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Abstract

The classic and the Lévy-Gnedenko central limit theorems play a key role in theory of
probabilities, and also in Boltzmann-Gibbs (BG) statistical mechanics. They both concern the
paradigmatic case of probabilistic independence of the random variables that are being summed.
A generalization of the BG theory, usually referred to as nonextensive statistical mechanics and
characterized by the index ¢ (¢ = 1 recovers the BG theory), introduces global correlations
between the random variables, and recovers independence for ¢ = 1. The classic central limit
theorem was recently ¢-generalized by some of us. In the present paper we g¢-generalize the
Lévy-Gnedenko central limit theorem.

1 Introduction

In the recent paper by some of us 1], a generalization of the classic central limit theorem applicable
to nonextensive statistical mechanics [2, 3] (which recovers the usual, Boltzmann-Gibbs statistical
mechanics as the ¢ = 1 particular instance), was presented. We follow here along the lines of that
paper. One of the important aspects of this generalization is that it concerns the case of globally
correlated random variables. On the basis of the g-Fourier transform F; introduced there (£] being
the standard Fourier transform), and the function

we described attractors of conveniently scaled limits of sums of g-correlated random variables !
with a finite (2¢ — 1)-variance 2. This description was essentially based on the mapping

Fy: Gg[2 = G.9[2], (1)
! g-correlation corresponds to standard probabilistic independence if ¢ = 1, and to specific global correlations if
q#1

2We required there g < 2. Denoting Q = 2g — 1, it is easy to see that this condition is equivalent to the finiteness
of the Q-variance with Q < 3.




where G,[2] is the set of g-Gaussians (the number 2 in the notation will soon become transparent).

In the current paper, which consists of two parts, we will introduce and study a g-analog of the
a-stable Lévy distributions, and establish a g-generalization of the Lévy-Gnedenko central limit
theorem. In this sense, the present paper is a conceptual continuation of paper [1]. The classic
theory of the a-stable distributions was originated and developed by Lévy, Gnedenko, Feller and
others (see, for instance, [4, 5, 6, 7, 8] and references therein for details and history). The a-stable
distributions found a huge number of applications in various practical studies [9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19], confirming the frequent nature of these distributions.

For simplicity we will analise only symmetric densities in the one-dimensional case. Stable
distributions with skewness and multivariate stable distributions can be studied in the same way
applying the known classic techniques.

In Part 1 we study a g-generalization of the c-stable Lévy distributions. Namely, we consider
the symmetric densities f(x) with asymptotics f ~ C[mi"%, |z| — o0, where C is a positive
constant 3. We classify these distributions in terms of their densities depending on the parameters
q < 2 (or equivalently Q@ < 3, @ = 2¢— 1) and 0 < a < 2. We establish the mapping

Fy: Gy (2] = G,lal, (2)

where G,la] is the set of all densities {bey PE® b>0,8> 0}, and

34+ Qa
L _
= ,Q=2¢—1,
1+a @
ie.,
2 _ 14+«
k-1 14alg-1)"

The particular case ¢ = @ = 1 recovers ¢~ = ?IO‘, already known in the literature [3]. We consider

the values of parameters ¢} and o ranging in the set

2
Q={Q0): -1<Q<3,0<a<?2, a<l_Q}
The values of ¢ and « in

0 ={@Qa):-1<Q@<3,a=2}
were studied in {1]. Note that for Q and « in

Qi ={(@0): 2@ <a<2 -1<Q<0}
the densities have finite (2g — 1)-variance. Consequently, the theorem obtained in [1] is again
applicable. For (Q.a) € Qg the @-variance is infinite. We will focus our analysis namely on this
case. Note that the case o = 2, in the framework of the present description like in that of the
classic o-stable distributions, becomes peculiar.

In Part 2 we study the attractors of scaled sums, and expand the results of the paper [1] to the
region

Q={(Q,a):-1<Q<30<a<?2},

generalizing the mapping (1) into the form

Frog): Golo] = Gogglal, < 2,0 < <2, (3)

glx)
(z) 1

®Hereafter g(z) ~ h(z),z — a, means that lim; ., £



where

Gafs) = 2221 20)

Note that, if a = 2, then (2(q) = ¢ and 22(q) = (1 + ¢)/(3 — ¢), thus recovering the mapping (1),
and consequently, the result of the paper (1].

These two types of g-generalized descriptions of the standard symmetric a-stable distributions,
based on mappings (2) and (3) respectively, allow us to draw a full picture of the g-generalization
of the Lévy-Gnedenko central limit theorem that we have obtained.

2 Basic operations of g-mathematics

We recall briefly basics of g-mathematics. Indeed, the analysis we conduct is entirely based on the
g-structure (for more details see [20, 21, 22, 23, 24] and references therein). Let x and y be two given
real numbers. By definition, the g-sum of these numbers is defined as @4y = x+y+ (1 —q)zy. The
g-sum is commutative, associative, recovers the usual summing operation if ¢ = 1 (ie. 281y =
x +y), and preserves 0 as the neutral element (i.e. 2@, 0 = z). By inversion, we can define
the g-subtraction as * ©qy = ﬁ%ll—lqﬁ' The g-product for z,y is defined by the binary relation

TRqy = [#1~9 4 y!~¢ — 1]T=7. This operation also commutative, associative, recovers the usual
product when ¢ = 1, and preserves 1 as the unity. The g-product is defined if z*~9 + ¢y}~ > 1.
Again by inversion, it can be defined the g-division: x @,y = (219 —yl-a 4 1)1+q. Note that, for
q#1, x®40# 0, and division by zero is allowed.

3 g-generalisation of the exponential and cyclic functions

Now we introduce the g-exponential and g-logarithm [20], which play an important role in the

nonextensive theory. These functions are denoted by ef and In,z and respectively defined as
1

eg =1+~ q)x]F and Ingx = “:Il__qq—l, (x > 0). Here the symbol [z]+ means that [z]y = z if
z > 0, and [z]+ = 0 if £ < 0. We mention the main properties of these functions, which we will
use essentially in this paper. For the g-exponential the relations ei;@qy = egey and eXty = e ®q €}
hold true. These relations can be written equivalently as follows: Ing(z ®,y) = Ingz +Ingy 4 and
Ing(zy) = (Ingz) @4 (Ingy). The g-exponential and g-logarithm have the asymptotics

_ q o 2
eg_l—i—:s-{-éa: +o(z%), z — 0, (4)
and
In(1 +2) =2 = 2% +0(a®), = — 0, (5)

s . 1
respectively. If ¢ < 1, then, for real z, le;f| > 1 and je}f} ~ (1 4+ 2%)20-9, r — oo. Similarly, if
¢ > 1, then 0 < |ejf| < 1 and |egf| — 0 if |z} — oo.

Lemma 3.1 Let A,(q) = [lk=oar(q) where ar(q) = q¢ — k(1 — ¢). Then there holds the series
erpansion

ez=1+x+x2i—A7—l@)——m”, Vr € R.
1 A=t (n+2)!

“This property reflects the possible extensivity of S, in the presence of special correlations [25, 26, 27, 28].



