=0~

I

t tions
ucational, Scienti fic

g5

The Abdus Salam and Cultural Organization
International Centre for Theoretical Physics &)
| Atern:’riona\ Atomic
Energy Agency

SMR.1763- |1

SCHOOL and CONFERENCE
on
COMPLEX SYSTEMS
and
NONEXTENSIVE STATISTICAL MECHANICS

31 july - 8 August 2006

Temporal Extensivity of Tsallis Entropy and

Bound on Entropy Production Rate

Sumiyoshi Abe

University of Tsukuba,
Japan

Strada Costiera | I, 34014 Trieste, Italy - Tel. +39 040 2240 | | I; Fax +39 040 224 163 - sci_info@ictp.it, www.ictp.it



Contents

Introduction

Thermodynamics Based on
Time Average

Temporal Extensivity of
Tsallis Entropy

Bound on the Tsallis-Entropy
Production Rate

Associated Probabilistic Process
in Phase Space

Concluding Remarks



[ . Introduction

Boltzmann-Gibbs Statistical Mechanics
@ Ergodicity

® Molecular Chaos Hypothesis

Dynamical Counterpart of Boltzmann-
Gibbs-Shannon Entropy

@® Kolmogorov-Sinai Entropy

e Positive Lyapunov Exponent(s)

e Constant Entropy Production Rate



Thermodynamic Limit

7

Long-Time Limit

A quantity A(r) is “temporally
extensive”, if it satisfies

lg_r)gﬂtg =const

€.g..
The Kolmogorov-Sinai entropy is temporally
extensive for chaotic dynamical systems.

N.B.,
Thermodynamic Extensivity of
- Thermodynamic Entropy

A Basic Premise for Thermodynamics
to be Constructible
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Complexity at the Edge of Chaos

@ The maximum Lyapunov exponent
vanishes.

@® The Kolmogorov-Sinai entropy
fails to be temporally extensive.



II. Thermodynamics Based on
Time Average

A. Carati, Physica A 348, 110 (2005).

Connection between
"Probabilistic Process in Phase Space”
and
"Thermodynamics”

e Expected to shed new light on temporal
extensivity of thermodynamic quantities



M: Phase Space
¢p-M—M st. x_=0¢(x,) (x,eM)

X 0...5 Time Series Generated by
the Dynamical Map |

Average of a physical quantity A over
a fixed long time interval 1<n<N (N>>1)

A(x)=43; Ax,)

T

still random, depending on the
initial data, x,
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"Coarse 6Graining”
~ Divide M into cells L ,L,---,L, (K>>1)

A.: representative value of A in L

n:: number of times the system
visits L,

nt. .. . random



Sojourn Time Distribution

Cumulative Probability that L is visited

n.(Sn) times by the system:

P(n<n)=Fn,)

The Average Value of A

— K
<A >:%—7§ A<n>

with

[dE () 8(N-3,n)
[T dF )3 (N=3 )

<n>=
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Generating Function

Z(N)= J 1%, dF(n)e > *" §(N-X,n)

U |

A~—_1 0
<A>= _N"JIIDZ(/D

A=0
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If the constraint is imposed on

the energy:

1 K
UewEen
(ei. energy in L)

|

Z(A) is replaced by

ZU(;L):J.H;; dF(nj)e_AZ" An

XO(N—-2n)o(U-X.en./N)

and accordingly,
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J‘dF(n)e-né’—_—ex(C)

Then,

ZU(A):(—zj—;g—)-iIodkl jidkz

ik, UN+ik, N+ (AA+ik e +ik,)
Xe 1 Z 4

Large- N Limit

Steepest-Descent Conditions:

U g x (ike+ik,)

Ma

1
N

N
il
e

N x (ik e +ik))

(X' (©)=dx(C)/dC)

II
Ma

Il
s

i

in the limit 1—0
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Therefore,

__1l3$4
<A> =-— 7\7;1 X Oe+a)

> AP,
with the sojourn time probability

_ X (0e+o)
P;= N

provided that

ik, and ik, are continued

to 0 and «
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Boltzmann-Gibbs Statistics

)

F(n) is Poissonian!

[aFme =3 e o VD) gons

n=0 n.

=eNpe =Ny (0<p<])
X()=Npe*—Np

{ -dependent relevant part

Xo(§)=Npe*

(qm‘icipm‘ed as the free energy)
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The Legendre Transformation
s(v)=V, é/i +XO(§')
vi:_%'O(Cz’)
(,=0¢e+0)
Then, one finds:

¢,=—In(p,/ p)

V.=Np,

U

Boltzmann-Gibbs-Shannon Entropy

S:ffs(vi)-—-—NZKI plnp, (p=1/e)
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Boltzmann-6Gibbs-Shannon
Entropy

SN
i.e.,

Temporally Extensive

16




"Thermodynamics” Entropy
(Entropy Production Rate)
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Temporal Extensivity of
Tsallis Entropy

Two Points:
(i) g-Expectation Value

—_— K
<A >, q:; A P9

P@= Z(l(?}z q)q : Escort Distribution
, _ X +o)
Pi( ) — N
(see p.13)
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(ii) Deformation of Poissonian

Process

Deformation of Generating Function
ZO(C)=NP€‘C—9%0,61(5)=N”qeq(_§)
with the ¢ —exponen’rialv function

e,(x)=[1+1-g)x]{" (-=Le%)

([a], =max{0,a})
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vi==x', ) =Nrle, ()Y

§=C ;=0¢,;+a
:NPI_(q),'
_ 1 vi l/q—l—
S vl
XO q(C) qu (C )1/q

<@:gum@

The corresponding entropy:



The Tsallis Entropy is also

Temporally Extensive:
S,<N,

Whenever Relevant.
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N.B., r, must be chosen to be

r,= (—=t, p=1/e)

q/(1-q)
q
(Cq)l/q (Z_Cq)l

Reality Condition:

K
cq:—‘_;(pl.)q<2
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Nonextensive Statistical Mechanics

_s
s =N

th, g

®
I
oS
i

® 1=y pe-Bera,

Z(B)=Y e, (~Pe,+00))
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IV. Bound on the Tsallis-Entropy
Production Rate

cqzé(pi)4<2

(1) g>1 (trivial)
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(2) 0<g<1 (nontrivial)

Universal Bound on Tsallis
Entropy Production Rate
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Remark:

All known dnalyﬁcal results on
nonlinear dynamical systems
at the edge of chaos
are found to obey this bound.
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V. Associated Probabilistic Process
in Phase Space

Boltzmann-6Gibbs Statistics

I

Poissonian

- What is the corresponding
f(n)y=dF(n)/dn

for nonextensive statistics?
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The z-Transformation
3 fmz=f()

f(z)_—_el(g)’ Z:_—-eg

The Inverse z-Transformation

f=n=ddz )

(&

where

C is a circle centered at z=0

surrounding all the poles of f(n)
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U

a+in

f(l’l)—-—-———— J- dg ex (C)eﬂg
i (- fo@.m{m\ f

the radius ulr o
with :

Xq(g)Zqu[l—(l—q)é’]l/(l—q>;_qu

% K Steepest Descent Approximationk %

n 1/(2g)-1 eXp

J(n)~

1/¢g
_%]j;q[l\}f?r] 0<g<l)

_n_
qg—1

(g>1)

p V2o exp (_

for large n
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VI. Concluding Remarks

@ Temporal Extensivity of Tsallis

Entropy

@ Complete Derivation of Nonextensive
~ Statistical Mechanics based on

Time Average

@ Universal Bound on Tsallis Entropy

Production Rate

@ Probabilistic Process associated with

Nonextensive Statistical Mechanics
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