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Preliminaries
e Hamilton’s principle

s[Ldt=0 = du={H,u} or ou=Ad,H

 Dirichlet’s principle

o.u=-0,H

e Constants of motion — Constraints



a review of classical mechanics

e classical mechanics = symplectic 2-form
L=a (uu'-H({Uu) < dS=adu'—Hdt (canonicallform)
= Aju'=0,H(u) (A =0,a,-0,,a)
w=d(adu')=Adu' Adu’

» If A; has a unique inverse Al, we have
u'=A"(u)d H(u)
={H,u'}={u’,u'}o H(u)



Equilibrium (stationary points)

e Characterized by 6oH =0 (but, often trivial)

« Relaxation process (cf. Dirichlet’s principle)
drives the system towards the equilibrium.

o Constraints may yield non-trivial class of
equilibria characterized by

oH =0 (I:I =H +Zj,ujCj).




Topological constraints
(Casimir invariants)

* A “non-canonical” Hamiltonian system
admits the Poisson bracket (operator A) to
have a kernel, 1.e.,

3C st.{G,C}=0 (VG).

e Such C is called a “Casimir invariant”.

« Casimir invariants poses topological
constraints.



Helicity (Casimir)

Vortex dynamics system:
Ou=—-2xu-Veo (2=Vxu)
o a=A0H (H=1[uf, Au=—P2xul

(We assume incompressible u. P is the “projection” onto the function

space of incompressible fields.)

Helicity:
C=[u-Vxudx = A3,C=0



MHD case

e Canonical form of MHD

xa) "o,
- = A
dt\ B 0, H
—PQxo P[(VXO)xB]j

1
=3 (o 1er) A=l

o Casimirs (helicities)

C, = (A,B), C, = (v,B)



Structured equilibria
» Parameterized Hamiltonian:
S (u) = 5(H () + Y a,C, (u))=0
« Parameterized stationary points:
(curl—A4,)---(curl = A, Ju=0

 Beltrami-class of equilibria:

u=) 3G, (VXGj :ﬂjGj)



Duality

e Isoperimetric problem:
max S for given L <= min L for given S

e 1ll-posed problem:
min S for given L or max L for given S



problem in function spaces
(co-dimension)

» well-posed problem and its dual:

minHquH2 for given HuH2

max qu for given HquH2

e ill-posed problem:



co-dimension dynamical system

If minH occurs at an isolated point x,, this
X, IS an equilibrium.

X, is surrounded by contours of H .
The H is a Lyapunov function.

In an infinite dimension space (Hilbert
space), the H must be coercive.
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Coercivity and well-posedness

e Some Casimirs may impose ill-posed
constraints, and destroy the coercivity.
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Summary

 Variational principles — self-organization

» Topological constraints on dynamics:
helicity, Casimir invariants, singularity

« Lyapunov functions — coercivity
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