Corollary 3.2 For arbitrary real number x the equation

. A = (=1)"Agn+1(9)
m: _ 2 ZTL 271, 2n+1 2n+1
= Z (2n+2 b+ifz- nZ=o (2n+3) =
holds.
Define g-cos and g¢-sin by formulas
(1A
cosg(z) =1 — z 231 +22n 2 z?", (6)
and .
1)" Aoy
sing(z) = © ~ 2 Z _ﬁ@x%ﬂ, (7

Properties of ¢-sin, g-cos, and corresponding q—hyperbolic functions, were studied in [22]. Here we
note that the g-analogs of the well known Euler’s formulas read

Corollary 3.3 (i) €l = cosy(x) + 1 sing(z);

’Lz
+
(Zl} COSQ( ) _L-Qe_a

(iii) sing(z) = E&ZTL
Lemma 3.4 The following equality holds:
cos,(22) = egf;‘ 0 o sing, (). (8)

Proof. The proof follows from the definitions of cosy(x) and sing(z), and from the fact that
(e2)? = e%@rq)ﬂ (see Lemma 2.1 in [1]).

Denote ¥,(x) = cosy 2z — 1. It follows from Equation (8) that

Ty(z) = (g™ = 1) — 2 sind,_, (x). 9)

Lemma 3.5 Let ¢ > 1. Then we have
1, —2<¥y(x) <04
2. Uy(z) = ~2q2% + o(2?), z — oo.

Proof. It follows from (9) that ¥,(z) < 0. Further sing(x) can be written in the form (see

[22]) sing(z) = py(x) sinipy(x)), where py(z) = (e{'” 0z )1/2 and @,(z) = ir—c'fal%lq_i)‘l. This yields
U, (z) > =2 if ¢ > 1. Using the asymptotic relatlon (4), we get

21797 1 = 201 - )i® + 0(z?), 7 — 0. (10)
It follows from (7) that
— 2 sin3,_;(z) = —22% + o(z®),2 - 0. (11)

The relations (9), (10) and (11) imply the second part of the statement.



4 g¢-Fourier transform for symmetric functions

The g-Fourier transform, based on the g-product, was introduced in [1] and played a central role in
establishing the g-analog of the standard central limit theorem. Formally the g-Fourier transform
for a given function f(z) is defined by the formula

o
FlAE = [ e @, f(a)ds. (12
-0
For discrete functions fi,k = 0,%1,..., this definition takes the form
m .
Fy(flt€) = D ef* @ f(k). (13)
k=—0oc

In the future we use the same notation in both cases. We also call (12) or (13) the g-characteristic
function of a given random variable X with an associated density f(z), using the notations Fy(X)
or Fy(f) equivalently.

It should be noted that, if in the formal definition (12), f is compactly supported, then integra-
tion has to be taken over this support, although, in contrast with the usual analysis, the function
effﬁ ®q f(z) under the integral does not vanish outside the support of f. This is an effect of the
g-product.

The following lemma establishes the relation of the ¢-Fourier transform without using the ¢-
product.

Lemma 4.1 The g-Fourier transform can be written in the form

o) izf
Fli© = [ fe)ef ™ aa. (14

Remark 4.2 Note that, if the q-Fourier transform of a given function f(x) defined by the formal
definition in (12) exists, then it coincides with the expression in (14). The g-Fourier transform
determined by the formula (14) has an advantage when compared to the formal definition: it does
not use the g-product, which is, as we noticed above, restrictive in use. From now on we refer to
(14) when we speak about the g-Fourier transform.

Further to the properties of the ¢-Fourier transform established in [1], we note that, for sym-
metric densities, the assertion analogous to Lemma 4.1 is true with the g-cos.

Lemma 4.3 Let f(x) be a symmetric density. Then its q-Fourier transform can be written in the
form

FUA© = [ @) cosalf @) )da. (15)
Proof. Notice that, because of the symmetry of f,

< ‘ oo
/ e?f ®q fz)dr = / eq_”“"£ ®Rq f(zx)dx.
—00 —00

Taking this into account, we have
BA© =5 [ (e e fia) + e 0 (@) do
q =3 g g q q :
- 00

)



Applying Lemma 4.1 we obtain
zmé[f(ﬂc)]q—l +
2

e;iIE[f(I)}q—l

@ = [ 1) s,

which coincides with (15).

Let us now refer to the three sets:

Qoz{(Q,a):—1<Q<3,0<a<2,a<T_E—Q—},

2
le{(Q,a):i—jaga<2, -1<Q <0},
0 ={(Qa):-1<Q<3 a=2}
where Q = 2¢ — 1. Obviously Qg U Q1 U Q> gives the semi-strip
Q={-1<Q<3 0<a<?2}

which contains the top boundary. A g-generalization of the central limit theorem for @ and « in the
set Qo was studied in [1]. It is not hard to verify that any density corresponding to (Q,a) € Q) has
a finite Q-variance. Hence, for Q) also, the theorem obtained in [1] is applicable. For (Q,a) € Qy,
the Q-variance of densities considered in the following lemma is infinite. From now on, we focus
our studies on this case.

Lemma 4.4 Let f(x), z € R, be a symmetric probability density function of a given random vector.
Further, let either

(i) the (2q — 1)-variance agq_l(f) < o0, {associated with o =2), or
a1
(i) f(z) ~ C(|z]” ™ele=T), || — 0o, with C > 0 and (29 — 1,0) € Q.
Then, for the q-Fourier transform of f(x), the following asymptotic relation holds true:

F[f1(€) = 1 = pg,al€l® +o(l€]*),€ — 0, (16)

where )
%0‘2(1_11/2(1_,17 Zfa =2 ;

. (m
22*"(1;_3 = e %#dy, fO0<a<2.
with vag-1(f) = [Z,[f ()]~ dz .

Remark 4.5 Stable distributions require fiqq to be positive. We have seen (Lemma 3.5) that if
g > 1, then ¥q(x) <0 (not being identically zero), which yields pqo > 0. If ¢ = 0, we can check by
strightforward calculations that g = 0. We denote by QO the subset of Qp, where Lga > 0.



roof. First, assume a = 2. Evaluate Fy{f](£). Using Lemma 4.1 we have

Fq[f](§)=/ (”f)®qf(x daz—/ flx f(’”% ‘dr. (18)

Making use of the asymptotic expansion (4) we can rewrite the right hand side of (18) in the form

ZCL‘E $2€2 $2§2
o= [ s 1+ e 2 ) -

1~ (q/2)€%0%,_1v2g-1 + 0(€2), € — 0,
from which the first part of Lemma follows.
Now, assume (2¢ — 1,a) € Q}. Apply Lemma 4.3 to obtain

Q) -1 = [ f@cosg(@tlf@)") - Ude =

2/ flz ()] dx+2/ flz w—_—{)d@«,

where N is a sufﬁc1ent1y large finite number. In the first integral we use the asymptotic relation
U(%) = —ﬂat + o( 3), which follows from Lemma 3.5, and get

2f fla m{[f(x]q 1)d -

o [V 5 2g-1 3
—q§/0 224 (z)dz + o(€%), £ — 0. (19)

In the second integral taking into account the hypothesis of the lemma with respect to f(z), we
have

1_!a+1!(q—12
o 1 T+alg—1)
2/ () ﬂf 3 PACO) LI R
N TFea(i-9 2
We use the substitution
—2-q9 __ 2y
ml-{—a(q-—l) = =2
in the last integral, and obtain
oo x x)jat
2/N f(m)q,q(g_[ft_%)_]_)d;,;:
2271+ a(g—1)) .10 /'°° —¥y(y)
- —L2dy + 0(£9), £ — 0. 20
Gl [y ole®), € (20)

Hence, the obtained asymptotic relations (19) and (20) complete the proof.



