_,0-1

Plot g-log of sensitivity log Q(x) _X
(Abe)

0=1/2-q)

=0.24

=0.36

= 0.50
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Results: sensitivity

Plot k-log of sensitivity log A
(Kaniadakis) < 2K
K=1-¢q
- —024
=0.36
=0.50
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Results: sensitivity

= et _ 0 K _ K
log, (=" log,0="177"5 log, (0="""
0=1/(2-¢) k=1-q
same
- ﬁ“q =0.27 asymptotic power
o“". N
| [2,=0.1§] q=0.36
410
.-."- ‘ZK:O.IS‘ fﬁeXpa(/laf)
| different generalized /
Lyapunov exponents
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80

Generalized Stat Mech 55



Results: entropy (Tsallis)

) q same as
_ sensitivity
g1 0.20
p; ! . 0.24 /
Som2Piog o] 0.36
| ~+|0.40
0.48
!
Sensitivity to initial conditions Rate of entropy production
Generalized Lyapunov exponent /

N K - tin"
Pesin - ﬂq =0.27 :Kq
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Results: entropy (Abe) q

— 0.20
| + 4 024
vo-l o o
o - —Z p -p i | £.36
0 P, 1/0-0 -4 0.40
4 048
0=1/(2-9q)
Sensitivity to initial conditions Rate of entropy production
Generalized Lyapunov exponent /

\ K :lim&

s mmp |Ap=018=K |
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Results: entropy (Kaniadakis) q

— 0.20

+ 4 024

i w1 0.36

S.=—2.D, ! LT et 040

K=q—1
Sensitivity to initial conditions Rate of entropy production
Generalized Lyapunov exponent /

N\ K —1imOx

A,.=015=K —

K

Pesin -
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Intuitive physical explanation

Tonelli et al., Prog.Theor.Phys. 115 (2006) 23

Entropy

H*". L 1

W 1—e 1+
Vg (t) — (f)

At time t ensemble spread uniformly over ' boxes, while the other (V" — v) empty

o

W = 10> |v =~ 20|

Most of boxes empty!

Abe lecture

S(t) ~ log(v(t)) ~ [*(t) — v ()]/(a + B)
Ks (. B\ ' 1-—pa>p
Ko (l " E) 8 ] —p—o
3=0 (Tsallis) S(t) = V()
X
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Does it work for any entropy? NOT ALWAYS!

Renyi entropy (not trace form) S 5= 1—1,6’ log(z piﬂ)

2.4

Entropy production
not constant

order up—down

q=0.05
14 q=01 E
q=0.2445
q=3
g i - [005<¢ <009
[ ] — q — [ ]
1 - -
osL A&
0617
04 | | | | | | | | |
0 5 10 15 20 25 30 35 40 45 50
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Conclusions (2)

Statistical mechanics formalism for weakly D -p K
tr i

chaotic systems holds for a class of power- Ser="2D, »

law entropies

Constant asymptotic . S P

entropy production rate K o lg};} t, same

Not trivial (ex: Renyi entropy) . asymptotic (q)
power

Asymptotic sensitivity goes as ‘f (1) - exp,. F(ZK 1 )

corresponding “exponential”

not same numerical value
for all entropies

Pesin identity verified ‘/Ix,r ~ T r

Numerical evidence for three one-parameter entropies
Tsallis, Abe, Kaniadakis (logistic map)

Physical understanding of entropy production rate in term of occupied
boxes: relation between entropy production and asymptotic exponent

1 . . . _ Mﬂ' f'
_, T.sallls. no fl'nlte 3=0 S(t) (%)
o+ 3 size corrections S N

Kz =
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