5 (q,a)-stable distributions
Two random variables X and Y are called to be g-correlated if
Fq[X"‘Y](f) :Fq[X}(f) ®q Fq[Y](f)- (21)

In terms of densities, relation (21) can be rewritten as follows. Let fx and fy be densities of X
and Y respectively, and let fx4+y be the density of X +Y. Then

/OO et @y fxay (€)dz = Fy[fx](€) ®, Fylfy](€). (22)

Definition 5.1 A random variable X is said to have a (q,«)-stable distribution if its q-Fourier

transform is represented in the form beq_’@ma, with some real constants b > 0 and 8 > 0. We denote

by Ly(c) the set of all (g, c)-stable distributions.

Denote Gg(ar) = {beq_ﬁlaa, b >0, B> 0} In other words X € Lg(a) if Fy[f] € Gg(a). We will

study limits of sums
1

" Dnlg)

where Dy(q), N = 1,2, ..., are some reals (scaling parameter), that belong to L4(«), when N — oo.

ZN

(X1 + ... +XN),N =1,2,..

Definition 5.2 A sequence of random wveriables Zy is said to be g-convergent to o {q,c)-stable
distribution, if impy—.co F4|Zn}(§) € Gqlar) locally uniformly by &.

Theorem 1. Assume (2q — 1,a) € QF. Let X1,X2,..., XN,... be symmetric random vari-
ables mutually q-correlated and all having the same probability density function f(z) satisfying the
conditions of Lemma 4.4.

1
Then Zy, with Dn(q) = (jq,oN) =9, is q-convergent to a (g, o)-stable distribution, as N —
0.

Remark 5.3 By definition Qp excludes the value o = 2. The case o = 2, in accordance with the

first part of Lemma 4.4, coincides with Theorem 2 of [1]. Note in this case Lq(2) = G4=(2), where

* 3g—1
q g+1 "’

Proof. Assume (Q,a) € Q(')*. Let f be the density associated with X;. First we evaluate
Fy(X1) = Fy(f(z)). Using Lemma 4.4 we have

FlfI(€) = 1 — piq,al€l™ + o(|€]*), € — 0. (23)

Denote Y; = N™# X;,j = 1,2,.... Then Zy = Y] + ... + Yy. Further, it is readily seen that, for a
given random variable X and real a > 0, there holds F;[aX](€) = F,[X](a®79€). It follows from this
relation that Fo(Y;) = Fyl f}((—M—QgN—W—Q), J =1,2,... Moreover, it follows from the g-correlation of

Y1,Y5,... (which is an obvious consequence of the g-correlation of X;, X5,...) and the associativity
of the g-product that

Fq[ZN}(E) = Fq[f}((/lq,aN -‘é§)®q---®qu[f]((Nq,aN>‘é§> (N factors). (24)



Hence, making use of the expansion (5) for the g-logarithm, Eq. (24) implies

ing Fy[Z01(6) = N g Fyl (g0 V) "58) = N Ing(1 — +ol)) =

— €)% +0{1), N — o<, (25)
locally uniformly by £.
Hence, locally uniformly by &,

Jim Fy(Zy) = e % € Gyla). (26)

Thus, Zy is g-convergent to a (g, a)-stable distribution, as N — oo. Q.E.D.

This theorem links the classic Lévy distributions with their ¢Z-Gaussian counterparts. Indeed,
in accordance with this theorem, a function f, for which

f ~ C/gletD/(+alg-1)

) [II—*OO,

is in Lqy(a), i.e. Fg[f1(€) € Gy(a). It is not hard to verify that there exists a gk-Gaussian, which is
asymptotically equivalent to f. Let us now find qg . Any qé’~Gaussian behaves asymptotically like
C/lzf? = C/f|z|¥9a=D | C = const, i.e. n=2/(qk — 1). Hence, we reobtain the relation

a+1 _ 2

= . 27
1+a(g—1) k-1 (27)
Solving this equation with respect to g%, we have
3+ Qo
L
= — = 20 —
9a a+1’Q g-1, (28)

linking three parameters: «, the parameter of the a-stable Lévy distributions, ¢, the parameter of
correlation, and g%, the parameter of attractors in terms of g4-Gaussians (see Fig. 2). Equation
(28) identifies all (@, a)-stable distributions with the same index of attractor G, (See Fig. 1).

In the particular case Q = 1, we recover the known link between the classical Lévy distributions
(¢ = Q = 1) and corresponding ¢=-Gaussians. Put @ = 1 in Eq. (28) to obtain

3+ a
L
=——, 0<a<2 29
% =17a (29)

When a increases between 0 and 2 (ie. 0 < a < 2), g% decreases between 3 and 5/3 (i.e. 5/3 <
g% < 3): See Figs. 2 and 4(a).

It is useful to find the relationship between 5 = —12—, which corresponds to the asymptotic

behaviour of the attractor, and (¢, @). Using formula (28) we obtain (Fig. 3)

_ 2(a+1)
T 24 a(Q-1)

If Q =1 (classic Lévy distributions), then 7 = a + 1, as well known.

Analogous relationships can be obtained for other values of ). We call, for convenience, a
(Q, a)-stable distribution to be a @-Cauchy distribution, if its parameter a = 1. We obtain the
classic Cauchy-Poisson distribution if ) = 1. The corresponding line can be obtained cutting the
surface in Fig. 3 along the line o = 1. For Q-Cauchy distributions we have

3+ @ and ——4—
2 TTorv

(30)

it (@) = (31)
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~~~~~ < q=E/E+0.1
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1, 1

G 0.3 1 1.5 2 25 3 Q

Figure 1: All pairs of (Q, @) on the indicated curves are associated with the same gL-Gaussian. Two curves corresponding
to two different values of g% do not intersect. In this sense these curves represent the constant levels of gk orn=2/(gk - 1).
The line = 1 joins the points (Q,a) = (1,0.0 — 0) and (3 — 0, 2); the line n = 2 joins the Cauchy distribution (noted C) with
itself at (@, @) = (1,1) and at (2,2); the n = 3 line joins the points (Q,a) = (1,2.0 — 0) and (5/3,2) (by ¢ we simply mean to
give an indication, and not that both infinitesimals coincide). The entire line at @ = 1 and 0 < o < 2 is mapped into the line
ata=2and 5/3<q* < 3.
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a=1{Q-Cauchy)

Figure 2: gk = ¢q* as function of (Q, ®).

Figure 3: 7 as the function of (Q, a).
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respectively (sec Figs. 2 and 3).

The relationship between o and g% for typical fixed values of @ are given in Fig. 4 (a). In this
figure we can also see, that & = 1 (Cauchy) corresponds to ¢f = 2 (in the Q = 1 curve). In Fig. 4
(b) the relationships between Q (Q = 2¢ — 1) and qZ are represented for typical fixed values of .

Figure 4: Constant @ and constant o sections of Fig. 2.
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Abstract

The classic and the Lévy-Gnedenko central limit theorems play a key role in theory of
probabilities, and also in Boltzmann-Gibbs (BG) statistical mechanics. They both concern
the paradigmatic case of probabilistic independence of the random variables that are being
summed. A generalization of the BG theory, usually referred to as nonextensive statistical
mechanics and characterized by the index ¢ (¢ = 1 recovers the BG theory), introduces global
correlations between the random variables, and recovers independence for ¢ = 1. The classic
central limit theorem was recently g-generalized by some of us. In the present paper we ¢-
generalize the Lévy-Gnedenko central limit theorem. In Part I we described the g-version of the
a-stable Lévy distributions. In Part II we study the (¢*, g, ¢.)—triplet, for which the mapping
Fye : G, — G,. holds. This fact allows to study the corresponding attractors and to obtain a
complete generalization of the g-central limit theorem for random variables with infinite (2¢—1)-
variance.

1 Introduction

In the recent paper [1], and in Part I [2] of the current paper, we discussed a g-generalization of
the classic central limit theorem applicable to the nonextensive statistical mechanics (see [3, 4, 5]
and references therein), as well as a g-generalization of the Lévy-Gnedenko central limit theorem.
One of the important aspects of the obtained generalization is that it works for globally correlated
random variables. In [1] we introduced a new Fourier transform, i.e. the g-Fourier transform ! and
the function
_1+s

z(s) = T,
to describe attractors of scaling limits of sums of g-correlated random variables with a finite (2g—1)-
variance 2. This description was essentially based on the mapping

Fp:Gg— gz(q)a (1)

"The g-Fourier transform formally is defined as Fy[f}(§) = fR f @y ef,”"EdI and is a nonlinear operator if ¢ # 1.
2We required there ¢ < 2. Denoting Q = 2g — 1, it is easy to see that this condition is equivalent to the finitness
of the @Q-variance with @ < 3.




where G, is the set of g-Gaussians.

In the current paper (consisting of two parts) we study a g-analog of the a-stable Lévy distri-
butions. In this sense the present paper is a conceptual continuation of [1]. For simplicity we are
dealing only with the standard symmetric one-dimensional case. Stable distributions with skew-
ness and multivariate stable distributions can be studied in the same way applying the known
classic techniques. FEarlier studies devoted to the foundations of nonextensivity can be found in
5, 6, 7, 89, 10, 11, 12}, limit theorems in nonextensive statistical mechanics in [4, 13, 14, 15, 16],
and various applications in [17, 18, 19, 20, 21, 22].

We study limits of sums of random variables with densities having the asymptotic behavior
[~ C']xfrgal—_”, lz] — oo, where 0 < a < 2,0 < g < 2, and C > 0. These random variables
have infinite @-variance (Q = 2¢—1) forall0 < a < 2i#f 0 < Q < 3 and for all & < 2/(1 — Q), if
—1 < @ < 0. The obtained limits represent a g-generalization of the a-stable Lévy distributions.
In Part I we have given one of the possible classifications of these distributions in terms of their
densities depending on the parameters ¢ and o, where 0 < a < 2. The classification was based on
the mapping

Fy: Gyr[2] = Gglad, (2)

where Gg[a] is the set of all densities {beq_mgla, b>0,8>0}and

L:3+Qa
a+1’

Q=2¢-1.

Note that the values of parameters ¢ and o range in the set

2
1-Q
i.e. the case o = 2, in the framework of this description, is peculiar.

We note also that, for the g-generalization of the Lévy-Gnedenko central limit theorem, the
following lemma proved in Part I plays an essential role.

Q={-1<Q<0,ax< Ju{0<Q <3, 0<ax<?2l),

Lemma 1.1 Let f(z), x € R, be a symmetric probability density function of a given random vector.
Further, let either

(i) the (2q — 1)-variance o%q_l < 00, (associated with a = 2), or
— ol
(i) f(z)~ C(lz| 1+“I7—1)), with C >0 and 0 < o < 2, as x| — 0.

Then for the q-Fourier transform of f(x) the following asymptotic relation holds true:

Folf1(€) =1 = pgal€l™ + o(1€]%), £ — 0, (3)
where
%U%q_]z/gq_l, if o= 2;
Hgo = ' (4)
22‘“(1;0;(17—1)) o0 _ylﬁ(i(my) dy, if0<a<?2,

where vag—1(f) = [, (@)4~" dz, and Wy(y) = cosy(2z) — 1. 3

3For the definition of g-cos see [1, 8].




In Part 2 we study a description of (¢, a)-stable distributions differing from the description used
in Part I. In the frame of the new description the value & = 2 is no longer peculiar, but in this case
we require g # 1.* More precisely, we expand the result of the paper [1] to the region

Q={(Q,a):-1<Q<30<ac<?2}

generalizing the mapping (1) in the form

Fcu(q) : gq[a] — gZa(q)[a], 0<g<2,0<ax 2, (5)
where 21
o — - ag+1-—
o) = 2 and zale) = S

Note that if o = 2, then {2(q) = ¢ and 22(q) = (1 + q)/(3 — q), recovering the mapping (1).

2 Description of the (g, «)-stable distributions based on the map-
ping (5)

In this section we establish the general theorem, representing a family of assertions depending on
the type of correlations. Note that the particular case, namely a = 2 was proved in [1], where the
mapping Fy : G4[2) — G,(py]2], 1/2 < ¢ < 2, was established. An importance of this mapping is its
exactness in the sense that it transforms a ¢g-Gaussian into a z(g)-Gaussian. For o < 2, even in the
classic case (¢ = 1), there is no such exact mapping. Asymptotic representation of classic a-stable
Lévy distributions were obtained in [23, 24, 25, 26]. Our further arguments are also based on the
asymptotic analysis.

Let 1 < g < 2, or equivalently, 1 < @ <3, Q = 2¢ — 1. It follows from the definition of the ¢-
exponential that any density function g € Gg[a] has the asymptotic behavior g ~ b |:n|q—-af, b >0, for
large |z|. The set of all functions with this asymptotic we denote by B,[a]. Obviously, G4la] C Byla].
At the same time, for any density f € Byla], there exists a unique density g € Gylal, such that
f ~ g, |z] = oo. In this sense the two sets Gyla] and Byla] are asymptotically equivalent (or
asymptotically equal). Having this in mind we write (preferably) Gqla] instead of B,la.

Lemma 2.1 Let 0 < a < 2 be fized. For arbitrary g1 there exists go and o one-to-one mapping
M, g0 Such that

Maig gy [a] — Ggo 2].

Obviously, if & = 2, then ¢; = g2 and My, 4, is the identical operator. First we find the relationship
between the three indices g, ¢* and ¢, for which the mapping

Fpr : Golo) ¥ 6,.1al, (6)

where (o) means that the mapping is in the sense of the asymptotic equivalence explained above,
holds with o € (0,2]. The exact meaning of (6) is

M;*l,z(q*)FQ*Mq,q* : Glo — Gy. o]

In the case a = 2, as we mentioned above, Mg, 4, = I, and the relationships ¢* = ¢ and ¢, = é—f%
were found in [1], giving (1).

4¢ = @Q = 1 leads to the exponential functions, unlike to ¢ # 1, which is connected asymptotically with power law
functions.



Lemma 2.2 Assume 0 < o < 2 and that the numbers g%, q. and q are connected with the rela-

tionships

. a—2(1-9q)

1 -
=270 g, T
[0

= 7
a+l-gq ™)
Then the mapping (6) holds true.

Proof. Let f € G,(c), which means that asymptotically f(z) ~ bjz|~*/(@"1
z — oo with some b > 0. Find the ¢*-Gaussian with the same asymptotics at co. For Gg«(8;2), (8 >
0}, we have the asymptotic equality

1 1
Gq*(IBQx)N 7z ™ oy \:L’] — Q.
a7 fafe
Hence
*_Q—Q(l—q) 2(1_Q)
g = =1 .
o o

Further, it follows from Corollary 2.10 of [1], that
Foe o Ggr(2) = Gq1(2),

where
1+ o-(1-9)

T 3-¢- a+(l-g)
Taking into account the asymptotic equality

1 1
GQl(ﬂﬁx)N P 53 ,i:C[—-rOO,

jz|m-1 x5 T

q1

we obtain
_ag+(1-gq) 1 ol —q)

x = =

a+l-g T a+l-g
Thus, the mapping (6) holds with ¢* and g, in Equation (7).

Let us introduce now two functions that are important for our further analysis:

as + (1 —s) afl — s)
Za($) T a+1_s,0<a_~2,s<a+1, (8)
and

Cals) = 22222
Q

It can be easily verified that {,(s) = s if a = 2.
The inverse, z;1(t), t € (1 ~ @, 00), of the the first function reads

_p A=)
[0

L 0<a<?. (9)

at — (1 —t) a(l - t)

Zgl(t)=m=1“m— (10)

The function 2(s) possess the properties: za(zal(s)) = % and za(é) = z_‘l(iT) If we denote gq,1 =

2a(g) and gq,—y = 231(g), then
1

1 1 1
2o(—) == and z{(-)= , (11)
Qo1 q q Ga,—-1




Corollary 2.3 The following mapping

(
Feotg) t Golo) 9 Geaipp(@), ¢ <1+q,
holds.

Corollary 2.4 There exists the following inverse q-Fourier transform

” (a)
Q&ng@wyi%W%q<l+m

Using the above mentioned properties of the function z,(s) we can derive a number of useful
formulas for the g-Fourier transforms. For instance, we get the mappings

Fiy: Ga(a)=Gi(a),

9,1 9a,l q

FCa(lq) 0 Gi(a) (—ag g1 (a).

q 9a,~1
The analogous formulas hold for the inverse g-Fourier transforms as well.
Introduce the sequence gon = zan(q) = 2(2an-1(¢)),n = 1,2, ..., with a given ¢ = 2(q), ¢ <
1+ . We can extend the sequence g, for negative integers n = —1, —2, ... as well putting q,,—n =
Zo—n(q) = 25 (20,1-n(q)),n = 1,2,.... It is not hard to verify that

__ol-q _ag+n(l-g)
at+n{l—gq) a+n(l-g)

dan =

,m=0,+1,+2 .. (12)

g>1+5 forn <0,and ¢ < 14 £ forn > 0. (See Fig. 1). Note that gqn is a function only
of (g,n/a), that gan = 1 for all n = 0,£1,£2, ..., if ¢ = 1, and that lim,_ 1 2an(g) = 1 for all
g # 1. Eq. (12) can be rewritten as follows:

(o7

=2 4n, n=0,+1,42, .. (13)
1 —gan l-g

This rewriting puts in evidence an interesting property. If we have a g-Gaussian in the variable
|z|®/% (g > 1), i.e., a g-exponential in the variable |z|* (whose asymptotic behavior is proportional
to |a:|1_371), its successive derivatives and integrations with regard to |z|® precisely correspong to
a,n-exponentials in the same variable |z|* (whose asymptotic behavior is proportional to || T=oam )
5. Along a similar line, it is also interesting to remark that Eq. (13) coincides with Eq. (13) of
[27] (once we identify the present a with the quantity 2 therein defined), therein obtained through
a quite different approach (related to the renormalization of the index g emerging from summing a
specific expression over one degree of freedom).

Let us note also that the definition of the sequence ¢, ,, (Eq. (12)) can be given through the
series of mappings

®A typical illustration is as follows. Consider o = 1, and a normalized g-exponential distribution f(z) which
identically vanishes for z < 0, and equals A(g, 8)e; %% (1 < ¢ < 2, A(g,B8) >0, 8> 0) for z > 0. The accumulated
probability F(> x) = f;o f(z') dz’ decreases from unity to zero when z increases from zero to infinity. This probability,

frequently appearing in all kinds of applications, is given by F(> z) = (2—_%5 1+ (g — 1)Bz)" @9/ e it is
proportional to a ¢1,1-exponential with -1# = -1{71 +1.
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Figure 1: The g-dependences of g2,» (top) and g1, (bottom) as given by Eq. (12). We notice the tendency of all the [n|] = o
curves to collapse onto the ga,n = 1 horizontal straight line if ¢ # 1, and onto the ¢ = 1 vertical straight line if ¢ = 1. This
tendency is gradually intensified, ¥n, when o is fixed onto values decreasing from 2 towards zero.



Definition 2.5

Zo z Z ¥4 ¥4 ¥4
a2 3 Qa1 S Ga0 =02 ol S a3 .. (14)
-1 -1 -1 ~1 -1 -1
2o z z z z z
00,2 a1 Qa0 =0 ga1l E quo & L (15)

Further, let us introduce the sequence ¢, ,, = ((ga,n). It is easy to see that

2(1-q) _a+(n-2)(1-9q)

A B - —
Aan Ot+n(1—q) C\{+7’L(1—q) , n=0,%1,.... (16)
or, equivalently,
2
— =% 40, =041, (17)
1~'qa,n 1-gq

It follows from Lemma 2.2 and definitions of sequences g, » and g, ,, that

an,n : QQQ,n (0{) - gfIa,n+l’n = Ovj:]-, (18)

Lemma 2.6 For alln = 0,%1,%2, ... there holds the following relations
1

Qo1+ =2, (19)
qa,n—f—l
q;,n = q2yn' (20)
Proof. Notice that
1 2(1-g¢)

=1+ ,
Tan+1 a+(n=1)(1-q)
which implies (19) immediately. The relation (20) can be checked easily.

Remark 2.7 The property q3, = qan shows that the sequences (12) and (16) coincide if o = 2.
Hence, the mapping (18) takes the form Fy,, : Ggy (2) = Gy 01y (2), recovering Lemma 2.16 of
[1]. Moreover, in this case the relation (19) holds for the sequence (12) as well. If a < 2 6 then
the values of the sequence (16) are splitted from the values of gon. The shift can be measured as

* (2 — Of)(l - Q)

qu,n QQ,n - a + n(l _ q) 3

vanishing for a = 2,V¥q, and for g =1,Va.
Define for n = 0,41, ..., k= 1,2,.... the operators

FNfy=Fp . owoFp (fl=Fp [ Fp  [Fe (),
e+ n+ et

and
F M) =F' o..oF: [fl=Fz' [.F:'

*
a,n—k 9omn-1 9o n—k dan—2

F2 )

qzx,n—l

In addition, we assume that Fé"[f] = f,if k = 0 for any appropriate g¢.
Summarizing the above mentioned relationships, we obtain the following assertions.

5As is known in the classic theory (¢ = 1) this case describes anomalous diffusion processes. If ¢ = 1, then
Gan = Ga,» = 1. In the nonextensive systems, as we can see from (18), there exist two separate sequences, which
characterize the system under study. A physical confirmation of this theoretical result would be highly interesting.



Lemma 2.8 The following mappings hold:

(
L Gaon(@) DGy (@) n=0,%1, .

2 FF i Gp(0) 2 G in0), k=1,2. n=0,%1,...

1. F,

x
o,n

3 Mg too FYGp(a) = Gla),n = 0,£1, ...,
where G(a) 15 the set of classic a-stable Lévy densities.

Lemma 2.9 The series of mappings hold:

F":y.—z F";,-l Fq;,o Fq;,l Fq;,z
7 Ggeala) = Gela) =7 Gg, (@) = Gy, () =7 (21)
F‘;l 2 Fq—*l 1 F":lo F":11 Fq_*lz
o, - oy - o, o, o,
- gq(x,—1(0‘) = Gyla) < glIa,l(a) — QQQ,Z(a) = .. (22)

Theorem 1. Assume 0 < a < 2 and a sequence {...,¢a,-2,90,~1:90,0:9a,1, 40,2, ---} GS given
m (14) with g0 = ¢ € (1/2,2). Let X1, Xa,...,XnN,... be symmetric random variables mutually
o k-correlated for some k and all having the same probability density function f(z) satisfying the
conditions of Lemma 1.1.

1

Then Zy, with Dn{(ga k) = (uqa'k,aN)“‘zz“’a'kj, i85 Qa,k-convergent to a (qq k-1, r)-stable distri-
bution, as N — o0.

Proof. The case a = 2 coincides with Theorem 1 of [1]. For k = 0, the first part of Theorem
(g-convergence) is proved in Part I of the paper. The same method is applicable for & £ 1. For
reading convenience we reproduce the proof for arbitrary k£ = 0, +1, ...

Assume 0 < a < 2. We evaluate Fy, , (Zn). Denote Y = DN(q)_l(Xj),j =1,2,... Then Zy =
Y1+ ...+ Yn. It is not hard to verify that, for a given random variable X and real a > 0, there holds

FplaX](€) = Fy[X](a*~9¢), for arbitrary q. It follows from that Fy_ (Y1) = an'k[f]((_‘—gF)
/‘l]u}k,a &

Moreover, it follows from the g, x-correlation of ¥7,Ys, ... (which is an obvious consequence of the
o k-correlation of Xy, X7,...) and the associativity of the g-product that

£ £
Fq(x,k‘ [ZN] (f) - an,lc [f]( 1 )®q&‘k.“®QQ,qu&,k [f]( 1 ) (N fa‘CtorS)' (23)
(/I’er,kaaN)a (/J'qa,k,aN «
Hence, making use of the properties of the g-logarithm, from (23) we obtain
Nge k an,k[ZNKé) - Ngq k qa,k[f]( L) - nqa,k(l - Tt 0(““‘“)) -
K o N N
Qo ke s
- |§]% + o(1), N — o0, (24)
locally uniformly by &.
Consequently, locally uniformly by &,

]\;i_r.noo Fq"‘rk(ZN) = e;ﬂlil"‘ € g(Ja,k(a) : (25)

Thus, Zn is gq k-convergent.

To show the second part of Theorem we use Lemma 2.9. In accordance with this lemma there
exists a density f(z) € Gq,,_, (o) that For [f] = e;fkla. Hence, Zy is gq k-convergent to a
(ga k-1, )-stable distribution, as N — oco. Q.E.D.



3 Scaling rate analysis

In paper [1] we obtained the formula

3—Gr-1 3=
B =——g—=5) " 26
(4%033531 2) 20

for the Gaussian coefficient. It follows from this formula that the scaling rate in the case o = 2 is

1

R —
2~ gg-1

(27)
where g1 is the g-index of the attractor. Moreover, if we insert the 'evolution parameter’ ¢, then
the translation of a g-Gaussian to a density in Go(«) changes t to t?/%, Hence, applying these two
facts to the general case, 0 < o < 2, and taking into account that the attractor index in our case
18 q(’;v x—1> We obtain the formula for the scaling rate

2

= 28
Q(Z - qa,k—l) ( )
In accordance with Lemma 2.6 we have 2 — ¢, , 1 = 1/g}, ,.;. Consequently,
2 2a+(k-1)(1-9q)
6= Zg* =Z ) 29
o Joktt aa+ (k+1)(1-gq) (29)
Finally, in terms of ) = 2¢ — 1 the formula (29) takes the form
22 k—1)(1 -
_22%+(k-1)(1-9Q) 30

T a2+ (k+ D1 -Q)

In the paper [1] we noticed that the non-linear Fokker-Planck equation corresponds to the case
k = 1. Taking this fact into account we can conjecture that the fractional generalization of the
nonlinear Fokker-Planck equation is linked with the scaling rate § = 2/(a+1—~Q), which is derived
from (30) putting ¥ = 1. In the case o = 2 we get the known result § = 2/(3 ~ Q) obtained in [14].

4 About additive and multiplicative dualities

In the nonextensive statistical mechanrical literature, there are two transformations that appear
quite frequently in various contexts. They are sometimes referred to as dualities. The multiplicative
duality is defined through

mlq) = 1/q, (31)
and the additive duality is defined through

vig)=2-gq. (32)
They satisfy u? = v2 = 1, where 1 represents the identity, i.e., 1(q) = q,Vq. We also verify that
()™ (v)™ = ()" ()" =1 (m=0,1,2,..). (33)

Consistently, we define (pv)™™ = (vp)™, and (vp)™™ = (pv)™ .



Also, for m = 0,%1,£2, ..., and Vg,

=m—(m—1)q_q+m(1—Q)

(uv)™(q) Ml mg 1imi-g (34)
myn_m+2=(m+1)g 2-qg+m(l-g) -
v(pv)™(g) = mlome - Timi-a (35)

and
(w)"uq) = —mritma _1omil =g (36)

-m+(m+1)g g-m(l-gq)

We can easily verify, from Eqgs. (12) and (34), that the sequences ¢z, (n = 0,42,+4,...) and
¢in (n=0,£1,%2,...) coincide with the sequence (uv)™(q) (m = 0,+£1,4,2,...). This establishes
a remarkable connection between sequences which emerge naturally within the context of the ¢-
generalized central limit theorems, and the elementary dualities that we introduced above. However,
its physical interpretation is yet to be found. It might be especially interesting if we take into
account the fact that such a connection could be a crucial step (see footnote of page 15378 in [10])
for understanding the g-triplet that was observed by NASA using data received from the spacecraft
Voyager 1 . Indeed, the existence of a g-triplet, namely (gsen, Qrel, @stat), (related respectively to
sensitivity to the initial conditions, relaxation, and stationary state) was conjectured in [21], and
was indeed observed in the solar wind at the distant heliosphere [22].

5 Conclusion

The ¢-CLT formulated in 1] says that an appropriately scaled limit of sums of gi-correlated random
variables with a finite (2¢; — 1)-variance is a gy-Gaussian, which is the g;-Fourier image of a gj-
Gaussian. Here g; and gf are sequences defined as

_ 2q+ k(1 -q)

= L k=0,%1,..,
T k(-9

and
9% = q-1, k=0,%£1,....
Schematically this theorem can be described as (see Fig. 1 in [1])

s, Fys
{f + 029-1(F) < 00} = Gg, (2) = Gq (2) (37)

where G,(2) is the set of all g-Gaussians. We have noted that the processes described by the ¢-CLT
can be effectively described by the triplet (Puy, Peor, Psct), where Py, Peor and Pggy are parameters
of attractor, correlation and scaling rafe, respectively. We found that

(Patt»PcomPscl) = (Qk—lan,Qk+l)' (38)

In Part 1 of this paper we have studied a g-generalization of symmetric a-stable Lévy distribu-
tions. Schematically the corresponding theorem (Theorem 1 of [2]) is described as

£(q.0) 5 Golo) < (2, 0<a <2, (39)
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where £(g, &) is the set of (¢, o)-stable distributions, G,z (2) is the set of ¢©-Gaussians asymptotically
equivalent to the densities f € £(g, ). The index ¢* is linked with ¢ as follows

v 34+ (2¢ - 1o
L _ L _
7 = q,(q) i

Note that the case o = 2 is peculiar and we agree to refer to the scheme (37) in this case.
In the present paper (Part 2, Theorem 1) we have studied a g-generalization of the CLT to the
case when the (2¢g— 1)—variance of random variables is infinite. The theorem that we have obtained

generalizes the ¢-CLT, which corresponds to a = 2, to the full range 0 < o < 2. Schematically this
theorem can be described as

an,k Fq;,k
L(Gaky @) = Ggo (@) <= G (2), 0<a £2, (40)

having the same meaning as the scheme (37). The sequences ¢, and g, , in this case read

_aq+k(1-q)

= L k=0,%1,..,
Tok a+k(l-gq)
and 201 )
% —q
=1 — "9 g1,
ok a+k(l—gq)

Note that the triplet (P, Peoor, Pse;) mentioned above takes, in this case, the form

(Patt, Pcor> Pscl) = (qz,k—la Qo ks (2/Q>Q¢;,k+1)a

which coincides with (38) if o = 2.
Finally, unifying the schemes (39) and (40) we obtain the general picture for the description of

stable distributions: o
Fy, ax,
L(qafr @) =5 G, (@) <=5 G (2) (41)

I Fy
Ggr (2),

where

k) = q(qar) =

3+ (2gas — Lo
1+a '

In Fig. 2 the connection of (Q,a) € Q with ¢* and ¢*, (k = 0) is represented. If Q = 1 and
« = 2 (the blue box in figure), then the random variables are independent in the usual sense and
have finite variance. The standard CLT applies, and the attractors are classic Gaussians.

If (Q belongs to the interval (—1,3) and o = 2 (the blue straight line on the top), the random
variables are not independent. If the random variables have a finite Q-variance, then the paper [1]
applies, and the attractors belong to the family of the ¢*-Gaussians. The support of attractors is
compact if @ < 1 and infinite if @ > 1. Note that ¢* runs in (—1,1) and in (1,5/3) if -1 < Q < 1
and 1 < @Q < 3, respectively. Thus, in this case, attractors (¢*-Gaussians) have finite classic
variance (i.e., 1-variance) in addition to finite ¢*-variance.

IfQ=1and 0 < a < 2 (the vertical green line in the figure), we have the classic Lévy dis-
tributions), hence the random variables are independent, and have infinite variance. The classic
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Lévy-Gnedenko CLT applies, and the attractors belong to the family of the a-stable Lévy distri-
butions.

If 0 < a < 2, and Q belong to the interval (—1,3) we observe the rich variety of situations that
we have described. Let us first consider 1 < @ < 3. Then the random variables are not independent,
have infinite variance and infinite Q-variance. The rectangle {1 < Q < 3; 0 < a < 2}, at the right
of the classic Lévy line, is covered by non-intersecting curves

3+ Qo
a—+1

Cpr = {(Q,a): =q"},5/3 <¢* <3.

Consistently with [1], these families of curves describe all (Q, )-stable distributions based on the
mapping (39) with ¢-Fourier transform. The constant ¢ is the index of the g©-Gaussian attractor
corresponding to the points (@, &) on the curve CqL. For example, the green curve corresponding
to g& = 2 describes all Q-Cauchy distributions, recovering the classic Cauchy-Poisson distribution
if @ = 1 (the green box in the figure). Every point (Q, «) laying on the brown curve corresponds
to g& = 2.5.

At the same time, we have there another description of the (Q, «)-stable distributions, which is
based on the mapping (40) with g*-Fourier transform. Again the rectangle {1 < Q < 3; 0 < a < 2}
is covered by (straight) lines

4o

S ={(Q, ) : 0+2a-1"

3 - q*}a (42)
which are obtained from (16) replacing n = —1 and 2¢ — 1 = Q. For instance, every (@, «) on the
line F-I (the blue diagonal of the rectangle in the figure) identifies ¢g*-Gaussians with ¢* = 5/3.
This line is the frontier of points (@, a) with finite and infinite classic variances. Namely, all
(Q, ) above the line F-I identify attractors with finite variance, and points on this line and below
identify attractors with infinite classic variance. Two bottom lines in Fig. 2 reflect the sets of ¢*
corresponding to lines {(—1 < Q < 3;« = 2)} (the top boundary of the rectangle in the figure) and
{(1 < Q < 3;a=0.6)} (the brown horizontal line in the figure).

Finally, we describe the rectangle {(Q,a) : =1 < Q@ < 1,0 < a < 2)}, at the left of the
classic Lévy line, analizing the formulas by continuity. In this region we see three frontier lines,
F-1I, F-III and F-IV. The line F-II splits the regions where the random variables have finite and
wnfinite QQ-variances. More precisely, the random variables corresponding to (@, a) on and above
the line F-1I have a finite Q-variance, and, consequently, the paper [1] applies. Moreover, as seen in
the figure, the g“-attractors corresponding to the points on the line F-II are the classic Gaussians,
because gF = 1 for these (@, ). It follows from this fact, that ¢"-Gaussians corresponding to points
above F-II have compact support (the blue region in the figure), and g-Gaussians coresponding
to points on this line and below have infinite support. The line F-III splits the points (@, o) whose
gL-attractors have finite or infinite classic variances. More precisely, the points (@, «) above this
line identify attractors (in terms of g~-Gaussians) with finite classic variance, and the points on
this line and below identify atttractors with infinite clasic variance. The frontier line F-IV with the
equation Q + 2« — 1 = 0 and joining the points (1,0) and (—1,1) is related to attractors in terms
of ¢*-Gaussians. It follows from (42) that for (Q, ) laying on the line F-IV, the index ¢* = —o0.
Thus the horizontal lines corresponding to @ < 1 can be continued only up to the line F-IV with
q* € (—0,3— QT42?1——:T) (see the dashed horizontal brown line in the figure). If & — 0, the Q-interval
becomes narrower, but ¢*-interval becomes larger tending to (—oc, 3).

Let us stress that Fig. 2 corresponds to the case £ = 0 in the description (41). The cases k # 0
can be analyzed in the same way. We also note that the method we used for the ¢-generalization of
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the classic and the Lévy-Gnedenko CLTs is applicable for 0 < ¢ < 2 (or equivalently —1 < Q < 3).
So, the description of (@, «)-stable distributions corresponding to the region @ < —1 (the white
rectangle and its left side in the figure) remains open at this point.

Acknowledgments

We acknowledge thoughtful remarks by R. Hersh and E.P. Borges. Financial support by the
Fullbright Foundation, SI International and AFRL (USA) are acknowledged as well.

References

[1] S. Umarov, C. Tsallis and S.Steinberg, A generalization of the central limit theorem consis-

(2]

3]

(6]

[7]

[11]

[12]

tent with nonextensive statistical mechanics ArXiv(2006)

S. Umarov, C. Tsallis, M. Gell-Mann and S.Steinberg, A q-generalization of the Lévy-
Gnedenko central limit theorem. Part I: g-analogs of symmetric a-stable distributions

C. Tsallis, Possible generalization of Boltzmann-Gibbs statistics, J. Stat. Phys. 52, 479
(1988). See also E.M.F. Curado and C. Tsallis, Generalized statistical mechanics: connection
with thermodynamics, J. Phys. A 24, L69 (1991) [Corrigenda: 24, 3187 (1991) and 25, 1019
(1992)], and C. Tsallis, R.S. Mendes and A.R. Plastino, The role of constraints within
generalized nonextensive stotistics, Physica A 261, 534 (1998).

C. Tsallis, Nonextensive statistical mechanics, anomalous diffusion and central limit theo-
rems, Milan Journal of Mathematics 73, 145 (2005).

M. Gell-Mann and C. Tsallis, Nonextensive Entropy - Interdisciplinary Applications (Oxford
University Press, New York, 2004).

D. Prato and C. Tsallis, Nonextensive foundation of Levy distributions, Phys. Rev. E 60,
2398 (1999), and references therein.

L. Nivanen, A. Le Mehaute and Q.A. Wang, Generalized algebra within o nonertensive
statistics, Rep. Math. Phys. 52, 437 (2003).

E.P. Borges, A g-generalization of circular and hyperbolic functions, Physica A: Math. Gen.
31, 5281 (1998).

E.P. Borges, A possible deformed algebra and calculus inspired in nonextensive thermostatis-
tics, Physica A 340, 95 (2004).

C. Tsallis, M. Gell-Mann and Y. Sato, Asymptotically scale-invariant occupancy of phase
space makes the entropy S, extensive, Proc. Natl. Acad. Sc. USA 102, 15377 (2005).

J. Marsh and S. Earl, New solutions to scale-invariant phase-space occupancy for the gener-
alized entropy S,, Phys. Lett. A 349, 146 (2005).

C. Tsallis, M. Gell-Mann and Y. Sato, Eztensivity and entropy production, Furophysics
News 36, 186 (2005).

14



13)

(14]

[15]

[17]
[18]

G. Jona-Lasinio, The renormalization group: A probabilistic view, Nuovo Cimento B 26,
99 (1975), and Renormalization group and probability theory, Phys. Rep. 352, 439 (2001),
and references therein; P.A. Mello and B. Shapiro, Eristence of a limiting distribution for
disordered electronic conductors, Phys. Rev. B 37, 5860 (1988); P.A. Mello and S. Tomso-
vic, Secattering approach to quantum electronic transport, Phys. Rev. B 46, 15963 (1992); M.
Bologna, C. Tsallis and P. Grigolini,Anomalous diffusion associated with nonlinear fractional
derivative Fokker-Planck-like equation: Exact time-dependent solutions, Phys. Rev. E 62,
2213 (2000); C. Tsallis, C. Anteneodo, L. Borland and R. Osorio, Nonextensive statistical
mechanics and economics, Physica A 324, 89 (2003); C. Tsallis, What should a statistical
mechanics satisfy to reflect nature?, in Anomalous Distributions, Nonlinear Dynamics and
Nonextensivity, eds. H.L. Swinney and C. Tsallis, Physica D 193, 3 (2004); C. Anteneodo,
Non-extensive random walks, Physica A 358, 289 (2005); S. Umarov and R. Gorenflo, On
multi-dimensional symmetric random walk models approrimating fractional diffusion pro-
cesses, Fractional Calculus and Applied Analysis 8, 73-88 (2005);S. Umarov and S. Stein-
berg, Random walk models associated with distributed fractional order differential equations,
to appear in IMS Lecture Notes - Monograph Series; F. Baldovin and A. Stella, Central limit
theorem for anomalous scaling induced by correlations, cond-mat /0510225 (2005); C. Tsallis,
On the extensivity of the entropy Sy, the g-generalized central limit theorem and the g-triplet,
in Proc. International Conference on Complezity and Nonextensivity: New Trends in Sta-
tistical Mechanics {Yukawa Institute for Theoretical Physics, Kyoto, 14-18 March 2005),
Prog. Theor. Phys. Supplement (2006), in press, eds. S. Abe, M. Sakagami and N. Suzuki,
[cond-mat/0510125]; D. Sornette, Critical Phenomena in Natural Sciences (Springer, Berlin,
2001), page 36.

C. Tsallis and D.J. Bukman, Anomalous diffusion in the presence of external forces: exact
time-dependent solutions and their thermostatistical basis, Phys. Rev. E 54, R2197 (1996).

L.G. Moyano, C. Tsallis and M. Gell-Mann, Numerical indications of a g-generalized central
limit theorem, Europhys. Lett. 73, 813 (2006).

J.A. Marsh, M.A. Fuentes, L.G. Moyano and C. Tsallis, Influence of global correlations
on central limit theorems and entropic extensivity, invited paper at the Workshop on Non-

linearity, nonequilibrium and complexrity: Questions and perspectives in statistical physics,
(Tepoztlan-Mexico, 27 Nov - 2 Dec 2005) Physica A (2006), in press.

C. Tsallis, Some thoughts on theoretical physics, Physica A 344, 718 (2004).

A. Upadhyaya, J.-P. Rieu, J.A. Glazier and Y. Sawada, Anomalous diffusion and non-
Gaussian velocity distribution of Hydra cells in cellular aggregates, Physica A 293, 549
(2001).

K.E. Daniels, C. Beck and E. Bodenschatz, Defect turbulence and generalized statistical
mechanics, in Anomalous Distributions, Nonlinear Dynamics and Nonextensivity, eds. H.L.
Swinney and C. Tsallis, Physica D 193, 208 (2004).

A. Rapisarda and A. Pluchino, Noneztensive thermodynamics and glassy behavior, Euro-
physics News 36, 202 (2005).

C. Tsallis, Dynamical scenario for noneztensive statistical mechanics, in News and Ezpecta-
tions in Thermostatistics, eds. G. Kaniadakis and M. Lissia, Physica A 340, 1 (2004).

15



[22] L.F. Burlaga and A.F.-Vinas, Triangle for the entropic index g of non-extensive statistical
mechanics observed by Voyager 1 in the distant heliosphere, Physica A 356, 375 (2005).

[23] W. Feller,On a generalization of Marcel Riesz’ potentials and the semi-groups generated by
them, Meddelanden Lunds Universitets Matematiska Seminarium (Comm. Sém. Mathém.
Université de Lund), Tome suppl. dédié a M. Riesz, Lund (1952), 73-81.

(24] V.V. Uchaykin and V.M. Zolotarev, Chance and Stability. Stable Distributions and their
Applications, VSP, Utrecht, 1999.

[25] F. Mainardi, Yu. Luchko and G. Pagnini, The fundamental solution of the space-time frac-
tional diffusion equation. Fractional Calculus and Applied Analysis 4 (2001), 153-192.

[26] E. Andries, S. Steinberg, S. Umarov, Fractional space-time differential equations: theoretical
and numerical aspects (In preparation)

[27] R.S. Mendes and C. Tsallis, Renormalization group approach to nonextensive statistical
mechanics, Phys. Lett. A 285, 273 (2001).

16



